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Chapter 1

Introduction

This thesis concerns itself with smooth complex representations of finite covers
of reductive p-adic groups. More precisely, we study intertwining operators for
such representations and use them to describe Bernstein blocks for principal
series representations of Brylinski-Deligne covers. In this introduction, we give
basic explanations of these notions; they are covered in more detail in Chapter
2 and the references provided there. Here, our focus is to state the main results
of this thesis, put them into context, and refer to where each result is proved
in the text.

Let us elaborate on the definitions that are mentioned in the first two
sentences of this introduction. A reductive p-adic group G’ is the group of
F-points of a reductive algebraic group over a non-archimedean local field F,
whose residue field has characteristic p. For example, one can think of F' be-
ing the field @, of p-adic numbers. The structure of the group G’ comes from
its structure as a linear algebraic group, as well as its topological structure
induced by the (p-adic) metric on F. A finite cover G — G’ is an exten-
sion of G’ by a finite abelian group A, such that A lies in the center of G
and such that the projection G — G’ is a topological covering map. This
makes G into a totally disconnected locally compact group and we can study
its smooth complex representations, i.e. its complex representations such that
every vector is fixed by some compact open subgroup. Many methods in the
representation theory of reductive p-adic groups generalize to covering groups,
for example: parabolic induction, supercuspidal representations, unramified
characters [FP22]. Also the Bernstein decomposition generalizes, namely the
category Rep(G) of smooth complex representations of G decomposes into
smaller categories called Bernstein blocks. These Bernstein blocks are equiv-
alent to module categories of certain endomorphism algebras. So to describe
Bernstein blocks, one can try to describe the corresponding endomorphism
algebras. This was done in [Sol22] for reductive groups without the use of
type theory and the methods should generalize to covers of reductive groups,
although not automatically.

In Chapter 4 of this thesis, we study an important ingredient of the methods
in [Sol22] for covering groups, namely the Harish-Chandra u-function. It is
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defined using intertwining operators that go from one parabolically induced
representation to another; they were studied in [Wal03] and generalized to
covering groups in [Lil2]. More precisely, let P be a parabolic subgroup of G;
it is the inverse image of a parabolic subgroup P’ of G’. In G’, the group P’
has a Levi decomposition P’ = M'Up/, where Up: is the unipotent radical of
P’ and the Levi subgroup M’ is a reductive group. The Levi decomposition of
P’ lifts to a Levi decomposition P = MUp in G, where M is the inverse image
of M' in G and Up = Up,. This is because covering groups split over unipotent
subgroups, which means that for every unipotent subgroup U’ of G’, its inverse
image in G is isomorphic to the product A x U’ as a group. Consequently,
U := {1} x U' 2 U’ is a unipotent subgroup of G. This important result
due to [MW94] is essentially the reason why parabolic induction and Harish-
Chandra’s intertwining operators also work for covering groups. Let Q = MUg
be another parabolic subgroup of G with the same Levi subgroup M. We have
functors of (normalized) parabolic induction

IS : Rep(M) — Rep(Q), IS : Rep(M) — Rep(G).
Let 7w be an irreducible representation of M. The intertwining operator
Joup () : 1§(m) = 1S()

is defined using an integral over (Up NUg) \ Ug, see §2.2.3 for details. Our
first important result is about an adjointness property of such intertwining
operators. For a smooth complex representation 7, we can take its complex
conjugate representation 7, as well as its contragredient representation mV,
which means taking smooth vectors in the dual representation. Doing both,
we obtain the Hermitian dual 7™ of w. There is a pairing between 7 and 7",
giving rise to a pairing between I (7) and IS (7Y), and similarly a pairing
between I§(m) and IS (7). With respect to these pairings, we prove the
following result.

Theorem A. The intertwining operators Jo p(m) and Jp)o(T") are adjoint,
in the sense that for fi € IS(7), f2 € Ig(ﬁv) we have

(Joip(m) f1, f2) = (f1, Tpio(T") fa).

There is a similar result for the contragredient representation 7" instead
of V. For the proofs of these statements, see §4.3. The results were already
stated without proof in [Wal03], but since they play an important role in our
proof of Theorem B, we wanted to give an explicit proof.

Now let P be the parabolic subgroup of G with Levi subgroup M, op-
posite to P. Let X,,;(M) be the complex torus of unramified characters of
M, i.e. the complex one-dimensional representations of M that are trivial
on all compact subgroups of M. Let o be an irreducible supercuspidal rep-
resentation of M, where supercuspidal means that ¢ does not occur in any
representation parabolically induced from a representation of a smaller Levi
subgroup. The Harish-Chandra p-function is a rational function on the com-
plex algebraic variety o - X,,,(M). Up to multiplication by a scalar, it is given

\



by p(o @ x) = j(o @ x)~", where
j(o®@X) = Jpiplo @x) o Jpp(o @X) : [E (0 ® x) = [E(0 ©X)

is a rational function in x € X, (M) that does not depend on the choice of
parabolic subgroup P. The p-function decomposes as a product u =[], fta;
where a runs over the positive roots in the reduced root system of (G, M)
and where each p,, is computed in a Levi subgroup M, of G that contains M
as a maximal Levi subgroup. It can be shown that each p, then becomes a
rational function in only one complex variable X, € C*, with the following
explicit description.

