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CHAPTER

Introduction

Words make you think.
Music makes you feel.
A song makes you feel a thought.

E.Y. Harburg

N THE STUDY OF COMPUTATION, state-based systems form useful mod-

els of the possible behaviours of computers, the programs that run on

them, and protocols defining how they communicate (among others).
Such models are abstract mathematical objects, which allow us to focus on
the most important properties of systems of interest. For instance, when a
human interacts with a computer, we may be interested just in the inputs
from the user and the outputs provided by the computer, and not precisely
how the computer processes the inputs and produces the outputs. When
trying to understand real-world processes, e.g., the movement of a vehicle
through a chaotic medium such as the ocean, or chemical reactions it can be
difficult to model the exact mechanisms occurring. Instead, we may observe
the probability of certain events and incorporate these into a model where
transitions are taken based on these probabilities.

An example of the latter type of model can be drawn as follows:
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The states X, X1, X5, X3 may each represent the position of a vehicle, or
the amounts of certain species present at given times during a reaction. The
movements of the vehicle and the interactions between species are then
represented by the transitions which happen with the given probabilities,
accounting for behaviour we are unable to model. Such models (called Markov
chains in this case) thus capture a wide range of systems, whose properties
can be studied together by abstracting away from details.

Another example, modelling a simplified form of the input/output interac-
tion between a user and computer, is given by finite automata [HMU07]. The
inputs are symbols/letters from an alphabet, and the system outputs whether
a string of symbols is accepted or not, i.e, the computer simply outputs “yes”
or “no” after each symbol. We can draw an example of such an automaton as
follows:

start

The states now represent which symbols have been read up to a certain
point in the computation, with transitions being taken based on the symbol
read. Computations start in the state labelled x,. States x,, X; and X, are not
accepting, i.e., they output “no”, while X3 is accepting (indicated by the double
outline). This means that the above automaton only accepts (says “yes”) when
the word “ab” is input. It can however do this in two ways: following the
path via x; or going via X,.

We may ask why we need this many states and two branches/paths just
to accept the word “ab”. In fact, this is a question we can ask more generally,
and which has led to the development of the procedures of minimisation and
determinisation. The first produces an automaton with the smallest number



of states among those accepting the same words/strings as the original. The
second produces an automaton, again accepting the same strings as the
original, in which, given a symbol, there is exactly one transition possible in
any state. In such an automaton, no choices need to be made to progress in
the computation, so it is said to be deterministic.

For the above automaton, both procedures (minimisation and determin-
isation) will produce essentially the same automaton shown below. This
is strictly speaking not the determinised automaton, as it does not show
what should be done when, e.g., it reads a ‘b’ in state x,. Usually, this is
resolved by transitioning to a “sink state”: a state which is not accepting, and
in which reading any symbol loops back to the same state. We omit this state
to simplify the presentation.

start@ a )@ b )@

As mentioned, these procedures are made to produce automata accepting
exactly the same words as the original. Indeed, the new automaton still
accepts just the word “ab”. We could instead require a form of equivalence
based on the transition structures of the models. In the above automata,
each can make a transition from x, with symbol ‘a’ to a state in which an
accepting state is reached exactly when a ‘b’ is read (we further discuss such
equivalences later in this chapter). In the above example, these definitions
are equivalent, but this is not the case for all types of systems and even when
they are, certain definitions may be more understandable or more suitable if
we want to compute or prove equivalence of systems.

The above constructions, and their effect on various notions of equivalence
raise the following questions:

1. What happens to the behaviour of state-based systems when we apply
transformations to them?

2. When do we consider systems to behave in the same way, or differently,
and how do we prove this?

For the case of finite automata, these questions have already been (largely)
answered. Our interest in these questions comes rather from the possibility
of approaching them for many types of system at once, including: (labelled)
transition systems; probabilistic systems; and even arbitrary combinations of
labelled, non-deterministic and probabilistic transitions. This will be facili-
tated by a coalgebraic view of state-based systems, which is well-established
as an abstract framework for this purpose.
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We extend the coalgebraic understanding of transformations and their
effect on certain coalgebraic equivalences by giving new conditions ensuring
that transformations preserve and/or reflect said equivalences. We further
develop means for showing differences in behaviour (non-equivalence) of
systems in a step-by-step (inductive) manner.

The next sections will give an outline of the coalgebraic approach to sys-
tems, including the existing notions of equivalence and their generalisation
to coinductive predicates in fibrations. This general setting will be used exten-
sively in the first part of this thesis, and has inspired the work of the second
half. Along the way, we will refine the above questions to those which we
aim to answer in this thesis.

Coalgebras as systems

Universal coalgebra uses the language of category theory to speak about a
broad spectrum of systems involving states and transitions [Jac16]. This gen-
eral “theory of systems” approach was exposited in detail by Rutten [Rut00].
Under this view, a system consists of an object X, which we think of as
the collection of states, and a mapping y : X — BX, which we think of as
sending these states to (structured) successors. Intuitively, successors are
simply states which the system transitions to, with the form of transition
being additional information. In coalgebra, this information is contained in
the mapping y, with the type of transition determined by the object BX, given
by an endofunctor B.

As an example, consider again the first finite automaton from earlier. Its
states form a set {Xx, X1, X5, X3} and transitions are made based on letters of
an alphabet, ¥ = {a, b}. Then, we must specify for each state and letter, the
possible states transitioned to, and which states are accepting. This can be
done by giving a function y : X — 2 X P(X)*, which is a coalgebra for the
functor BX = 2 x P(X)* on Set. We can see this as two maps 0: X — 2
and t: X — P(X)*, specifying the output/acceptance and the transitions
respectively. In the example, we would have o(x3) = 1 and o(x) = 0 for all
other states as x; is the only accepting state. Further, t(x()(a) = {x;, X,} and
t(xo)(b) = @ with the other transitions defined similarly. Other examples
of systems definable as coalgebras include: Mealy machines; Tree automata;
Markov chains; Segala systems [Sok11]; and stream systems [Rut00; Jac16].

Together with a notion of morphism, being maps between state spaces
which commute with the coalgebra structure, the coalgebras for a functor
form a category. These categories will form part of the setting for most of
the coming work.



Coalgebraic Equivalences

One of the aims of the field of universal coalgebra, is that once the type of
system (essentially the functor B) has been chosen, many further definitions
and properties should come “for free”. A central example of such a property
is the definition of which systems (or states) we consider to have the same
behaviour.

Categorically, the canonical notion of equivalence is given by the coalgebra
morphisms. Two states are considered (coalgebraically) behaviourally equiva-
lent if they can be mapped by some morphism onto the same state of some
coalgebra which we are free to choose.

Before the study of coalgebra, there was already the notion of bisimulation
between processes, introduced in concurrency theory by Milner [Mil80] and
Park [Par81]. Their definitions were based on the idea that states of a system
are equivalent if they can copy each other’s behaviour. Bisimulations were
later understood as those relations preserved by transitions in the system,
seen clearly in Milner’s characterisation of bisimulations as post-fixed points
of a monotone operator [Mil89].

This view of bisimulations as relations preserved under transitions was
generalised to coalgebras by Hermida and Jacobs, using functor lifting [H]98].
This assumes some functor B which, in the case of relations on sets, acts
on objects by taking a relation R C X X X and producing a relation B(R) C
BX X BX. Such a functor is a lifting of B in the sense that it goes from relations
on X to relations on BX. A bisimulation for a coalgebray : X — BX can then
be defined as a relation R with a coalgebra structure R — B(R). Preservation
of the relation by transitions in the coalgebra is ensured by requiring that if
x and y are related by R, then y(x) and y(y) should be related by B(R). The
precise meaning of this preservation is determined by the choice of lifting B.

A further generalisation of such preserved properties are so-called coin-
ductive invariants and coinductive predicates in fibrations [Her93; HJ98].
These are able to further capture, e.g.: semantics of modal logics by defining
predicates of states satisfying a given formula; and behavioural distances by
using liftings to (pseudo)metric spaces. While the full definitions use functor
liftings to fibrations, we first introduce these concepts at the level of lattices,
using relations and bisimulations as guiding examples.

(Co)Inductive Predicates

As mentioned above, we can view bisimulations as relations which are pre-
served under taking transitions in a state-based system. Such preservation
can be characterised by being a post-fixed point of certain monotone op-
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erators on lattices [Par81; San98; San11]. Post-fixed points of an operator
@ : L — L on alattice L are points p € L such that p < ¢(p). The operator
is said to be monotone if it preserves the order of the lattice. Monotonicity in
the setting of complete lattices allows us to speak of the greatest (post-)fixed
point.

For the case of bisimulations, the lattice is that of all relations on the state
space of a given transition system. Then the transition structure allows the
definition of an operator ¢ such that for a relation R, the relation ¢(R) consists
of those pairs which we can think of as making simultaneous transitions into
R. Thus, if R C @(R) (R is a post-fixed point of @), then R is indeed preserved
under transitions. The greatest (post-)fixed point of ¢, which exists because
the lattice of relations is complete, is then bisimilarity.

In the theory of coalgebra, properties beyond those definable in the set-
ting of sets and relations are also of interest. Among these are predicates,
equivalence relations, and (pseudo)metrics. A unifying approach to study
such properties, is given by fibrations. At its core, a fibration consists of two
categories C and & with a functor p: €& — €. In our context, the category €
will be the category in which we define coalgebras, and the category & will
be the category of spaces of properties. For example, C may be the category
of sets and functions, and € the category of all relations on all sets. For each
set X, the category p~!(X) is that of all relations R C X X X on that set X,
in which we have previously defined bisimulations/bisimilarity.

A generalisation of the definition of bisimulation due to Hermida and
Jacobs is then possible assuming a lifting of the coalgebraic behaviour functor
B: € — C to the category &, and using the operation of reindexing present
in fibrations. We go into the details of fibrations in the next chapter. For the
moment, we consider again the fibration of relations, in which reindexing
(written f*) along a function f : X — Y is given by inverse image. Hereby,
we can take a relation S C Y X Y, and obtain a new relation f*(S) = (f X
)7L(S) consisting of those pairs mapped by f X f into S. Given a coalgebra
¥ : X — BX and lifting B of B to relations, the composition (yxy)~oB, sends
arelation R C X X X to those pairs of states (x, y) such that (y(x), y(y)) €
B(R). The post- and greatest fixed points of this monotone map (y X y)~' o B
thus exactly recover the earlier definition of bisimulations/bisimilarity.

It is possible to apply this construction in any fibration for which the cate-
gory & consists of (complete) lattices, i.e., for each object X € C, the space
p~1(X) should be a complete lattice. This yields the definitions of coinductive
invariants (post-fixed points of y* o B)) and coinductive predicates (greatest
fixed points of the same maps), which instantiate to the aforementioned ex-
amples of interpretations of modal formulas (see Chapter 4) and behavioural
distances (see [Bal+18; BKP23; Spr+21; Kom+21] and Chapters 6 and 7).
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This broad view of equivalences and other properties of coalgebras will be
utilised throughout much of this thesis, and with these ideas in place, we can
give a more detailed sketch of the problems we tackle in the coming chapters.

1.1 Comparing (Co)Inductive Predicates

As the example at the start of this chapter illustrated, it can be useful to
transform a model of a system into a smaller one, or one in which there are
no choices to be made between transitions. This second very well-known
transformation of determinisation, was described coalgebraically in [Sil+13]
and applied to such systems as: partial Mealy machines; Moore automata; and
Rabin probabilistic automata. It was later shown to arise as a composition of
liftings of adjoint functors to categories of coalgebras in [JSS15].

Similar constructions starting from adjunctions, whose functors are lifted
to coalgebras, can be identified in the literature. Instances are: a determini-
sation procedure for systems combining non-determinism and probabilistic
transitions [BSS21]; and ultrafilter extensions of coalgebras [KKP05]. In each
case, the adjunction is a free-forgetful adjunction involving algebraic struc-
ture. The first stage of each construction is to add algebraic structure through
a lifting of the free functor to obtain a system with the desired property, i.e.,
determinism or the coincidence of bisimilarity and modal equivalence. The
second stage is then to transport this new coalgebra back to the original cat-
egory by forgetting the algebraic structure through a lifting of the forgetful
functor. More details of these constructions are given in Chapter 3.

For the approach in the earlier works of [Sil+13] and [JSS15], a partial
answer to the question of the effect on behaviours of the constructions can
be given using the assumption of a distributive law (see also Chapter 2). This
entails that the adjunction underlying the constructions lifts to an adjunction
between the categories of coalgebras. As the second stage of the construction
is then given by a right adjoint, the final coalgebra (being a limit) will be
preserved. In concrete settings, where the right adjoint is a forgetful functor
(into Set), this tells us that behavioural equivalence is preserved and reflected.

For the cases of determinisation in [BSS21] and ultrafilter extensions
in [KKP05], there is however no such distributive law. Instead, we are in the
setting of weak distributive laws, in which the adjunction underlying the
construction does not lift to coalgebras. It has been shown [GP20; Goy21]
how such weak distributive laws give rise to the two-step determinisation
construction of probabilistic automata. However, ultrafilter extensions have
not been studied in this way, and the effect on behaviours has not been dealt
with in the general setting of a weak distributive law.
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We will consider this problem in the context of coinductive predicates in
fibrations. Our aim is then to understand the effect of constructions obtained
as liftings of adjoint functors on the properties captured by such predicates.
However, it is not immediately clear how to connect the liftings to coalgebras
and the fibrations underlying the properties of interest. This leads us to the
question:

« What is a good setting for studying the transportation of coinductive
predicates along adjunctions?

Our approach is based on adding to the picture a lifting of the adjunctions
underlying the constructions to the fibrations of properties. We then wish to
connect the liftings to coalgebras and fibrations to speak of preservation and
reflection of coinductive predicates. The main question is then:

« Which properties of adjoint functors and their liftings to coalgebras
and fibrations ensure that they preserve/reflect coinductive predicates?

The liftings of functors to coalgebras which we consider will be those in-
duced by certain natural transformations called steps [RJL21]. The (weak)
distributive laws used in earlier work are natural transformations of type
TS — ST with T and S endofunctors or monads (necessarily on the same
category). In the case of steps, we have for instance a natural transformation
of type QL — BQ with B and L endofunctors on (possibly) different cate-
gories connected by the functor Q in the expected way. It has been shown
by Garner [Gar20] that weak distributive laws between monads correspond
(under mild conditions) to weak liftings, which are an instance of what we
will call invertible steps in Chapter 3. In Chapter 4, we work with the more
general assumption of forward and backward steps simply involving functors,
going further beyond the setting of weak distributive laws.

As an example, a backward step will be a transformation of type QL —
BQ as above, and this induces a lifting of Q going from L-coalgebras to
B-coalgebras. The L-coalgebras may then be those with algebraic struc-
ture obtained in the determinisation procedure discussed earlier, and the
B-coalgebras those in Set without this extra structure. The functor Q in such
cases is a forgetful functor, and the lifting induced by a step of the above type
realises the forgetting of algebraic structure on the coalgebras.

Our conditions for the preservation and reflection of coinductive invari-
ants/predicates will then be based on existing conditions for the preservation
and reflection of post- and greatest fixed points in lattices. While these con-
ditions can be considered as-is at the level of lattices, we obtain more natural
conditions at the level of fibrations, which combine the steps with liftings
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to fibrations. Our new conditions are furthermore easier to check, and are
shown to entail the existing lattice-theoretic conditions. In our applications to
determinisation and ultrafilter extensions, we can then show quite straightfor-
wardly that the second stage of the constructions (the forgetting of algebraic
structure) indeed preserve and reflect bisimilarity/coalgebraic behavioural
equivalence.

In answering these questions at this level of generality, we obtain condi-
tions applicable not only to generalisations of automata constructions. The
steps from which these constructions arise, are also used in the semantics
of coalgebraic modal logic [Mo0s99]. It will turn out that an instance of the
transportation of coinductive predicates along adjunctions will allow the com-
parison of bisimilarity and logical equivalence, thereby providing conditions
for the adequacy and expressivity of coalgebraic modal logics.

An alternative (dual) view of behaviours was recently studied by Geuvers
and Jacobs [GJ21], called apartness. Via an opposite lifting approach developed
in op. cit. (see also Chapter 4), we are also able to show expressivity by
comparing pairs of apart states, and pairs of states for which there exists
a modal formula distinguishing them. This application motivated a further
investigation of apartness, which we present in the second part of this thesis,
and introduce now.

1.2 Constructing Evidence of Different Behaviours

Apartness has its roots in Brouwer’s intuitionism. Under that view, equality
or equivalence of objects is not the primary means of comparison, it is rather
inequality or inequivalence. This because in proving inequivalence, there is
often the possibility to exhibit a difference by providing a finite witness.

For instance, how should we determine or prove that two real numbers are
equal? It is easier to think of a procedure which shows them to be different:
approximate their decimal expansions until a point is found at which they
differ. A witness is then, e.g., the position at which this difference was found,
or the prefix up to and including this point. These witnesses correspond to a
rational strictly between the two reals.

In the study of coalgebra, the coinductive, infinite nature of the models
makes proving equivalences such as bisimilarity similarly challenging. Also
here, certainly for simple examples, procedures for determining differences
are more straightforward. Thinking again of the example of finite automata,
their behaviour is determined by their possible transitions given input se-
quences and the acceptance of states. To show a difference in behaviours
of two states, we can thus give a word which in one system can lead to an
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accepting state, and in the other can not (in a deterministic system this is
most straightforward as we have no choice of paths).

A coalgebraic perspective of these ideas was recently given by Geuvers
and Jacobs [G]21], based on opposite relation lifting. The main idea is that,
given a lifting B defining a notion of bisimilarity, we can obtain a new lifting
by taking a relation, complementing it, applying the lifting B, and finally
complementing again. It was shown in op. cit. that this yields the expected
notions of apartness for a large class of functors, and that apartness of states
can be derived inductively in these cases.

A type of functor not included in this class is the (sub)distribution functor,
used to model probabilistic transitions. In fact, the opposite lifting to that of
canonical relation lifting does not allow for finite witnesses of differences in
general. We therefore ask:

« How can we obtain a notion of apartness for systems involving proba-
bilistic transitions, for which apartness of states can be derived induc-
tively?

We will use a characterisation of coalgebraic behavioural equivalence intro-
duced by Aczel and Mendler [AM89], which can be used for the functors
of interest to obtain coalgebraic behavioural equivalence as a coinductive
predicate, and whose dualisation yields what we call behavioural apartness.
For the (sub)distribution functor, the apartness notion is dual to an exist-
ing definition of bisimilarity for probabilistic systems due to Larsen and
Skou [LS91]. With this approach, we are able to construct derivation systems
for a recursively defined class of functors, now including the subdistribution
functor. These systems will be shown to be sound and complete with respect
to the definition of behavioural apartness. To ensure the usability of this
system, also for systems with an infinite state space, we further show that at
each proof step it suffices to restrict attention to states reachable in one step.

Apartness for Behavioural Distances

The (in)equivalences obtained from relation lifting and behavioural equiva-
lence on probabilistic systems share the disadvantage, observed for proba-
bilistic bisimilarity in [GJS90], that small variations in transition probabilities
can change the (in)equivalence of states. One way to improve this lack of
robustness, is to use behavioural distances, which give a measure of the simi-
larity or difference between states. They do this by assigning to each pair of
states a value, e.g., in the unit interval quantifying this similarity or difference.
There are a number of definitions present in the literature for such distances,
which we discuss in Chapter 6, including some possible intuitions.
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Not yet discussed in the literature is a corresponding form of apartness.
However, the meaning of apartness for behavioural distances is less clear than
for the qualitative (two-valued) setting. Distances already give a measure of
how far apart states are, so new definitions analogous to opposite relation
lifting may not be needed. So, we ask:

« What is a good notion of apartness corresponding to behavioural
distances?

In this case, “good” can again be considered to mean (at least) that the
property can be proved inductively. We will show that this can be done for
lower bounds on behavioural distances on labelled Markov chains: systems
with probabilistic transitions and labels on the states. In our chosen ordering,
such bounds will show states to be at least a certain distance apart. The
derivation system we obtain will be sound and approximately complete
with respect to the standard definition of behavioural distance for these
systems [Des+99]. It is not possible in general to prove the exact distance
between states as a lower bound (with finite proofs), but we can give a proof
of lower bounds arbitrarily close to this true value. As was the case for proofs
of behavioural apartness, it will suffice to consider one-step reachable states
(i.e, those states in the supports of successor distributions). This again allows
the application of our proof system to systems with an infinite state space.

As one of our applications in the first part of this thesis shows, distin-
guishing states can also be done using formulas of a modal logic. There, and
in earlier work establishing expressivity of logics [DEP98; DEP02; FKP17],
a correspondence between apartness (or non-bisimilarity) and distinguish-
ing formulas has been shown. A similar correspondence is known for finite
approximations of behavioural distances on labelled Markov chains and for-
mulas in a modal logic with quantitative interpretation [RB23]. To show an
equal distinguishing power of our derivation system, we give constructions
going between proof trees and modal formulas exhibiting the same lower
bounds. Furthermore, optimisations of the construction of derivations for
lower bounds will lead to a construction of smaller distinguishing formulas
than existing techniques in many examples.

1.3 Related Work

References and discussions of closely related work can be found in each of
the coming chapters. Here, we give a broader comparison with some of the
important alternative lines of research.
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Expressivity In Chapter 4, we apply our conditions for preservation and
reflection of coinductive predicates to show adequacy and expressivity of a
coalgebraic modal logic. The development of such conditions is a well-studied
topic, as we discuss here.

One approach focuses on properties of the modalities of the modal logic.
A condition for expressivity based on separating sets of modalities was given
by Pattinson [Pat04; Pat01], with existence results for such modalities given
by Schréder in [Sch08]. These ideas have since been extended to quantitative
modal logics in, e.g., [WS20; Gon+23; For+23].

At this quantitative level, expressivity has also been established by showing
the density or approximating power of interpretations of formulas with respect
to distances. This was done for so-called Kantorovich and Wasserstein liftings
by K6nig and Mika-Michalski in [KM18] and for codensity lifting by Komorida
et al. in [Kom+21].

Further, there is an approach based on deriving behavioural conformances
(such as distances) from a given logic, studied by Beohar et al. in [Beo+23;
Beo+24]. A notion of compatibility then ensures that, e.g., the behavioural
distance obtained in this way coincides with the logical one.

Our approach in the context of expressivity of coalgebraic modal logic
arises from our conditions for the preservation and reflection of coinductive
predicates. It is most closely related to the approach in [KR21], also based on
liftings to fibrations and comparison of coinductive predicates. The lattice-
theoretic conditions we use will also be related to those in [Beo+23; Beo+24],
but we do not take the same approach of deriving conformances from logics:
we are focussed on conditions for expressivity of given logics with respect to
given conformances.

(Co)Inductive Proof Systems While we have chosen to compare be-
haviours of systems through apartness proofs in the second part of this
thesis, others have aimed to adapt the notion of proof or computation to
match the coinductive nature of systems.

One approach is circular coinduction, introduced by Rosu and Goguen [RG00]
and further developed proof theoretically, and algorithmically in, e.g., [RL09;
GLR00; HMS05; LR07; Luc+09]. The idea is to formalise the intuition that
coinductive objects are equivalent if our attempts to distinguish them return
infinitely to the same proof obligation.

Less closely related, in the sense that they do not necessarily concern
proofs of equivalence, are the topics of (cyclic) proofs for logics involving
(co)induction [Bro05] and computing with infinite types [Coq93]. These may
use well-foundedness to show the soundness of proofs in which parts of the
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reasoning repeat infinitely, or require “productivity” to allow computation
with infinite objects. The thesis of Basold [Bas18] deals extensively with
induction and coinduction in category and type theory, and includes a detailed
historical overview.

Distinguishing Formulas The use of (modal) formulas as evidence for
inequivalence goes back to an algorithm by Cleaveland [Cle90] (based on
the partition refinement algorithm by Kanellakis and Smolka [KS90]), which
computes distinguishing formulas with respect to bisimilarity on LTSs. Korver
modified this algorithm to work for branching bisimulation soon after [Kor91].
Later, Celikkan and Cleaveland [CC95] developed a procedure for giving
similar “diagnostic information” for a behavioural preorder known as the
prebisimulation preorder. Around the same time, Godskesen and Larsen
gave a construction of distinguishing formulas for a type of LTS with timed
behaviour [GL95].

The relation between partition refinement and the computation of distin-
guishing formulas can also be seen in the coalgebraic algorithm of [WMS22],
which uses a coalgebraic generalisation of the algorithm by Paige and Tar-
jan [PT87]. There are also approaches computing distinguishing formulas
via winning strategies for the spoiler in bisimulation games [KMS20]. Games
and apartness have recently been connected again in [KW24; RJB24].

1.4 OQOutline

Chapter 2 reviews a number of concepts required in the rest of the work.
These preliminaries will be used most extensively in the first part of the
thesis, especially (weak) liftings and the fibrational perspective of coinductive
predicates. The second part of the thesis is more self-contained, using some
coalgebra and canonical relation lifting, although knowledge of fibrations and
coinductive predicates can also aid the understanding of the latter chapters.
The first part of the thesis is then made up of Chapters 3 and 4 concern-
ing preservation and reflection of bisimilarity and coinductive predicates.
Chapter 3 gives our conditions for preservation and reflection of bisimilar-
ity defined using canonical relation lifting. The conditions obtained in this
chapter will mainly concern the adjoint functors underlying the motivating
applications. These applications are to the settings of ultrafilter extensions
for coalgebras and determinisation of probabilistic automata, for which addi-
tional details of the required invertible steps arising from the known weak
distributive laws/weak liftings are also given. Chapter 3 is based on:
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« Ruben Turkenburg, Clemens Kupke, Jurriaan Rot and Ezra Schoen.
‘Preservation and Reflection of Bisimilarity via Invertible Steps’. In:
FoSSaCS. 2023

Chapter 4 provides a more abstract view of preservation and reflection for
coinductive predicates in fibrations. The conditions here relate to the interac-
tion between liftings defining coinductive predicates and steps. In contrast
to the previous chapter, these steps are considered separately, rather than as
invertible pairs. We apply the conditions to determinisation of probabilistic
automata (using lax liftings), and expressivity of coalgebraic modal logics via
bisimilarity and apartness. Chapter 4 is based on:

+ Ruben Turkenburg, Harsh Beohar, Clemens Kupke and Jurriaan Rot.
‘Forward and Backward Steps in a Fibration’. In: CALCO. 2023

The second part of the thesis consists of Chapters 5 and 6, and aims to
understand apartness as an inductive notion of inequivalence. Chapter 5
focuses on the development of inductive derivation systems for behavioural
apartness on coalgebras; a definition obtained from dualising the existing
notion of coalgebraic behavioural equivalence. A class of derivation systems
is obtained for functors generated from a given grammar, which includes the
subdistribution functor, not covered by earlier work using opposite relation
lifting. Chapter 5 is based on:

« Ruben Turkenburg, Harsh Beohar, Clemens Kupke and Jurriaan Rot.
‘Proving Behavioural Apartness’. In: CMCS. 2024

Chapter 6 continues the development of inductive derivation systems for
apartness, now in the quantitative setting of labelled Markov chains. The
focus on this system type allows a close correspondence with earlier work
constructing modal formulas as witnesses for behavioural distances between
states. We develop a system for proving lower bounds on these distances,
which is shown to be sound and (approximately) complete with respect to a
standard definition of behavioural distance. The correspondence with modal
formulas with quantitative semantics is shown constructively, yielding a
procedure for building witnessing formulas giving often smaller formulas
than previous work. Chapter 6 is based on

« Ruben Turkenburg, Harsh Beohar, Franck van Breugel, Clemens Kupke
and Jurriaan Rot. ‘Constructing Witnesses for Lower Bounds on Be-
havioural Distances’. In: CSL. 2026
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My Contributions

Chapters 3 to 6, are based on papers co-authored with: Harsh Beohar; Franck
van Breugel; Clemens Kupke; Jurriaan Rot; and Ezra Schoen.

For each paper I was main author, responsible for most of the ideas, tech-
nical development and writing.

Further Publications

The following additional works were published during the period of my PhD,
but are not part of this thesis:

« Damien Pous, Jurriaan Rot and Ruben Turkenburg. ‘Corecursion Up-to
via Causal Transformations’. In: CMCS. 2022

« Ezra Schoen, Clemens Kupke, Jurriaan Rot and Ruben Turkenburg. ‘A
Categorical Approach to Coalgebraic Fixpoint Logic’. In: CMCS. 2024

o Thorsten Wifimann, Balint Kocsis, Jurriaan Rot and Ruben Turken-
burg. “Trees in Coalgebra from Generalized Reachability ((Co)algebraic
pearl)’. In: CALCO. 2025






CHAPTER

Preliminaries

2.1 Coalgebras and Categories

E AsSUME familiarity with the basic notions of category theory such
Was: categories; functors; natural transformations; (co)limits; adjoint

functors.

Coalgebra For a functor B: C — €, a coalgebra is a pair (X, y) consisting
of an object X and an arrow y: X — BX. A homomorphism from (X, y)
to (Y,&) is an arrow h: X — Y such that £ o h = Bh o y. Coalgebras and
homomorphisms between them form a category, denoted by Coalg(B), or
Coalg,(B) if we wish to make the underlying category explicit.

An example is coalgebras for the Set endofunctor defined on objects by
B(X) = 2 X P(X)*, used to model non-deterministic automata. A coalgebra
y: X — 2 X P(X)* can be seen as two maps: 0: X — 2 specifying which
states are accepting; and t : X — P(X)* giving for each state a map sending
alphabet symbols to sets of successor states. Morphisms f : (X,y) — (Y, §)
are functions f : X — Y such that for all x € X: ox(x) = oy(f(x)) and for
all a € X we have f[tx(x)(a)] = ty(f(x))(a). In other words, the coalgebra
morphisms are those functions which preserve the acceptance and transitions
of states.

Further examples of systems which can be captured as coalgebras and
their corresponding functors, many of which we treat in more detail in the
rest of this thesis, are:

« Mealy machines: B(X) = (0 x X)!

17
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Probabilistic automata: B(X) = P(D(X))A

« Kripke frames: B(X) = P(X)

Vietoris frames: B(X) = V(X) the Vietoris functor on CHaus or Stone

Labelled transition systems: B(X) = P(X)*
« Labelled Markov chains: B(X) = L X D(X)

We use I, 0, A, X and L to denote various notions of “alphabet”, representing
here inputs, outputs, actions, and labels.

Monads A monad is a triple 7 = (T, 5, u) with: T an endofunctor on some
category C;7: Id > Tand u: TT — T natural transformations (called the
unit and multiplication) such that the following diagrams commute:

y AN o TTT —* TT
(2.1) \ lu/ #Tl lu
T T —2 5T

Note that we will use I and the underlying functor T almost interchangeably.
The following are three important examples of the above structure, which
we will encounter frequently in the rest of this thesis:

« First, the powerset monad, denoted by P : Set — Set, given on objects
by P(X) ={S | S C X}, and on morphisms by direct image. The unit
is given by n(x) = {x}, and multiplication given by

(2.2) u(U) = U P

Peu

 Second is the finitely-supported distribution monad on sets, denoted
by D : Set — Set. It is given on objects by D(X) = {u: X — [0,1] |

> M) = 1, supp() finite}, where supp(x) = {x € X | 4(x) # 0}
On functions it is given by

(2.3) DY) = Y {ux) | x € X, f(x) = y}
The unit for D is given by (x) = 1 - |x), and multiplication is given by

(2.4) p@: DX) - [0,1)=2x. >, p(x)-»(p)
pesupp(v)
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- Finally, we have the ultrafilter monad 3 : Set — Set, which maps a
set X to the set of all ultrafilters on X. A set 7 C PX is a filter if for
allP,Q C X, we have P,Q € Fiff PN Q € ¥F. Then, we call ¥ an
ultrafilter if exactly one of the sets P and P is contained in F for each
P C X. The action of § on functions is given as follows

25 B X-Y)H)={QCY|[Q e
(2.6) ={QCY|3IPeF.f[PICQ)

The first equation has a possible topological intuition: the subset on Y
is the largest making f “continuous”. The second can be seen as taking
the upward closure of the direct image, i.e., the ultrafilter generated by
the direct image.

The unit for § gives for x € X the principal ultrafilter generated by x:

(2.7) n(x)={PCX|xe€P}

The multiplication is given by

(2.8) (S € BBX)) ={PCX|N(P) € T}

where N(P) = {# € B(X) | P € F} (the “neighbourhoods” of P).
Algebras for a monad For a monad J, we write EM(J") for the category
of its Eilenberg-Moore algebras, and corresponding homomorphisms. This

category has as objects pairs (X, a) with X an object of € (the category on
which T is an endofunctor) and a : TX — X such that:

x X, tx TTX —L%, TX
(2-9) \ ltx l#x lor
X TX —% 5 X

Dually to coalgebras, a homomorphism of algebras f : (X,a) - (Y,f)isa
map f: X — Y suchthat foa=FoTf.
For any category EM(J), there is an adjunction

S
(2.10) e L _emT)
u
in which #(X) = (TX, u) and U(X,a) = X.
There are a number of known equivalences between Eilenberg-Moore
categories (of monads on Set) and categories consisting of sets with algebraic
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or topological structure and structure-preserving maps. We recall three such
equivalences which we make use of later. These are instances of algebraic
presentations of monads [Man76].

o EM(P) is equivalent to the category of complete join semi-lattices
(JSLs) and join-preserving maps [Bor94b]. Given a JSL, an algebra
P(X) — X can be defined by simply taking joins.

« EM(D) is equivalent to the category of convex algebras and convex
maps. The convex combinations given by the operations of a convex
algebra can be seen as distributions, thus defining a map D(X) — X.
See [Dob06].

o EM(P) is equivalent to the category of compact Hausdorff topological
spaces and continuous maps. The construction of an algebra X — X
from a compact Hausdorff space uses a notion of ultrafilter conver-
gence. Namely, an ultrafilter ¥ € SX is said to converge to a point
x € X if all open neighbourhoods of x are contained in F. As Manes
showed [Man69], for compact Hausdorff spaces, each ultrafilter con-
verges to exactly one point, thus defining a map X — X.