Theorem B. In the above context, there exists a unitary oy € o - Xy (M)
such that for every a, po has the form

ta(00 @ X) = pa(00, Xao)
(1*Xa)(17X071) (1+Xa)(1+X071)
(1 - gaXa)(l = qaXa™) (14 gasXo)(1 4 gas X&)
(1.0.1)

:Ca. s

where co, € Rug and o, Gox € R with o > qax > 1.

This result was already known for reductive groups due to Silberger [Sil80].
In §4.4, we give a proof using different methods that generalize to covering
groups. The proof uses the adjointness relation from Theorem A, as well as
techniques with hermitian and unitary representations.

Together with other results that are already known for covering groups,
the generalization of the formula for the p-function to covering groups implies
that the results in [Sol22] should hold for covering groups. In Chapter 5, we
apply those results to describe principal series Bernstein blocks of (Brylinski-
Deligne) covers of split reductive groups. For principal series representations
of covers of split reductive groups, we prove in §5.3.2, specifically Corollary
5.3.7, that the poles of the u-function can only have the following values.

Proposition C. Let G — G be a cover of a split group G', let T' be a
maximal split torus of G’ and T its inverse image in G. Let o be an irreducible
representation of T and let g € o - X (T) be as in Theorem B. Then for
every o, the poles o, qosx Of pa(00, Xo) are given by one of the following three
options:

® Jo = Qox = 1, in which case g, is constant,

® go = qr and Gox = 1, with qr the cardinality of the residue field of F,

_ _ /2

® o = Gax = qp -

Let us now move on to the main result of Chapter 5. This result holds
specifically for principal series representations of Brylinski-Deligne covers of
split groups, so let us elaborate a bit more on such groups. The finite covers of
split simply connected groups can be classified due to the work of Steinberg,
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Moore and Matsumoto. Namely, let G.. be a split simply connected group,
then all central extensions of G, arise as a pushforward of a universal central
extension [Moo68, §1]

1= m(G) = Gee = G, — 1.

Assume that G, is moreover simple, then m1(GL.) = K3(F) is the second
degree algebraic K-theory group of F. To obtain a topological cover, one
has to push forward the extension of G, by K2(F) along a locally constant
symbol; the Hilbert symbol Ky(F) — p(F) is a universal one. Here, u(F) is
the finite cyclic group of roots of unity of F. So all covers of G, arise as a
pushforward of a universal cover

1= u(F) = Guniv — G — 1.

The theory of Brylinski and Deligne was developed as a generalization of this,
see §2.1.4 for details. For split reductive groups G’, the theory provides us
with central extensions

15 Ky(F) =G -G —1,

that we can push forward along a Hilbert symbol to obtain covering groups.
The advantage of the results of Brylinski and Deligne is that these covering
groups have a nice combinatorial description in terms of Weyl-group invariant
bilinear forms on the cocharacter lattice of a maximal torus of G’. However,
the Brylinski-Deligne covering groups do not give us all covering groups of G'.
Namely, in general there does not exist a universal central extension of G'.
Nevertheless, if we study a certain problem concerning covers of split groups
and manage to reduce it to covers of split simply connected groups, then we
know all such groups are described by Brylinski-Deligne covers, so we can still
take advantage of the available results. This is actually what was done to
prove Proposition C.

Before stating the main result of Chapter 5, let us also say something more
about the Bernstein decomposition. We already mentioned that the category
Rep(G) can be decomposed into smaller categories, called Bernstein blocks.
These Bernstein blocks are denoted by Rep,.(G) and they are associated to
equivalence classes s of supercuspidal representations of Levi subgroups of G.
Let us now state the last result; it is quite technical, so for details and more
context please consult Chapters 2 and 5.

Theorem D. Let G — G’ be a Brylinski-Deligne cover of a split group G',
let T" be a mazimal torus of G' and T its inverse image in G. Let o be
an irreducible representation of T and st, sg, its inertial equivalence classes
for T and G, respectively. Let o1 be an irreducible subrepresentation of o

Tept
where Tepy is the mazimal compact subgroup of T' and let indipt : Rep(Topt) —
Rep(T) be the functor of compact induction. Then there are equivalences of
categories

Rep,,. (T) ~ EndT(indipt (o1)) — Mod and
Rep,,(G) ~ Endg (I8 (ind7,  (01))) — Mod.
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The endomorphism algebras have the following structure.

(i) EndT(indipt (01)) = ClO] is the ring of reqular functions on the complex
algebraic torus O = 0 Xy (T) =2 X (Z(T)).