2.2 (Weak) Distributive Laws and (Weak) Liftings

In a number of applications of our results in Chapters 3 and 4, we will use the
definitions of (weak) liftings of monads to Eilenberg-Moore categories. Also
important in those settings is the correspondence between (weak) liftings
and (weak) distributive laws. We briefly recall the necessary definitions and
the results showing these correspondences.

Definition 2.2.1: For monads 7 = (T,5T,uT) and 8 = (S, 75, u%), a dis-
tributive law of 7" over § is a natural transformation A : TS — ST satisfying
the following axioms:

(2.11) "TS/ S\S"?T

TS —* ST

(2.12) T"S/TYST

TS —* ST
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TS -5 7ST 2L STT
(2.13) #Tsl lSMT
TS A ST
TSS -2, TS 3%, SST
(2.14) Tﬂsl lﬂsT
TS A ST

<

As shown by Beck [Bec06], these distributive laws correspond to the
following notion of lifting of monads to Eilenberg-Moore categories.

Definition 2.2.2: A lifting of a monad 8 to EM(J") is a monad
En%.u%): EM(T) — EM(T)

such that US = SU, Ung = 75U and U,ug =uSU. <
Proposition 2.2.3 ([Bec06] [Gar20, Prop. 6]): There is a bijective cor-
respondence between distributive laws of J” over § and liftings of § to
EM(T). <

Also of interest, especially in our applications, are the following two weaker

notions, introduced in this form by Garner [Gar20] based on earlier notions
of Street [Str09] and Bohm [Boh10].

Definition 2.2.4: For monads 7 = (T,nT,uT) and 8 = (S, 175,/,{5), a weak
distributive law of J” over § is a natural transformation A : TS — ST satisfy-
ing the axioms of Eqgs. (2.12) to (2.14). Le., it satisfies all axioms of a distributive
law except the one involving the unit of 7. <

Definition 2.2.5: For a monad J = (T, nT,ch) and a functor S, a weak
distributive law of J” over the functor S is a natural transformation1: TS —
ST satisfying only the axioms of Egs. (2.11) and (2.13). <
The above distributive laws will give a way to obtain weak liftings of
monads or functors to categories of algebras for a monad, satisfying weaker
conditions than the equality US = SU of Definition 2.2.2.
Definition 2.2.6: A weak lifting of a monad § to EM(J) is a monad S =
(S,n%,u8) 1 EM(T) = EM(T) such that there are natural transformations:

° ., Us

(2.15) US —— SuU
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satisfying § o 1 = id;5 and making the following diagrams commute

U
S S
(2.16) UV PN
US§ —— su —°- US§

UsS -5, sus =54, ssu 52, sus -5, vUss
(2.17) U“gl lﬂsu lu,ﬁ
US ’ SU J US

<

Definition 2.2.7: A weak lifting of a functor S to EM(T), is a functor
S: EM(T) = EM(J) and natural transformations

°, Us

(2.18) US —— su

such that § o ¢ = id. <

We use the same notation for all liftings, but we deal mainly with weak
liftings and will make the type clear whenever confusion could arise.

Now, we recall the following two (very similar) results relating the weak
variants of distributive laws and weak liftings analogously to Proposition 2.2.3;
note the difference between § and S.

Proposition 2.2.8 ([Gar20, Prop 13]): If idempotents in € split, then there
is a bijective correspondence between weak distributive laws of a monad J
over a monad 8 and weak liftings of 8 to EM (). <

Proposition 2.2.9 ([Goy21, Prop 4.3]): Ifidempotentsin C split, then there
is a bijective correspondence between weak distributive laws of a monad J
over a functor S and weak liftings of S to EM(T). <

2.3 Factorisation systems

To define a standard technique for lifting functors to predicates and relations
(in the next section), we first require the definition of factorisation systems.
Some intuition can be taken from the case of functions on sets, and their
notion of image. We can decompose a function f: X — Y into a surjec-
tion s: X — Im(f) onto the elements of Y reached by f, and an injection
i: Im(f) — Y of these elements into the original codomain. The coming
definitions generalise this idea.
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In a category C, morphismse: X — Y,m: Z — W are called orthogonal
(written e | m) if for any morphisms u: X — Z,v: Y — W such that
Uoe = mou, there is a unique morphismd: Y — Z withd c e = u and
mod = v.In a diagram

L

e

S

(2.19) "

v

“—

d ~
v
s

N

— W

We may also say that e, m have the diagonal fill-in property.

Definition 2.3.1: A factorisation system on C is a pair (£, M) with € and
M collections of morphisms of € such that:

1. all isomorphisms of € are in both € and M;
2. & and M are closed under composition;
3. forany e € £ and m € M we have e | m;

4. every arrow f of C can be factorised as f = m o e with e € £ and
m e M. <

Remark 2.3.2: A note on notation: we use — for abstract epis and » for
abstract monos, i.e., maps in € and M respectively. <

When using factorisation systems to define predicate and relation liftings,
it is useful to make additional restrictions, to ensure that operations such as
intersections interact well with the factorisations. We use logical factorisation
systems, as introduced by Jacobs in [Jac16, Def. 4.3.2], and recalled here.

Definition 2.3.3: A factorisation system (€, M) on a category C is logical if
1. M C Mono;
2. M is closed under pullback;
3. for any e € € and m € M, the pullback of e along m is againin €. <

To recover the earlier example of image factorisation in Set, we can take &£
to be the surjective functions and M to be the injective functions.

Another important example is that of regular categories, where maps fac-
torise as a regular epi (i.e., an epi which is the coequaliser of some parallel pair
of morphisms) followed by a mono. In fact, for a finitely complete category,
having such factorisations which are furthermore stable under pullbacks, is
equivalent to being regular [Gra21, Thm. 1.14].
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2.4 Predicates, Relations, and Liftings

Spaces of predicates and relations on the state spaces of coalgebras will play
a large role in the coming work. They will form the categories where we
define such objects as behavioural equivalences and interpretations of logical
formulas.

To make this general enough for our purposes, we start with a category €
which is complete and well-powered, meaning subobjects of a given object
form a set. Fixing a subset M C Mono of monomorphisms, we define an
ordering on M in the usual way. Namely, form; : X »—> Zandm, : Y »> Z,
we define m; < m, if there exists an arrow [ : X — Y such that m, ol = m;.
This ordering induces an equivalence relation < N > on M, and by subobject
we will mean an equivalence class of this relation. We can thus speak of the
subobject represented by some m € M. The standard definition of subobject
is recovered by taking M = Mono.

The category Pred(C) of predicates then has as objects such subobjects
represented by maps m : S+ X in M. A morphism from m: S = X to
n: Ty Yisamapu: X — Y in C so that there exists a (necessarily)
unique map making the following diagram commute:

S———T

(2.20) I I

X Y5y

For a complete category C, we can also form the category Rel(C) of (ho-
mogeneous) relations, with objects being subobjects 7 : R > X X X of the
product of an object X € € with itself. Arrows are then just as for Pred(C).

For Set with M = Mono, Rel(Set) consists of subsets of the binary product
of underlying sets as usual, and maps between relations constitute maps
between the products sending R to S, i.e., x Ry implies u(x) S u(y). Objects
of Rel(Stone) are closed relations, as the image of a mono representing a
subobject is homeomorphic (related by a continuous bijection) to its domain,
and images of continuous functions are compact and thus closed. In the case
of an Eilenberg-Moore category for a monad T, objects of Rel(EM(T)) are
congruences, as the map into the product is an algebra morphism.

We can now define the (canonical) predicate and relation liftings Pred(F)
and Rel(F) of a functor F : € — D via the following factorisations, where
p: Pv»> Xis apredicateand r : R»> X X X a relation:

Fp

(221 FP FX
' @o Pred(F)(P) >LJ
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Er, pxox x) I gy Rx

(2.22)
L—o Rel(F)(R) >—j

This defines functors Pred(F) : Pred(€C) — Pred(D) and Rel(F) : Rel(C) —
Rel(D) respectively, with the actions on arrows defined by orthogonality.

2.5 Fibrations

We give the basic definitions related to fibrations (for details see [Jac01]).

Given a functor p: € — €, amorphism b: R — Sin € is (p-)Cartesian
over f: X > YinC,if p(b) = fandforeveryc: T — Ss.t.p(c)=fog
for some g: p(T) — X, thereisauniqued: T — Rwithc =bod.Ina
diagram:

T Ve

N
N
d N~

sR—b>S

T pc=fog

DN
X Y

f=pb

A functor p: €& — C is now a (Grothendieck) fibration if for all objects
S € & and arrows f : X — p(S), there is a Cartesian arrow b: R — S in
& with p(b) = f (and thus also pR = X). We say that R is above pR and
b: R — Sisabove p(b): p(R) — p(S). We will also call C the base category
and & the total category of the fibration.

For an object X € C, the fibre above X is the subcategory €x of €& whose
objects are those objects in & above X, and arrows are above the identity
on X. Choosing for every S € € and f : X — p(S) in C a Cartesian lifting,
denoted f(S) : f*(S) — S, yields what is called a cleavage. Given a cleavage,
each arrow f : X — Y in C gives rise to a reindexing functor f*: &y — Ex.
On objects, this maps an S € €y to the domain f*(S) of the chosen Cartesian

(2.23)

lifting f. For arrows, it takes some b : S; — S, in £y and yields the map
obtained from the Cartesian property of 7(52)-

We assume below that reindexing functors have left adjoints ] [ f - f*
(called direct image). This is equivalent to the condition that both p: &€ — C
and p°P : £°P — C°P are fibrations, in which case, p is also called a bifibration.
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Given fibrations p: € - Cand q: F — D, a morphism of fibrations from
p to q is a pair of functors (F: € - F,F: € — D) suchthathF Fop.
In that case, for every object we have a restriction Fy : Ex — F px, denoted
by F if the type is clear from the context. We will also call F a lifting of F.
If F preserves Cartesian morphisms, it is called fibred. In a fibration where
the fibres are posets, this is equivalent to having the equation Fy o f* =
(Ff)* o Fy for all morphisms f : X — Y.

2.5.1 Example: Predicates and Relations

A recurring class of examples in this work are the fibrations of predicates
and relations. Given a complete, well-powered category €, the objects of the
total categories Pred(€) and Rel(C) are predicates and relations as defined
in Section 2.4. Then the functors p: Pred(€) — € and q: Rel(C) — C
mapping a predicate P > X to X and a relation R == X X X to X respectively,
are fibrations over C.

In these fibrations, reindexing can be computed by taking the pullback of
a predicate or relation along the relevant map. For example for a predicate
Pr— Yandmap f : X — Y, the reindexing f*(P) can be obtained as follows:

f*(P) — P

(2.24) f*(p) I
f

X ——Y

For a relation, we simply take the pullback along a map f X f.

In case the underlying category C furthermore has a logical factorisation
system (€, M) and subobjects in C are defined with respect to the set M,
then the left adjoint ] [ sto reindexing f* in Pred(C) is obtainable as the
following factorisation:

s — 11,6
(2.25) I I
f

x—L .y
and similarly for Rel(C). See [Jac16, Prop. 4.3.5] for further details.

Example 2.5.1: In Set, subobjects are just subsets U C X, and reindexing
is inverse image, i.e., f*(V CY) = {x € X | f(x) € V}. Similarly, relations

are subsets R C X X X, with f*(S C Y XY) = {(x1,x;) € X X X |
(f(xy), f(xy)) € S}. Notice Set is complete, and the collection of subsets of
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a set is its powerset which is again a set. Each powerset is thus a complete
lattice with join and meet given by union and intersection, respectively.
For a monad T : Set — Set, let EM(T) be the category of Eilenberg-
Moore algebras. Then, the category Pred(EM(T)), consists of subalgebras,
and Rel(EM(T)) consists of congruences, that is relations that are closed
under applications of the algebra structure (not necessarily equivalence
relations). <

Predicate and Relation liftings

Recall the definitions of predicate and relation liftings from Section 2.4.
In the context of a functor F: € — D between complete well-powered
categories with logical factorisation systems, these are liftings to the predicate
and relation fibrations in the sense that they commute with the functors
underlying the fibrations:

Pred(€) "B pred(D) Rel(@) 2% Rel(D)
o ] L,
ce—Lf .o e—L L op

2.5.2 Claty fibrations

We will apply the theory of fibrations to capture properties of (co)algebras
as so-called (co)inductive invariants/predicates. In this context, it is common
to assume a fibration p: €& — C for which all fibres Ex for objects X € C
are complete lattices and reindexing preserves the meet operation in these
lattices. We will call such a fibration a CLat-fibration. Note that these may
also be called topological functors (see, e.g., [AHS09]).

The assumption ensures that the fibrations have many desirable properties,
while being general enough for our purposes of defining coinductive predi-
cates. We will make this assumption explicit where necessary. In particular,
the assumption of completeness of the fibres ensures that the coinductive
predicates we present soon will exist, as they are defined as (greatest) fixed
points. Such fibrations are also always bifibrations, so that each reindexing
functor f* has a left adjoint ]| o as discussed earlier. For a more detailed

treatment of CLat-fibrations see, e.g., [Kom+19; Spr+21].

Subobjects and Relations As can be seen in our earlier examples, we
will be interested in the fibrations of predicates and relations in some base
category, and the lifting of functors to these total categories.
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Assuming the base category is complete and well-powered, the fibres
Pred(C)x are complete lattices [Bor94a, Cor. 4.2.5]. Since reindexing is de-
fined by pullback, it preserves meets, so that p is a CLat-fibration. Objects of
Rel(C) are a special case of predicates, so that this is also a CLat-fibration.

We will later also wish to restrict attention to equivalence relations. We can
define the subcategory ERel(C) of equivalence relations, defined internally
to the category C as follows (see also, e.g., [Bor94b, Prop. 2.5.5]):

Definition 2.5.2: A relation7: R » X X X in a category C is an (internal)
equivalence relation if:

1. the diagonal Ay » X X X factors through r;

2. the map s o r factors through r, where s is the (unique) map X X X —
X X X such that 7, o § = 7, and vice versa;

3. the tuple map (7t o7 0 py, 7, o ¥ 0 p,) factors through r where py, p,
are as in the following pullback:

Rxx R —225 R
(2.27) pll ln’lor «

R T X
Reindexing and meets for such equivalence relations are defined in the
same way as for relations, i.e., as pullbacks. This turns ERel(C) — € again
into a CLat-fibration.

2.5.3 Invariants and Coinductive Predicates

We will now recall the notion of coinductive invariants and predicates, de-
fined as post and greatest fixed points of certain monotone maps respectively
(see also [Jacl6; HKC18]). Working in a CLaty-fibration ensures that these
monotone maps always have such fixpoints.

Assuming a fibration p: &€ — €, a coalgebra y: X — BX with X in
@, and a lifting B: & - £ of B: € — G, we define the monotone map
y* 0By : Ex — Ex. Then a post-fixed point R < y* o Bx(R) will also be
called an invariant, and the greatest fixed point ¥(y* o By) will be called the
coinductive predicate defined by B on y. Instantiating this to the category
Set, and the fibration with Rel(Set) as total category, we can consider the
canonical relation lifting (2.22) of B, given explicitly by

A B7y(z) = y,}
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As mentioned earlier, reindexing for the relation fibration is given by pull-
backs, which amounts to taking the inverse image, so that:

(2.29)  y*oRel(B)(R) = {(x;,x,) € X X X | 3z € BR.B7,(z) = y(x;)
A Bry(z) = y(x3)}

A post-fixed point R < y* o Rel(B)(R) of such a monotone map recovers the
usual notion of coalgebraic bisimulation. The greatest fixed point v(y*oRel(B))
is then called bisimilarity.

These notions cover many more examples than bisimulations and bisimi-
larity. For a simple instance, take B to be the powerset functor 7 : Set — Set,
and P : Pred > Pred with BlP CX) ={SC X | PnS # @}. A P-coalgebra
is a transition system, and the coinductive predicate on it defined by 2 is the
set of all states which have an infinite path. For other examples of coinduc-
tive predicates defined in this way see, e.g., [HKC18; BKP23; Spr+21; HJ04;
Kom+19].
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CHAPTER

Preservation and Reflection
of Bisimilarity via Invertible
Steps

Just a monoid, that’s crazy
about working! (5)

3.1 Introduction

ISTRIBUTIVE LAWS between a monad T and a functor B are ubiquitous
in the theory of coalgebras. They capture various forms of interaction
between algebras and coalgebras, including: structural operational

semantics [TP97; Klil1]; efficient proof techniques [Bon+17]; and a general
coalgebraic determinisation procedure which applies to a wide range of
automata and other state-based systems [Sil+13; BMS13; JSS15].

As shown in [JSS15], the central categorical idea of this general determini-
sation procedure is to transport a BT-coalgebra to a coalgebra for the lifting
B of B to the Eilenberg-Moore category EM(T) induced by the distributive
law. Behavioural equivalence in EM(T) then amounts to desired notions
of equivalence. Examples of systems which have been studied in this way
include: language equivalence of non-deterministic automata; weighted au-
tomata [Bon+12]; Mealy and Moore machines with side effects [Sil+13]; and
various types of trace equivalence of transition systems [Bon+16].

33
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An illustrative non-example of this general determinisation procedure
is in a natural construction of belief-state transformers from probabilistic
automata (PA), which feature both non-determinism and probabilities. This
construction moves the probabilistic branching in a PA from the transitions
into convex structure on the states, generalising the well-known powerset
construction which moves non-deterministic branching into join semi-lattice
structure.

From a categorical perspective, the problem in the case of probabilistic
automata is related to the classical result that there is no suitable distribu-
tive law of the probability distribution monad 2 over the powerset monad
P [Var03] (also see [ZM22; KS18] for other non-existence results of distribu-
tive laws). Hence, it seems that general determinisation via distributive laws
is not applicable here.

Nevertheless, in [BSS21] a coalgebraic account of the construction of belief-
state transformers is given as a two-stage process:

1. from probabilistic automata to coalgebras in EM (D), which are a type
of labelled transition systems over convex algebras;

2. from these coalgebras in EM(D) back to plain transition systems in
Set, yielding the belief-state transformer.

A key result in op. cit. is that the second stage preserves and reflects be-
havioural equivalence, defined there by the existence of a kernel bisimula-
tion [Stall; Kur00; Wol00]. This shows that behavioural equivalence of the
coalgebras in EM (D) coincides with behavioural equivalence on the labelled
transition systems obtained by forgetting the convex structure. This further
coincides with what is called distribution bisimilarity in [BSS21], i.e., bisimi-
larity on labelled transition systems (LTSs) whose states are distributions.

In [BSS21; Goy21] it was shown that the two-stage construction above in
fact arises from a canonical weak distributive law of D over P [GP20]. Weak
distributive laws of the form used in op. cit. correspond to so-called weak
liftings of monads/functors to Eilenberg-Moore categories [Gar20] which, as
shown in [GP20], yield a new generalised determinisation procedure which
covers the example of probabilistic automata, and precisely instantiates to
the two stages above. Further examples are the treatment of alternating
automata via weak distributive laws in [GPA21], and weak distributive laws
for combining non-determinism with semimodules in [BS21].

However, the result for probabilistic automata that the second stage above
preserves and reflects behavioural equivalence has not yet been accounted
for in the abstract theory of determinisation via weak distributive laws.
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In this chapter we provide such an account, starting from a more general
setting than weak distributive laws: what we call invertible steps. While
weak liftings by definition apply to Eilenberg-Moore categories of monads,
(invertible) steps can be defined in the context of arbitrary adjunctions. A
step, named as such in [RJL21], is a natural transformation of a certain type
allowing the lifting of the left adjoint to coalgebras. Such steps are a widely
occurring phenomenon, for instance in the semantics of coalgebraic modal
logic, testing semantics and trace semantics (see [RJL21] for an overview).
To further generalise the second stage of the aforementioned constructions,
the key idea is to assume a natural transformation in the opposite direction
to the existing notion of step, which yields a lifting of the right adjoint. We
also assume that this new transformation is a right inverse to a step, together
forming what we will call an invertible step.

In this setting of an invertible step, we are able to show that the second
stage of the two-stage construction preserves and reflects bisimilarity, under
mild conditions. As a consequence, we recover the above-mentioned results
on preservation and reflection of behavioural equivalence for probabilistic
automata [BSS21] for free from the abstract theory.! Another motivating
example is that of coalgebras for the Vietoris functor on the category of Stone
spaces: we obtain that bisimilarity is preserved and reflected by (a lifting of)
the forgetful functor from Stone spaces to sets, recovering the main result
in [BFV10].

This is relevant in a coalgebraic presentation [KKP05] of ultrafilter exten-
sions, a standard construction in modal logic [BRV01]. In this coalgebraic
form, the construction has a similar structure to the generalised determinisa-
tion procedures, and it is again important that forgetting topological structure
does not change our notion of equivalence. This will be one of our running
examples, and shows the benefit of the general approach based on (invertible)
steps, as it does not fit directly into the setting of weak liftings, due to the
category of Stone spaces (for the duality with Boolean algebras) which is
not monadic over Set. However, if we move from Stone spaces to compact
Hausdorff spaces, then the relevant weak lifting (or invertible step) arises
precisely from the weak distributive law constructed by Garner [Gar20], and
can then be restricted back to Stone spaces. The weak distributive law in
op. cit. thus gives rise to ultrafilter extensions in modal logic.

"We focus on bisimilarity, but our setting allows for an easy argument that this coincides
with coalgebraic behavioural equivalence defined by identification under some homomor-
phism in this and many related examples.
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Contributions The first main contribution of this chapter is the iden-
tification of invertible steps as structure underlying existing coalgebraic
formulations of automata constructions. We then show under what condi-
tions on these steps and their underlying functors, the induced liftings to
coalgebras preserve or reflect bisimulations/bisimilarity.

The first of these results provides a condition for preservation of bisimu-
lations and bisimilarity by liftings of right adjoint functors. This is quite a
straightforward condition: that the right adjoint preserves abstract epimor-
phisms of assumed factorisation systems. This is shown in Theorem 3.3.11.

That result uses liftings of the adjoint functors (not the whole adjunction)
to the spaces of relations in which bisimulations and bisimilarity are defined.
We show that, at the level of lattices, the relation lifting of the right adjoint
has a left adjoint, which always preserves bisimulations (Proposition 3.3.13).

We further have two extensive examples to which we apply the above
results: ultrafilter extensions of coalgebras [KKP05]; and a generalised deter-
minisation procedure for probabilistic automata [BSS21; GP20; Goy21]. For
the application of our results, some investigation of the definitions of the
liftings involved is required. Theorem 3.3.11 then shows that a step common to
both constructions (forgetting algebraic structure) does not affect our notion
of bisimilarity. Proposition 3.3.13 recovers a result in the context of ultrafilter
extensions showing that the (topological) closure of certain bisimulations
are again bisimulations [BFV10].

Due to the generality of our approach and simplicity of the obtained
conditions, our proofs of the above properties are simpler than those already
present in the literature.

Outline Section 3.2 presents (invertible) steps, the relation to weak lift-
ings and distributive laws, and a range of examples. In Section 2.4, we recall
the standard notion of coalgebraic bisimilarity, defined via relation lifting.
Section 3.3 contains the main results on preservation and reflection of bisim-
ilarity. In Section 3.4 we discuss applications and instances of these results.
We discuss other notions of bisimulation as well as future work in Section 3.5.

3.2 Forward and Backward Steps

We briefly present the required theory of steps, first termed as such in [RJL21].
This structure occurs already in work on coalgebraic modal logic [KKP04;
BKO05; PMW06; K1i07; CJ14; Lev15] where a step gives the one-step semantics
of a logic. In existing work, only what we call a forward step is considered.
Here, we also speak of backward steps, being arrows in the opposite direction.
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In the sequel, we will usually assume that the backward step is a right inverse
of the forward step, in which case the forward step will be referred to as an
invertible step.

Next, we recall how such steps give rise to liftings of functors between
categories of coalgebras and further, when the adjunction underlying the
steps can also be lifted to coalgebras [HJ98]. Finally, we present examples of
invertible steps from the literature, which we return to in later sections.

3.2.1 Invertible Steps

The basic setting of interest in this work consists of the following:

Definition 3.2.1: Given an adjunction P 4 Q : D — € and endofunctors
B:C—-CandL: D — D asin the diagram

P
(3.) sCe 1L pDr,
Q

a (forward) step is a natural transformation & : BQ — QL. A backward step
is simply a natural transformation t: QL — BQ going the other way. If,
moreover, d o t = id then we call § an invertible step (with right inverse t).
Finally, if § witnesses an isomorphism then we call it an isomorphic step. «

Notice the asymmetry in the definition of invertible step: ¢ is always as-
sumed to be a right inverse of §. These invertible steps are the main focus of
this chapter. Before we treat two examples, note that (full) distributive laws
as used in earlier work on determinisation for trace semantics [JSS15] yield
examples of invertible steps. Such distributive laws are known to correspond
to liftings of monads to Eilenberg-Moore categories. Such liftings are wit-
nessed by equalities/natural isomorphisms US = SU (see also Chapter 2).
These are of course a special case of invertible steps.

Example: The Vietoris Monad as a weak lifting

Our first example of an invertible step arises as a weak lifting as defined by
Garner. The notion of weak lifting replaces the equality in the lifting exactly
by an invertible step 6 : BQ — QL, while also assuming that the category
D is some category of Eilenberg-Moore algebras of a monad on C.

Garner shows that the Vietoris monad V on the category CHaus of compact
Hausdorff spaces is an example of this. Namely, it is the weak lifting of the
powerset monad on Set [Gar20] (see Chapter 2 for a more detailed introduc-
tion to weak liftings). This result relies on the fact that CHaus is equivalent
to the category of algebras EM() for the ultrafilter monad g [Man69].
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On objects, the Vietoris monad sends a compact Hausdorff space X =
(X, U) to the Vietoris hyperspace [Vie22] VX with underlying set VX :=
{C C X | C closed in X} and topology generated by the subbasis consisting
of the following sets defined for each C € VX:

(32) C*={A€VX|AnNX=@} and C ={A€VX|A¢ZX}

On maps, V acts as the direct image (see also [Wyl06]). To place this into the
setting of weak liftings, we consider the following:

(3.3) PG Set L eM(B) DV

where & - U is the Eilenberg-Moore adjunction of 5. The weak lifting
provided by Garner then consists of natural transformations

S, Uy

(3.4) Uy —— PU

satisfying & ot = id (and additional axioms discussed in Chapter 2, which
are not required here). Notice that J is an invertible step, with right inverse
t. As shown by Garner, a component 8y : PUX — UVX sends each subset
S € PUX to its topological closure. The components of ¢ simply include the
closed subsets into the powerset.

Example: Convex Labelled Transition Systems

Another example of an invertible step occurs in a procedure for “determinis-
ing” probabilistic automata (PAs) into belief state transformers introduced
in [BSS17; BSS21]. PAs combine non-determinism (in the sense of the power-
set) with probabilities. The determinisation removes the probabilistic branch-
ing by constructing states consisting of distributions representing our “belief”
about which state of the original PA we can be in. It was shown in [GP20]
and the thesis of Goy [Goy21] that this is an instance of a more general de-
terminisation procedure induced by a canonical weak distributive law. These
correspond in general to a weak lifting (also shown by Garner [Gar20]), again
being what we call an invertible step.

The presentation in [GP20] uses weak distributive laws of a monad J
over a monad 8, while Goy in [Goy21] uses the simpler setting of a weak
distributive law of a monad J over a functor S (see Chapter 2). We prefer the
latter presentation here, as the corresponding weak lifting has no additional
axioms; it is exactly an invertible step (see Definition 2.2.6).
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We will consider the example of the Eilenberg-Moore adjunction of the
distribution monad D, and a weak lifting of the composite functor R o P,
where we use R to denote the functor (—)* with X some set of labels. In a
diagram:

F

(3.5) 27 (C Set L eM(D) D77
U

Coalgebras for R model standard labelled transition systems, while co-
algebras for the weak lifting can again be thought of as labelled transition
systems, but now with convex structure on the states. Such coalgebras with
free D-algebras as their state space arise after applying the first step of the
generalised determinisation procedure for probabilistic automata introduced
earlier, and are transformed back to LTSs by the second step. We wish to
apply our conditions for preservation and reflection to this setting, espe-
cially the second step of the construction. This requires the existence of an
invertible step.

We obtain this invertible step here by its correspondence to a weak dis-
tributive law A*? : DRP — RPD, which Goy shows can be obtained by
combining weak distributive laws 7 : DP — PD and X : DR - RD
in [Goy21, Ex 4.5]. We give the definitions of the latter two, before showing
explicitly how they can be combined, and reach a concise description of the
corresponding invertible step.

Definition 3.2.2 ([Goy21, Thm. 3.12]): A component /I?} : DPX - PDX
of the weak distributive law A”, maps a distribution ¢ : X — [0,1] to

(3.6) {/JX < Z »(U) - W)U)) | VU. %y € DX A supp(dpy) C U} <
Ucx

Definition 3.2.3: A component A% : DRX — RDX of the weak distribu-

tive law A* maps a distribution ¢ : X* — [0,1] to

(3.7) ra. Y. o(h)-|h(a) “

h: 2-X

Proposition 3.2.4: The composition RA” o A2 P yields a natural transfor-
mation A% : DRP — RPD. Concretely, a distribution ¢ : (PX)* — [0,1]
is mapped to

(3.8) /la.{/xx( Z §0(h)'|¢h>>

h: 2-PX
| Vh. ), € DX A supp(®y,) C h(a)} <«
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The given concrete description of A% is a slight reformulation of [Goy21,
Eq. 4.49].

Using the constructions from [Gar20] (which apply also to the monad-
functor setting), we can now find the invertible step we require to apply our
later results to this setting.

Proposition 3.2.5: There is an invertible step § : RPU — URP with right
inverse (. URP — RPU.
A component §4, for A = (X, ), sends a function h : ¥ — PX to

(3.9) Aa. convg(h(a))

with

(3.10) convy(V C X) ={a(p) | ¢ € DX A supp(p) C V}
Components t4 in turn act simply as the identity. <

Proof. As shown in [Gar20], the components of § and ¢ arise via the following
image-factorisation in Set:

(3.11) RPUKX, o) —29 URPX,q) —2> RPUX, )
L h)
RPoodxonppx

with A = (X,a) € EM(D). 1t is also shown in [Gar20] that the splitting
yields transformations such that § o ¢ = id.
By the definition of the image factorisation, §4(h : £ — PX) is equal to

(3.12) Aa.{a(®p) | Pn € DX A supp(Pp) € h(a)}

so that the image of h : ¥ — PX under d4 is indeed as given above.
The components of ¢ act as the identity as they are image inclusions. =

In [Gar20; Goy21] the transformations of the invertible step are obtained as
an instance of a more general construction, namely: splitting the idempotent
RPa o Ax o nepx in the category of D-semialgebras, and then applying
the forgetful functor. As we work over Set, we can do the splitting there
instead. The fact that the splitting of an idempotent D-semialgebra morphism
coincides with the splitting in Set is already implicitly used in [Gar20].

The action of this weak lifting can also be seen as a composition of the
actions of the weak liftings of ? and R induced by the earlier weak distributive
laws. That of P performs the convex closure, while that of R applies an h
under the algebra structure and abstraction over X. The construction of
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composite (or iterated) distributive laws is shown in [Goy21, Secs. 2.4 & 4.2].
However, it seems to be folklore that the weak lifting of (in this case) RP to
RP induced by a weak distributive law DRP — RPD, is the composition
of the weak liftings R and  induced by weak distributive laws DR — RD
and DP — PD. We prove this here for completeness.

Lemma 3.2.6: Let AX : DR —» RD and 7 : DP — PD be weak distribu-
tive laws inducing R, P EM(D) - 8%(’1)). Then E}Ecomgosge weak
distributive law 1 = AR P o RAZ induces RP such that RP = R o P. <

Proof. The weak lifting ﬁ((X , ) of the composite functor R is obtained
by splitting the idempotent RPa o Ax o Nzpx.

The compos1te weak lifting R?((X a)) is instead obtained by splitting
RPao /15,X o Nz px, where we write P for the structure map of the algebra
PX,q).

We can thus show that the weak liftings coincide by showing that the
following diagram commutes:

RPX 222X prex X5 rppx 2% gppx
(3.13) \ mv/
AR T L7 RPa
RDPX

The left triangle is the definition of 1. The right triangle is R applied to the
definition of Pa. L]

Remark 3.2.7: Later, we will also refer to the convex powerset functor 7.
This is exactly the weak lifting of 2 corresponding to A7, producing an algebra
on the set of convex subsets of a convex algebra (a set being convex if it is
closed under convex combinations). This functor is found in [GP20; BSS21]
and [Goy21, Chapter 3], which deal with the combination of distributions
with non-determinism in more detail. Note that in [BSS21], the empty set
is excluded from the non-empty powerset functor #,,, and convex powerset
functor %,. The fact that there is a unique functorial way to extend convex
algebras with a point, shown in [SW17], then allows the extension to %, + 1
and 7, + 1. <

3.2.2 Step-induced liftings

In the setting of Definition 3.2.1, there is a bijective correspondence between
a step and its mate 6 : PB — LP given by

PSP eLP

(3.14) pB 222, pROP PQLP LP
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with 7 and € the unit and counit of the adjunction P - Q (see also [Lei04;
KS74]). The following lemma will turn out to be useful in relating a step and
its mate:

Lemma 3.2.8: For a forward step 6 : BQ — QL, we have eL o P§ = Leo 5Q
and 5P o By = Q8 o 3B. <

Proof. See, e.g., [RJL21]. m

Now, the mate and the backward step allow us to define liftings of P and
Q to functors between the categories of coalgebras for B and L.

Definition 3.2.9: Given steps 6. BQ —» QL and ¢: QL — BQ, the step-
induced coalgebra liftings P : Coalg(B) — Coalg(L) and Q : Coalg(L) —
Coalg(B) of P and Q are defined by

(3.15) y: X —>BX +— bxoPy:PX —LPX
(3.16) £:Y>LY +— 1yoQE: QY - BQY

on objects and act as P and Q on arrows. This is well-defined due to functori-
ality of P and Q and naturality of 6 and t. <

It is shown in [H]98, Theorem 2.14] that when 6 and ¢ form an isomorphism,
the adjunction P = Q lifts to an adjunction P - Q between the step-induced
liftings. For our purposes it will be useful to split the isomorphism condition
into the cases where ( is a left or right inverse of §, mostly for the right
inverse case as this is exactly an invertible step.

Lemma 3.2.10: If § ot = id, then the counit € : PQ — Id of the adjunction
P + Q lifts to a natural transformation ¢ : 55 — Id. If t o § = id, then
the unit 7: Id — QP of the adjunction lifts to a natural transformation
7:1d— QP. <

Proof. The first part is shown in Fig. 3.1. The second part is shown in Fig. 3.2.
The parts of the diagrams marked Lem. commute by Lemma 3.2.8. ]

The combination of these two liftings gives us the lifting of the adjunction.

Corollary 3.2.11 ([HJ98, Thm. 2.14]): If § and ¢ form an isomorphism,
then P - Q. <

Proof. We have § ot = id and t o § = id due to the isomorphism, so both the
unit and counit lift. The required identities for the components of the liftings
hold by the adjunction P - Q. [
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&y nx
PQY Y X QPX
PQ¢ nat. € nat.7 QPy
PQLY NBX QPBX
Pry| §or=id < § 14 Lem. Qdx
)

PBQY 2%, pQLY BOPX —FX, QLPX
SQy Lem. }%‘ AX tod=id |px
LPQY LY BX BQPX

Ley

Bnx

Figure 3.1: Lifting € Figure 3.2: Lifting »

In such a situation, Q (being a right adjoint) preserves the final coalgebra
for L (the limit of the empty diagram in Coalg(L)) when this exists. However,
there are a number of known examples where the step is not an isomorphism;
instead we only have a one-sided inverse. We consider, in particular, these
invertible steps and now continue with examples of this setting.

We return to the two examples of invertible steps, and discuss the liftings
to coalgebras they induce. We will later apply our results on preservation
and reflection of bisimilarity/behavioural equivalence to these examples.

Example: The Vietoris Monad continued

Returning to the example of the Vietoris monad, it turns out that the invertible
step in that setting gives rise to ultrafilter extensions of Kripke frames. In
modal logic, ultrafilter extensions [BRV01; Gol74; Ben79] are a construction
taking a Kripke frame with state space W and forming a new Kripke frame
with states being ultrafilters over W. The central motivation for this is in
“bisimilarity-somewhere-else” results: two states are modally equivalent iff
they are bisimilar in the ultrafilter extension.

The transition relation R of a Kripke frame (W, R) is equivalently a power-
set coalgebra y : X — PX with y(x) = {x’ | x R x'}. Now, the composition

(3.17) Coalg(P) AN Coalg(V) v, Coalg(P)

of the step-induced coalgebra liftings precisely yields the ultrafilter extension
of a Kripke frame. The first stage F is the actual extension, which turns the
Kripke frame into a V-coalgebra whose state space is the free §-algebra on

X. The second stage U turns this back into a Kripke frame, i.e., a powerset
coalgebra in Set. Applying these two stages to a coalgebray : X — PX, we
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obtain a coalgebra with state space U o F(X) = X, the set of ultrafilters
over X. The transition function, which we call ¥ here, is the composition

318)  BX = uFx L urerx Y uvrx I5 purx =~ ppX

It is shown in [KKPO05] that this coincides with the classical definition of
ultrafilter extension whereby v € y(u) for u, v € SX iff the set

(3.19) m(Y):={xeX|dyeY.yeyx)}

is contained in u forall Y € v.

Their approach uses a transformation 77 : FPU — V to obtain the above
coalgebra as the composition 7 4y 0 FPnx o Fy. This can be seen to match the
above definition via the bijective correspondence between transformations
FPU — Vand FP — VF, as given in [RJL21].

Remark 3.2.12: In [KKPO05], ultrafilter extensions are developed more gen-
erally for coalgebras for a functor B: Set — Set, via the duality between
Boolean algebras and Stone spaces. In fact, since both V and the left adjoint &
restrict to the category Stone of Stone spaces, the invertible step &, ¢ restricts
to an invertible step in the restriction of the above adjunction to Stone. When
we return to this example in Section 3.4, we will thus replace the category
EM(B) in Eq. (3.3) with Stone. <

Example: Probabilistic Automata

The invertible step corresponding to the weak distributive law A% presented
in Proposition 3.2.5, can be applied in a generalised determinisation procedure
studied for probabilistic automata in [GP20; Goy21]. This is adapted from a
general construction in the setting of an Eilenberg-Moore adjunction & -
U: EM(T) — €, and monad B: C — C, which further assumes a (full)
lifting of B to algebras (corresponding to a distributive law of 7" over B). It
was observed in [JSS15] that the determinisation then arises as the following
two-step process (cf. Eq. (3.17)):

(3.20) Coalg,(BT) 7, CoaIgSM(T)(E) v, Coalg,(B)
The approach based on weak distributive laws of Goy and Petrisan instead
uses an invertible step (weak lifting) 6 : BU — UB. This gives rise to a very

similar two-step diagram, in which B is now a weak lifting:

(3.21) Coalg,(BT) -z, CoalgeM(j.)(ﬁ) _u, Coalg,(B)
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The second functor U is simply the lifting of U induced by the right-inverse of

. The first (¥) is a variation of a step-induced lifting (notice that it takes BT-

coalgebras rather than B-coalgebras as input), mapping a coalgebray : X —
BTX to

Surx ~ Bery
(3.22) 7x -2V, FRUFX 2% Brusx 25 Brx

where ¢ is the counit of the Eilenberg-Moore adjunction. In fact, this can be
viewed as a step-induced lifting for BT which arises by composing & and the
counit, see [RJL21].

As explained in [GP20, Sec. 5] and [Goy21, Sec. 4.3], the weak lifting
which corresponds to the invertible step § : RPU — URP elaborated in
Proposition 3.2.5 induces the lifting F of (3.21). This lifting indeed gives the
transformation of a probabilistic automaton into a belief-state transformer
in the category EM(D). The second step is then to transfer the obtained
belief state transformer back to Set with the lifting of U induced by the right
inverse t: URP — URP of 5. As shown in [BSS21] for the setting of a
lax lifting and later recovered from our abstract theory for invertible steps
(Section 3.4), this second step yields a system with the same behaviour.

In Section 3.4 we will return to the two examples just presented and show
how we can apply the techniques developed in the coming section (3.3) to
obtain preservation and reflection of bisimilarity by the step-induced liftings
of the involved forgetful functors. To further show the applicability of our
abstract framework, we also recover a number of other results from works on
bisimulations for coalgebras of the Vietoris functor [BFV10] and the convex
powerset functor [BSS21].

3.3 Preserving and Reflecting Bisimilarity

In this section we show that, in the presence of an invertible step, bisimilarity
is preserved and reflected by the step-induced lifting of the right adjoint, given
some further mild conditions. Aside from this main motivating result for
right adjoints, these conditions will combine with other properties shown in
Lemma 3.3.2 to recover a number of existing results relating various notions
of equivalence on either side of an adjunction (Section 3.4).

Our approach is as follows:

« We show how the setting of Definition 3.2.1 (an adjunction with endo-
functors on each side) lifts to categories of relations.

« We show that the steps themselves also lift to these categories.
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« We then restrict to lattices of relations on fixed objects, allowing the
application of Lemma 3.3.2 to obtain our conditions for preservation
and reflection by the step-induced liftings of adjoint functors.

Throughout this section we assume the setting of Definition 3.2.1 with the
additional properties that € and D are complete, well-powered categories
with logical factorisation systems (€1, M), (€,, M) respectively such that
P(&;) C &,, and subobjects defined with respect to the set of abstract monos.
We further assume an invertible step 6 : BQ — QL with right inverse
t: QL = BQ.

We first fix a definition of preservation and reflection of post- and greatest-
fixed points in lattices. Lemma 3.3.2 then summarises the sufficient conditions
of monotone maps we use to speak of preservation and reflection of bisimu-
lations and bisimilarity and later (in Chapter 4) of coinductive invariants and
predicates.

3.3.1 Preservation and reflection of fixpoints

As discussed in Section 2.4, bisimulations can be defined as post-fixed points
of a monotone map f: I' — I" on a poset I" consisting of relations on the
carrier X of some coalgebra. Similarly, bisimulations on a coalgebra to which
a step-induced lifting (of Q say) has been applied are post-fixed points of
a monotone map g: A4 — A on the poset of relations on QX. The general
picture is:

!
(3.23) vCa LD
4

We can thus speak of preservation and reflection of bisimulations and bisimi-
larity by speaking of preservation and reflection of fixpoints. In the following
definition, we fix some necessary terminology.

Definition 3.3.1: Let I and 4 be posets,and[: ' - I, b: A — A mono-
tone maps. A monotone map g : I' — A preserves post-fixed points if x < 1(x)
implies g(x) < b(g(x)). It reflects post-fixed points if the converse implication
holds. Furthermore, we will speak of g preserving the greatest fixed point if
g(vl) = vb. <

Now, we summarise results concerning conditions for such preservation
and reflection properties. Those relating greatest fixed points can be found
already in, e.g., [DP02]. The other items are essentially instances of step-
induced liftings [RJL21].
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Lemma 3.3.2: Let A and I be lattices, and f, g, b,] monotone maps as in
Eq. (3.23). Then:

1. if gl < bg, then

a) g(vl) < vb;
b) for any p € I' we have p < I(p) = g(p) < bg(p);

2. if bg < gl, then

a) g(vl) > vb;
b) if g is order-reflecting for any p € I we have

p <l(p) < g(p) < bg(p);

c) vl > f(vb);
d) for any q € A we have q < b(q) = f(q) < lf(q). <

Proof. For Item 1la, we have g(vl) = gl(vl) < bg(vl) so that g(vl) is a post-
fixed point of b and thus below vb.

For Item 1b, we have p < I(p) = g(p) < gl(p) < bg(p) with the last
inequality holding by assumption.

For Item 2a, the consequent is equivalent to vl > f(vb) by the adjunction.
It is therefore sufficient to prove that f(vb) is a post-fixed point of . Indeed,
we have

(unit of adjunction) vb < gf(vb)

(b monotone) = b(vb) < bgf(vb)
(def. fixpoint) = vb < bgf(vb)
(assum.) = vb < glf(vb)
(adjunction) = f(vb) < If(vb)

For Item 2b, we have g(p) < bg(p) < gl(p) = p < l(p) where the
implication is exactly order-reflection.

For Item 2c, we have already noted that this is equivalent to the inequality
of Item 2a, by the adjunction.

Finally, for Item 2d, we have q < b(q) = f(q) < fb(q) < If(q). The
final inequality holds due to the chain fb < fbgf < fglf <lf. L]

Now, if bg = gl in the setting of (3.23), the inequalities combine to give
g(vl) = vb. This has been shown more generally in the context of coalgebras
in [HJ98], where the equality bg = gl is instead a natural isomorphism
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BG —= GL, with F, G, B, L functors. It is shown in op. cit. that this allows
the lifting of the adjunction F 4 G to coalgebras (generalising post-fixed
points) so that the right adjoint preserves the final coalgebra (generalising
the greatest fixed point) as right adjoints preserve limits.

3.3.2 From adjunctions to lattices

In the setting of Eq. (3.1), and given a coalgebra & : X — LX, the lattices and
monotone maps which can be used to speak of preservation and reflection
by the right adjoint are those of the following diagram (containing the as-
yet-unknown map f):

f
(3.24) (1xoQ§)*oRel(Blox ( Relox 3 Rely ) £¥oRel(L)x
Rel(Q)x

On the left, 1 0 Q€ : QX — BQX is the coalgebra obtained by applying the
lifting of Q induced by ¢ to the coalgebra &. This setting thus allows us to
compare bisimilarity on £ and Q(&) via the relation lifting Rel(Q).

The missing ingredients to allow the application of Lemma 3.3.2 are thus:

1. A left adjoint for Rel(Q)x (Lemma 3.3.7).

2. The equality (1x 0 Q)" o Rel(B)ox © Rel(Q)x = Rel(Q)x o §* o Rel(L)y,
an instance of the combined inequalities bg < gl and gl < bg (Theo-
rem 3.3.10).

3. Order-reflection of Rel(Q)x (assumption; discussed at the end of this
section).

To obtain the required adjunction between the fibres Relx and Relgx, we
first establish the adjunction Rel(P) - Rel(Q) between the total relation cate-
gories. Given the above assumptions on the categories and their factorisation
systems, we can lift the unit and counit of the adjunction P - Q, using the
transformations constructed in the following lemma.

Lemma 3.3.3: LetF: C - D and G: D — & be functors, with

(3.25) Rel(@) 225 Rel(D) 29 Rel(e)

the corresponding relation liftings. Then the natural transformation (1) in
Eq. (3.26) below exists. Furthermore, if G preserves abstract epis, then the
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natural transformation (2) exists.

Rel(GF)

PN

(3.26) Rel(C) (l)ﬂ' H(Z) Rel(&)
Rel(G)Rel(F)
Further (when they exist) the transformations are above the identity. <
Proof. Consider:
(3.27)
Rel(GF)(R)
eGF (1) mgr
GFR S, GF(X x X) —CEmCm)  “opy « GFX
| (3) _—
Gep (2) G(Fm1,Fmy) (Gmy,Grry) mg
1
G(Rel(F)(R)) F, G(FX x FX) (4) Rel(G)(Rel(F)(R))

—

We see that (1) and (4) commute by definition of relation lifting, (2) commutes
as it is G applied to the square defining Rel(F), and (3) commutes by the
properties of pairing. Then we obtain a unique map by diagonal fill-in as in:

GFR cor » Rel(GF)(R)
lGeF P -7
(3.28) G(Rel(F)(R)) e mer
o~
L/

Rel(G)(Rel(F)(R)) ——C— GFX x GFX

The maps obtained in this way are above the identity because the lower
right triangle commutes and we can add the identity on GFX to obtain the
defining diagram of a map in Rel. Thus, maps constructed in this way are
components of a natural transformation above the identity.
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For the other direction, the components are obtained as diagonal fill-ins as
in:

GFR —2, G(Rel(F)(R)) <S> Rel(G)(Rel(F)(R))

(329) lecp //’/”// Imc
e mer
Rel(GF)(R) » GFX x GFX
where Gep is abstract epi by assumption. m

We note that the first part is in [Jacl6, Exercise 4.4.6] and the result is
proved for Set endofunctors in [Bon+17, Lemma 14.1]. The above lemma
allows the lifting of the adjunction, which we note may also be obtainable
from results on fibred adjunctions in [Jac01; Her92], but a direct proof is
quite straightforward; the main idea is to use Lemma 3.3.3 together with
preservation of abstract epis by P.

Lemma 3.3.4: The adjunction P 4 Q: D — C lifts to relations, i.e., the
following diagram is commutative:

Rel(P)
Rel(€) _ L Rel(D)
Rel(Q)

p q
——
@&JQ'/Z)

(3.30)

Further, the unit and counit of Rel(P) - Rel(Q) are above those of P 4 Q. «

Proof. We define the unit and counit of the adjunction, and show that these
satisfy the required conditions.
The unit 77 : 1d — Rel(Q)Rel(P) is defined by

(3.31) Idgei(e) = Rel(lde) — Rel(QP) — Rel(Q)Rel(P)
The counit € : Rel(P)Rel(Q) — Id is defined by
(3.32) Rel(P)Rel(Q) — Rel(PQ) — Rel(ldp) = Idgei(2)

In each case we use 2-functoriality of Rel to lift the natural transformations (2-
cells) 7 and € to relations, together with Lemma 3.3.3 to construct the required
component transformations. Note that P (being a left adjoint) preserves
abstract epis by assumption.
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Now, one of the required identities is that for any R > X X X, we have
Erel(F)(R) © Rel(F)(Mg) = idgei(r)(r)- By its definition, the left-hand map is
above epx o Fnx = idpx. Thus, it is a map in the fibre above FX which is a
poset, so that arrows are unique.

The other identity involving Rel(G) holds similarly. L]

The relation lifting defined in Section 2.4 allows us to define endofunctors
Rel(B), Rel(L) in the context of the above adjunction:

Rel(P)

(333) Rei(®) (G Rel(€) L Rel(D) Drell®)
Rel(Q)

In this setting, we may try to lift the steps d or ¢ to this adjunction. It turns out
that & always lifts. For ¢, there is a sufficient condition which is independent
of  itself: that Q preserves abstract epis. In both cases, this result follows
essentially from Lemma 3.3.3.

Proposition 3.3.5: For a forward step d and backward step ¢, we have:

1. 6 lifts to relations, i.e., there exists a natural transformation ER Rel(B)o
Rel(Q) — Rel(Q) o Rel(L) above §.

2. If Q preserves abstract epis, then ¢ lifts to relations, i.e., there exists
a natural transformation t : Rel(Q) o Rel(L) — Rel(B) o Rel(Q) above
L. <

Proof. 1. By our assumption that left adjoints preserve abstract epis, we
can lift the mate & (see Eq. (3.14)) to & : Rel(P)oRel(B) — Rel(L)oRel(P)
using Lemma 3.3.3. Then, from the adjunction Rel(P) - Rel(Q), we
obtain the lifting of .

2. The assumption that Q preserves abstract epis again allows us to apply
Lemma 3.3.3 to lift ¢. (]

The condition that Q preserves abstract epis holds, e.g., in case it is the for-
getful functor in an adjunction monadic over Set and we take the factorisation
system (RegEpi, Mono) in each category, as is common when working with
relations. Such factorisation systems exist in all regular categories [Bor94b,
Thm. 2.1.3]. For example, Set and categories monadic over it. This, and the
preservation of regular epis by U: EM(T) — Set are shown in [Bor94b,
Thm. 4.3.5].

Preservation of abstract epis also holds for the forgetful functor in the
Stone-Set adjunction as Stone is a (full) subcategory of CHaus, i.e., a regular
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epi in Stone maps to a regular epi in CHaus by the inclusion, and on to a
regular epi in Set by the above.

The lifted steps 5 and I from Proposition 3.3.5 give step-induced liftings
of Rel(P) and Rel(Q) between Coalg(Rel(B)) and Coalg(Rel(L)). While we
primarily use the definition of coalgebraic bisimulations R on a coalgebra
y: X — BX as post-fixed points of y* o Rel(B), this is equivalent to R
having a coalgebra structure for Rel(B) whose structure map is above y (see,
e.g., [Jac16, Def 6.2.1]). This means that the above lifted steps could already
be used to capture preservation of bisimulations. However, it is less obvious
what reflection means in this context and how to prove it. To have a coherent
story of both preservation and reflection of bisimulations and preservation
of bisimilarity by Rel(Q), we turn our attention to the fibres, as described in
the beginning of this section.

As a consequence of Proposition 3.3.5 and of § o t = id, we obtain the
following result, which will later be used in the construction of a step on the
fibres.

Theorem 3.3.6: Let § be an invertible step with right inverse ¢, and suppose
Q preserves abstract epis. Then Rel(Q)rx oRel(L)x = tyoRel(B)gxoRel(Q)x.
<

Proof. Both Tand § exist by Proposition 3.3.5.

From the lifting I: Rel(Q) o Rel(L) — Rel(B) o Rel(Q), we immediately
obtain Rel(Q)rx o Rel(L)x < tx o Rel(B)ox © Rel(Q)x by universality of
pullbacks.

For the other direction, we have Rel(B)gx o Rel(Q)x < 8% o Rel(Q)rx ©
Rel(L)x by universality of pullbacks. Applying t* to both sides gives tx o
Rel(B)gx © Rel(Q)x < tx o 8y o Rel(Q)rx o Rel(L)x = Rel(Q)rx © Rel(L)x,
where the equality holds as § ot = id and (§ o 8% = (6x ° tx)*. ]

Adjoining the fibres

Now that we have an adjunction between the total categories, we use this to
construct an adjunction between the fibres Rely and Relgx in order to satisfy
the first condition at the beginning of this section. The usual restriction
Rel(Q)x of Rel(Q) to the fibre Rely will be the right adjoint, similarly to the
adjunction obtained earlier. To map back into the fibre Rely, we post-compose
Rel(P)ox with [, the direct image functor obtained from the counit of the
adjunction Rel(P) - Rel(Q). We note the similarity with results on fibred
adjunctions in [Jac01], where only adjunctions over a single base category
are considered.
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Lemma 3.3.7: We have an adjunction HE oRel(P)ox 4 Rel(Q)x : Rely —
Relpx. <
QX

Proof. We define the unit of the adjunction R — Rel(Q)x o HE oRel(P)ox(R)
as the transpose of the composition

(3.34) Rel(P)ox(R) s e*(L1, oRel(P)ox(R)) — [T, oRel(P)ox (R)

We define the counit HE oRel(P)ox © Rel(Q)x(R) — R via a number of
correspondences. First

(3.35) ]_[s oRel(P)ox © Rel(Q)x(R) — R
corresponds via the adjunction HE —e* to

(3.36) Rel(P)ox © Rel(Q)x(R) — ¢*(R)

This further corresponds via the definition of inverse image to the existence
of a map x in

ReI(P)QX ° ReI(Q)X(R)

(3.37) : \

&(R) —— 3R

13
This exists by the adjunction Rel(P) 4 Rel(Q) shown earlier. m

The above lemma fulfils the first proof obligation stated in the beginning
of Section 3.3.2, giving us the following picture:

HE oRe|(P)QX

(3.38) (ex2Q8)*oRel(Blox (] Relgy = L Rely ) §¥oRel(Dx
Rel(Q)x

We now move on to the second proof obligation, i.e., that we have the
equality/isomorphic step:

(3.39) (x © Q)" o Rel(B)gx © Rel(Q)x = Rel(Q)x o §* o Rel(L)x

To this end, we first show that Rel(Q) preserves inverse images, using the
fact that we can obtain inverse images as pullbacks inside the category of
relations. Since Rel(Q) is a right adjoint, it preserves these pullbacks.



54 CHAPTER 3. INVERTIBLE STEPS

Lemma 3.3.8: We obtain the inverse image as the pullback:

(9.5 L2 (5.v)

(3.40) I I

T, L5 (1,7

in the base category, where T is the largest relation, i.e., for an object X, the
relation X X X. <

Proof. This holds by definition of inverse image as a pullback in €, as well as
the definition of maps between relations. [

Lemma 3.3.9: Rel(Q) preserves inverse images. <

Proof. As we have shown, Rel(Q) is a right adjoint, so it preserves limits.
In particular, it preserves pullbacks, so that Rel(Q) applied to the pullback
square obtained from Lemma 3.3.8 is again a pullback square

Rel(Q)(F*(5). X) —2QUSD, pei(Q)(s. V)

(3.41) ReI(Q)(idX)l - lRel(Q)(idy)
Rel(Q)(T, X) — QD Rel(Q)(T.Y)

Now, as Q is a right adjoint, it preserves products so that Q(Tx) = Tox.
Thus, also Rel(Q)(T,X) = (T, QX). This means that the above diagram is
of the same form as we have shown defines inverse images, meaning that

Rel(Q)(f*(5), X) = (Qf)*(Rel(Q)(S, Y)). =

We are now ready to show the existence of the required isomorphic step.

Theorem 3.3.10: If Q preserves abstract epis, then for any L-coalgebra

X, )
(342) (1 0 QE)* o Rel(B)oy o Rel(Q)x = Rel(Q)y o E* oRel(L)y
Proof. We have

(x © QE)* o Rel(B)gx © Rel(Q)x

(3.43) = (Q&)" oty o Rel(B)x ° Rel(Q)x
(3.44) = (Q&)* o Rel(Q)rx o Rel(L)x
(3.45) = Rel(Q)x o &* o Rel(L)x

where Eq. (3.43) is an application of a basic fact on inverse images (technically,
that the poset fibration of relations is split), Eq. (3.44) holds by Theorem 3.3.6,
and Eq. (3.45) holds by Lemma 3.3.9. [
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We now reach our main result on preservation and reflection of bisimula-
tions and bisimilarity by Rel(Q)x.

Theorem 3.3.11: Let (X, &) be an L-coalgebra. Suppose that Q preserves
abstract epis. Then Rel(Q)x maps bisimilarity on (X, &) to bisimilarity on
G(X ,&). Further, Rel(Q)x preserves bisimulations and, if it is order-reflecting,
also reflects bisimulations. <

Proof. We have seen in Lemma 3.3.7 that Rel(Q)x has a left adjoint, yielding
the setting shown in Eq. (3.38). The equality in Theorem 3.3.10 then tells us
that in this setting we have an isomorphic step. The result now follows from
Lemma 3.3.2. L

While this result is formulated in terms of Rel(Q)x, we will also speak
of Q (or even Q when the meaning is clear from context) preserving and
reflecting both bisimulations and bisimilarity.

As a special case of Theorem 3.3.11, we recover (a version of) the following
result found in [Rut00; BSV04; BSS17; BSS21].

Lemma 3.3.12: Assume functors B,L : € — €, and a natural transforma-
tion t: L — B. Then the functor Id: Coalg(L) — Coalg(B) defined by
(X,£&) — (X,1x o &) on objects and identity on morphisms, preserves bisimu-
lations. If additionally ¢ has a left inverse, Id reflects bisimulations. <

Proof. Viewing the transformation ¢ as a backward step for the adjunction
Id 41d: € — C gives us preservation by Id. If ¢ has a left inverse, we have an
invertible step. In this case the right adjoint trivially preserves abstract epis.
Also, Rel(ld)x = ldgey, is clearly order-reflecting, so we have preservation

and reflection of bisimulations by Rel(Id)x and the lifting Rel(1d)yx preserves
and reflects bisimilarity. n

A mate on the fibres

Our results so far show when the right adjoint in the setting of step-induced
liftings preserves and reflects bisimulations and bisimilarity. In the process,
we have shown that the relation lifting Rel(Q) restricted to fibres has a left
adjoint. It turns out that (one half of) the equality of Theorem 3.3.10 also
entails preservation of bisimulations by the left adjoint HE oRel(P)qox of
Lemma 3.3.7. The main idea is that the forward step part of the equality has
a mate, which allows us to lift the left adjoint to post-fixed points. Note that
this does not require the property that Q preserves abstract epis used for the
proof of the full equality, as we show now.
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Proposition 3.3.13: Let (X, §) be an L-coalgebra. The map [[_oRel(P)ox

preserves bisimulations, i.e., it sends a bisimulation on Q(X, &) to a bisimula-
tion on (X, &). <

Proof. By the first part of Proposition 3.3.5, 9 lifts to relations. As shown in
Theorem 3.3.6, this means that we have 1y oRel(B)gx oRel(Q)x < Rel(Q)rx©
Rel(L)x. By the same reasoning as in Theorem 3.3.10, we then have (ix o
Q&)* o Rel(B)gx © Rel(Q)x < Rel(Q)x o £* o Rel(L)x.

The mate of this inequality is then [ ]_oRel(P)gx o (tx 0 Q§)* oRel(B)ox <
§" oRel(L)x o [ ], oRel(P)gx. so that if R < (1x 0 Q§)* o Rel(B)ox(R) (ie. R
is a bisimulation on Q(X, &)), then

(346) ] eRel(P)ox(R) < [T _oRel(P)ox o (ix © Q)" o Rel(B)gx (R)
(3.47) < £ oRel(L)y o ]_[E oRel(P)ox(R)

meaning HE oRel(P)qox(R) is a bisimulation on (X, §). [

Order-reflection

We briefly turn to the condition of order-reflection. As we are often interested
in cases where the right adjoint is a forgetful functor in the context of an
Eilenberg-Moore adjunction, we will show the condition holds for that case.
For this, we will require the following intermediate result to later conclude
that maps between relations on algebras above the identity are themselves
algebra morphisms.

Lemma 3.3.14: For a monad J on C, let (X, x),(Y,y),(Z, z) be objects in
EM(T),and f: (X,x) = (Z,z), h: (Y,y) = (Z,z) algebra morphisms
with & mono. Further, suppose we have g: X — Y a morphism in €, such
that h o g = f. Then g is in fact a morphism in EM(T). <

Proof. Consider

Tf
x L&, 1y Ih5 17
(3.48) l ly l
x—2 vyt ,z
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We need to show that go x = y o Tg. As h is mono, it suffices to show that
hogox =hoyoTg Indeed, we have

(3.49) hogox=fox

(3.50) =zoTf

(3.51) =zoThoTg

(3.52) =hoyoTg

completing the proof. ]

Lemma 3.3.15: For a monad J with forgetful functor U: EM(JT) — C,
the (restricted) lifting Rel(U)x is an order-reflecting map. <

Proof. Suppose we have two relations R,S € Rely, with Rel(U)(R) <
Rel(U)(S). We have the following commutative diagram

Rel(U)(R) / Rel(U)(S)

(3.53) \ /

UX xUX

Then by Lemma 3.3.14, f is also an algebra morphism so that R < S in
Relx. u

If € = Set in the above lemma, then Rel(U)x is just the inclusion of
the poset of congruences Rel(x 4y on an algebra (X, @) into the poset of all
relations on its carrier.

In that case, we can also use the above to show preservation and reflection
of behavioural equivalence. Two states of a coalgebra (in Set) are behaviourally
equivalent if they can be identified by some coalgebra homomorphism. This
can be captured more abstractly using kernel bisimulations (see, e.g., [Stall]).
Since U is assumed to be a forgetful functor to Set, we simply define preser-
vation and reflection of behavioural equivalence by U to mean that for any
two states X, y of an L-coalgebra (X, &), x and y are behaviourally equivalent
(for (X, )) if and only if they are behaviourally equivalent for U(X, £).

It turns out that, in our setting, coincidence of bisimilarity and behavioural
equivalence for L-coalgebras reduces to coincidence for B-coalgebras. This
is stated in the following lemma; the essence is that U is easily shown to
preserve behavioural equivalence.

Lemma 3.3.16: For a monad 7, consider the Eilenberg-Moore adjunction
FAU: EM(T) — Set. Let L: EM(T) — EM(J) and B: Set — Set be
functors,and 6 : BU — UL an invertible step. Further suppose that U reflects
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bisimilarity, and that B preserves weak pullbacks. Then bisimilarity and
behavioural equivalence for L-coalgebras coincide (and hence, U preserves
and reflects behavioural equivalence). <

Proof. Bisimilarity always implies behavioural equivalence [Stall]. Con-
versely, suppose that we have two states x, y € X of a coalgebra & : X — LX
in EM(T), which are behaviourally equivalent. We have some coalgebra
(Z,¢{: Z - LZ) and coalgebra homomorphisms g, h : (X, &) - (Z,{), such
that g(x) = h(y). Then in U(X, &), the states x, y will be identified in U(Z, ¢)
by U(g) and U(h) as U acts as the identity on morphisms. Therefore, X, y
are behaviourally equivalent in U(X, £). Since B preserves weak pullbacks,
this means that x, y are bisimilar [Stall]. Finally, as we have assumed that
bisimilarity is reflected by U, the states X,y are bisimilar in the original
coalgebra &. m

3.4 Applications

Now that we have obtained conditions for the preservation and reflection
of bisimilarity, we return to the examples presented in Section 3.2. We will
show how a number of existing non-trivial results can be recovered using
our conditions. Further, the Set-Stone adjunction used in the first example is
known to not be monadic?, and so outside the scope of weak liftings, which
indicates the generality of our results.

3.4.1 Ultrafilter Extensions and Vietoris bisimulations

In Section 3.2.2, we have seen how the construction of ultrafilter extensions
(of Kripke frames) can be obtained from an invertible step, which arises from
a weak lifting described by Garner. In the current treatment of reflection and
preservation of bisimilarity, we focus on the restriction of this invertible step
to the category Stone:

°, Uy — pU

F
>
(3.54) ?C Set L _ Stone DV PU
U

This brings us in line with [BFV10], where a comparison is made between
bisimilarity for the Vietoris functor V : Stone — Stone and bisimilarity for

This seems to be folklore. It follows, for example, from the fact that Stone is not ex-
act [Bar71], and the result (see, e.g., [Bor94b, Thm. 4.4.5]) that categories monadic over Set
are exact. Alternatively, it holds because Stone is a proper subcategory of CHaus and the
monads induced by the adjunctions with Set are the same.



3.4. APPLICATIONS 59

the powerset functor P : Set — Set, called Vietoris-bisimilarity and Kripke-
bisimilarity respectively in op. cit. More precisely, for a V-coalgebra (X, y),
Kripke bisimilarity is bisimilarity on U(X, ), where U is the step-induced
lifting of the forgetful functor U : Stone — Set. Vietoris bisimilarity is simply
bisimilarity on the coalgebra (X, y) itself.

Applying the framework of Section 3.3 to the above setting, we recover a
number of results from [BFV10].

Proposition 3.4.1 ([BFV10, Prop 3.4]): The relation liftings of  : Set —
Set and V : Stone — Stone coincide for closed relations. Precisely, for any
R C X X X closed in the product topology, we have

Rel(U) o Rel(V)(R) = (Rel(P) o Rel(U)(R)) N (UVX X UVX) <

Proof. We can apply Theorem 3.3.6, as U preserves abstract epis by the
same argument as for adjunctions monadic over Set (see the discussion
after Proposition 3.3.5), as Stone is also a regular category. This gives the
equality Rel(U)px o Rel(V)x = tx o Rel(P)yx o Rel(U)y, where the action
of iy : Relpyx = Relyypy is precisely the restriction to closed subsets. =

Theorem 3.4.2 ([BFV10, Thm 3.6]): Vietoris bisimulations are equiva-
lently closed Kripke bisimulations. <

Proof. For this, we use preservation and reflection of bisimulations by the
(restricted) relation lifting Rel(U)x : Rely — Relyx of the forgetful functor,
which is simply the inclusion of the poset of closed relations on a Stone space
X to that of all relations on the underlying set.

Indeed, preservation and reflection by Rel(U)x follows from Theorem 3.3.11.
We have seen that U : Stone — Set preserves abstract epis, so it only remains
to check that Rel(U)y is order-reflecting. This holds because Stone is a full
subcategory of CHaus, which is monadic over Set, so that the discussion of
the previous section applies. L]

Theorem 3.4.3 ([BFV10, Thm 5.2]): The closure of a Kripke bisimulation
is a Vietoris bisimulation. <

Proof. The left adjoint ]_[E oRel(F)yx of Lemma 3.3.7 gives the closure of a
relation. The inclusion HE oRel(F)yx(R) C R can be seen to hold by the

equivalence with the inclusion R C Rel(U)x(R) via the adjunction. For the
other direction, we know that HE oRel(F)yx(R) is closed as it is a relation
on a Stone space. It further contains R as Rel(F)yx(R) contains all pairs
of principal ultrafilters generated by x, y for (x,y) € R. The counit acts by
ultrafilter convergence, so that the direct image recovers elements of R. By
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definition of the closure R as the smallest closed set containing R we then have
RC HE oRel(F)yx(R) The result thus follows from Proposition 3.3.13. =

Theorem 3.4.4 ([BFV10, Cor 3.10]): Let y: X — VX be a coalgebra and
X,y € X states. Then x and y are bisimilar in (X, y) iff they are bisimilar in
U(X,y). Le., Vietoris- and Kripke-bisimilarity are equivalent. <

Proof. Tt follows from Theorem 3.3.11 that Rel(U)yx maps the greatest fixed
point, say ~y, of y* o Rel(V)x to that of (tx o Uy)* o Rel(P)yx (call this ~p).
The action of Rel(U)y is then such that pairs are preserved so that x ~q, y
iff x ~p y. n

3.4.2 PAs and Belief State Transformers

As discussed in Section 3.2.2, we can determinise a PA to a coalgebra for
the convex powerset functor 7. : EM(D) — EM(D) using a lifting of
F . Set > EM(D). The step-induced lifting of the corresponding forgetful
functor U: EM(D) — Set maps the F,-coalgebra back into Set, but we
must take care that this does not change its behaviour.

What we will do now is use the results of Section 3.3 to show that bisim-
ilarity is preserved and reflected. Once we know this, we further apply
Lemma 3.3.16 to show the coincidence of bisimilarity and behavioural equiva-
lence in the case of the convex powerset functor on EM (D) and the powerset
functor on Set. This coincidence is relevant for the generalisation of the cor-
responding results of [BSS21] (restricted to the convex powerset functor),
which are formulated in terms of behavioural equivalence. We thus recover
the following result:

Proposition 3.4.5 ([BSS21, Proposition 6.6]): The step-induced lifting of
the forgetful functor U : EM(D) — Set preserves and reflects behavioural
equivalence on PZ-coalgebras. <

Proof. We have seen that U preserves abstract epis as the adjunction in
question is monadic over Set. This allows us to apply Theorem 3.3.11 so
that U indeed preserves and reflects bisimulations, and the relevant lifting
preserves and reflects bisimilarity. From Lemma 3.3.16, it follows that U also
preserves and reflects behavioural equivalence. |

We also recover [BSS21, Proposition 6.5], which relates kernel bisimulations
for PZ-coalgebras and their image under the lifted forgetful functor.
Proposition 3.4.6: A relation R is a kernel bisimulation for a PZ-coalgebra
(S,y) in EM(D) iff it is a kernel bisimulation for U(S, y) and also a congru-

ence. <
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Proof. Assuming (S,7) is a PZ-coalgebra, this follows from Lemma 3.3.16
together with the previous item, and the fact that bisimulations in Eilenberg-
Moore categories are congruences. [

In [BSS21], the correspondence is proved in the setting of a lax lifting, rather
than the weak lifting we use. In our notation, L is a lax lifting of B if there is an
injective natural transformation ¢ : QL — BQ. This is close to a weak lifting:
components of such a ¢ for the above functors are injective functions and
each domain QLX will be non-empty as L = . The components thus have
left inverses. However, these inverses may not form a natural transformation.
See Chapter 4 for a further discussion of naturality of weak liftings.

3.5 Conclusion

We studied the notion of an invertible step, which provides several construc-
tions on coalgebras via functor liftings. We showed that the lifting of the right
adjoint, induced by such an invertible step, preserves and reflects bisimilarity.
This abstract result instantiates to several concrete results from the literature,
in examples related to ultrafilter extensions and weak distributive laws.

We have focused on preservation and reflection of bisimilarity, defined
in terms of relation lifting. There are several other coalgebraic notions of
behavioural equivalence and bisimilarity [Stall]—we discuss these in the
next subsection. Finally, in Section 3.5.2 we list directions for future work.

3.5.1 Remarks on other notions of bisimulation
Aczel-Mendler bisimulations

An alternative notion of bisimulation for a coalgebra y : X — LX, are Aczel-
Mendler bisimulations. These are defined as relations R = X X X with an
L-coalgebra structure ¥z : R — LR on R such that the projection maps into
X are coalgebra homomorphisms from (R, yg) to (X, y) [AM89].

One may try to apply a similar approach as in the preceding chapters
to show preservation and reflection of such bisimulations, however this
encounters a number of problems, which we sketch here. The setting of
ultrafilter extensions also gives an example where Aczel-Mendler bisimula-
tions do not yield the desired notion of equivalence, for which the classical
“bisimilarity-somewhere-else” result holds.

To use our earlier techniques to speak of preservation of Aczel-Mendler
bisimulations, we would apply a lifting Q to such a bisimulation R. This yields
a structure QR — BQR, however, this is not immediately a bisimulation,
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as QR may not be a relation. We can obtain a relation by taking the image
of (Qmy, Qm,) as we do to define relation lifting, but in general this is a
coalgebraic (Hermida-Jacobs) bisimulation [Jac16, Exercise 4.5.2], rather than
an Aczel-Mendler one.

To instead speak of reflection of Aczel-Mendler bisimulations, we start
with a span QX < R — QX and try to construct a relation on X. Using the
adjunction of the step setting, we can transpose the projections to obtain
a span X < PR — X. Again PR is not immediately a relation in general,
and taking the image yields a Rel(L)-coalgebra (not an L-coalgebra) as the
projections and the counit ¢ are coalgebra homomorphisms (see also [Jac16,
Exercise 4.5.4]). This in fact comes down to the same as the left adjoint
]_[E oRel(P)ox constructed earlier. There we factorise to obtain the relation
lifting and factorise again for the direct image of ¢, instead of factorising
the paired transposes defined using €. We also do not explicitly use that
€ is a coalgebra homomorphism (although this follows from the step with
right inverse and Lemma 3.2.10); instead we lift the adjunction at the level of
relations to give a map between bisimulations. This is part of the motivation
for the use of relation liftings and the corresponding notion of bisimulations.

Going further, it is shown in [BFV10] that there exists a Vietoris bisimu-
lation which is not an Aczel-Mendler bisimulation and, stronger, that there
exist Vietoris coalgebras with states which can be related by a Vietoris but not
an Aczel-Mendler bisimulation. Thus, the correspondences between bisimu-
lations on Set and Stone we have discussed in the previous sections are not
obtainable when we consider Aczel-Mendler bisimulations.

Kernel bisimulations/behavioural equivalence

In applying our results to the preservation and reflection of behavioural
equivalence, we currently work concretely; considering sets of states and
identification of elements.

A more abstract approach may be to consider kernel bisimulations. A
relation R > X X X is a kernel bisimulation on a coalgebra (X,y : X — LX)
in a category P, if it is the pullback of morphisms X — Z « X in D
forming a cospan of coalgebra homomorphisms (X,y) — (Z,{) « (X,y) in
Coalg,(L). In a concrete setting this coincides with behavioural equivalence,
as such a pullback contains exactly the pairs of elements of X which are
identified in Z by the morphisms forming the cospan. We can thus view this
as a generalisation of behavioural equivalence as defined earlier.

Assuming an invertible step  : BQ — QL, we would like to relate R to
a kernel bisimulation on the coalgebra Q(X,y) obtained by applying the
step-induced lifting of Q. Applying Q to the pullback square for R yields
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a pullback square as Q is a right adjoint. However, as in our discussion of
Aczel-Mendler bisimulations, this may not be a relation. We may try to also
use relation liftings here, and take Rel(Q)(R) instead of Q(R), however this
may no longer be a pullback. It is not currently clear to us how to resolve
these problems in general.

3.5.2 Looking forward

As suggested in the paper on which this chapter is based, in the coming
chapter we go beyond preservation and reflection of bisimilarity, and consider
more general (co)inductive predicates in fibrations (see, e.g., [HKC18]). We
also move from invertible steps to studying forward and backward steps
separately, i.e., we do not require them to be each other’s one-sided inverses.
This allows the development of separate conditions for preservation and
reflection by left and right adjoints.

This separation will further allow application to examples beyond the
Eilenberg-Moore (and similar) adjunctions we have considered so far, cover-
ing among others conditions for expressivity of coalgebraic modal logics.

Some remaining open questions lie in Section 3.4 and the application of our
results to the work of [BFV10]. This has been generalised in two directions:
the recent [GT22] considers bisimulations for Vietoris coalgebras on the
category of arbitrary topological spaces, while [ES18] develops a notion of
neighbourhood bisimulation for coalgebras that allows to generalise the
results from [BFV10] to a large variety of functors on the category of Stone
spaces and their corresponding functors on Set. We would like to understand
whether our framework is able to recover these generalisations.
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4.1 Introduction

E CONTINUE the discussion of the topics of the previous chapter with
Wa more general look at transformations between systems modelled
as coalgebras for various functors. More specifically, transformations

which can be defined as liftings of adjoint functors.

Such liftings are central to, for instance, coalgebraic approaches to trace
semantics and determinisation [HJS07; JSS15; Sil+13; BMS13; KKW14; RJL21]
as well as testing semantics and algebraic semantics of modal logics [KKP04;
PMW06; BK05; K1i07; CJ14; K1i05].

Our central question remains how these constructions on coalgebras affect
notions of equivalence. For instance, determinisation of automata turns a co-
algebra on, e.g., the category Set, into a coalgebra on the category of Eilenberg-
Moore algebras for a monad, so that the canonical notion of behavioural
equivalence changes from bisimilarity to language semantics. Subsequently,
the algebraic structure may be forgotten again, turning the determinised

65
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coalgebra back into a Set coalgebra, and this simple operation does not affect
behavioural equivalence. But when determinisation is not given by a distribu-
tive law, such as in the construction of belief-state transformers in [BSS21],
proving that this “forgetting” preserves and reflects behavioural equivalence
can be non-trivial (see op. cit., and the previous chapter).

A different type of example of a construction given by a lifting of an
adjoint, which is not covered by the results of the previous chapter, is the
algebraic semantics of modal logic. A standard approach is based on a dual
adjunction [KKP04; Gro22], for which a lifting of the left adjoint transforms
coalgebras for a behaviour functor of interest (e.g., the powerset functor
modelling the transitions of a Kripke model) into algebras for the functor
whose initial algebra consists of the formulas of the modal logic. As we
show later, one form of preservation of behavioural equivalence amounts
to adequacy and expressivity of the logic. In fact, we obtain conditions for
adequacy and expressivity without requiring an initial algebra for the modal
logic functor, by instead relating definability of predicates to bisimilarity.

We propose an abstract framework to analyse whether a coalgebra lifting
of an adjoint preserves various properties of coalgebras. The properties we
consider in this chapter, are those definable as (co)inductive invariants and
predicates [HKC18]. These are defined using functor liftings in fibrations,
first used to define a coalgebraic version of bisimilarity [HJ98]. It has more
recently been shown that coinductive predicates can be used to give general
proofs of expressivity of modal logics [KR21; Kom+21].

The coalgebra liftings of adjoints will be those arising from natural trans-
formations recently termed steps [RJL21]. Also sometimes called morphisms
of endofunctors, steps are a variant of distributive laws involving a left or right
adjoint. It has been shown that they cover the above-mentioned examples of
language semantics, determinisations, and modal logic.

The goal of this chapter will thus be to connect steps and fibrations; to
speak generally about preservation of coinductive (and inductive) predicates
by transformations of coalgebras. The key technical idea is to use a variant of
fibred adjunctions [Jac01]. We start with an adjunction and a step, and assume
a fibration and functor lifting on both sides of the adjunction to formulate
the coinductive predicates that we wish to relate. We then lift the underlying
adjunction to the total categories of the fibrations involved [Her93]. These
liftings then restrict to the fibres in which we can formulate sufficient condi-
tions for preservation of coinductive predicates by coalgebra constructions
induced by steps.

There are two main variants of this abstract story: one that starts from
a step that lifts the left adjoint to coalgebras, and one for lifting the right
adjoint. The first allows us, for instance, to speak about adequacy and expres-
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sivity of modal logics, without referring to initial algebras. This connects to
recent work that uses Galois connections [Beo+23], and in fact we recover
those Galois connections from our adjunctions between fibrations. We also
study an example that has not occurred in previous abstract frameworks for
expressivity: proving expressivity of a logic by relating it to apartness [G]21;
Geu22] instead of bisimilarity.

The latter constructions, arising as liftings of right adjoints, include part of
the construction of belief-state transformers from probabilistic automata, as
studied in [BSS21]. More precisely, it follows from our results that any right
adjoint in a lax lifting situation preserves and reflects bisimilarity (with the
usual assumption of injectivity replaced by assuming split monomorphisms),
generalising the result for belief-state transformers.

While our focus is on (co)inductive predicates and the instances of bisimi-
larity and modal definability/logical equivalence, we will also briefly discuss
how the conditions which can be formulated in the fibrational setting relate
to preservation and reflection of (co)inductive invariants. This relates to the
conditions for preservation and reflection of bisimulations of the previous
chapter. For instance, we are able to show that the convex closure of (a certain
class of) bisimulations are again bisimulations. A similar result was shown
earlier for topological closure.

Contributions Our main contributions in this chapter are: first, conditions
relating steps and functor liftings ensuring preservation of coinductive pred-
icates (Corollaries 4.4.5 and 4.4.9); and second similar conditions implying
preservation of coinductive invariants (Lemmata 4.5.1 and 4.5.2). Similarly
to the last chapter, these results show certain forms of preservation and
reflection of fixpoints by liftings of adjoint functors, but go beyond the earlier
results thanks to the more general setting of CLat, fibrations.

For the application of these results we provide constructions of lifted ad-
junctions to the fibrations of (equivalence) relations, predicates, and quotients.
This allows us to recover results in the settings of: lax liftings where notions
of equivalence can be compared in fibrations of relations; and expressivity of
coalgebraic logic where the logical semantics and bisimilarity can be defined
and related as predicates and relations.

Finally, we note that the conditions for expressivity of a coalgebraic modal
logic are obtained both by comparing logical equivalence and bisimilarity as
usual, but also by comparing logical equivalence with apartness, the dual of
bisimilarity. This dualisation of notions of equivalence will also be the focus
of the second half of this thesis.
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4.2 Preservation of coinductive predicates in
lattices

Before moving to the general theory of fibrations and steps, we consider some
examples of the special case of steps between lattices assumed in Lemma 3.3.2.
In that order-theoretic setting, steps are simply inequalities between compo-
sitions of monotone maps (an instance of natural transformations between
composed functors), and their existence implies preservation and reflection
of post-fixed points and greatest fixed points in the sense of Definition 3.3.1.

At the end of the chapter, we will return to the examples presented here
to show how they arise from liftings of adjunctions and what preservation
and reflection of various notions of equivalence means concretely in these
contexts.

4.2.1 Example: Closed and Convex Relations

We will first consider two instances where the lattices consist of relations on
sets on one side, and relations with either topological or convex structure on
the other, i.e.:

c

bC Rely 3 CRely DU
u
h

b(C Rely _ L ConRel, d
u

where CRely consists of closed relations on a compact Hausdorff space X and
ConRely consists of convex relations on a convex algebra A. The monotone
maps U, d will be such that the post-fixed points are bisimulations and the
greatest fixed points are bisimilarity on systems with topological (X) or
convex (A) structure, and the maps b on both sides are such that we obtain
bisimulations/bisimilarity on systems where this structure has been forgotten
(X and A respectively). Lemma 3.3.2 thus tells us how bisimilarity on each
side can be related via the right adjoint.

These settings arise in examples of ultrafilter extensions for coalgebras and
the transformation of probabilistic automata into belief-state transformers. In
the first instance, the closed relations can in fact be restricted to Stone topo-
logical spaces (those compact Hausdorff spaces which are zero-dimensional),
where we consider coalgebras for the Vietoris functor on Stone. It is shown
in [BFV10] that these coalgebras correspond to descriptive frames, which
arise in the first stage of the construction of the ultrafilter extension of a
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Kripke frame given in [KKP05]. The second stage given there is to transport
these back to a coalgebra in Set.

The construction of a belief-state transformer from a probabilistic automa-
ton has a similar structure, where the second stage is to transport a system
with extra algebraic structure back to a Set coalgebra. In each case, it is im-
portant that behavioural equivalence is preserved and reflected in the second
stage, shown in [BFV10; BSS21] respectively for the above examples.

The results of [BFV10] were recovered already in the previous chapter.
Here, we generalise our earlier approach so as to be directly applicable to
the lax lifting setting of [BSS21], and to adequacy and expressivity of modal
logics, which we show by relating logical equivalence to bisimilarity (as in
the coming example) and apartness (Section 4.6.3).

4.2.2 Example: Expressivity

Another example relates to work on expressivity of coalgebraic logics [KR21;
Beo+23; JS10; K1i07; K1i05], where we wish to relate bisimilarity and logical
equivalence (or indistinguishability). The lattices we use here are those of
equivalence relations on the carrier X of a coalgebra and predicates on 2X.
This gives us the following setting:

f
(4.2) b(C ERely L Predy D!
8
where we define
(4.3) grc2X)={(x,y)|VSeTr.xeS < yeS}

In words, we relate those elements which are in exactly the same sets of I".
Next, the action of f on an equivalence relation R is to give those subsets
which are closed under R, i.e., they are a union of equivalence classes of R.
These may also be called R-coherent sets. More formally, we have

(4.4) fR)={FCX|V(x,y) ERXxeEl < yerl}

The monotone map b is taken to be such that the greatest fixed point is
bisimilarity. The map [ is dual to the map whose least fixed point we can think
of as those predicates obtainable as the interpretation of a formula of a modal
logic, also called the definable subsets. In essence, these are the formulas
which we generate from some propositional constants and applications of
the operators of our logic.



70 CHAPTER 4. FORWARD AND BACKWARD STEPS IN A FIBRATION

Applying g to these “reachable” predicates gives an equivalence relating
states which satisfy exactly the same formulas. This is exactly logical equiv-
alence, and the above picture then allows us to relate this to bisimilarity.
Namely, if g(vl) > vb, then bisimilarity implies logical equivalence, which
is precisely adequacy of the logic. If, conversely, g(vl) < vb, then logical
equivalence implies bisimilarity, called expressivity of the logic.

Now, Lemma 3.3.2 gives us a way to obtain these inclusions via inequalities
capturing the interaction between the logic and behaviour in a rather general
way. Later, we will show in more detail how these conditions relate to existing
approaches to the semantics of coalgebraic modal logic and the properties of
adequacy and expressivity.

4.3 Lifting adjunctions in a fibration

The goal of this section is to provide a general construction of the adjunctions
required to compare (co)inductive predicates. To this end, we first show how
to lift general adjunctions to the total categories of some classes of fibrations,
in which many coinductive predicates of interest exist. After this, we show
how such lifted fibrations can (in general) be restricted to the fibres in which
we define those predicates. The approach is inspired by the results regarding
lifted/fibred adjunctions of Hermida and Jacobs in [Her92; Her93; Jac01].

We start by defining what it means for an adjunction to lift to the total
categories of fibrations.

Definition 4.3.1: Let F 4 G: D — C be an adjunction, and assume
fibrations p: &€ — € and q: & — D. Further, assume an adjunction
F 4 G: F — & If we have the following commutative diagram

—
8Yf
(45) pl ¢ |
F
/PD
ev
G

and the unit and counit of the adjunction F - G are above the unit and
counit of the adjunction F 4 G respectively, then we say that F - G is a
lifting of the adjunction F < G (alternatively, this is an adjunction in Cat™,
the 2-category of functors and commuting squares [Her93]). <

This definition differs from the usual notion of a fibred adjunction, as we
do not assume fibredness of either adjoint. However, it has been shown
in [Win90, Lemma 4.5] for fibrations over a single base category, and later
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generalised in [Her93, Lemma 3.3.3] to fibrations over arbitrary base cate-
gories, that the right adjoint in such a lifting of an adjunction is in fact always
fibred. Dually, we have that the left adjoint is co-fibred (i.e., it preserves
op-Cartesian maps).
A family of instances is given by predicate and relation liftings.

Lemma 4.3.2: Let C,D be complete and well-powered categories with
logical factorisation systems (€1, M), (€5, M5). Given an adjunction F
G: D — C such that F(&;) C &,, the predicate and relation liftings form
liftings of the adjunction:

Pred(F) Rel(F)
7 R
Pred(C) . L _Pred(D) Rel(C) . L Rel(D)
(46) Pred(G) Rel(G) <
. i
—_—
e L » e Lo
G

Proof. See Lemma 3.3.4 for the relation liftings. Lifting to predicates is similar,
as relations are predicates on X X X. L]

From these liftings, especially the case for predicates, we can lift also
to quotients and equivalence relations given some extra conditions. For a
category C, we denote by Quot(C) the category of co-subobjects of objects of
G, that is, equivalence classes of (abstract) epimorphisms. This is exactly the
category Pred(C°P)°, so that also Pred(C°P) ~ Quot(€)° and Quot(C°P) =~
Pred(C)°". Further, we can define quotient lifting dually to predicate lifting.
The following is then the dual of the above result.

Corollary 4.3.3: Let €, D be co-complete and co-well-powered categories
such that C°P, D°P have logical factorisation systems (M, E;), (M5, E,).
Then, given an adjunction F 4 G: D — C, s.t. G(M,) C M, the quo-
tient liftings form a lifting of the adjunction:

Quot(F)
/S
Quot(€) . L _Quot(D)

(4.7) J Quot(G) J <

F

—
e L °oD

G

As discussed above, predicates and quotients in the opposite category are
(as objects) exactly quotients and predicates in the original category respec-
tively. In the following result, we take a dual adjunction, so that the lifting
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gives an adjunction between predicates and quotients. We further give con-
ditions under which the quotients correspond to equivalence relations (ERel).
We then have adjunctions between predicates and equivalence relations,
which we require for our applications to modal logic in Section 4.6.

Corollary 4.3.4: Let € and D be complete, well-powered and co-complete,
co-well-powered categories respectively, such that € and D°P have logical
factorisation systems (€1, M), (M, E,). Suppose also an adjunction F —
G: D° — @, such that F(&;) C M,.

Then the following hold:

- If D is an exact category (in the sense of Barr) in which all epis are
regular, we obtain a lifting of the adjunction as on the left below.

« Ifinstead C is exact and all epis in € are regular we obtain the lifting
of the adjunction as on the right.

=
=

Pred(€) _ L  ERel(D)” ERel(C) L Pred(D)™
(4.8) G G <
/E\ /E\)
e L Zov e L Zo%

Proof. For the first part, we take predicate fibrations on both sides of the
adjunction. The global assumptions mean that the predicate liftings give a
lifting of the adjunction. Predicates in D°P correspond to quotients in D by
definition, and the assumption that D is exact and all epis of D are regular
means that quotients in turn correspond to equivalence relations.

For the second part, we instead take quotient fibrations on both sides, with
the global assumptions ensuring that the quotient liftings give a lifting of
the adjunction. Then, as C is assumed to be exact with all epis in € regular,
the quotients in € correspond to equivalence relations. Above D°P we have
Pred(D) as predicates are exactly dual to quotients. "

Our goal is now to relate liftings of adjunctions to adjunctions defined
between fibres. In [Jac01] it is shown how this can be done for fibrations
over a single base category. Also studied in [Her92; Her93] is how adjunc-
tions between fibrations with distinct base categories arise from adjunctions
between fibrations with a common base category.

Lemma 4.3.5: Suppose we have a lifted adjunction as in (4.5). Then we also
have the following adjunctions between fibres, for all objects X of € and
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Y of D, where 7 and ¢ are the unit and counit of the adjunction F 4 G
respectively.

= I, ° F
(49) 8X v ?FX 8GY ‘\./ fy <
7)X0G G

Proof. For the left-hand adjunction, let x € Ex. Then, we have x < N o
G o F(x) because there is a map x — G o F(x) by the assumption of a lifted
adjunction and a Cartesian map 1* o G o F(x) — G o F(x) by definition of 7*.

For any y € ¥ gy, similarly to above, we have a map 7* o G(y) — G(»)
whose transpose under the assumed lifted adjunction yields the inequality
Fon*oG(y) <y.

The proof for the right-hand adjunction is similar and a straightforward
generalisation of Lemma 3.3.7. L]

Returning to the example of adjunctions for predicate and relation liftings
(Lemma 4.3.2), Lemma 4.3.5 allows us to obtain adjunctions between fibres,
which are of interest when we study invariants and coinductive predicates in
the coming section. In particular, we recover the adjunctions from Section 4.2.

Example 4.3.6 (Eilenberg-Moore): For the case of an adjunction monadic
over Set, each category (Set and EM (T for amonad T) has a (RegEpi, Mono)-
factorisation system as they are regular. Also, the abstract epis are preserved
by left adjoints and these categories are complete and well-powered. We
thus obtain a lifting of any monadic adjunction to predicates, relations and
quotients by Lemma 4.3.2 and Corollary 4.3.3. Furthermore, the adjunction
between fibres as on the right in Eq. (4.9) then exactly instantiates to the
adjunctions discussed in Section 4.2.1 for the cases of compact Hausdorff
spaces and convex algebras. The left adjoint in each case takes the closure or
convex hull of a relation on a set. <

In fact, each of these “local” adjunctions implies the existence of the other.
Note that we do not assume a (global) lifted adjunction, so we must assume
(co-)fibredness explicitly.

Lemma 4.3.7: Suppose we have an adjunction F 4 G : D — C and bifibra-
tions p: € —» €, q: F — D. Also, suppose G is a fibred lifting of G and F
is a co-fibred lifting of F. Then we have adjunctions Fx = % o Ggx for all
X iff we have adjunctions Hay oF gy I Gy for all Y, that is, the adjunctions
in (4.9) can be derived from each other. <
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Proof. From left to right, let Y be some object of D and consider the following
pasting of adjunctions:

F HEY
~— P
(4.10) oy « Lt Froy L _ Ty
nGy°G &y

The composition of right adjoints is equal to

(G fibred) ey © Groy ° €y = NGy © (Gey)* o Gy

(Spllt ﬁb) = (GEY o UGY)* [ EY

(F406) = Gy

The other direction can be shown dually. ]

Due to results of [Her93; Her92] on factorisation of fibred adjunctions,
we can also go from the existence of adjunctions between fibres (above all
objects of our base category) to an adjunction between the total categories.
As mentioned before, we drop the requirement of (co)fibredness in the first
item, as it follows from the existence of the lifting.

Lemma 4.3.8: Suppose we have an adjunction F 4 G: D — C and fibra-
tions p: € > Cand q: F — D. Then the following are equivalent

1. A lifting of the adjunctionto F 4G : F — &

2. A fibred lifting G of G and for each object Y of D, a left adjoint to
GY fy g SGY

3. A fibred lifting G of G and for each object Y of D, Gy: Fy — Eoy
preserves meets. <

Proof. 1 = 2: Assume a lifting of the adjunction F - G. Then, we have
seen that G is fibred, and Lemma 4.3.5 gives us the local adjunctions.

2 = 1: Now suppose we have a fibred lifting G : F — & of G and left
adjoints to Ey (which we will call Ly) for all Y in D. It is shown in [Her93],
that we have a lifted adjunction

F

& J_

p (G)

(4.11) l G*(p)
C’

/\
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where G*(p) is obtained via change of base, i.e., it is the pullback of p along
G. Now, by universality we obtain a functor G : F — & X D which sends
an object R of F to (G(R), qR).

The assumed left adjoints now also give, for each object Y in D a left
adjoint to Gy. We define this by Fy (R, Y) = Ly(R), which is well-defined
because R is above GY by definition of the pullback. In this way, we have
obtained adjunctions Fy - Gy for each Y in D. By [Jac01, Lemma 1.8.9]
(Where we do not require the Beck-Chevalley condition to hold as we do not
require fibredness of the left adjoint) we then have a left adjoint F - G. We
thus have the following picture:

(4.12)

Finally, as shown in [Her93], this gives a left adjoint F = F o F of G by
composition of adjoints.

3 < 2: As we work in complete lattice fibrations, existence of a left
adjoint on the fibres and preservation of meets are equivalent. L]

4.4 Comparing coinductive predicates along steps

In this section, we consider endofunctors in the setting of an adjunction, and
will study coalgebras for these endofunctors—and sometimes algebras, viewed
as coalgebras in an opposite category. These endofunctors are connected via
the notion of a step [RJL21], which is a natural transformation that allows
one to transport coalgebras along the adjunction. More formally, steps give
rise to liftings of the right and left adjoint (depending on which kind of step)
to categories of coalgebras. The key question that we address in this section
is whether these liftings to categories of coalgebras preserve a coinductive
predicate of interest.
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In the following context

F
(4.13) sCe L p Dt
G

we will again speak of forward steps 6 : BG — GL and backward steps
t: GL — BG. The induced liftings of the adjoints above will also be denoted
F: Coalg(B) — Coalg(L) and G : Coalg(L) — Coalg(B).

Remark 4.4.1: The names “forward” and “backward” steps were introduced
in the previous chapter. However, there they were assumed to be each other’s
one-sided inverses. In the current chapter, we make no such assumption and
study forward and backward steps independently of each other. We will even
consider an example (see below), where one of the transformations may not be
natural, meaning we must consider one as just a collection of maps. In [RJL21]
only what we refer to as a forward step appears. There is a clear asymmetry
between the two; forward steps have a mate correspondence, and at least
two other equivalent presentations via transposing along the adjunction. For
backward steps there seem to be no such equivalent characterisations, as the
left adjoint is on the “wrong” side. <

These types of steps occur, e.g., as the one-step semantics of coalgebraic
modal logics (more usually, the mate of a forward step) [PMW06; K1i07; JS10;
RJL21] The examples of Chapter 3 are still relevant here: those involved in the
construction of ultrafilter extensions of coalgebras [KKP05; Gar20], and those
combining non-determinism and probabilities [BS21; BSS21; GP20; Goy21].

Example 4.4.2: An example of such transformations not covered in the
previous chapter occurs in the presentation of a determinisation procedure
for probabilistic automata given in [BSS21]. In the current chapter, we will be
able to use a result of op. cit.: that there is an injective natural transformation
1: UoPF — P¥o U, induced by an analogous transformation for B = 2 and
L = .. Such a transformation without labels simply includes convex subsets
into the powerset. Injectivity induces componentwise inverses forming, for
each subset, its convex hull. These components may not yield a natural
transformation, requiring our more general approach developed in the sequel.

«

4.4.1 Comparing coinductive predicates

We have so far seen how steps defined for an adjunction with endofunctors
on each of the categories allow us to map coalgebras along this adjunction.
Further, when we have fibrations on each of the categories of the adjunction,
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and liftings of the involved functors, we can define predicates on these
coalgebras. Next, we will combine these transformations and give conditions
on the steps and liftings, which allow us to link predicates on a coalgebra
with predicates on the coalgebra obtained by applying a step-induced lifting.

Assumption 4.4.3: Throughout this section, we assume CLat-fibrations
p: &€= Candq: F — D (see Section 2.5.2) in the following setting:

F
sCe O

(4.14) pl G J

q
F
sCe D
G

where F - G is a lifting of the adjunction F - G, B is a lifting of B, and L is
a lifting of L. <

These assumptions give us coinductive predicates on B-coalgebras, using
B, and on L-coalgebras, using L. This setting allows us to put conditions on
forward and backward steps. These conditions, in turn, allow us to obtain
steps at the level of the induced adjunctions between fibres, which puts
us back into the setting of Section 4.2. In particular, it allows us to apply
Lemma 3.3.2 to preserve the relevant coinductive predicates. We now explain
this in more detail for backward and forward steps separately.

Preservation via backward steps

Consider a backward step t : GL — BG. Given an L-coalgebra (Y, &) together
with this backward step and Assumption 4.4.3, we have the following setting.

I, °F

(4.15) (yoG0* B Egy L Fy el

G

The greatest fixed point »(£*oL) is a coinductive predicate on the L-coalgebra
(Y, £). The greatest fixed point ¥((ty o GE)* o B) is instead a coinductive pred-
icate on the B-coalgebra obtained by applying the lifting G : Coalg(L) —
Coalg(B) induced by the step ¢ to (Y, &). Like in Section 4.2, we ask whether
the right adjoint Gy preserves the greatest fixed point, that is, maps »(£* o L)
to ¥((ty o GE)* o B).

The following result gives a sufficient condition for constructing a step
in the above adjunction between fibres; this condition is in terms of the
backward step ¢ and the liftings.
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Lemma 4.4.4: For a (backward) step t: GL — BG and an L-coalgebra
£:Y > LY:

1. fGoL <1*oBoG,then Gy o £* oLy < (ty 0 GE)* 0 Bgy o Gy;
2. f*oBoG < GoL, thenGyo&*oLy > (iy o GE)* o Bgy o Gy. «

Proof. Given the assumption of Item 1, we have

(Cartesian) Gyo&*oLy <(G§)*oGryoLy
(assumption) < (G&)* o1y o Bgy o Gy
(split fib.) = (ty © GE)* o Bgy o Gy

With the assumptions of Item 2, and using the fibredness of G, we obtain the
opposite inequalities. [

We note that the condition of Item 1 is equivalent to having a lifting
i: GL — BG of 1, using the existence of a Cartesian lifting of t. The conse-
quent can be seen as a backward step on the Galois connection of Eq. (4.15),
and thus similarly entails a lifting of G to post-fixed points (coalgebras) of
£ o L. In this sense, G preserves invariants and, if it is order-reflecting, will
also reflect them (cf. the results of the previous chapter for coalgebraic bisim-
ulations). The inequality of Item 2 often requires further assumptions and
more work. We will give some instances where it is satisfied in Section 4.6.
Together, the assumptions are equivalent to ¢ itself being a Cartesian map. See
Section 4.5 for a further discussion of these conditions, especially how they
relate to the preservation and reflection of invariants. For our applications,
we are most interested in the following corollary, showing what the above
conditions mean for the action of G on greatest fixed points.

Corollary 4.4.5: Suppose we have a (backward) step t: GL — BG. Then
forany £: Y - LY:

1. fGoL <1*oBoG,then Gy(»(£* o Ly)) < ¥((ty o GE)* o Bgy);
2. If *oBoG < GolL, then Gy(»(£* o Ly)) > v((ty o GE)* o Bgy). <

Proof. Apply Lemmata 3.3.2, 4.3.5 and 4.4.4 together with the fact the right
adjoint of a lifted adjunction is always fibred. [

Corollary 4.4.5 thus gives sufficient conditions for Gy to map the greatest
fixed point of the coinductive predicate on an L-coalgebra (Y, &) to the
greatest fixed point of the coinductive predicate on the B-coalgebra G(Y, &)
constructed via ¢, in the setting of (4.15).
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Remark 4.4.6: Itisinfact not necessary that tis natural; that is, Lemma 4.4.4
and Corollary 4.4.5 go through even if ¢ is just a collection of arrows. The idea
is that we can consider the inequalities GoL < 1*oBoG and*oBoG < GoL
componentwise. We will apply this idea in Section 4.6.1, where we use the
existence of componentwise left inverses to ¢ to obtain the inequalities.  «

Remark 4.4.7: Note that by the assumed Galois connection, the conclusion
of Item 2 in Corollary 4.4.5 is equivalent to

@16 (I1,, F) oGy o G&* o Boy)) < W€ o Iy)

so that we may also consider the effect of the left adjoint on coinductive
predicates, as we do in Proposition 4.6.3. <

Preservation via forward steps

We proceed to focus on forward steps. Recall from Lemma 4.3.5 that the lifted
adjunction between fibrations induces two types of adjunctions between
fibres; for backward steps we used one of them, for forward steps we use the
other. We thus work in the following setting:

F
— ~— o —
(4.17) 7B Ex oL Fpx ) @xoFp*el
7)3‘(05

where (X, y) is a B-coalgebra. We have the following result on constructing
steps in this adjunction between fibres.
Lemma 4.4.8: Suppose we have a (forward) step d : BG — GL, then for
y: X = BX:

1. If6* oG oL < Bo G and B is fibred, then

% o Gx © (8x o Fy)* o Lpx < y* o Bx o} o Gpy;

2. IfBoG < 6* o GolL, then

N o Gpx © (Ox o Fy)* o Lpx > y* o Bx o o Gpx <
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Proof. Given the assumptions of Item 1, we have:

% o Gpx o (8x o Fy)* o Lpx

(split fib.) =Nk o Gpx o (Fy)* 0 6% o Lpx
(Cartesian) < 1% o (GFy)* o Gppx 0 8% o Lpx
(split fib.) = (GFy o nx)* o Gppx © 8% o Lpx
(nat. 1) = (px ©7)* © Gppx 0 8% o Lpx
(split fib.) =7* o7px o Gppx © 8% © Lpx
(Cartesian) <7*onpx 0 (G8x)* o Grpx o Lpx
(() + split) =y* o (Bnx)* o 8x © Grpx © Lpx
(assumption) <7* o (Bnx)* o Bgx © Grx

(B fibred) <y*oByxonko Grx

With the assumptions of Item 2, the first two inequalities reverse due to
fibredness of G (which holds since it is a right adjoint), and the last inequality
reverses by definition of reindexing. The one-but-last reverses because of the
assumption. In the equality marked by () we used a basic property of steps
and their mates (Lemma 3.2.8). m

Similarly to backward steps, we get the following result from Lemmata 3.3.2,
4.3.5 and 4.4.8, giving a sufficient condition for preservation of the coinductive
predicate by the right adjoint in (4.17).

Corollary 4.4.9: Suppose we have a (forward) step 6 : BG — GL and a
lifting of the adjunction as in Eq. (4.5). Then for y : X — BX:

1. If6* o GoL < Bo G and B is fibred, then
N © Gex(W(8x o Fy)* o Lpx)) < v(y* o Bx);

2. IfBoG < 6*0GolL, then

1% © Grx(W(8x © Fy)* o Lpx)) = v(y* o Bx) “«
Proof. Apply Lemmata 3.3.2, 4.3.5 and 4.4.8 again using the fibredness of the
right adjoint in a lifted adjunction. L]

Remark 4.4.10: Contrary to the case of backward steps (see Remark 4.4.6),
for forward steps we use naturality in the proof of Lemma 4.4.8. This is
done explicitly for 7, and is implicit for § in the application of Lemma 3.2.8.
The above proof is thus markedly more involved than for Lemma 4.4.4,
emphasising again the asymmetry between forward and backward steps. «
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Remark 4.4.11: We have assumed that the adjunction between base cate-
gories lifts to the total categories of the fibrations, even though the results
in Corollary 4.4.9 and Corollary 4.4.5 are about the adjunctions between
fibres. Therefore, one might be tempted to only assume these adjunctions
between fibres instead of an adjunction between total categories. However,
in Lemma 4.4.4 and Lemma 4.4.8 (on which the aforementioned results rely)
we also use that the right adjoint Gis fibred, and if we additionally assume
this then it is equivalent to having an adjunction between the total categories
(Lemma 4.3.8). <

Remark 4.4.12: Our focus is on the separate analysis of ¢ and J. If we
assume instead that: t and 6 both exist; their liftings form an isomorphism
1: GL ~ BG; and we have a fibred lifting G of G such that its restriction to
fibres preserves meets, then we have Gy (¥(§* o Ly)) = v((ty o G€)* o Bgy)
where ¢ = pt, for any L-coalgebra (Y, &). Restricting ourselves to fibrations
over a single base category, B = L, and a lifting of the identity between the
total categories, we recover [Spr+21, Prop. 6.2]. <

Remark 4.4.13: We can again rewrite the conclusion of Item 2 in Corol-
lary 4.4.9 to give the inequality:

(4.18) F(»(y* o Bx)) < w((éx o Fy)* o Lpx)
We will briefly return to this inequality as well as the one in Eq. (4.16) when
we consider examples. <

4.5 Comparing coinductive invariants along steps

So far in this chapter, we have considered almost exclusively comparison
of coinductive predicates (greatest fixed points). In this section, we briefly
return to the case of coinductive invariants (post-fixed points) as we studied
in the previous chapter (see also the discussion after Lemma 4.4.4). The
following results generalise those of Chapter 3 on preservation and reflection
of bisimulations.

Lemma 4.5.1: Given a backward step t: GL — BG, a coalgebra §: Y —
LY,R € Fy and S € Egy we have:

1. fGoL<(*oBo E, then G preserves invariants, i.e.,
R< & oL(R) = G(R) < (ty © G&)* o B(G(R));
2. if*oBoG < GolL, then HE oF preserves invariants:

S < (ty 0 GE)* o B(S) = [ oF(S) < & o L(] ] _oF(s)):
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3. ift*oBoG < GoLand G is order-reflecting, then G reflects invariants:
G(R) < (ty 0 GE)* o B(G(R)) => R < £* o L(R). <
Proof. 1. Suppose R < £* o L(R), then
(4.19) G(R) < G(¢* o L(R))
(4.20) < (ty 0 G&)* o B(G(R))

with the first inequality holding by monotonicity of G, and the second
by applying Lemma 4.4.4.

2. The inequality given by Lemma 4.4.4 is equivalent to
— C Tt oT —
HEoFo([oG"f) oB<¢ oLoHEoF

as this is the mate of the inequality given there, induced by the adjunc-
tion of Eq. (4.15). Then, using monotonicity, we have

(4.21) ]_[E oF(S) < Hst o(lo (ig)* o B(S)
(4.22) <& oLo HE oF(S)
3. We have again by Lemma 4.4.4 that
(4.23) G(R) < (ty o G&)* o B(G(R))
(4.24) < G(E* o L(R))
The given inequality then follows by order-reflection. (]

The same approach can be taken in the setting of forward steps (recall
Lemma 4.4.8), yielding the following.

Lemma 4.5.2: Given a forward step § : BG — GL, a coalgebray : X — BX,
RE?FX andSEcE‘X:

1. if 6* o Go L < Bo G and B is fibred, then n*o G preserves invariants:
R < (6x o Fy)*oL(R) => 1 o G(R) <y* o B(y* o G(R)).
2. if Bo G <d8*o Go f, then F preserves invariants:
S <y*oB(S) => F(S) < (60 Fy)*oLoF(S)

3. if BoG < 8" 0 G oL and 5* o G is order-reflecting, then 7* o G reflects
invariants:

% ©G(R) <7*oB(n* ©G(R)) => R < (6x oFy)*oL(R). «
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4.6 Examples

4.6.1 Lax liftings

Our first application of the results of the previous section continues on from
Section 4.2.1 and Example 4.4.2. In the latter example, we introduced the
backward step t: U o PF¥ — P¥ o U involved in the second stage of the
determinisation of probabilistic automata into belief state transformers. We
are now able to apply Corollary 4.4.5 to show the preservation and reflection
of bisimilarity by the coalgebra lifting induced by t.

The construction has its roots in the generalised determinisation procedure
of [Sil+13], but requires an alternative approach due to the non-existence
of a lifting of the powerset monad to convex algebras. The determinisation
starts from a monadic adjunction over Set, and then proceeds in two steps:
first a lifting of the left adjoint gives a “determinised” system with algebraic
structure; then a lifting of the right adjoint forgets this structure to give
a system in Set. Here, we consider the second stage and take a lifting of
the adjunction and endofunctors B and L to Rel fibrations as in (4.25), so
that we may apply our earlier results to show preservation and reflection of
bisimilarity.

Rel(F)
Rei®) ( Rel(Set) =L Rel(EM(T)) D rel®)

(425) Rel(U)

F
BCSet L emM(T) L
u

The lifting of the right adjoint to coalgebras uses a ¢ which comes from a
so-called lax lifting [BSS21]. Given a functor B : Set — Set, a lax lifting of
Bisafunctor L: EM(T) — EM(T) such that there is an injective natural
transformation t: U o L — B o U. This almost brings us back into the
setting of Chapter 3, except that we do not quite have an invertible step; only
componentwise left inverses can be assumed, with no guarantee that these
form a natural transformation. We show the following result for the (slightly
different) case of transformations that are componentwise split mono, and
then show how this is applicable to the example of probabilistic automata.

Lemma 4.6.1: The lifting I : Coalg(L) — Coalg(B) induced by a compo-
nentwise split mono transformation t: U o L — B o U preserves and reflects
bisimilarity. <

Proof. Recall from Example 4.3.6 that we can lift a monadic adjunction to
relations. We need to show the inequalities for ¢ from Corollary 4.4.5. For this,
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we use the assumption of componentwise split monicity, as this means we
have componentwise left inverses which we call §x : BUX — ULX (note
that these components need not form a natural transformation).

Now, we have, using the fact that U preserves abstract epis, that ¢ lifts to a
transformation ¢ : Rel(U) o Rel(L) — Rel(B) o Rel(U). Also, the components
dx lift to components ER Rel(B) o ReI(U)(R) — Rel(U) o Rel(L)(R) as we
can lift the componentwise mates 8y : FBY — LFY as also F preserves
regular epis.

We now obtain the inequality

(4.26) Rel(U)rx o Rel(L)x < tx o Rel(B)yx o Rel(U)x

by definition of reindexing. For the other direction, we have
(4.27) Rel(B)yx o Rel(U)x < 8k o Rel(U) x o Rel(L)x
again by definition of reindexing. Applying ty to both sides gives

(4.28) tx o Rel(B)yx o Rel(U)x < i o 8% o Rel(U)rx o Rel(L)x

where the equality holds as dx o 1y = idx and t§ o 8y = (6x o 1x)*.
As we work with the relation fibration and liftings, the coinductive predi-
cates we preserve and reflect are exactly bisimilarity. [

Taking B = % and L = PZ in the setting of Eq. (4.25) brings us back
to the setting of determinisation of probabilistic automata considered in
Sections 3.2.2 and 3.4.2 (recall also Example 4.4.2). We can then show that
bisimilarity is preserved and reflected by the second stage of the construction:
forgetting the convex structure.

Proposition 4.6.2: Consider the following adjunction:

Rel(F)
(%) (C Rel(Set) L Rel(EM(D)) D rel(?H)
(4.30) l Rel(20)

.?“
PPCSet L eM(D))7?

and the transformation ¢ : U?CE — PXU, whose components are thg inclu-
sion maps. Then for any coalgebra £ : Y — PY, we have Uy (v(y*oLy)) =

W(ty o Uy)* o PEyy). P
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Proof. This follows from Corollary 4.4.5 by observing that the inclusion maps
UPZ(A) — P*U(A) form a componentwise split mono ¢ because they are
injective, and U o P¥(A) is only empty when X is empty, in which case also
P% o U(A) is empty. ]

Recall that in Section 3.4.2, we showed a similar result for behavioural
equivalence via the preservation and reflection of bisimilarity in case the
functor B preserves weak pullbacks. There, we required the existence of
a weak lifting. The definition of the injective t used above is simpler, but
requires the more general results of this section to show preservation and
reflection by the coalgebra lifting it induces. We do note that the argument
for preservation and reflection of behavioural equivalence of Lemma 3.3.16
can still be applied here.

In Section 3.4, we considered the setting of coalgebras for the power-
set and Vietoris functors, and the transformation of forgetting topologi-
cal structure on Vietoris coalgebras. This arose as a step-induced lifting of
U : Stone — Set analogously to U : EM(T) — Set in the current example.
From Lemma 4.5.1 we know that the map HE oF will preserve invariants.
We can see this as a generalisation of Theorem 3.4.3, saying that the topo-
logical closure of a bisimulation on ﬁ(X ,7) is a bisimulation on (X, y), by
interpreting the action of HE oF as closing under general algebraic structure.
We can further conclude from the inequality of Eq. (4.16) that the closure
of bisimilarity on a U((X, &), y) will be below bisimilarity on ((X, @), ¥). In-
stantiating again to the setting of convex algebras, we obtain the following.

Proposition 4.6.3: In the setting of Eq. (4.30), for any coalgebra §: Y —
?CE Y and P-bisimulation R on U(Y, &), the convex closure of R is a bisimu-
lation on (Y, £). Moreover, the convex closure of bisimilarity on U(Y, £) is
contained in bisimilarity on (Y, ). <

4.6.2 Expressivity

In this subsection, we will establish the well-known expressivity of modal
logic with respect to P-bisimilarity using our abstract framework. Note
that for simplicity we consider (unlabelled) transition systems modelled as
coalgebras for the (full) powerset functor P : Set — Set.

We relate bisimilarity to the logic defined by the following grammar:

(431) é ::=<></\¢iA/\ﬂ¢i)

iel ieJ



86 CHAPTER 4. FORWARD AND BACKWARD STEPS IN A FIBRATION

There are no size restrictions on I and J, so that the collection of formulas
forms a proper class. As a consequence, the usual syntax based on initial
algebras (living in Set) is not well-founded. Although expressivity of a similar
infinitary modal logic was already shown coalgebraically in [Mo0s99], we
include this example as it demonstrates how this fundamental result fits
into our general framework. This all leads us to the following contravariant
adjoint situation

F
Rel?) (C ERel L Pred® ) pred(@)
(4.32) G
F=2—
2 Set L Set® D) L=p(2x-)
G=2"

Note that in Set, we have the factorisation system (Epi = RegEpi, Mono),
which is a logical factorisation system.

Now taking inspiration from [Kli07] where this is done for the finitary
case, we consider the coalgebraic modal logic (L, §), where the syntax is
given by the endofunctor L = (2 X —) on Set and the ‘one-step’ semantics
§: P2~ — 2L is defined as follows:

(4.33) 5X(s>(u>=\/( FANRCC VAN w(x))

peS \(1,x)eU (0,x)eU

Note that the coalgebra lifting of F induced by & turns a transition system
with set X of states into an L-algebra on 2X. This transformation uses the
mate § : P(2 x 27) — 2% (written here as a transformation in Set) of &,
given by the following composition

Ep(2x2X X) 8 X
(4.34) ?(ZXZX) J’(Z—xz)) 22?(2X2 ) 2%% 2?(2 ) 2Pnx VPX

where 7x(x) = {U C X | x € U}, and similarly for the counit. After some
calculation, we see that this maps a set U C 2 X 2% to the predicate

{TCX|Uedx(Inx(®)|teTh

(4.35) ={TQX|\/( N senx®r N\ Ssénx(t))}

teT \(1,S)eU (0,S)eU
(4.36) ={TCX|3teT.
VSCX.(1,S)eU=teSA0,S)eU=>t ¢S}
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Thus the step-induced lifting F transforms a coalgebra y : X — PX into the
L-algebra (2%, a = 27 0 §) so that

(4.37) a(UC2x2X)={xeX |3t e ykx).
VSCX.(1,S)eU=teSA0,S)eU=>t ¢S}

This shows the sense in which § provides a one-step semantics; a gives
the set of states which satisfy the ‘formula’ {) (A(l,s)eU SA /\(O,S)eU —|S)
defined by U.

Next, we require the corresponding liftings of the functors in order to
invoke Corollary 4.4.9 in proving expressivity of our logic. It is perhaps
already intuitively clear what the liftings should do, however, we elaborate
here the definitions as they arise from the results of Section 4.3. To obtain the
setting of Eq. (4.32), we apply Corollary 4.3.3, whose conditions are met as
we work over Set. The involved liftings now come from quotient liftings, but
we will describe how they act on the corresponding predicates and relations.
We have also chosen to denote the liftings of the adjoints as simply F, G as
they seem to have equal claim to the titles of predicate or quotient lifting.
The lifting G of G = 2~ takes a predicate p : P »> Y in Pred(D)*" and maps
this to the following factorisation

2P > 2Y
(4.38) N /

G(P)

Here, the map e sends ¢ : Y — 2 to the set

(4.39) {$: P—>2|VpeP.o(p)=19(p)}

Finally, taking the kernel pair of e gives the desired equivalence relation:

(4.40) {(@,9) | Vp € P.9(p) = ¥(p)}

The lifting which we denote as Pred(L) in fact also arises as a quotient lifting,
but can straightforwardly be seen to act on a predicate as Pred(L)(P) =
(P2 X P)» P2 XY)).

As (co)inductive predicate, & and Pred(L) give an abstract notion of defin-
ability: precisely those sets ¢ € 2% which are “reachable”, that is, contained
in the least subalgebra in the fibres of all predicates on LX. So we consider the
fibrations Pred and ERel of predicates and equivalence relations (see (4.32))
on Set (note ERel is chosen since P-bisimilarity is an equivalence).
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In fact, the Galois connection of Section 4.2.2 between the lattices ERely
and Predggf can be reconstructed from the adjunction between the total
categories ERel and Pred®. In particular, Lemma 4.3.5 gives: F — 7% o
G: Predpy — ERelx. Moreover, 7% o G is equal to the upper adjoint g
of the aforementioned example, as the following result shows.
Proposition 4.6.4: Let F and G be contravariant powerset functors as above,
and g : Predyy — ERely as in Eq. (4.3). Then in the adjunction F = 7} o
G : Predyy — ERely given by Lemma 4.3.5, we have 7% o G = g. <

Proof. Let x,y € X. Then

(441) (%)) €n¥G(S) = (nxx,nxy) € G(S)

(4.42) = V¢ € S.nx(x)(¢) < nx(¥)($)

(4.43) = V€ S.d(x) < ¢()

(4.49) &y e gs).

showing the equality by extensionality. [

Now adequacy and expressivity of our logic L follows by proving their
corresponding sufficient condition (cf. Corollary 4.4.9 and the discussion at
the end of Section 4.2.2) as in the following proposition.

Proposition 4.6.5: For any P »— X, we have
§*(GPred(L)(P)) = Rel(?)G(P) <

Proof. First we spell out both sides of the equality, with P> X and S, T C
2X:

§*(GPred(L)(P))
(4.45) ={(S,T) | VU € P(2x P).8(S)(U) « 6(T)(U)}
(4.46) ={(S,T) | VU € P(2 X P).

( VCPES (/\(l,x)eU p(x) A /\(O,x)eU _'go(x)) )}
< VCPET (/\(l,x)eU P(x) A /\(O,x)eU _'go(x)) ’

and

(4.47) Rel(P)G(P) =

(S.T) Vo eS.qp € T.Vx € P. p(x) « (x)
T AVpeT. P e S.Vx € P.p(x) « p(x) )|’
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To show the inequality from left to right (used to show expressivity), let
(S, T) be a pair in 5*(GPred(L)(P)) and suppose, towards a contradiction,
that (S, T) & Rel(??)G(P). This means there exists either p € Sorp € T
violating the associated condition; assume the first (the other case is the
same). Thus, suppose there is ¢ € S such that for all p € T either there is an
element x, € P with ¢(x) A 79(x) or X, € P with ¢(x) A $(x). Choosing
such an element of P for each i, we obtain a set

(4.48) U ={1xp) | p()} U{(0, xp) | 7¢(x)}

Now for this set U we have

(4.49) N en N\ k)

(1,x)eUu (0,x)eU
However, the formula
(4.50) \/( JANRZCOV VA m,b(x))
YpeT \(1,x)eU (0,x)eU

evaluates to false, by construction of U. Therefore, we have
(4.51) (S, T) ¢ 5*(5Pred(L)(P))

which is a contradiction with our assumption.

To show the inequality from right to left (used to show adequacy), let (S, T')
be a pair in Rel(?)G(P). We will show that U € 8(T) whenever U € §(S),
for any U C 2 X P; the symmetric case is similar. Since U € §(S) we find
some @ € S such that

(452) N en N\ ek

(1,x)eUu (0,x)eU

holds. Moreover, by relation lifting of P, we also find some ¥ € T equivalent
to @. Le., the formula

(453) N voA N\ )

(1,x)eU (0,x)eU
holds. Thus, U € &(T). m

Corollary 4.6.6: The logic defined by §: P2~ — 2F as in Eq. (4.33) is
adequate and expressive with respect to bisimilarity on P-coalgebras. <
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Proof. Proposition 4.6.5 shows that the map g of Section 4.2.2, maps the
definable predicates of the logic to bisimilarity. As explained in the example,
the image of the definable predicates under g relates those states satisfying
the same formulas of the logic. This is precisely logical equivalence, which
we thus show to be equal to bisimilarity. Equality of these relations is exactly
the combination of adequacy and expressivity. (]

Left adjoints and invariants We conclude this example with a brief dis-
cussion of our observations in Remark 4.4.13 and Lemma 4.5.2. The first is the
transposed inequality obtained by applying the observation of Remark 4.4.13.
Here, this entails that

(4.54) F(y* o Rel(P)x)) 2 »((Sx o 2)* o Pred(L),x).

Note the reversed inclusion as we are in Pred®”. Recalling the action of F
from Section 4.2.2, we see that the left-hand side consists of those predicates
which are closed under bisimilarity. The right-hand side is simply the de-
finable predicates. We therefore see that this inequality says that definable
predicates are closed under bisimilarity, recovering this known equivalent
characterisation of adequacy of the logic.

Another property related to adequacy arises from Lemma 4.5.2, and the
inequality Rel(?)G(P) < §*(GPred(L)(P)). From these facts, we can con-
clude that if R is a post-fixed point of y* o Rel(?) (a bisimulation), then in
the lattice Predpy we have

(4.55) F(R) < (8x o Fy)* o Pred(L)px (F(R))
Dualising, this means that in the lattice Predgy:

(4.56) FR)2]T,, s (P@XFR))

The predicate F(R) consists of those subsets of X which are R-closed. The
above inclusion thus means that, for any U C 2 X F(R), i.e., U = {(b,S) |
b € {0,1}, S C X closed under R}, the set of states satisfying (}(/\(1 S)eU SA

A (0.5)eU —1S) is again closed under the bisimulation R.

4.6.3 Apartness

In this subsection, we again consider (unlabelled) transition systems and
rather show how our framework allows us to prove the dual of the Hennessy-
Milner theorem: two states are P-apart [GJ21; Geu22] (classically equivalent
to being non-bisimilar) iff there is a formula distinguishing them.
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The notion of P-apartness will be an apartness relation. This is a relation
R on a set X which is irreflexive, symmetric, and co-transitive (i.e., Vx,y €
X.xXRy —>Vz e Z(x RzVYy R z)). Following [GJ21], the fibration
of apartness relations on Set can be seen as the fibred opposite of ERel,
essentially the fibration whose fibres are the lattices ERely with their order
reversed (see [Jac01] for the details of the construction). In particular, the
functor = maps a tuple (X, R) (when R is an equivalence/apartness on X) to
the tuple (X, =R). The setting of interest thus becomes the following;:

= F
P
ERel™ " ERel L _ Pred®? ) Pred(L)

—

(4.57) l ) l G J
F=2—

2 Set Set L _ Set® ) L=r(2x-)

G=2"
Note that the right-hand part of the above diagram is the same as in the
previous example so that the action of =G on a predicate P > X is simply
given by applying negation to Eq. (4.40), yielding

(4.58) ~G(P) ={(p,¥) | Ip EP.¢ #, P}

where ¢ #, b <= [p(p) A 7P(p)] V [79(p) A P(p)].
For the lifting ERel™P(P), we consider the following definition' which can
also be obtained by applying negation to the usual relation lifting of :

(4.59) U ERel(P)R)V < [Ix e U.Vy e V.xRy]V
[Ty eV.Vxe U.xRy]

Now we are in the position to use Corollary 4.4.9 and establish the dual
Hennessy-Milner theorem, which was also recently shown in [Geu22] for
image-finite transition systems.

Proposition 4.6.7: For any P > X

(4.60) ERelP(P)(G(P)) = 6*(~G(Pred(L)(P))) “«
Proof. First we compute ERelP(P)(G(P)) as follows:

(4.61) ERel®(P)(G(P)) =

5.7) dpeS.VPeT.Ip € P.(p#,7)
T Vipe T.VYp €S.3peP.(p #,9) ||

"Note that our definition differs from the lifting of an apartness relation given in [G]J21],
where the two logical formulae (3x € U.Vy € V.x Ryanddy € V.Vx € U.x R y) are
composed incorrectly by conjunction.
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We start with the dual of expressivity, i.e., that if two states are P-apart,
then there is a distinguishing formula between them. This will follow from
Corollary 4.4.9(1), so that we need to show that

§*(~GPred(L)(P)) 2 ERel™(P)(G(P)).

Notice the reversal of order since we are working in the lattice ERel;f(zx).

So suppose (S, T) € ERel®()(G(P)). Then, we have some ¢ € S such
that Vi) € T.3x € P.(p #, Y V ¢ #, @) (the proof of the symmetric case is
similar). Consider the set

(4.62) U ={1x) [ e(x)}U{(0,x) | 7e(x)}

Clearly, U € &(S). Furthermore, either ¢ #, ¥ or ¥ #, ¢ holds, for some
X € P. Thus, =9(x) (p(x)) holds in the former (resp. latter) case. In other
words,

3  ACV v\ g)=1 = UegsD).

YeT (1,x)eU (0,x)

For the dual of adequacy, we will use Corollary 4.4.9(2), requiring the
inclusion

§*(~GPred(L)(P)) C ERel®P(?)(G(P))

To show this, first let S, T C 2% and (5(S),8(T)) € EReIfoP(?)(E(P)). Le.,
there is a U C 2 X X such that (8(S) #¢ 6(T)) v (6(T) #y 6(S)). Assume
the former case holds (the proof when the latter holds is similar). Thus, U €
8(S) and U ¢ &(T). Le., we find some ¢ € S such that (\/(Lx)eU —h(x) vV

\/(0 x)ebe(x)) holds, for every ¢p € T. Clearly, "¢p(x) = ¢(x) and
P(x) = —1p(x). Thus, we find ¢ #, P or P #, @. -

Corollary 4.6.8: Two states of a P-coalgebra are P-apart iff there is a for-
mula in the logic defined by § : P2~ — 2L as in Eq. (4.33) distinguishing
them. <

Proof. The equality of Proposition 4.6.7 shows that the set of definable predi-
cates of the logic is mapped by —g to P-apartness. The image of this map
is given in Eq. (4.58) so that the equality implied by Proposition 4.6.7 in-
deed shows the correspondence between apartness and the existence of
distinguishing formulas. (]
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4.7 Conclusion

In the previous chapter, we studied a preservation result assuming both a
forward step § and a backward step ¢, which form one-sided inverses, that
is, 6 ot = id. In the current chapter, we have considered preservation of
coinductive predicates by forward and backward steps as separate cases,
which we realise by formulating the conditions in a purely fibrational way
instead of assuming inverses. This allows us, for instance, to provide a general
preservation result for lax liftings (Section 4.6.1). This could not be obtained
from the results of the previous chapter: there we required a natural inverse
6, which is not part of the assumptions of a lax lifting (only componentwise
inverses are assumed). A natural inverse can in fact be non-trivial to provide;
for instance, we may require weak distributive laws for their existence. By
moving from the relation fibration to general CLaty-fibrations, our results
are applicable to fibrations of predicates and equivalence relations, providing
a new approach for showing expressivity of coalgebraic modal logics.

In cases where one does have an invertible step, such as in the setting
of (weak) liftings, and the predicates of interest are given by canonical rela-
tion lifting, the conditions of the previous chapter are still likely preferable.
Preservation and reflection of predicates by right adjoints then requires the
verification only of preservation of abstract epis in the base categories, instead
of the explicit proof of the inequalities of this chapter.

In [KR21] a general approach to expressivity of logics with respect to
coinductive predicates is proposed. In that paper, there is a fibration only on
one of the two categories, and the coinductive predicate of interest is related
to logical equivalence. Logical equivalence is defined there via the semantics
of the logic, which is in turn obtained via the universal property of an initial
algebra. In contrast, in the current chapter, we have not used initial algebras
and instead obtain logical equivalence by characterising “modally definable”
on the coalgebra of interest, which yields a notion of logical equivalence
by applying the right adjoint in a Galois connection between equivalence
relations and predicates. This Galois connection was also used in [Kli05],
and in the recent [Beo+23] as the starting point for proving expressivity.
Here, instead, we obtain this Galois connection from an adjunction between
fibrations.

Future Work In [Beo+23] it was shown how the functional characterising
bisimilarity can be synthesised from a ‘logic’ function. Using the notation
of this paper, this means defining B in terms of L. Such constructions and,
symmetrically, constructing L from B, are of interest at the global level of
contravariant adjunctions. In the context of modal logic, providing such
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constructions, and understanding when they provide expressive logics may
allow conditions for expressivity (or the existence of expressive logics) based
only on the functors defining the systems or logics of interest (cf. the condition
of abstract epi preservation in Chapter 3).

Last, it would be interesting to try to apply our results on comparing
coinductive predicates and lifting adjunctions to the quantitative setting of
(pseudo-)metrics. We would then also like to understand the relation between
our conditions for expressivity of logics and those based on lax extensions,
Kantorovich functors and notions of density in [WS20; Gon+23; For+23]. For
instance, do the types of predicate liftings identified in those works induce
steps satisfying our conditions?
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CHAPTER

Proving Behavioural
Apartness

Difference in a bit of monstrous
Loch? (9)

5.1 Introduction

S WE HAVE SEEN in the preceding chapters, various notions of equiv-
lence have been defined on coalgebras in their development as a
general approach to state-based systems. More recently, Geuvers
& Jacobs [GJ21] have investigated notions of inequivalence (or distinguisha-
bility), which they call apartness. This is done first on concrete examples,
such as labelled transition systems, for which definitions of apartness are
given and shown to be dual to existing definitions of bisimilarity. Further,
the definitions are shown to give rise to inductive proof rules for deriving
differences in behaviours. They later show how the definitions of apartness
and corresponding proof rules can be obtained generally.

The starting point for this approach is coalgebraic bisimilarity defined
using canonical relation lifting. As is done for concrete systems, relations are
essentially defined to be an apartness if their complement is a bisimulation.
To define this using a lifting, the opposite relation lifting is used, which takes
the complement of a relation, then applies the usual relation lifting, and then
complements again. The associated inductive predicate recovers the concrete

97
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definitions. It is also shown how proof rules can be obtained recursively for
a class of functors generated from a given grammar.

The definitions and proof rules in all these instances are such that states
can be distinguished by providing finite evidence for a difference in their
behaviours, in keeping with the constructive origins of apartness. This is in
contrast to the situation for proof systems of coinductive notions, due to their
inherent circularity [Luc+09; Clo+16; Bas18; SM17]. However, the functors
covered by [GJ21] do not include one capturing probabilistic behaviours, such
as the subdistribution functor. It in fact turns out that for this functor, the
definition based on opposite relation lifting does not (immediately) yield a
satisfactory proof system, in the sense that finite evidence suffices to show
apartness. We discuss this issue in Section 5.2: showing apartness of states
in a coalgebra for the subdistribution functor requires one to show that all
couplings between successor distributions satisfy a certain property. There
are infinitely many such couplings in general, and it is not evident how to
simplify the situation directly.

Instead, we turn to an alternative existing notion of equivalence on co-
algebras: behavioural equivalence, which relates states that can be iden-
tified under a coalgebra homomorphism. Using a characterisation of be-
havioural equivalence due to Aczel and Mendler based on so-called precon-
gruences [AM89], we obtain a new definition of apartness in probabilistic
transition systems. For coalgebras for the subdistribution functor, the def-
inition is dual to the well-known probabilistic bisimilarity of Larsen and
Skou [LS91], which has been studied coalgebraically already in [VR99; Sok05;
Sok11]. This definition will allow us to give finite witnesses in establishing
apartness of states.

We are then able to provide a sound and complete derivation system for
these notions of apartness on coalgebras for finitary functors. Completeness
with respect to apartness on a given coalgebra will be shown by relating
proofs in our system to finite-step behaviours, as captured by the final chain
of the coalgebra’s functor, say B. This chain is defined by transfinite induction.
Its objects indexed by finite ordinals are finite applications of B to the one-
element set 1. An object B"1 can then be thought of as containing all possible
n-step behaviours of states in a B-coalgebra, and it is known that a coalgebra
y: X — BX induces maps f,: X — B"1, mapping a state to its n-step
behaviour. The essence of our completeness proof is then to show that states
which are distinguished by a map f;, can be proved apart by a derivation in
our system of depth n. In this way, the restriction to finitary functors also
becomes clear: apartness proofs (which are inherently finite depth) can be
given for those systems whose behaviour is captured by the finite stages B"1
of the final chain.
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Outline and Contributions

We first recall the approach to defining apartness on coalgebras of [G]21], and
exhibit the difficulty encountered when instantiated to probabilistic systems
(Section 5.2).

Our first main result is then a general definition of apartness in coalgebras,
obtained by dualising a definition of coalgebraic behavioural equivalence.
We then provide corresponding proof rules, and show them to be sound and
complete with respect to the definition for coalgebras of finitary functors.
Instantiating the rules to coalgebras for the subdistribution functor, we show
that they do not share the problem encountered when using opposite relation
lifting (Section 5.3).

We go on to improve the usability of the proof rules by showing that a
proof step showing apartness of a pair of states need only consider their
immediate successors. Finally, we give an inductive characterisation of the
property which needs to be shown of these successors, so that proof rules can
be obtained recursively for functors built from a given grammar (Section 5.4).

All of our results are also illustrated by examples, including a proof of
apartness of states in a stream system with an infinite state space, showing
the importance of our results in Section 5.4.

Notation

For an equivalence relation R C X X X, we denote the quotient map by
qr : X — X/R, which sends an element x to its equivalence class [x],. We
extend this to arbitrary relations R C X X X, by defining qg as ge(g), where

e(R) is the equivalence closure of R. Further, we write R for the complement
of arelation R € X X X on a set X.

5.2 Cobisimilarity

We start by recalling the well-known notion of coalgebraic bisimulation,
defined via relation lifting [HJ98]. We have already used this form of bisimu-
lation, but present it here in a proof rule-like form similarly to [GJ21], where
the dual notion is developed using the so called fibred opposite construction.
In this section, we review this approach and show how it can be utilised to
obtain a proof system for apartness. We will further show that there exist
functors for which this dualised definition does not give rise to a satisfactory
proof system, in contrast to the rules provided in op. cit.

Note that we will use alternative terminology to op. cit. Apartness will be
used to mean the dual of equivalence, both in the general sense, and in the
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formal dual of equivalence relations (in [G]21] these are referred to as proper
apartness relations). For dual notions to specific equivalences, we use new
terminology. Cobisimulation and cobisimilarity, introduced in this section,
will be the duals of (coalgebraic) bisimulation and bisimilarity. Later, we call
the dual of coalgebraic behavioural equivalence, “behavioural apartness”.

Assuming an endofunctor B on Set, and its canonical relation lifting Rel(B),
recall the following notion of equivalence:

Definition 5.2.1: A relation R C X X X is a coalgebraic bisimulation for a
coalgebray: X — B(X)ifR C (y X )/)_1 o Rel(B)(R), that is, it satisfies:

(5.1) XRYy
' 7(x) Rel(B)(R) y()
The largest such relation is called bisimilarity, denoted by <. <

Replacing R above with its complement and taking the contrapositive, we
obtain a dual definition.

Definition 5.2.2: A cobisimulation on a coalgebray : X — B(X)isarelation
R satisfying

(5.2) y(x) Rel(B)(R) ¥(»)
XRYy

Equivalently, R is a cobisimulation if R D (y X y)_l o Rel(B)(R), where the
right-hand relation is constructed as the following composition of monotone
maps:

_ =) -1
(53) RelX L) ReIX M) RelB(X) L) ReIB(X) (ﬂ) RCIX

in which Rely denotes the lattice of relations on X, ordered by inclusion. <

For a fibrational treatment of this mode of definition using the fibred
opposite construction, see [GJ21].

Dually to the familiar case of bisimilarity, the relation of cobisimilarity is
then defined as the smallest cobisimulation.

Definition 5.2.3: For a coalgebra y : X — BX, cobisimilarity is the smallest
relation R C X X X which is a cobisimulation on y. We denote this by #. «

By this definition, we see that & = @ i.e., bisimilarity and cobisimilarity
are each other’s complement. Following from this duality is also the fact that,
where bisimilarity is an equivalence relation, cobisimilarity is an apartness
relation.
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Definition 5.2.4: A relation R C X X X on a set X is an apartness relation
if the following conditions hold:

1. VxeX.7(xRx)
2.Vx,yeX. xRy = yRx
3. Vx,y,z€X. xRy = xRzVyRz <

These conditions will be called irreflexivity, symmetry, and cotransitivity
respectively. Clearly, if R is an apartness relation, then its complement R will
satisfy the dual axioms of reflexivity, symmetry and transitivity, and will
thus be an equivalence relation.

In later sections it will be important that we are able to construct, from an
arbitrary relation R, a canonical apartness relation. This can be done similarly
to the well-known equivalence closure.

Definition 5.2.5: For a relation R C X X X, the equivalence closure of R
(denoted by e(R)), is the smallest equivalence relation containing R. Dually,
the apartness interior of R (denoted by R°) is the largest apartness relation
contained in R. <

These constructions interact in the expected way with complement. For
instance, we have e(R) = Re.

Example 5.2.6 (Labelled Transition Systems): In [GJ21] cobisimilarity
dual to weak forms of bisimulation are studied. To simplify the presentation,
we instantiate the definition of cobisimulation to LTSs, which we model as
coalgebras for the functor P(—)” for an input alphabet .

The relation lifting of P(=)* acts as follows

(5.4) Rel(P(—)")(R)
={(f,g) | Va € Z.[Vx € f(a). 3y € g(a). (x,y) € R]A
[Vy € g(a). 3x € f(a).(x,y) € R]}

Applying the dualisation as in (5.2), we see that a relation R is a cobisimulation
. S .
on a coalgebra y : X — P(X)~ if it satisfies the following two rules

(5.5) x5>x  Wy.ysy = xRy
XRYy
a a

(5.6) y—-) Vx'.x - x' = x'R)'

XRy



102 CHAPTER 5. PROVING BEHAVIOURAL APARTNESS

where X — x' means X' € y(x)(a). Thus, apartness of states x, y can be
shown by giving a successor of x which is apart from all successors of y.
Then cobisimilarity on LTSs is the smallest relation satisfying these rules.
This gives an inductive proof system for cobisimilarity, as further explained
in [G]21].

We finish this example by giving a derivation of cobisimilarity for the

states x and y in the following LTS:

ab al\_ /(b
ONOENONO-=1

This derivation goes as follows:

yziyz Vx’.xz—a>x'.y2#x'
Xy # Yo

(5.7)

b
X — X, VW.y—->y.x #)
x#Yy

The states x and y can be distinguished by their b-transitions, and their
successors by the presence of an a-transition only on y,. <

Example 5.2.7 (Subdistributions): We continue by instantiating rule (5.2)
for cobisimulations to coalgebras for the subdistribution functor. In contrast
to LTSs above, the relation lifting approach does not give a pleasant proof
system.

The (finitely supported) subdistribution functor Dy : Set — Set is defined
as follows, where supp(u) = {x € X | u(x) # 0}.

(5.8) D(X) = {,u: X - [0,1] | Z u(x) < 1, supp(u) ﬁnite}

xeX

We may equivalently write such distributions as formal sums Exe x u(x)|x).
This allows us to denote the functor’s action on arrows as:

(5.9) Dy(f: X =7Y): (Z p(x) IX>) e (Z u(x) | f (X)>)

xeX xeX
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We can now elaborate the action of the relation lifting of the subdistribution
functor Dy on a relation R C X X X:

(510)  Rel(Dy)(R)
(511)  ={(Ds(m1)(2), Dy(72)(2)) | z € Dy(R)}

(5.12) ={ PR DNZESIEINE DY u(x,y)] |y>l IﬂGDS(R)}

xeXx L/EX ] yeX LxeX

Here, u is a subdistribution over the elements of R, and the corresponding
pair in Rel(Dg)(R) consists of the left and right marginals of u.

Now, we can instantiate the premise of the rule for cobisimulations for
this relation lifting on a coalgebra y : X — D (X) to obtain the following
rule:

(5.13) Vi € Dy(R). y(x) # Dty (1) V y(y) # Dyma(w)
xRy

However, this quantifies over the infinite set of subdistributions on the com-
plement of R. This is rather unfortunate since we would like to prove apart-
ness by giving a finite witness, as was the case for LTSs.

If we consider the example in (5.14), we see that x and y are cobisimilar,
as they have different transition weights to sets of equivalent states. To see
this using the rule (5.13), we could try to reason that given a distribution
u € Dy(R), the weight of the pair (x;,y;) would need to simultaneously
match the transition probabilities from x to x; and from y to y;, as x; and
¥, are only bisimilar to each other in this system. This is clearly not possible,
so indeed all u € D(R) satisfy the condition of rule (5.13).

0.5 ° 0.5 0.4 ° 0.6
OO NGO =1

We see two main issues with rule (5.13): the reasoning provided (where
we choose the pair (x;,y;)) is not well reflected in the proof system; and
the rule requires reasoning about an infinite set even for a simple finite
coalgebra. This motivates much of the coming work, in which we move to
an apartness notion defined dually to behavioural equivalence rather than
coalgebraic bisimulation. The corresponding proof system will both exhibit
the desired existential reasoning, and allow an optimisation giving finite
proofs of apartness for both finite and infinite systems.

(5.14)
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In the next section, we show the dualisation of behavioural equivalence,
before instantiating to examples which will already illustrate the benefit of
this approach over cobisimilarity. In Section 5.4, we go on to present the
optimised proof rule, and show how this is beneficial by application to the
examples of Dg-coalgebras and stream systems.

5.3 Behavioural Apartness

In this section, we use a characterisation of behavioural equivalence based
on so called precongruences due to Aczel & Mendler [AMS89] to present a
basic proof system for the dual: behavioural apartness. We will further apply
the proof system to coalgebras for the subdistribution functor to show its
benefits over the system provided in Section 5.2. Throughout this paper we
work with coalgebras for an endofunctor B : Set — Set.

5.3.1 Behavioural Equivalence

We start with the general definition of behavioural equivalence on Set co-
algebras, based on cospans of coalgebra homomorphisms.

Definition 5.3.1: States X,y of a coalgebra y : X — B(X) are said to be
behaviourally equivalent if there is a coalgebra § : Y — B(Y) and coalgebra
morphisms f,g: (X,y) — (Y, ), such that f(x) = g(y). <

Now the following definition (from [AM89]) will give an alternative char-
acterisation of behavioural equivalence which is amenable to dualisation:

Definition 5.3.2: A precongruence on a coalgebray : X — B(X) is a rela-
tion R C X X X satistying the following rule:

(5.15) xRy <

Bqr(y(x)) = Bar(y(»))

Following Aczel & Mendler we call a precongruence which is an equiv-
alence relation a congruence. They further showed that R is a congruence
if and only if it is the kernel of a coalgebra morphism, so that the maxi-
mal (pre)congruence is equal to behavioural equivalence (also see [Gum99]).
The following lemma tells us that the operator (implicit in Definition 5.3.2)
mapping a relation R to the kernel ker(Bqg © y) is monotone. Therefore,
behavioural equivalence can be obtained as its greatest fixed point.

Lemma 5.3.3 (([AM89, Lemma 4.1(2)]): For equivalence relations R, S C
XxX,wehave R C S = Vx,y € X.[Bqr(y(x)) = Bar(r(¥)) =
Bqs(y(x)) = Bqs(r(»))]. “
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For further results relating such notions of equivalence see, e.g., [BSV04;
Stall] (the latter going beyond the category Set).

5.3.2 Dualising Behavioural Equivalence
The rule (5.15) can now be dualised to obtain a definition of behavioural
apartness.

Definition 5.3.4: Behavioural apartness is the smallest relation satisfying
the following rule:

Bqz(y(x)) # Bag(y(y))

5.16
(5.16) YRy

where R is the complement of the relation R. <

Dually to the case of precongruences and behavioural equivalence, this
smallest relation will be an apartness relation.

Proposition 5.3.5: Behavioural apartness is an apartness relation, i.e., it is
irreflexive (Vx € X.a(x R x)), symmetric, and cotransitive (Vx;, X5, X3 €
X.(x; Rx; = x; Rx3V X3 R x3)). <

From definition to rule

In turning the rule of Definition 5.3.4 into a proof system, we make a number
of changes. The use of the quotient map in the definition of the rule would
require one writing a proof to ensure that the collection of pairs proved
apart and used in a proof step forms an equivalence relation. To avoid this
requirement, we allow an arbitrary relation R, with the only requirement
that it consists of pairs which have been proved apart. Then, we introduce
the following definition to replace the inequation Bqz(y(x)) # Bag(y(y)):

(5.17) hERl 1= Bags(t) # Bags(t)

where R® is the symmetric closure of R. Note that we are also taking the
equivalence closure of RS, as in Definition 5.3.2 and also that symmetric
closure does not commute with complement, i.e., taking the symmetric clo-
sure first really gives a distinct inequality. Our motivation for taking this
symmetric closure will become clear when we come to examples, where it
saves us the work of proving symmetric pairs apart.

The following lemma shows that we can also view this inequality directly
in terms of apartness relations.
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Lemma 5.3.6: For arelation R C X X X, let R° denote the largest apartness
relation contained in R (also called the apartness interior). Then

(5.18) e(R) = R° <
We could thus equivalently define

(5.19) LERL 1= BCI@(Il) # BCI@(Q)

wherein the implicit application of equivalence closure to (RS)° does not
change the relation, as it is an idempotent operation.
Taking either definition, we propose the following proof rule

(5.20) V(x',y)ERX #y  y()£RYY)
x#Yy

Soundness and Completeness

We finish this section with a proof of soundness and completeness of the
above rule, i.e., that states are behaviourally apart if and only if we can prove
this using the rule. The theorem requires the additional assumption that the
functor B is finitary. Some intuition for this condition can be gained from
considering the final sequence of B and the cone of maps into it from the
state space of a coalgebra y : X — BX induced by the coalgebra structure.

This cone, which we will write as (f; : X — B'l);gy, is defined by (trans-
finite) induction, starting from the unique map f;, : X — 1 given by finality.
Then f;,1 := Bf;oy for successor ordinals, and f, := lim; f; for limit or-
dinals. By considering the kernels of these maps, we obtain a notion of n-step
behavioural equivalence, i.e., states X, y are n-step behaviourally equivalent
if f,(x) = fu(y). Dually, states are n-step behaviourally apart if they are
distinguished by f,,.

The crux of our soundness and completeness proof is then in showing
that finite proof trees built from our proposed rule correspond to this notion
of finite step apartness. The assumption that the functor B is finitary will
then ensure that all states which are apart can be distinguished at some finite
level, by results of Worrell [Wor05].

Theorem 5.3.7: Let B be a finitary endofunctor on Set, and y : X — B(X)
a coalgebra. Then states x, y € X are behaviourally apart if and only if we
have a proof tree of finite height built from the following rule:

(5.21) V', y)ERX #Y  y(OERY()
x#y
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Note that the given “rule” is, strictly speaking, a family of rules indexed
by relations R C X X X. Thus, a proof tree may contain different instances
of the rule, involving different choices of R.

Proof. The if direction holds by induction, as then the relation R is contained
in behavioural apartness so that RS contains behavioural equivalence. Us-
ing Lemma 5.3.3, we then see that y(x)#3y(y) = y(x);ﬁ%y(y), where we
write # for behavioural apartness here. By Definition 5.3.4, we thus have
x#y.

For the other direction, we use the cone of functions (f; : X — B'1);c;
defined earlier. We will first show that for any n < w and pair of states
(x,y) € ker (f,), there is a proof tree of height n with x # y as its root. The

base case is trivial, as ker(fy) is empty. Now suppose that the property holds

for some N > 0, and further that we have some (x,y) € ker (fy41)- This
means (by definition) that

(5.22) Bfn(r(x)) # Bfn(r(y))

We then need to show that there is some set of pairs R C X X X so that
(5.23) Bags(y(x)) # Bags(y(y))

and we claim that ker (fy) is such an R, and that it gives us a proof tree of
height N with x # y as root.

By the induction hypothesis, for any (x’,y") € ker (fy), we have proof
trees with X" # y’ at the root, and height N. Further, the premise (Eq. (5.23))
holds by definition of the kernel. Combining these gives us the required proof
tree.

For the limit at w, we have

(5.24) ker(f®) = (ﬂ ker(fi)> = U ker(f1)

i<w i<w

so that for (x,y) € ker(f%), there is some i < w with (x,y) € ker(f?). We
obtain the required proof tree by (transfinite) induction.

It is further shown by Worrell [Wor05], that the final sequence for finitary
functors on Set stabilises at w2 and, more importantly here, that the connect-
ing maps Bg — B; for w < 1 < 8 < w2 are injective. Thus, for w < § < w2,
we have fB(x) # fB(y) = f%(x) # f®(y), again giving the required

proof tree. ]
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We note that more general versions of the above could perhaps be devel-
oped using results from [HKC18]. Namely, results showing that coinductive
predicates for finitary functors can be constructed via a final sequence which
stabilises after w steps. Dualising, there should be a correspondence between
the inductively defined set of proof trees, and the inductive predicate be-
havioural apartness. In the current work, we focus on behavioural equivalence
on coalgebras in Set, and are thus able to use the earlier results due to Worrell.

Before we show how rule (5.21) can be improved further, we apply it to
the coalgebra for the subdistribution functor of Example 5.2.7 to show how
it improves on rule (5.2) of Section 5.2.

5.3.3 Example: Subdistributions

We saw in Section 5.2 how the definition of cobisimilarity for coalgebras of
the subdistribution functor does not allow us to easily produce proofs. Here,
we show that our new notion of behavioural apartness is more usable in this
regard.

For this, we first elaborate how the functor Dy acts on the quotient map
of an equivalence relation, i.e., a map qg : X - X/e(R) mapping an element
to its equivalence class under the equivalence closure e(R) of R. The image
of such a map under D; is given by

(5.25) Dy(qrw([2]R) = D u(x)

xelzlg

where, by [z], we mean the equivalence class of z under the equivalence
closure e(R) of R. We may also write this sum as u[z], an instance of the
general notation u(S C X) = 3 _ u(s).

Then rule (5.21), for some coalgebra y : X — D((X), instantiates to

V(x',y')ER. X # Y 3z e X.y(0)|zlgs # vWlzlgs

5.26
(5.26) -

Returning to the earlier concrete example of (5.14), we can now produce a
proof which closely matches the reasoning we suggested earlier. We start by
noting that for states such as x; and y, with one state having no outgoing
probability weight, we have the following proof of behavioural apartness:

R=¢ yx)y2lr, =0# 1 =y()y.ly,

(5.27)
X, # Y,

where Ty is the total relation on X. In this same way, we can prove x" # y’
for all pairs in the set S; = {(%1, X5), (X1, ¥2), (X2, ¥1), (1, ¥2)}. We go on to
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prove that both x and y are apart from both of x;, y;. For example, we can
prove

R=5S,  yM@lx]y, =1#0=ylxl,

(5.28)
X # Y1

Although we have already proved a number of apartness pairs, taking the
apartness interior still yields the empty set. This is forced by the cotransitivity
axiom: for example as (X, X,) € S, we must prove all other states apart from
at least one of x; and X, if the pair (x;, x,) is to be in the apartness interior,
which we have not yet done. This means we can so far only distinguish states
for which the total outgoing weight is different.

Only once we have proven apartness for all pairs in the set

(5.29) S 1= S U{(x, x1), (%, y1), (0 x1), (0, y1)}
can we give the proof of x # y:

R=S y(O[X1]gs = 0.5 # 0.4 = y(¥)[x1 %5
xXH#Hy

(5.30)

Note that here

(5.31) RS = e(RS)
(5.32) = {(x, ), (x1, 1), (X2, ¥2), (X, X3), (¥, ¥2), (%, y2), (¥, x2)}° U Ax

This demonstrates that we are indeed able to provide a proof of behavioural
apartness using rule (5.21) which is finite and built up from inequations ex-
hibiting differences in transition weights. The situation can however still
be improved, by reducing the work required in our proofs. As mentioned,
we were required to prove for instance the apartness pair x # y; to make
the apartness interior non-trivial. As x does not contribute to the transi-
tion distributions of the states we are proving apart, this should not be
necessary for the proof. Such proof obligations arise because we take the
apartness interior/equivalence closure with respect to the entire state space,
and (co)transitivity forces that we include many “unnecessary” pairs. In the
next section, we show that we can restrict to apartness relations on just
those states that are in the supports of the successor distributions, or more
generally, states which are reachable in one step.

5.4 Optimised Rules for Behavioural Apartness

To further improve our proof system, we show that it is sound and complete
to prove apartness using an inductive step in which apartness need only be
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proved on states which are “reachable in one step” from the states which we
are proving apart. We make this notion precise in the following definition.

Definition 5.4.1: Given a coalgebra y : X — B(X), we will say that a sub-
object m: Z » X is a one-step covering of a subobject s: S » X if there
exists amap g: S = BZ such that Bm o g = y o 5. We may also say that Z
(one-step) covers S via g.

Further, we denote the set of one-step coverings of a subobject S by Ag. <

Using this definition, we show that inequality of pairs of states under the
map Bqg o y which we have used in all our rules so far, is equivalent to
inequality under the map Bag, 8 where we restrict the relation R to a Z
that is a one-step covering of some S via g.

Lemma 5.4.2: Let y: X — B(X) be a Set-coalgebra, R C X X X an equiva-
lence relation, and S > X a subobject. For any non-empty m : Z » X which
is a one-step covering of S viag: S — B(Z), we have

(5.33) Bqr(y(x)) # Bqr(y(y)) < Bqg,,(g(x)) # Bqg,,(&())

where qr : X — X/R, qg|,: Z — Z/R|z are quotient maps on X and Z
respectively. <

This means, in other words, that we can determine behavioural apartness
by looking only at apartness on one-step coverings. The given definition is
a generalised version of the notion of the base of a functor originally due
to Blok [Blo12] which can be stated as the smallest one-step covering. It
has been shown that this notion indeed instantiates to one-step reachabil-
ity [BKR19; Wif3+20]. As an example, for a coalgebra y: X — D (X) for
the subdistribution functor, the base for a singleton {x} = X is exactly the
support of the successor distribution of x. More interestingly for our applica-
tions are one-step coverings of pairs of states x, y, which will instantiate to
the union of the supports of x and y in the subdistribution case. In general,
the base may not always exist. Indeed, it requires the base category to be
complete and well-powered, and the behaviour functor to preserve wide
intersections (see [BKR19, Prop. 12]). The restriction to finitary functors on
Set (which we make in Theorem 5.3.7) however implies these conditions.
Despite this, we choose not to take the base itself in the rule which we give
in Theorem 5.4.3; instead we allow arbitrary one-step coverings, to keep our
results more general.

Proof of Lemma 5.4.2. Suppose we have a map g such that yos = Bmo g,
with m: Z > X non-empty. We form the restriction of a relation to the
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subobject m : Z » X by the following pullback:

Rl —m ZxZ
(5.34) I - Imxm
R»— XXX

We then obtain the following diagram:

z
1

Rl, Ny qrlz Z/R|,
T
(5.35) l ? Im ’
oy qr v
R—— X X/R
)

where ! : Z/R|; — X/R is the unique map which arises from the fact that
qg © m coequalizes 7%, 7% by commutativity of the left square. We now

consider the commutative diagram:

s - x 1 BX) B B(X/R)

(5.36) \ /m %

BZ —— BZ/(®l2)

This means that Bqg oy o s = Bqg o Bm o g = Bl o Bqg)|,, © g so that

(5.37) Bqr(y(s(x))) # Bar(y(s(»)))
(5.38) < BloBqg)), © 8(x) # B! o Bq(g)|, © 8()
(5.39) = Bqg)|, ° 8(X) # Bq(g)|, ° &)

Now, if B! is mono, the last implication becomes a bi-implication, which is
what we want. In Set this holds as follows: we have !([z] Rlz) = [z], and it
is clear that [z], = [z'], = [Z]R|Z = [z’]R|Z, i.e., ! is mono. In fact, it is
split mono, as it is a function with non-empty domain by the assumption
that Z is non-empty. Split monos are preserved by all functors, so that B! is
mono as required. L]

We are now in a position to give our final proof rule for behavioural
apartness, so that we can prove behavioural apartness x # y with an inductive
step, where only pairs of states in a one-step covering of {x, y} need to be
proved apart.

A possible choice in the definition of the family of rules, is to have a rule
for every one-step covering of {x, y}. This would include the rule involving
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the whole state space X, reducing to the earlier defined set of rules. While
this choice makes the proof of completeness trivial, we can do better. It is
possible to first fix a choice of one-step covering for each {x, y}, and then
restrict to the rules which involve these coverings only. In particular, in case
the base exists, this suffices.

Theorem 5.4.3: Lety: X — B(X),andlet4 C Ux Jex A(y,y} be a subset of

the one-step covers of sets {x, y} such that for every pair x, y € X, Ay yyNA #
@. Then the family of rules defined as follows, with Z ranging over A and
R C Z X Z, is sound and complete for behavioural apartness on y:

(5.40) VOLY)ERX #Y g2 280)
x#Yy

where we define

(5.41) t1?£g,zt2 = qu(ﬁnz(ﬁ) a qu(ﬁ”z(tz) <

Note that we omit the subscript on the one-step covering when it is clear
from context and now explicitly take the equivalence closure before restrict-
ing to Z. The latter is required for the application of Lemma 5.4.2 in the
following proof.

Proof. We prove soundness by induction on the structure of a proof tree with
root x # y built using the above rule involving a relation R. By Lemma 5.4.2
instantiated to the relation e(RS), we see that y(x)#8y(y) will hold, so that
the condition of the sound rule (5.21) holds.

For completeness, the proof'is essentially the same as for Theorem 5.3.7, but
we take R to be ker(fy)|z in the induction step. Then we have ker(fy)|z =
ker(fy o m). After some rewriting, the inequality g(x);ﬁﬁ’zg(y) becomes
Byer(fyom)(&(X)) # Ber(fyom)(&(X)), which holds by definition of the
quotient map of the kernel. (]

Example 5.4.4 (Subdistributions): We return to the example of coalgebras
for the subdistribution functor, and show how the new rule (5.40) improves
on rule (5.21).

First, note that we can specialise the rule to subdistributions:

V(x'.y) eR.Xx"#y  3FzeZ gzl # gzl

5.42
(5.42) Y Hy

where we choose Z 1= supp(y(x)) U supp(y(y)) (so that g: {x,y} — Z is
the restriction of y to just the states x and y) and let E : = e(R5)|;. We will
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again prove the apartness x # y in the example of (5.14), using our new rule.
For the last proof step, we have

R = {(x1,2), (x1, x2), (Y1, X2), (Y1, ¥2)}
(5.43) g)[x1]; = 0.5 # 0.4 = gy)[x:1],
xX#HYy

where E = {(x1,y1), (%2, y2)} U 4z
For the proof obligations given by the relation R we give one pair as an
example; the rest are similar.

R=@  gx)lylp=0#1=g():lg

(5.44)
X, # Y

We see that while the proof step for such leaves does not change much when
using the rule of Theorem 5.4.3, the proof in its totality is easier to provide
than what we showed in Section 5.3.3. It also fits better with the desired
reasoning based on supplying witnesses of apartness and only reasoning
about successors. <

Example 5.4.5 (Streams): Taking B = ¥ X (—) for some set of symbols X,
we call B-coalgebras stream systems, and instantiate the rules (5.21) and (5.40)
to this system type. We write a stream system as (0,t) : X — ¥ X X, so that
the condition in (5.21) can be rewritten as follows:

(5.45) idy X qgs({0, £)(x)) # ids X qzs((0, 1)(1))
(5.46) = (0(x), qgs(t(x))) # (0(y), qgs(t(¥)))
(5.47) = 0(x) # o(y) V ~(t(x) e(R®) t(»))

(5.48) < o(x) # o(y) v t(x) (R)° £(y)

In words, two states of a stream system behave differently if they have
different outputs (the heads of the streams they represent are different) or
their successors behave differently (the tails of the streams they represent
are different).

(549) CDF0W)  VWLY)ERX#Y ) (R) HY)
x#Yy X #y

In this form, the right-hand rule involving successors requires us to take the
interior. As we have seen in Section 5.3.3, this will be empty unless we have
proven enough apartness pairs. Consider, for instance, the following simple
example

(5.50) X X1 X, X3 X4
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in which o(x;) is the i-th Fibonacci number, so that x, generates the full
stream of Fibonacci numbers and Xx; generates the stream of Fibonacci num-
bers excluding the first one. It should be clear that these states are therefore
behaviourally apart. However, in order to prove this with the above rules we
must use the rule involving successors, and hence provide a useful relation R.
For this R to be an apartness on the whole state space and to be non-empty,
we must already prove an infinity of apartness pairs (at least one including
each of the states due to cotransitivity).

The solution is of course provided by our optimised rule (5.40). For a stream
system (0, t) : X - X X X, we can choose a rather simple one-step covering
for each pair x, y, namely {t(x), t(y)}. Then, the only choice of R yielding a
usable rule (up to symmetry), is {(t(x), t(y))}, so that rule (5.21) instantiated
to stream systems can be simplified to the following, in which we split the
disjunction in the premise into two rules:

(5.51) o(x) # o(y) t(x) # t(y)
xX#Yy XH#HYy

For the example (5.50), the one-step covering of {x, X1} to be used is thus
Z = {x1, x,} with the map g: {xq,x;} = 2 X {x, x5} defined by g(x,) =
(1, x;) and g(x;) = (1, x;). Then the following

o(x;) # o(x,)
(552) t(xO) = xl # xZ = t(xl)
Xo # X;
is a finite proof of apartness of xy and x;. <

5.4.1 Inductive Characterisation of *

In [GJ21, Appendix A], an inductive definition of cobisimilarity for Kripke
polynomial functors is given. Here, we show the instantiation of the relation
#B to a class of functors extending the Kripke polynomial functors. This will
allow us to easily obtain proof rules for coalgebras of functors in this class.

We consider a slight restriction of Kripke polynomial functors on Set
as defined by Jacobs [Jac16] extended with the subdistribution functor, the
syntax of which we give using the following grammar:

(553) B::=Id|A|BXB|B+B|B4|?BacN|DB

where A is any set and JV is the class of cardinals. The restriction is to binary
coproducts, which matches the presentation in [GJ21, Appendix A]. The

characterisation of %R?“B does not actually depend on the cardinal «, but we
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will only have a complete proof system if we choose @ = N (i.e., the finite
powerset functor) as shown in Theorem 5.3.7.

We can now instantiate the definition of the relation ;ﬂg given in (5.17),
with the functor B built from the above grammar. We do this for #5 here to
ease notation. To replace %2 with ;ﬁg,z we must take the apartness interior
in the first statement with respect to Z, and the complement in the case
B = D¢B; must also be taken with respect to Z. More precisely, we have that

R L =(Zx2)\ ;ﬁ . The proof in each case is a routine calculation.

Lemma 5.4.6: For a relatlon R C X X X and functors B, By, B, : Set — Set
we have the following inductive characterisation of t; #5t,.

« IfB= ld, then tl%th — tl (Rs)o t2.
« IfB= A, then tl*EtZ — tl ?é tz.
« If B= By X B,, then (u,01)#5(u,,v,) <= ulqﬁgluz v vlyﬁgzvz.

« IfB = Bl + Bz, then tl*th — [tl’tZ S BlX — tlﬁgltz] A
[t 12 € BX => 11#g%1,]

. IfB =B, then t,#8t, < Ja € A.t,(a)%5'1,(a)

« If B = "PC{Blﬁ then tl*th — [Elu (S tl.VU (S tz.u%glv] \' [HU (S
t,.Yu € t;. u;ﬁﬁlv]

« If B= DBy, then t;£8t, <= 3z € B, X.t;[z]5 & #+t[z ]* <

As discussed by Sokolova in [Sok11], the (sub)distribution functor can be
seen as an instance of the finitely supported monoid valuations functor in a set
S, denoted by My ;. The valuations given by this functor, are maps v : X —
M for a monoid M with finite support, such that 3} _. v(x) € S. Taking
M to be the non-negative reals with addition, and S = {1}, recovers the full
distribution functor. Taking instead S = [0, 1] recovers the subdistribution
functor. This is also a generalisation of the finitely supported multiset functor
by taking M the natural numbers with addition, and S = N (see also [Gum09;
GS01]). Due to the construction of our proof system, rules for such a functor

M,
can be straightforwardly obtained by calculation of %5 1

Example: MDPs

There are of course now many examples for which we obtain a proof system.
Here, we take coalgebras for the functor Dy(—)*, with A some finite set
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of actions, which we choose to call Markov Decision Processes (without
rewards).! We consider the following MDP:

YN,
ojololololo

States with no outgoing edge are those s for which y(s)(a) = 0 (the zero
distribution) for all a € A. To instantiate the generic rule (5.40) to this setting,
we elaborate the involved inequality:

(5.54) YD ()

(555) < 3a €A y)(@E Y»)(a)
(5.56) < dJac€A JzeZ y(x)(a)[z]e(ﬁ)lz # VQ’)(a)[Z]e(ﬁnZ

where Z is any one-step covering for {x, y}. The rule is thus:

V(x',y')ER. X # Y
(5.57) 3a € A. 32.y()N@[2 5y, # YOOI 5y,
x#Yy

We now take o = a, the one-step covering Z = {x;, X,, X3, V1,2, Y3}, and
(5.58) R ={(x1,x3), (x2, X3), V1, ¥2), (2, ¥3)s

(X1, ¥2)s (X2, ¥3), (X3, ¥2), (X2, y3)}
Then, for example, z = x, gives us

V(x',y))ER. X' #Y
(5.59) V(X)(a)[xz]e(ﬁnz =0.5#0.6 = 7(y)(a)[x2]e(ﬁ)|z
XHY

'The name MDP is perhaps a little overloaded. Such systems have also been called
Labelled Markov Processes, but we choose not to use that name here to avoid confusion with
the coming chapter
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5.5 Conclusion

There are a number of avenues for future work. The first is based on the
established link between notions of bisimilarity/behavioural equivalence (and
their duals) and (coalgebraic) modal logic [Sch08; FKP17; KMS20; WMS22;
Geu22]. We would like to investigate how proofs of behavioural apartness
in our system relate to formulas in a corresponding logic. Namely, can we
extract formulas distinguishing states which are behaviourally apart? Such
results already seem close by if we are able to choose our logic to match
the reasoning present in our proof system. Indeed, a proof of behavioural
apartness seems close to a proof that a formula is true in one state and its
negation is true in the other.

A more recent notion of equivalence based on codensity lifting [KSU18;
Spr+21; Kom+22] could also be an approach to more general notions of
inequivalence. It has been shown how this can be used to define, e.g., be-
havioural preorders such as simulation [KSU18] and also quantitative equiva-
lences, which have further been linked to quantitative logics [Kom+21; KM18;
Gon+23; For+23; Beo+23; Beo+24]. We would like to investigate whether
the dual notions (which we may call codensity apartness) allow an easier
development of expressive logics in these settings. Part of this line of research
should be to apply the ideas of Section 5.4 to general liftings beyond that for
behavioural apartness (also beyond Set). For instance, can we prove codensity
apartness while only looking at states reachable in one step? We hope this
would simplify the development of proof systems in the quantitative setting.

In the next chapter, we will move a step closer to these goals by developing
a derivation system for lower bounds on the behavioural distance between
states in systems with probabilistic transitions and labels on states. We will
also relate proofs in this system to formulas in a logic with a quantitative
semantics.
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Constructing Witnesses for
Lower Bounds on Behavioural
Distances

Testaments to nous and short
Suzuka turns (9)

6.1 Introduction

ilarity, which are qualitative in the sense that they consider states of

a transition system to be either equivalent or not; there are no degrees

of equivalence. When studying systems involving probabilistic transitions,

such qualitative definitions are usually considered too strict; states may be

inequivalent or distinguishable under bisimilarity despite their behaviour

being difficult to distinguish by an observer (this problem was first noted by
Giacalone, Jou, and Smolka [G]S90]).

To better capture the (in)equivalence of states, quantitative notions of be-
havioural distances/metrics may be used [Des+99; Bre17; BW05]. These assign
to each pair of states a number (e.g., in the interval [0, 1]) representing how
close (or how far apart) their behaviours are. Determining these distances
has been studied algorithmically, with procedures developed for approximat-
ing the distance [BSW08], and the exact computation of distances [CBW/12;

UP TO NOw, we have considered notions of equivalence, such as bisim-

119
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Bac+17; Bac+21; Tan18]. The definition of behavioural distances as least or
greatest fixed points (depending on the chosen ordering), also gives them
a universal property yielding a (co)inductive proof principle [HJ98; Bal+18;
BKP23]. The corresponding proofs are of bounds on the distances showing
states to be equivalent to some degree. This is analogous to the qualitative
proof technique of exhibiting some bisimulation containing a pair of states,
thereby showing them to be bisimilar.

Apartness Orthogonally, interest in (qualitative) apartness of states has
been growing as an inductive counterpart to bisimilarity [GJ21]. Rather than
defining when states behave the same, apartness defines when there is some
observable difference between them. A reason for interest in apartness is its
inductive and potentially constructive nature. Indeed, this was the original
motivation, going back to the school of Brouwer [Hey66]. In the setting of
state-based systems, this means giving some (finite) evidence or witness for a
difference in behaviours. Think of, for example, a word which is accepted by
one state of a finite automaton but not another, or a difference in probability
of making a certain observation in probabilistic systems such as labelled
Markov chains or Markov decision processes.

As in the case of bisimilarity, we would like these notions to be as robust
as possible, making behavioural distances a clear area of interest. In the
quantitative setting, the dual of the existing coinductive proof methods allows
us to obtain lower bounds on distances between states, i.e., we can show
states to be at least a certain distance apart. This type of bound has recently
been explored in [Bal+23]. They define a measure of how much a candidate
for the least fixed point can be decreased. If no such decrease is possible, we
have a lower bound.

In this work, we take an alternative approach, based essentially on Kleene’s
chain construction of least fixed points [Kle52]. For the case of behavioural
distances, this starts from an order-preserving functional, say I" : PMety —
PMety, on the space of pseudometric spaces on a set X. To approach the
least fixed point uI” from below, we can start from the constant zero distance
1 and iteratively apply I giving the chain L < I'(L) < T'*(1) < .... Asis
noted in [Bal+23], fully applying I" iteratively in this way is not a desirable
means of obtaining bounds. Instead, we will develop an inductive derivation
system allowing the construction of lower bounds for chosen pairs of states.

However, simply translating the definition of the behavioural distance to
proof rules does not work; to obtain a usable derivation system we must
show that proof steps need only consider direct successors of the involved
states. This means that finite derivations can be constructed also for systems
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with infinite state space. We further reduce the work required for proofs, and
thus also the size of the derivations, by showing that recursive proofs are
only required for a subset of these successors.

The judgments proved in our system are of the form x #; y for x, y states
in a labelled Markov chain (LMC) and ¢ a rational in the interval [0, 1]. To
ensure a correct relation to the behavioural distance, we show two properties.
First, soundness: that if we can prove x #. y, then ¢ is a lower bound on
the behavioural distance between x and y. Second, a form of completeness
which we call approximate completeness. Usual completeness with respect
to the behavioural distance would state that any distance between states can
be proved in the derivation system. However, in the spirit of apartness, we
consider finite evidence, which can only witness finite approximations of
distances in general. We thus show that lower bounds can be derived with
arbitrarily small error with respect to the true distance.

Logics Evidence of differences in behaviour can also be given in the form of
formulas in some modal logic. This is closely related to Hennessy-Milner type
theorems, which show for a given logic that bisimilarity and logical equiva-
lence coincide. Such theorems have been shown for probabilistic bisimilarity
and a logic with a modality parameterised by rational probabilities [DEP98;
DEP02; FKP17]. Later, a quantitative analogue was shown by relating a real-
valued logic introduced in [Des+99] to behavioural distances [Bre+07]. The
most interesting part in the qualitative case is the inclusion of logical equiva-
lence in bisimilarity, also called expressiveness, which can dually be shown
by giving, for each pair of non-bisimilar states, a formula which distinguishes
them. Quantitatively, this means giving a formula for which the difference in
interpretations matches the behavioural distance as closely as possible.
This correspondence of behavioural distances and modal formulas has
been investigated for labelled Markov chains (LMCs) in [RB23]. In their termi-
nology, a construction is given of formulas “explaining” the distance between
states. Due to the chosen logic, and the possibility of infinite behaviours in
LMCs induced by loops, this can not be done exactly. Instead, it is shown that
for any finite approximation I':(L)(x, y) of the distance of states as in the
above chain, a formula can be constructed such that |[¢](x) — [¢]l()| (the
difference in interpretations on states x and y) is equal to the approximation.
We finish by relating our new derivation system to the work of [RB23] by
showing that for any derivation, a formula in the modal logic of op. cit. can
be constructed which witnesses the same bound. These witnessing formulas
are an improvement as they can be given for infinite state systems, and
they will be smaller in many examples. Further, for any formula a proof
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tree witnessing the same lower bound can be given whose depth will be
equal to the modal depth of the formula. For more fine-grained notions
of size counting the total number of steps in a derivation and number of
operators in a formula, the derivations will be larger in general, as they are
dependent on the system and thus contain more information. This is exactly
what facilitates the aforementioned improvements; we see the steps which
lead us to conclude a difference in behaviours which are otherwise somewhat
hidden in the semantics of the logic. Proofs also focus on pairs of states, so
that at each step we see which states of a system are being used to exhibit a
lower bound.

Contributions Summarising the contributions of the chapter:

« We define an inductive derivation system for lower bounds on be-
havioural distances in labelled Markov chains (Section 6.3)

« We show the soundness and approximate completeness of the system
with respect to the behavioural distance (Sections 6.3.1 and 6.3.2)

« We show a constructive correspondence between proofs in our system
and formulas of a modal logic (Sections 6.4 and 6.5)

We illustrate all of the above with examples, including a system with an
infinite state space which was not covered by this modal logic (Example 6.5.6).

Related Work The line of work focusing on proofs of apartness for state-
based systems was (re)started by Geuvers and Jacobs [GJ21], with further
work on the relation to distinguishing formulas in [Geu22]. A proof system
for an apartness notion dual to coalgebraic behavioural equivalence was
given in the previous chapter. The current chapter builds directly on these
works.

The coinductive proof principle in the context of behavioural distances
has been explored coalgebraically in, e.g., [Rut98; Bon+17; Bal+18; BKP23]. In
the greatest fixed point characterisation, the ordering is reversed compared
to the definition we use in the rest of this work. Coinduction thus leads
to upper bounds on distances under our definition. An approach focused
on bounding greatest fixed points from above (but which dually bounds
least fixed points from below as we will do) has more recently been given
in [Bal+23], as discussed above. There is however no construction given of
formulas demonstrating proved bounds.
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The construction of distinguishing formulas has also been studied in the
qualitative setting in, e.g., [MG23; MG24; KMS20; WMS22]. We discuss these
works further in Section 6.6.

A more general account of bounding distances from above is the area of
quantitative equational theories [MPP16], which has been applied to give
a calculus for upper bounds on distances in Markov chains [Bac+18] and
regular expressions [Roz24].

Notation We will write Dg(X) for the set of finitely-supported rational
distributions on the set X. These are maps u: X — [0,1] N Q such that
supp(u) 1= {x € X | u(x) # O} is finite and >, _, u(x) = 1. We may
also write such distributions as formal sums: 3} _. u(x)|x), with the |x)
(“ket”) notation taken from [Jac] and used simply to separate states and their
associated probabilities. It can also be thought of as indicating a sum of Dirac
distributions. From now on, we will write [0, 1] for [0,1] N Q.

We denote by PMety the set of pseudometric spaces on a set X i.e., pairs
(X,d) withd : X X X — [0,1] a pseudometric. We order the unit interval
with the usual ordering of the reals, and pseudometrics inherit this ordering
pointwise, so that d; < d, iff Vx,y € X.d;(x,y) < d,(x,y). The smallest
element 1 is thereby the constant zero distance. Further, for two pseudometric
spaces (X, dx) € PMety and (Y,dy) € PMety amap f : (X,dx) — (Y,dy)
will be assumed to be non-expansive (also called 1-Lipschitz, short, etc.), i.e.,
Vx,y € X.dy(f(x), f(y)) £ dx(x,y). The Euclidean distance is denoted
d,: [0,1] x[0,1] = [0,1].

In the interest of space, we write u - h for erX u(x)-h(x)whereu : X —
[0,1]g is a distribution and h: X — R is an arbitrary function. This is
motivated by viewing the distributions and functions as vectors indexed by
their common domain, so that the operation is the vector dot product. In the
sequel, we will often restrict h to maps into [0, 1]q.

6.2 Behavioural Distances on LMCs

We start with the definition of the type of system which we study in the
remainder of the chapter: labelled Markov chains.

Definition 6.2.1: A labelled Markov chain (LMC) consists of the following
data:

« a set of states X;

« a (non-empty) set of labels L;
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« a (finitely branching) probabilistic transition function 7 : X — Dg(X);
and

« alabelling functionl: X — L

<

Example 6.2.2: Let X = {x, x;,x,} and L = {a, b}. We represent the LMC
(X,L,t,1) with 7(x) = é |x;) + % |%5),7(x1) = 1]x1),7(x3) = 1|x,) and
I(x) =1(x;) = a,l(x;) = b as:

1 1

We use the notation X; a for a state x € X such that I(x) = a. Further, any
state with no outgoing edges is assumed to have a self-loop with probability
1. <

We now recall a definition of the behavioural distance (henceforth written
bd) of states in an LMC as the least fixed point of a functional based on
non-expansive maps. This distinguishes two cases: states having different
labels should be maximally far apart, so they have distance 1; the distance
of states with the same label is then defined recursively, and can be seen
as an optimisation problem. Intuition for the distance is most often given
in terms of its dual based on couplings under the Kantorovich-Rubinstein
duality. The distance between distributions can in that setting be seen as the
minimal cost of transporting one unit of mass from one distribution to the
other, with the cost of transporting m probability mass between states at
distance d being m - d. In a more general form (as discussed in [Vil+08]) the
distance below can be seen as the maximisation of profit, where we think
of buying from one distribution and selling to the other, with the maps h
representing buying/selling costs.

On small examples, these intuitions can often be used to determine the
distance by examination; on larger systems a solver for linear programs is
usually necessary. For this, the definition below can be transformed into a
rational linear program, as we use in the proof of Lemma 6.3.8. For further
discussions of these distances, see for example [Brel7; RB23]

Definition 6.2.3: For (X, L, 7,1) an LMC, and PMety the set of pseudometric
spaces on X, we define I' : PMety — PMety by

r@ey =1 if 1) # 1),
’ SUPL . (x,d)~([0,1],d,) 7(x)-h—1(y)-h, ow.
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Then we define bd := Ifp(I'). <

Note that the least fixed point exists, because PMety is a complete lattice,
and I" preserves the pointwise order on PMety.

Example 6.2.4: Consider the following LMC:

1 1 2 3
2 2 5 5

Note that bd(x;,y;) = bd(x,,y,) = 0 and bd(x;,y,) = bd(x,,y;) = 1,
which are the values given by I'(L). The value bd(x, y) is then I'>(L)(x, y)
for which it can be shown that the supremum is achieved by the map hy(z) =
if z € {x1,y;} then 1 else 0 so that:

(6.1) FZ(J_)(x, y) = sup T(X) -h— T(y) h
h': (X7F(J-))_’([Oal]7de)

(6.2) =1(x) - hg —7(y) - hg
(63) =(3:145:0)= (3143 0)= 1

. .1 .
In terms of transportation costs, this 75 can be seen as the cost of transporting

the % of mass from x; to y, which can not be transported to y; due to its
lack of capacity. Intuition based on profits is harder to give in this case, due
to the asymmetry of our definition. It is easier to obtain the 4 in this example
by seeing it as grouping the states into “equivalence” classes, spaced as far
apart as possible while respecting the distance on X (in this case I'(L)). «

It will be important for the correspondence results of later sections that
the behavioural distance can be obtained as a countable supremum, namely
the supremum over all finite applications of I" to the constant zero dis-
tance. A similar result for LMCs with non-determinism is shown already
in [Des+02, Sec. 3]. It can also be proved using the Kleene fixpoint theorem,
or w-(co)continuity of I" as shown in [Brel2].

Proposition 6.2.5: For any LMC (X, L, ,l) and x,y € X, we have

bd(x,y) = sup I'(L)(x, y) <

i<w
6.3 Proof System

In this section, we define our derivation system for lower bounds on be-
havioural distances between states of an LMC. The conclusion of the rules
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are of the form x #. y which, as our soundness result will show, implies
that bd(x,y) > ¢, i.e., the behavioural distance between x and y is at least
€. The definition of bd suggests two rules, one for each case. The label case
straightforwardly yields the rule

I(x) # I(y)

xH Y (lab)

In the supremum case, bd(x, y) can be bounded from below by 7(x)-h—1(y)-h
for any non-expansive map h by definition. However, it is not immediately
clear that this can be done inductively, as we can not assume bd to be known,
and thus cannot use it to choose a non-expansive h. Fortunately, as long
as the system is sound with respect to the behavioural distance, it suffices
to have a map h for which a kind of pairwise non-expansiveness holds: for
any x',y’ we have |h(x") — h(y")| < € for some ¢ such that we have proved
x" #.y'. Soundness then implies that |h(x") — h(y")| < € < bd(x',y") for all
x',y', which is exactly non-expansiveness of h with respect to bd.

Now, in proofs, we could allow arbitrary recursive proofs and require the
choice of a pairwise non-expansive map to correctly apply the rule. Alterna-
tively, we can choose to allow arbitrary maps. We are then required to prove
that for all x’,y" € X, |h(x") — h(y")| is a lower bound on the behavioural
distance. We can see the corresponding proof obligations X" # (x1)—n(yr)| V'
as those generated by a chosen map h. The first option fits with a forward
reasoning approach to constructing a proof; we prove some bounds and try
to find a fitting h. The second is a backward approach; if we wish to show a
bound x #, y, we must supply an & and recursively prove its validity.

We choose the latter approach, primarily because it makes the proof obli-
gations clearer, and we will be able to see when a choice of map is not valid.
Using the earlier form, a chosen h may be invalid because we have not proved
strong enough bounds, or because it is simply not non-expansive with respect
to bd. Such a rule can be written as follows:

h: X —[0,1] Vx,y €X. X' #pry-non Y TX)-h—t(y)-h>e¢
X H#ey

However, in this form, the rule does not give a usable derivation system.
Namely, in case an LMC has an infinite state space, there will be infinitely
many recursive proof obligations. We will ensure that this is always finite,
and even reduce the work required to construct proofs beyond this. Further,
the map h is so far real-valued. This poses a problem both for our approximate
completeness result, in which we need to be able to compute these maps, and
the construction from proofs to modal formulas whose interpretation will be
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rational-valued. Summarising, to remedy these issues, we adapt the above
rule in the following ways:

« we show that h need only be defined on a finite subset of the state
space thereby generating only finitely many proof obligations;

« we restrict the codomain of & to rationals;

+ we reduce the number of recursive proof obligations further by not
requiring proofs for those bounds which follow from reflexivity and
symmetry.

Together, this brings us to the following system:
Definition 6.3.1: Let (X,L,,l) be an LMC, x,y € X, and ¢ € [0,1]g.
Further, we define 8, ), 1= {s € X | 7(x)(s) # ©(y)(s)} and u - Sy h .=
Zsegx’y ,L[(S) : h(S)

Then, we define the following derivation rules:

I(x) # Ly)
X #O y (Zero) W (lab)
Y #Hex X #Hay e<¢
YH.y (symm) X#.y (weak)

h: Sx,y - [0, 1]@
2(6) 5., h—T0) -5, h > €
VX', € 8y h(x') > h(Y') = X #px)—n(y) V'
X #ey

(exp)

We may drop the subscripts x,y and § whenever clear from the context.
We write Jx for the set of proof trees inductively defined by these rules, i.e.,
the smallest set which contains all instances of the (zero) and (lab) rules for
X,y € X, and is closed under applications of all instances of (symm), (weak),
and (exp) for any x,y € X and ¢ € [0, 1]g.

Further, we write - x #. y to mean that the given judgment is provable,
i.e., there is a proof tree in Jx with the given judgment at the root. <

Note that we write conditions as premises in the rules rather than as
separate side-conditions in the definition for convenience. As suggested by
the definition of Jx, this makes both the (zero) and (lab) rules axioms. In
applications of the rules, we may also discuss the side-conditions separately,
in order to save space in the proof. Further, strictly speaking, (exp) is a family
of rules, indexed by the maps h.



128 CHAPTER 6. CONSTRUCTING WITNESSES FOR LOWER BOUNDS

As we show in Theorem 6.3.9, the label (lab) and expectation (exp) rules
together already yield a system which is (approximately) complete. For the
construction of a proof corresponding to a modal formula (Theorem 6.4.4),
we also require the additional weakening (weak) rule, essentially to handle
formulas using the shift operator (¢ © q, see Definition 6.4.1). To make our
proof system and its presentation more pleasant, we include the two further
(derivable) zero (zero) and symmetry (symm) rules. The three additional
rules ((weak), (zero), and (symm)) are inspired by those from quantitative
equational theories [MPP16].

Remark 6.3.2: Note that the restriction to § in (exp) means proofs, which
are finite depth by definition, will also be finite breadth even when the LMC
under consideration has an infinite state space. This is because {s € X |
7(x)(s) # ©(y)(s)} is a subset of supp(7(x)) U supp(7(y)), which is finite by
assumption. We will see later that this allows us to provide witnesses as both
finite proof trees and finite modal formulas. This improves on the earlier work
of [RB23] which restricts to finite state spaces. We illustrate this improvement
in Example 6.5.6, once we have shown soundness and completeness of the
proof system, and its correspondence with modal formulas. <

Example 6.3.3: We continue with the LMC from Example 6.2.4 and show
how we can prove the distance between x and y shown there as a lower
bound. Using the (lab) rule, the bounds u #; v can be proved for u € {x;,y;}
and v € {x,,y,}. This allows us to define hy: 8§ — [0,1]g as before by
ho(z) = if z € {x1,y;} then 1 else 0 and construct the following proof

Xy #1 X X, #1 Y2 Y1 #1x yi#1Y2
X#H1Y

10

which uses 7(x) - hy — t(y) - hg = %. <
Example 6.3.4: Our second example serves to illustrate a limitation of our
proof system, namely that the behavioural distance of states will not always
be exactly provable in our system. It would only be provable if we allowed
infinite depth proof trees. The LMC we consider is the same as the one
in [RB23, Thm. 17], which shows that there is an LMC containing states for

which it is not possible to give a single formula “explaining” their distance.
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As is discussed in op. cit., the distance bd(x,y) = 1 is reached only in the
limit, not by any I'/(L) and thus not by any single tree. Proving the bound
given by I''(1) (for i > 0) can be done using i — 1 applications of the (exp)
rule together with two applications each of the (lab) and (zero) rules. For
example, once we have proved x; #; u for u € {x, y}, we can take the map
hy: x,y+— 0,x; — 1 for which 7(x) - hg — ©(y) - hy = % and prove:

Xy #y X X #1y
x#1y
2

This step (plus an application of (symm)) allows the next application of (exp)

. . 1 . .
with a new non-expansive hy : x — e 0, x; — 1 (increasing the value

of the previous hg from 0 to i) yielding a bound of 2 Continuing to increase
the value of hy(x) in this way, we approach bd(x, y) from below. <

6.3.1 Soundness

We now move on to showing soundness of the system, i.e., that if we can
prove x #; y, then bd(x, y) > €. The (zero) rule is sound as our pseudometrics
are valued in [0, 1] and thus 0 is always a sound lower bound. Similarly, the
behavioural distance is symmetric, so that the order of states does not change
a lower bound’s validity. Our weakening rule is sound by transitivity of <.
Soundness of the label rule follows from the definition of I". This is similar
for the expectation rule, as we discussed at the beginning of this section. We
make the intuition given there precise in the coming results.

Due to our restriction of the domain of the map in the (exp) rule, we will
require the following lemma in the soundness proof:

Lemma 6.3.5: For (X,L,7,l) an LMC,d: X X X — [0, 1] a pseudometric
and x,y € X:

sup T(x)-h—1(y)-h = sup T(x)-sh—1(y)-sh
h: (X7d)_)([0’1]’de) h: (‘S’dLS)_)([O’l]’de)
where d|g = d o (1g X tg) with tg : 8 < X the inclusion map. <

Proof. We prove two inequalities:

<: This holds because any h : (X,d) — ([0, 1], d,) restricts to a map h|g =
hotg: (8,d|lg) — ([0,1],d,), and we can show that

T(x)-h—1(y) - h=1(x) s hls — 7(y) s hls



130 CHAPTER 6. CONSTRUCTING WITNESSES FOR LOWER BOUNDS

>: For this direction, we show that for any h : (8,d|g) = ([0, 1], d,), there
isan h': (X,d) — ([0,1],d,) such that

(X)W —1(y)-h' =1(x) s h—1(y) s h

We use an existing construction of extensions of non-expansive maps, to
extend h along the inclusion tg: 8§ & X. Namely, we define h'(x) :=
inf,cg h(z) @ d(x, z), where @ is truncated addition on the unit interval.
This is an extension in the sense that h’ o tg = h, so that the above equality
indeed holds. [

Remark 6.3.6: We can further restrict the space of possible maps h in the
above, by seeing the supremum as the optimal solution of a linear program as
follows. We encode functions h: 8§ — [0, 1] as (finite) vectors he [0,1]S!,
writing I’_l)x for the value of /1 at the position indexed by x € §. Then, each
inequality |h(x) — h(y)| < d(x,y) can be expressed by a - h < d(x,y) and
a - ]’_l) <d(x,y) withd, = l,c_iy =-1,d, = —l,c_i;, = 1 (and all other entries
zero). We can enforce 0 < I:{x < 1 similarly. We are thus interested in the
problem of maximising 7(x) - h — 7(y) - h (a linear expression) subject to the
constraints expressed by A - h < b for an integer matrix A and vector b.

The feasible region of this problem is a polytope, which we call H,‘C{y. It
is convex and closed due to the shape of the constraints, and bounded due
to the restriction to the unit interval. It is furthermore non-empty as any
constant map valued in [0, 1] lies within it. It is known (see, e.g., [Tru71])
that for such a feasible region, the optimal value is achieved in the vertices
of the polytope, which we denote by V(H)‘?,y). Then we can write

sup (x)-h—1t(y)-h= max 7(x)-sh—1(y)-sh
h: (X,d)—([0,1],de) heV (HS )

The supremum becomes a maximum because finitely many linear inequalities
define a polytope with finitely many vertices.

Obtaining a map h in which the supremum is achieved can thus be done
using an algorithm such as simplex. We will apply this recursively for d =
I'(1) (the finite approximants of bd), to construct proof trees in our proof
of approximate completeness in the next section. <

We are now able to show (by structural induction) that any proof in our
system yields a lower bound on bd.

Theorem 6.3.7 (Soundness): For any LMC (X, L, 7, l), any proof tree built
from the rules of Definition 6.3.1, any € € [0,1]g, and any x,y € X, if the
proof tree has x #. y at the root, then bd(x,y) > . <
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Proof. We proceed by induction on the structure of the proof tree.
Case (zero): By its definition, bd takes values in [0, 1], so that bd(x,y) > 0
holds.

Case (label): We have a proof tree

I(x) # 1(y)
X#y

By definition of I', we must have bd(x, y) = 1, so that indeed bd(x, y) > 1.
Case (symm): We have a proof tree

y#Hex
x #ey

By induction, we have bd(y,x) > ¢, but bd is symmetric, so that also
bd(x,y) > ¢.
Case (weak): We have a proof tree

!

X H#He y eLe
x#H:y

By induction, we have bd(x,y) > ¢’ > ¢.
Case (exp): We have a proof tree

h:8—[0,1]g
7(x)-h—1(y)-h>e¢
VX', y € 8.h(X') > h(y') => X' #nixy—n(yy V'
X #.y

(exp)

By induction, we have for all X', y" € 8§ with h(x") > h(y") that bd(x',y") >
|h(x") — h(y")]. For x",y" € 8§ with h(x") < h(y"), we have bd(x',y") =
bd(y',x") > |h(Y') — h(x")| = |h(x") — h(}')|. For the remaining pairs,
|h(x") — h(y")| = 0 < bd(x',y"). In other words, h: § — [0,1]g is a non-
expansive map h : (8,bd) — ([0,1]g, d,). As bd is defined as the least fixed
point of I', we have

bd(x, y) = I'(bd)(x, )
_ {1’ if 1(x) # 1(y),

SUPL - (x hd)—([0.1].d,) (x)-h—1t(y)-h, ow.

In case I(x) # I(y), we have bd(x,y) =1 > ¢.
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In the remaining case, we have

(6.4) bd(x, y) = sup 7(x) -k —1(y) -k
k: (X,bd)—([0,1],d.)

(6.5) = sup w(x)-sh—7(y)-sh
h: (8,d|s)—([0,1],de)

(6.6) >21(x)-h—1(y)-h>e¢

where the second equality is shown in Lemma 6.3.5 and the first inequality
holds because & is one of the non-expansive maps ranged over in the sup.
This covers all cases, so soundness follows by induction. (]

6.3.2 Approximate Completeness

The rest of this section is dedicated to proving the approximate completeness
of the system. This will show that we can prove lower bounds arbitrarily
close to the “true” value given by bd. Our proof relies on the fact that we
can get arbitrarily close to bd with its finite approximants I'"(L), and the
following lemma, that shows how we can construct proofs exhibiting these
finite approximants as lower bounds on the behavioural distance.

Lemma 6.3.8: Forany i € Nand x,y € X, we have = X #pi(1yx,)) V. <

Proof (by induction on i). We strengthen the induction by showing that the

I''(1)(x,y) are always rational. For the base case, we have I'°(L)(x,y) =

1(x,y) = 0 which is rational, and we can prove x #, y using the (zero) rule.
Now let i € N, and suppose for any x,y € X that:

1. we can prove X #ri(1y(x,y) ¥
2. T''(L)(x,y) is rational.
We have
(L), y)
= I(I'(L))(x, )

1 if 1(x) # 1(y),
SUP, . (x,ri(L)~([01]d) TX) h =70 - h. 0w

If I(x) # I(y), we can prove x #; y using the (lab) rule. Otherwise, by
Lemma 6.3.5, we have

(6.7) sup (x)-h—1(y)-h
h: (X’Fl(l))_)([oal]’de)
(6.8) = sup (x) sh—1(y)-sh

h: (S’FI(J-)LS)_)([O’l]’de)
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As explained in Remark 6.3.6, we can find an optimal h by solving a linear
program. This will in particular be a map hy : (8,I'(L)|s) = ([0,1]q,d,)
(note the restriction to rationals) because all the coefficients in the problem
are rational, by induction. We thus have

_ sup 7(x) s h—1(y) s h =1(x) -s ho = 7(¥) s ho
h: (‘S’Fl(l)ls)_)([o’l]’de)

which is rational, because the transition probabilities given by 7(x) and 7(y)
are also rational. We can now construct the following proof

7(x)-ho—1(y) - ho 2 €
vx',y' € S. ho(x’) > ho(y,) = X' #ho(x’)—ho(y’) Y
X #ey

in which recursive proofs are given by induction, and the above equality
together with the definition of the approximants I'"(_L) allows us to choose
g :=T*(L)(x, ). n

We see that completeness in this sense only requires the use of the (zero),
(lab), and (exp) rules. In fact, it can be shown for only the latter two, with the
(zero) rule being essentially an instance of the (exp) rule where the map h is
taken to be constant. The approximate completeness of the system is now a
simple consequence of Lemma 6.3.8 and Proposition 6.2.5, with no further
applications of the rules needed.

Theorem 6.3.9 (Approximate Completeness): For any (real) § > 0, and
any X,y € X there is a proof tree with x #, y at the root, so that 0 <
bd(x,y) —e < 6. <

Proof. LetS > 0.By Proposition 6.2.5, we have bd(x, y) = sup; _,, ri(L)(x,y),
so there exists i € N such that

0 < bd(x,y) = I'(L)(x,y) <&

Lemma 6.3.8 exactly gives us a proof of X #pi(})(x,,) ¥, and we are done. =

6.4 Logic

The previous sections have given us a way to inductively derive lower bounds
on the behavioural distance between states of an LMC, and shown sound-
ness and approximate completeness of the proof system with respect to the
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behavioural distance bd. In this sense, the system gives finite evidence or
witnesses for (lower bounds on) behavioural distances.

Another approach to giving such evidence is to construct formulas in
some logic which, in the terminology of [RB23], “explain” the difference.
Ideally, given states X,y € X, this would be a formula ¢ such that |[¢]|(x) —
[ell(y)] = bd(x,y), i.e., the difference in interpretations of ¢ on the states
is exactly equal to their behavioural distance. However, as is shown in op.
cit., such a formula can not be given in general (cf. Example 6.3.4). Instead,
a construction is given of formulas corresponding to finite approximations
of bd. In our notation, these are formulas ¢ such that |[¢]|(x) — [e]l(¥)| =
I'(1)(x,y) (for some i € N). As discussed in Section 6.2, bd can be obtained
as the countable limit of these approximations, so that the construction
of [RB23] gives formulas explaining the behavioural distance of states up to
an arbitrarily small error.

In this section, we give analogous constructions between proofs and for-
mulas in the same logic used to characterise the behavioural distance bd
in [RB23]. We start by recalling this logic and its interpretation on LMCs.
Its semantics is given in terms of a real-valued interpretation function (first
suggested in [Koz85]) and is a slight variation of the logic studied in relation
to behavioural distances in [Des+04]. We then move onto the related con-
structions, the first of which is a straightforward inductive construction of
a proof that the distance |[¢]l(x) — [¢]l(y)| is a lower bound. The second,
again inductively, constructs a formula witnessing some proved lower bound.
This is based on constructions in [RB23] and relies on a non-trivial lemma in
the case where the distance of states arises from the supremum case in the
definition of I'.

Definition 6.4.1: Define the syntax of the logic £ by the following grammar:

(6.9) pii=alOp|pleOqleve

where a € L and q € [0, 1]g. Further, given an LMC (X, L, 7, ), the quanti-
tative semantics of £ is given by the equations

el =1 iofvlf‘) =% e 0 ql() = max(O, [¢](x) - )
[02l() = 7 - [] o v $1(e) = max([@lCo. [¥1()

[-ell(x) =1 - [[ell(x)

which define the interpretation function [[-]| : £ — X — [0, 1]g recursively.
<
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Remark 6.4.2: From the connectives in the logic £, it is possible to define
alsoANand @ asp AP 1= (@ V1Y) and ¢ @ q := (¢ © q), which
then have the expected semantics. We also write false for the formula a & 1
whose interpretation is everywhere zero. <
Example 6.4.3: Consider the LMC from Example 6.3.4, and the formulas
¢; := O'bfori € N. We can show that [[¢;][(x;) = 1 for any i, so that

. i
loill(x) = Z;zl (%) , while [@;[I(y) = 0. The formula ¢; captures the
probability of reaching a state with label b after i steps. <

The logic and its interpretation induce new distances between states,
namely the difference in interpretations |[@]l(x) — [¢]|(¥)|. Our first corre-

spondence result shows that this distance can be shown to be a lower bound
on bd(x,y) by a proof in our system.

Theorem 6.4.4: For any LMC (X, L, 7,1), formulagp € £,and x,y € X, there
exists a proof tree with x #; y as its root, where € = [[[@]|(x) — [@ll(})]. <«

Proof (by induction on the structure of ¢). We write T (), x, y) for the proof
tree constructed for a formula 3 and states x, y.
Case ¢ = a: We have ¢ = 0 or € = 1 with the following proofs:

I(x) # I(y)
XHy

Case ¢ = 71¢: We have [[][(x) - [@l()] = [[$1(x) - [$11(»)] so simply
let 7(p, x,y) = T (%, x, y).

Case ¢ = Y © q: In this case we will have |[9](x) — [©]1)] < [[ell(x)—
[#ll(¥)] (truncation may give an inequality) so that we have

X # [0l -Tel )| Y P10 = [N < [Tell(x) — [elO)I
X #|[glo-Twl)] Y

(zero) (lab)

x#oy

(weak)

Case ¢ = ¢; V ¢,: We have

(6.10) e =le1 vV @ll(x) = [e1 V 1)
(6.11) = | max([[¢; (), [@211(x)) — max([[e1 [(¥), [@211())I
(6.12) < max(|[[e1 1(x) = [ 11 [Te201(x) = [e2 (D

so that we take J (¢, X, y) to be

‘T(qoi’x’y) ESE’
x#.y (weak)

with @; the formula yielding the above maximum, which we have called €.
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Case ¢ = Q: Here, we have ¢ = |7(x)-[[]| —7(¥)- [¥ ]| and by induction,
we have for all x',y" € 8§ with [[{]|(x") > [¢]I(}") trees T (¥, x",y"). Now
we must distinguish two cases. If 7(x) - [{]] > () - [[¥]], we take h = [[]l|s

and construct

[¥llls: 8§ = [0,1]g

e=1(x) [Pl -7 - Ml {T@.x",y") | h(x") > h(y")}
X H#ey

(exp)

Otherwise, we take h = [19]|s, and have

[=#llls: & = [0,1]q

e=1(0)- [l -¢) -9  {T@x".y) | h(x") > h(y")}
X #ey

(exp)
Note that

6.13)  7(x) - [~9] -7 - [l = @ — 7(0) - [$]) — A — =(») - [$1]D

(6.14) =7(y) - [91 — 7(x) - [#]]
Under the assumption that 7(y) - [9]] > 7(x) - [¢], this equals €. This
completes the construction. m

Remark 6.4.5: The depth of the constructed proof matches the modal depth
of the formula, i.e., the maximum number of nested O modalities. In this
sense, the proof does not grow unexpectedly compared to the formula we
start with. Due to the branching in the (exp) rule, the number of rules we
apply will be larger than the number of operators in a given formula in
general. For an example, recall the LMC from Example 6.2.4, and consider the
formula Oa. This has just two operators, but the proof generated by the above
procedure will contain five recursive proof obligations generated by [Oal]l
in the application of (exp), each requiring at least one rule application.  «

6.5 Constructing formulas from proofs

To complete the correspondence between proofs and modal formulas, in this
section we provide a construction going from a proof of x #; y, to a formula
@ such that [[@]l(x) — [@]l(y)| = €. In fact, we construct formulas whose
interpretation on X is equal to the lower bound, and whose interpretation on
Yy is zero. This is required for our recursive construction.

Our construction is inspired by that of [RB23], which relies on the following
lemma:
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Lemma 6.5.1: Let f: X — [0,1]. If for any x,y € X, we have a function
8xy: X — [0, 1] such that gxy(x) = f(x) and gxy(y) = f(y) then f =
max, miny, gyy, = min, maxy gyy. <

A proof of a more general (continuous) version of this result can be found
in [Ash72, Lemma A7.2], where it is used in the proof of the Stone-Weierstrass
Theorem.

The usefulness of this lemma is perhaps not very intuitive; the idea is that
given an application of the (exp) rule, we may recursively assume formulas
@'y capturing the distance between successor states x', ', i.e., @y (X)) =
h(x")=h(y") and ¢,,(y") = 0. We thus have formulas whose interpretations
match the function &, but only for pairs of states, so that a lemma similar to
the above is required to combine them into a single formula.

Note that, due to the form of our (exp) rule, we can not assume in an
inductive proof that formulas are given for all successors; only those x', )’
for which h(x") > h(y'). It is possible to recover all other pairs using the
(zero) and (symm) rules, but we wish to keep the formulas as small as we can.
For this, we prove the following stronger version of Lemma 6.5.1.

Lemma 6.5.2: Let f: X — [0,1].If for any x,y € X such that f(x) > f(y),
we have a function gy, : X — [0, 1] such that:

1) &xy(x) = f().
() 8y = f),
(3) Vz € X. gxy(2) > f(¥),
(4) Vz € X. gxx(2) = f(X),
then f = max, miny. f(x)s () &xy- «

Proof. We first define

8xy if f(x) > f(y)

. kyy =
(615 A PR T

Note that these k) satisfy the conditions of Lemma 6.5.1 so that f =
max, miny, Ky,,. It thus suffices to prove that

6.16 maxmlnk = max
(6.16) y Yk yf(x)>f(y)g

We prove this by proving two inequalities.
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<: Consider the inequality and simplify as follows:

Vz € X. max min k,(z) < max 8xy(2)
x oy

x oy f( )>f(y)

— Vze X.Yu, € X.mink z) < max
! y y(2) x y:f(X)>f(y)

< Vz € X.Vu; € X.Juz € X. mink, ,(z) <
y

gxy(z)

y: Flus)> 0y )g”3y( 2)

< VzeX.Vu, € X.3uz; € X.Vuy € X.[f(u3) > f(uy)

—= Vz e X. Vul e X. 3“.3 (S X.VU4 e X. [f(u3) > f(U4)
= 3“’2 € X kuluz(z) S gu3u4(z)]

So, let z,u; € X and take uy = z. Further, let u, € X such that f(u3) >
f(uy) and take u, = z. Then

kuluz(z) = kulz(z) = f(Z)
gu3u4(z) = gzu4(z) = f(2)

This first inequality thus holds.

>: Consider the inequality and simplify as follows:

Vz € X. maxminky,,(z) > max 8xy(2)
X y

x oy f( )>f(y)

< Vz € X.Vu; € X. maxmink,,(z) > 8usy(2)
x oy

yif (us)Zf (6]

< Vz € X.Vu; € X. Ju; € X.mink, ,(z) > 8usy(2)
y

min

y:fus)zf(»)

SVzeX Vu;eX. Ju, e X.Vu, € X. k z) > min z
3 1 2 uluz( ) y:f(u3)2f(y)gu3y( )

= VzeX.Vu; € X.3u; € X.Vu, € X.Juy € X. f(us) > f(ug) A

kuluz(z) Z gu3u4(z)-

So, we let z, u; € X and take u; = uz. Now let u, € X. We distinguish
two further cases:

f(uy) > f(us): Here we take uy = u3 and have

@) )
kuluz(z) = ku3u2(z) = gu2u3(z) > f(us) = gu3u3(z) = gu3u4(z)
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f(uy) < f(uz): Here we take uy = u, and see that

kuluz(z) = ku3u2(z) = gu3u2(z) = gu3u4(z)
This concludes the case distinctions. m

The proofis a little involved and not very informative, however it allows
us to construct (potentially) smaller formulas witnessing distances as com-
pared to [RB23]. This is because we do not require formulas distinguishing
all pairs of reachable states in the construction of the next theorem. We
discuss the improvement in size at the end of this section, and illustrate it in
Examples 6.5.5 and 6.5.6.

Theorem 6.5.3: For any LMC (X, L, 7,[), any ¢ € [0,1]g, and any X,y € X,
if we have a proof of x #, y using the rules of Definition 6.3.1, then there is
a formula ¢, € £ such that [, [|(x) = € and [, [I(y) = 0. <

Note that we abuse notation, and use x #; y to refer to both a judgment
in a proof, and a proof tree with this judgment at the root.

Proof. This is by induction on the structure of the proof.

Case (zero): In this case we take ¢,,, = false. We have [[¢,,]|(z) = 0 for
any z € X, yielding the desired interpretations.

Case (lab): Here, we take @), = I(x). We must have [[I(x)[|(y) = 0 as
I(x) # I(y), so that the interpretations are as required.

Case (symm): The induction hypothesis gives a formula ¢,,. Taking
Pxy = T Pyx © (1 —¢), we have [[qoxy]](x) =(1- [[goyx]](x)) O(l-¢)=c¢
and [[qoxy]](y) =(1- [[goyx]](y)) © (1 —¢) = 0 as desired.

Case (weak): The induction hypothesis here gives ¢}, with [[¢}, [|(x) = €’
and [[¢y]l(y) = 0 and &’ > ¢. This means we can take ¢, = ¢}, © (&' —¢)
and have [[¢,,[[(x) =&’ © (€' —¢) = e and [[p,, |(y) =0 — (' —¢) = 0.

Case (exp): Suppose we have a proof of the form

h:8—1[0,1]g
(x)-h—t(y)-h>¢
VX', y' € 8.h(x') > h(y') => X' #nie—n(yy ¥
X H#ey

By induction, we have formulas ¢,y such that [[¢,,/[|(x") = h(x") — h(y")
and [[@,/ [I(y) = 0 for all X', y" € 8 with h(x") > h(y’). For those x',y’
such that h(x") = h(y’) we define ¢,/,, := false (any formula which is
everywhere zero can be used). Using these we construct, for x’, y’ such that
h(x") > h(y"), the formulas d)i‘,y, 1= @y @ h(Y).
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We now claim that the interpretations [[z,bi’,y,]] satisfy the conditions of
Lemma 6.5.2, so that the construction there allows us to define a formula
whose interpretation is exactly h. The first two conditions clearly hold. For
the third, note that [[¢,s,/[|(z) > 0 for any z, so that indeed

(6.17) ¥,/ 1(2) = [Py 1(2) ® h(y') 2 0@ h(y') = h(y")

For the fourth, we see that for any z € X:

(6.18) [ 1(2) = [[false ® h(x)](z) = h(x")

We now define

(6.19) qoﬁy = \/ H /\ l,bfc‘,y,] A (false @ h(x’))]
" LLy th(x")>h(y")

This has the same interpretation as \/ because for

2 Ny Yoy
pairs (x’,y") with h(x") = h(y"), the formula l,bi‘,y, will be equal to false @
h(x") by definition. Note also that these formulas are finite, as we quantify
over 8. Thus letting ¢, := Ogoféy O (7(y) - h), yields a (finitary) formula

with the desired property. (]

One may wonder why we have constructed the formulas goféy as a disjunc-
tion over a conjunction, and not vice versa. It turns out that this order matters
in the case of our (exp) rule, as the following example shows.

Example 6.5.4: Consider the following LMC:

1 1 1 1
‘2.2‘ .2.2.

For this example, we can prove the bound y, #1 X, using the (exp) rule and
the map h(x) = if x = x; then 0 else 1: ’
1) #Uxy) 1) #1Uxy)  Uy2) # 10x)
(6.20) X #1 % 1 #1x Y2 #1 %
Xo #1 Yo
2

Constructing the 3, y for only the pairs occurring in recursive proofs yields

(6.21) W, =b®0 P =cBO P}, =bSO
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We may now try to construct goféy as /\ ;. In the example,

x’ \/y:h(x)zh(y) 1’053/)’
this gives qoféoyo = (bDO)A(cDO)A(bDO) = false, i.e., the interpretation is
zero everywhere thereby not matching the map h. Applying the construction
of Theorem 6.5.3 instead gives gofcloyo =be0)vcado)Vvbao) =
(b 0) V (c & 0), whose interpretation does match h. This also shows that
we can not interchange the max and min in Lemma 6.5.2. <

Size of constructed formulas As discussed in the introduction, our
constructions together yield an algorithm going from an approximation
I''(1)(x, y) of the behavioural distance of states, via a proof tree, to a formula
®xy- This is an alternative to the construction given as an algorithm in [RB23,
Sec. 7]. In the worst case, this procedure will yield formulas whose size is
exponential in the number of states of the corresponding LMC and the depth
i of the approximation. We thus achieve the same asymptotic size complexity
as the construction of op. cit., however there are large classes of examples
for which the optimisations in our proof system lead to smaller formulas
(when counting the number of operators). The first example, taken from op.
cit., will show a notable improvement in size, and will allow us to discuss the
shapes of LMCs leading to these improvements. Our final example applies to
an LMC modelling random walks on the natural numbers. This is an infinite
state example, which we are still able to capture as it is finitely branching.

Example 6.5.5: We will compare the size of formulas obtained via our
construction with those obtained in an example of [RB23, Sec. 5]. The LMC
involved can be represented as follows:

1 1
2
1
2 1

It can be computed that I'3(L)(xg,y) = %. The construction applied in

8

3
8

—

Theorem 6.3.9 gives the map hgy : xq,y; = 0,X,,y, +— 1 for which 7(x;) -
ho — t(yo) - hg = é so that we have:

Xy #1 X Xy #101 Y2 #1 X1 Y2 #1 )1
Xo #1 Yo
8
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The recursive lower bounds, given by I 2(1), all have the same proof tree,
up to renaming of states. For x, #; y;, we get hy : x4 — 1,3 — 0 giving
T(X4) . ho - T(y3) . ho =1so that:

X4 #1 Y3
X, #11

The formulas generated from such proofs are

(6'22) §0xe1 = qoxz)’l = gDJ’le = §0y2y1 =
O[[(a®0) A (false ® 1)] v [(false ® 0)]] © 0

Putting everything together, the formula ¢, ), is

(6.23) Pxoyo = O[[(qoxle ®0)A (goxzyl © 0) A (false & 1)]v

[(@y,x, D O) A (@y,y, D 0) A (false @ 1)]V

[(false @ 0)] V [(false @ 0)]] © %

This has 8 recursive subformulas compared to the 100 occurring in the formula
constructed in [RB23] and could all be written out within around 5 lines.
Clearly, the formula is still not minimal; it can be simplified to O(Oa)) ©
2. This is because we can cancel conjunctions with false @ 1 (which is
everywhere 1) and disjunctions with false @ 0 (which is everywhere 0). All
recursive formulas are thus equivalent to Oa, and cancelling further yields
the given formula. However, even without this simplification, we see a clear
improvement in size. <

The main features which allow us to achieve such an improvement in
the size of formulas witnessing lower bounds are: the number of states
reachable at each step being less than the size of the entire state space; and
those successors having non-zero behavioural distance so that the map h
takes many different values. The combination of restricting to supports and
omitting symmetric pairs from the recursive proof obligations in the (exp)
rule, gives smaller proofs in these cases, which in turn are transformed into
smaller formulas.

Example 6.5.6: We finish with an infinite state example based on ran-
dom walks on the natural numbers. We model this as an LMC with state
space N and transitions 7(n) = % In—1)+ % [n+ 1) for n > 0 and 7(0) =
1 - |0). Further, we have labels {a, b} and labelling function I(n) = if n =
0 then b else a.
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States n < m can clearly be distinguished by the probability to reach the
state O with unique label b in n steps. In fact, this turns out to completely

determine the distance between states. For example, I°(1)(4,6) = 2%. This
corresponds to the interpretation of the formula O*b on these states. In
general, we have for n < mandi > n, I''(L)(n,m) = zin We will show the

proof constructed for one such bound, as well as the formula constructed
from this.

We have I'3(1)(2,3) = i which can be proved as a lower bound using the
m@hﬂlHi3HQ2HQ4HOﬁN@Mﬂ@y%—d$Jm=i%
follows

1#

2

2 1#13 1#14
2

N =

2#13
1

The recursive proofs are all essentially the same; we show only the one for
1 #1 2, which uses the map hy: 0 » 1,2 » 0,1 = 0,3 +— 0 yielding

2

(1) - hy—1(2) - hy = % and

0#;1 0#;2 0#;3
1#12

2

For these recursive proofs, the corresponding formulas are

(6.24) @1, = P13 =p14 = O[[(bDO) A (b D 0) A(bD 0) A (false ® 1)]V
[false @ 0] Vv [false @ 0] V [false © 0]] © 0

From these, we obtain

(6.25) 93 =0 [ [(9012 D O)A (P13 D 0)A (P14 D 0) A (false ® %)] v
[false @ 0] Vv [false @ 0] V [false ® 0]] © 0

This can be simplified to O[ObA(false® %)] which is not equivalent to OOb,

but does have the required property, namely that |[@3]1(2) — [@231(3)] = i.
We thus obtain evidence for differences in the behaviour of states even in a
system with an infinite state space. <
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6.6 Conclusion

We have given a derivation system for lower bounds on behavioural distances
between states in labelled Markov chains, with proofs of soundness and
approximate completeness with respect to a least fixed point definition of the
behavioural distance. The choice of the definition based on non-expansive
maps was made specifically to allow the definition of a proof system, with the
commonly used alternative definition based on couplings not immediately
yielding a proof principle for lower bounds. The definitions are equivalent,
by Kantorovich-Rubinstein duality [KR58]. This duality arises more generally
when defining equivalences and their apartness counterparts via liftings, as
was noted in the previous chapter. We further showed a close correspondence
between proofs in our system and formulas in a modal logic, and compared
this to the constructions in [RB23] going between finite approximations of
distances and formulas in the same logic. We see quite some avenues for
future work, and sketch some of them here.

Definitions of behavioural distances have been given for a variety of
other system types, both metric and probabilistic, e.g., for Metric LTSs
in [Bre05]; and Markov decision processes with finite [FPP04] and infinite
state spaces [FPP05]. A natural extension would be to generalise our results in
case we change the system type while keeping a similar definition of distance
between distributions; however we may also consider adapted notions of
distance, such as the total variation distance studied for LMCs in [CK14]
or the MICo distance on MDPs [Cas+21]. Further statistical metrics/diver-
gences such as the Lévy-Prokhorov metric [Pro56] or Kullback-Leibler diver-
gence [KL51] may also be of interest. The former has recently [DS26] been
shown to define a functional on pseudometric spaces, whose greatest fixed
point is the e-distance [DLT08].

A more general option would be to use the definition of codensity lift-
ing [KSU18; Spr+21] and its suitability for capturing quantitative notions of
equivalence to provide a sound and complete derivation system for many
of these systems at once. The existing work on corresponding expressive
logics [Kom+21] then gives us a starting point for providing a general version
of the construction in Section 6.5. Another approach in the same vein is to
use the theory of Kantorovich functors developed in [Gon+23], used to obtain
characteristic logics also in the quantitative setting.

We would also like to investigate the connection to strategies in quan-
titative bisimulation games studied in [KM18; Vla+25] and developed for
codensity bisimulations in [Kom+22].

In all these cases, the efficient computation of proofs and distinguishing for-
mulas would be an interesting extension. There are a number of works in the
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qualitative setting (beyond the already discussed [RB23]) which could provide
inspiration. For LTSs and branching bisimulation, computing (minimal) dis-
tinguishing formulas has been investigated by Martens and Groote [MG23;
MG24]. Kénig, Mika-Michalski and Schréder use coalgebraic techniques
to develop algorithms for computing strategies in bisimulation games and
transforming these into distinguishing formulas [KMS20]. Wifimann, Milius
and Schroder give a coalgebraic algorithm related to partition refinement
which constructs modal formulas characterising behavioural equivalence
classes [WMS22].

An alternative approach to improving the robustness of probabilistic bisim-
ilarity, are approximate bisimulations, such as: e-bisimilarity [DLT08]; -
APB [DAK12]; and e-lumpability [Buc94]. These are often close to existing
qualitative definitions, with some degree of error introduced. For a recent
overview, and extension to weak and branching bisimulation, see [Spo+24].
It would be interesting to further compare these approximate notions to
distances, as has been done for e-bisimilarity in [DS26], and relate them to
proofs and logics.






Part Il

Coda

147






CHAPTER

Conclusions

N THE FIRST PART OF THIS THESIS, we have seen how the effect on

behaviours of constructions on coalgebras can be analysed in terms of

their transportation of coinductive predicates. Our starting point was
two coalgebraic generalisations of automata constructions: determinisation
of probabilistic automata; and ultrafilter extensions. These are both based
on composing liftings of adjoint functors to categories of coalgebras, first
adding algebraic/topological structure, and then forgetting it.

Such liftings are outside the scope of earlier work, as they are not induced
by the distributive laws assumed there. Instead, in Chapter 3, we considered
liftings induced by what we called invertible steps. In the examples of deter-
minisation and ultrafilter extensions, these arose from weak distributive laws
and the corresponding weak liftings.

The other main ingredient of our analysis, is the lifting of the adjoint func-
tors underlying the coalgebraic constructions to fibrations. By relating the
liftings to coalgebras and fibrations via inequalities, we obtained conditions
for the preservation and reflection of (co)inductive invariants and predicates.
The applicability of these conditions was shown by:

- proving that forgetting algebraic structure on coalgebras, as is done in
the second stage of coalgebraic constructions of determinised automata
and ultrafilter extensions, preserves and reflects bisimilarity/coalge-
braic behavioural equivalence;

« recovering results relating bisimulations on Kripke frames and Vi-
etoris frames, including that they coincide after forgetting topological
structure;

149
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In Chapter 4, we generalised our approach further, by considering the
liftings of left and right adjoints separately. The invertible steps we assumed
in the previous chapter, required the forward and backward steps to be
each other’s one-sided inverses. Steps coming from weak liftings satisfy this
requirement, but one account of the determinisation of probabilistic automata
already gives an example where it can not be guaranteed. That approach
instead assumes a lax lifting, induced by a step which may not have a natural
inverse. Our generalised conditions allowed us to show preservation and
reflection of bisimilarity also in this setting.

The generality of these new conditions also allowed applications to the
dual adjunction-based setting of coalgebraic modal logic. There, the seman-
tics of modal formulas are given by only a forward step. Our conditions
involving only these types of step instantiate to relations between bisimi-
larity and logical equivalence capturing adequacy and expressivity of the
logic. Alternatively, our conditions can be used to relate apartness and the
existence of distinguishing formulas to give a dual view of adequacy and
expressivity.

In the second part of this thesis, we further investigated apartness as a no-
tion of distinguishability of behaviours. To facilitate the inductive derivation
of differences in behaviour of systems involving probabilistic transitions, we
dualised the definition of precongruences due to Aczel and Mendler [AM89].
This yielded an opposite notion to coalgebraic behavioural equivalence,
which, in contrast to an earlier definition, could be proved in probabilistic
systems by providing finite evidence. To avoid a restriction to systems with
finite state spaces, we further showed that attention can be restricted to one-
step-reachable states. The correspondence with our definition of behavioural
apartness was guaranteed by proofs of soundness and completeness.

Continuing the development of means for distinguishing behaviours of
probabilistic systems, we then moved to a form of apartness arising from
behavioural distances. We showed that an existing definition of behavioural
distance involving a non-expansive-map-based lifting, allows for finite proofs
of lower bounds on the distance between states. The correspondence with
the definition of behavioural distance was more subtle than the case of two-
valued behavioural apartness. Soundness is as expected, but we can not
show “true” completeness: there are systems in which the distance of states
can not be proved exactly in a finite number of steps. Instead, we showed
approximate completeness: that we can prove bounds arbitrarily close to
the true value. Finally, we showed a constructive correspondence between
proofs and formulas of a rational-valued modal logic, used in earlier work for
“explanations” of behavioural distances [RB23], leading to smaller formulas
in classes of examples.
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Connections and Future Work

Though we have presented this thesis in two parts, each aims to understand
the behaviour of systems which can be modelled by coalgebras. At a more
technical level, the connections between the parts and chapters have become
clearer during the work of this thesis. We sketch the relations here, allowing
us to formulate some open questions we hope will be revisited in the future.

As already discussed with respect to our definition of behavioural apartness,
and alluded to for the derivation system for lower bounds, both can be
viewed via liftings to fibrations. The comparison of apartness and existence
of distinguishing formulas, as we did for a specific modal logic in Chapter 4,
should then be generalisable to these new notions. One interesting question
is then if we can say something constructive about these comparisons. For
instance, can we extract procedures for building distinguishing formulas
directly from the fibrational theory? A missing ingredient for this seems to
be a fibrational definition of apartness proofs, which should be related to the
existing definitions of modal formulas and their semantics.

An alternative approach to a more general view of distinguishability in
coalgebras may be given by codensity lifting [KSU18]. Its general suitability
for quantitative applications [Spr+21; Kom+21] warrant further study related
to the results of this thesis.

On the one hand, it would be interesting to apply our conditions of Chap-
ters 3 and 4 to codensity liftings. This requires a definition of codensity
lifting of functors between different categories, analogous to the predicate,
relation, and quotient liftings used in Chapter 4. Such a generalisation has
recently been given in [Kor+24]. Also related is the “transfer of codensity
bisimilarity” result provided by Komorida et al. in [Kom+22]. This relates
codensity bisimilarity for codensity liftings of a single endofunctor to two
different fibrations via a functor between the fibrations, already in a similar
spirit to our results in Chapter 4.

On the other hand, it has been shown that codensity lifting generalises
the non-expansive map based lifting we used in Chapter 6, and should allow
witnesses of a similar form in apartness proofs (as we discuss further below).
We would like to have a complete picture of the relationships of bisimilarity
and apartness, with modal logic and games, within the scope of codensity
lifting, described next.

Codensity Apartness

Some of the connections between equivalences defined using codensity lift-
ing, modal logics, and games have already been shown in the literature: a
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development of expressive logics arising from the modalities present in co-
density lifting has been given in [Kom+21], and a game characterisation of
codensity bisimilarity has been given in [Kom+22].

Outside the scope of codensity lifting, the constructive picture for labelled
transition systems is quite complete. The construction of distinguishing
formulas for apart states was given by Geuvers [Geu22]. The relation between
apartness and winning strategies for the spoiler in bisimulation games has
been shown in [RJB24; KW24], although non-constructive arguments are
used to cover infinite state systems.

We would like to have a similar account for (in)equivalences defined
via codensity lifting to have correspondences between: proofs of apartness;
distinguishing formulas; and spoiler strategies in games. While the definitions
of logics and games have already been given, a good definition of apartness
is a missing ingredient. The two directions taken in Chapters 5 and 6 give
possible starting points.

The first suggests the definition of an opposite codensity lifting, yielding
a dual definition of codensity cobisimilarity. On the other hand, one could
work directly with the existing definition of the lifting as we did for the
behavioural distance on LMCs, and use a similar proof technique.

The usability of each approach seems to depend on the objects of interest.
Some clarity can be gained from considering the proof technique we have used
to obtain lower bounds in Chapter 6 more abstractly. In each step of a proof,
our inductive hypothesis is a distance which is below the true behavioural
distance. Then, we apply the lifting in the definition of behavioural distance
to this hypothesis, and a lower bound on this gives a lower bound on the
true distance. We can write this one-step rule abstractly as:

d<lfp) d' <I(d)
d' < 1fp(l)

(7.1)

Soundness follows by observing the following chain of inequalities: d’ <
I'(d) < T(ifp(I)) = lfp(I).

We can also dualise the above proof principle, to give a means of estab-
lishing elements to be above the greatest fixed point:

gip(p)<p 9(p)<p

7.2
72 gfp(p) < p’

Each principle can be chosen to match the type of fixpoint being reasoned
about. In either case, the liftings we have used are well-suited to this reasoning,
as they allow us to quite straightforwardly establish inequalities p’ < ¢(p)
or (p) < p'. As may be expected, codensity lifting also fits this view. It is
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defined by a meet ranging over a collection of maps, sometimes called “tests”.
A choice of test thus shows an inequality of the form ¢(p) < p’, usable in
the rule for greatest fixed points.

It is known that an instance of codensity lifting recovers the behavioural
distance of Chapter 6 [Kom+21]. This is a situation where the opposite lifting
approach may be more intuitive, as that lifting avoids the need to reverse the
ordering most often taken in the literature.

We are left with the following questions:

1. To which settings can we apply opposite codensity lifting?

2. Can we connect proofs of apartness notions derived from codensity
liftings to distinguishing formulas in the corresponding modal logics?

3. Do these correspondences also extend to (spoiler) strategies in coden-
sity games?

4. Can we obtain (general) procedures for moving between these different
forms of evidence?

Algorithms

The algorithms given in Chapter 6 could be implemented to automatically
provide our construction of distinguishing formulas for labelled Markov
chains. Increasing the efficiency of such implementations may also lead to
improvements of the apartness proof systems. The main area of improvement
would seem to be the computation of optimal maps used as witnesses in proofs.
We have already discussed the possibility of restricting the search space to
vertices of polytopes of non-expansive maps. Perhaps further restrictions are
possible, justified by properties of convex optimisation.

Related to this, is a more general question of proof search in our system.
Our completeness proof suggests an algorithm for constructing proofs of
the n-step distance between states for any n. The N + 1-th step of such a
proof (using the (exp) rule) relies on recursive proofs of the exact N-step
distances of successor states in order to construct a map h. We would like
to investigate the possibility of finding good candidates for the map h given
just a desired lower bound (and of course the LMC of interest).

For our purposes in Chapter 6, the chosen rules were a good fit to keep the
complexity of proofs and constructions done by hand under control. However,
in the context of automation, it may be useful to incorporate further rules,
for instance more rules dual to those developed in work on quantitative
equational theories [MPP16]. These additions would make the choice of rule
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at each stage of a proof a larger focus of proof search. Existing work on so-
called goal directed proof search, which has proven effective for, e.g., linear
logic [HM91; CHP00] and separation logics [Chl11; Sam+21], could then be
of interest. This approach aims to generate proof steps bottom-up looking
solely at the shape of the proof goal.

The more recently introduced incorrectness (separation) logics [OHe20;
Raa+20] may also serve as inspiration, as they deal with proofs of the ex-
istence of bugs in programs rather than their absence, in a similar spirit to
apartness. This has been used within the tool Infer [Dis+19] to detect and
report memory safety bugs in C++ codebases.

Further logical properties and constructions

Our results on the construction of ultrafilter extensions for coalgebras did not
concern their “bisimilarity-somewhere-else” property, for which they were
developed in the study of modal logic [BRV01]. Namely, we did not show that
after the first step of the construction, where the ultrafilter structure is added,
logically equivalent states are also bisimilar/behaviourally equivalent. In the
original work providing an ultrafilter constructions for coalgebras [KKP05],
the behavioural equivalence of logically equivalent states is established. Con-
sidering our later application to expressivity of logics, it would be interesting
to see if our conditions involving steps and liftings can be used to say more
about the logical properties of ultrafilter extensions.

Closely related to expressivity and the correspondence between apartness
and distinguishing formulas, is the concept of characteristic formulas. These
are single formulas which are satisfied by exactly those states in an equiva-
lence class of some notion of behavioural equivalence. It seems possible that
the existence of such formulas could be determined by conditions related to
those of expressivity. Existing works on constructing distinguishing formulas
based on partition refinement in fact already provide such formulas [WMS22].
We would like to understand how this may relate to our apartness proofs
and related constructions.
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Summary

State-transition systems are extensively used models in computer science.
They consist of the states in which a system can exist, and transitions be-
tween these states indicating how the state can evolve. The computers which
many of us use can be seen as having a state: the data they store, and transi-
tions: the changes they make to these data to perform computations. In this
thesis, we aim to better understand two main aspects of these models: how
manipulations of systems affect their behaviour; and how to compare the
behaviour of systems.

The first part of this thesis concerns a general notion of transformation of
systems seen as coalgebras. In Chapter 3, we give new conditions under which
transformations leave the observable behaviour of coalgebras unchanged, in
the sense that the states which we consider behaviourally equivalent do not
change. In doing so, we provide a new approach for comparing the behaviours
of a system before and after a transformation has been applied. The results of
Chapter 4 extend this approach to more general properties than behavioural
equivalences. We apply our results to the existing transformations of deter-
minisation and ultrafilter extensions, as well as to the setting of coalgebraic
modal logic, to provide conditions for adequacy and expressiveness.

In the second part of this thesis, we deal more directly with the comparison
of system behaviours. Specifically, we are interested in when systems behave
differently. In Chapter 5, we give the definition of behavioural apartness
for coalgebras, and show how it can be proved by an inductive derivation
system. Our most important application is to systems whose state changes
probabilistically, not yet captured by earlier work in this direction. For such
probabilistic systems, another successful approach for comparing behaviours
is the use of behavioural distances. Our work in Chapter 6 gives a sound
and (approximately) complete derivation system for a notion of apartness for
behavioural distances, namely it establishes lower bounds on the distance
between states. Finally, we are able to give a constructive correspondence
between proofs and a logic used in earlier work as evidence for distances
between states, and apply it to a number of examples.
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Samenvatting

Toestand-transitiesystemen zijn veelgebruikte modellen in de informatica. Ze
bestaan uit toestanden waarin een systeem zich kan bevinden, en transities
tussen deze toestanden die aangeven hoe ze ontwikkelen. De computers die
wij veelal gebruiken kunnen bijvoorbeeld gezien worden als systemen met
toestanden: de data die ze bevatten, en transities: de veranderingen die ze aan
deze data maken om berekeningen uit te voeren. Ons doel in dit proefschrift,
is om een beter begrip te ontwikkelen van twee aspecten van zulke modellen:
het effect van aanpassingen aan systemen op hun gedrag; en het vergelijken
van het gedrag van systemen.

Het eerste deel van dit proefschrift betreft transformaties van systemen
opgevat als coalgebra’s. In Hoofdstuk 3 geven we nieuwe voorwaarden
waaronder transformaties het observeerbare gedrag van coalgebra’s onveran-
derd laten, in de zin dat ze de toestanden die we gedragsequivalent vinden niet
veranderen. Ondertussen geven we een nieuwe aanpak voor het vergelijken
van het gedrag van systemen voor en na het toepassen van transformaties. De
resultaten in Hoofdstuk 4 breiden dit uit naar algemenere eigenschappen van
coalgebra’s dan alleen de equivalenties in gedrag. We passen onze resultaten
toe op de bestaande transformaties determinisatie en ultrafilterextensies,
evenals in het kader van coalgebraische modale logica, om voorwaarden voor
adequaatheid en expressiviteit te verkrijgen.

In het tweede deel van dit proefschrift gaan we verder in op het vergelijken
van systeemgedrag. Specifiek zijn we geinteresseerd in wanneer systemen
verschillend gedrag vertonen. In Hoofdstuk 5 geven we de definitie van
gedragsonderscheidbaarheid in coalgebra’s en laten zien dat het bewezen kan
worden met een inductief afleidingssysteem. Onze belangrijkste toepassing
is op systemen wiens transities plaatsvinden met een zekere willekeurigheid,
die nog niet werden omvat door eerder werk. Voor zulke probabilistische
systemen is een andere belangrijke methode voor het vergelijken van gedrag
de gedragsafstand. Het werk in Hoofdstuk 6 geeft een correct en (bij benader-
ing) volledig afleidingssysteem voor een vorm van onderscheidbaarheid voor
gedragsafstanden, namelijk ondergrenzen op de afstand tussen toestanden.
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Tot slot laten we een constructieve overeenkomst zien tussen bewijzen in dit
systeem en logische formules die in eerder werk zijn gebruikt als getuigen
voor gedragsafstanden, en passen we dit toe op een aantal voorbeelden.
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