(ii) Endg(I§(ind7, (01))) = H(O,G) x C[R(O),f] where H(O,G) is an
affine Hecke algebra with known parameters containing C[O] as a subal-
gebra, R(O) is a finite group and § is a cocycle that may be nontrivial.

The structure of the Hecke algebra H(O, G) is determined by C[O] and the
roots a such that p, is not constant. For those roots «, the poles g, o« Of
Lo give the Hecke algebra parameters of H(O,G). By Proposition C, these
parameters are given by either ¢, = qr and ¢o = 1, OF g0 = Qasx = qlls/ 2
More details are given in Chapter 5. There, we also show with an example
that the result does not hold for covers that are not Brylinski-Deligne, and

with another example that the cocyle i may be nontrivial.






Chapter 2

Background

2.1 Reductive p-adic groups and their covering
groups

In this section, we discuss the “group” part of the preliminaries, namely non-
archimedean local fields, reductive p-adic groups, covers of such groups and
Brylinski-Deligne covers.

2.1.1 Non-archimedean local fields and the Hilbert sym-
bol

In this section, we fix some notation regarding the local fields F' that we
consider in this thesis and we prove some results about the Hilbert symbol
on F. Let p be a prime number. A non-archimedean local field F of residue
characteristic p is one of the following (see [Mil20, Remark 7.49]):

e (characteristic zero) a finite extension of the field of p-adic numbers Q,,
or

e (characteristic p) the field F,((¢)) of Laurent series over a finite field F,,
where ¢ is a power of p.

A non-archimedean local field F' is a discrete valuation field, i.e. it has a
discrete valuation vg : F — Z U {00} satisfying:

e vp(ab) =vp(a) +vp(b) for all a,b € F;
e vp(a+b) > min(vp(a),vr(b));
e vp(a) = oo if and only if a = 0.

The ring of integers of F' is

Op :={a € F:vp(a) >0},
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the group of units of O is
Op:={a€F:vp(a) =0}
and the maximal ideal of O is
pr:={a€eF:vp(a) >0}

The residue field of F is kr := Op/pr and the residue characteristic of F' is
char(kr) = p. We fix a uniformizer wp of F, i.e. wp is an element in pp such
that vp(wp) = 1. Then pr = wrpOp and any nonzero element in F' can be

uniquely written as a = w}}f ()4 where u € OF.

The cardinality of the residue field of F' is g := |kp|. The norm on F is
given by

lalr = g5,

The norm induces a metric on F' and F' is complete with respect to this metric.
Moreover, the metric gives F' the structure of a totally disconnected locally
compact (tdlc) topological group (with respect to addition). A neighbourhood
basis around 0 is given by the open compact subgroups p%.

The tdlc group F' with addition has a Haar measure dz, which we assume
to be normalized such that the open compact subgroup Op has volume 1.
Then for n € Z, the open compact subgroup p% = wkOp has volume ¢z".

For a € F* and f: ' — C a locally constant function with compact support,

we have that
/ flax)dz = |a|;1/ f(z)dx
F F

In a later section, we will discuss Brylinski-Deligne covering groups of re-
ductive p-adic groups. They are constructed using the Hilbert symbol on F'
(see [Wei95] for the definition). Let n be a positive integer such that p does
not divide n. If F' contains all n-th roots of unity, i.e. the set

pn(F):={a€F:a" =1}
has n elements, then the n-th Hilbert symbol on F' is a map
(_7_)n:F>< x F* _>/-Ln(F)

We list some properties of the Hilbert symbol that will be the most important
to us:

1. (ab,c)n = (a,¢)n(b, ), and (a,be), = (a,b),(a,c), for all a,b,c € F*;

o

(
. (a,b)n = (bya); ! for all a,b € F*;

3. (a,b), =1 for all b € F* if and only if a € F*";

4. (a,b), =1 1if and only if a is in the image of the norm map for the field
extension F({/b)/F;

5 (a,b)=1ifa+b=1.
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The Hilbert symbol is an example of a Steinberg symbol, which is by defi-
nition amap (, ) : F* x F* — A where A is an abelian group, such that ( , )
satisfies properties 1 and 5 from the list above. The Steinberg symbols are
related to the algebraic K-theory of F' as follows. By a theorem of Matsumoto
[Mil71, Theorem 11.1],

KyF)XF*Q@F /(a®(1—a)|1#a€F*).

This group is generated by the symbols {z,y}, where x,y € F*, see [Mil71,
§9]. We call { , } : F* x F* — K3(F) the universal symbol. The univer-
sal symbol gives rise to all Steinberg symbols in the following way. Given a
Steinberg symbol ( , ) with values in A, there exists exactly one homomor-
phism Ky(F) — A that sends {z,y} € Ko(F) to (z,y) € A for all z,y € F'*
[Mil71, Corollary 11.3]. So for example, n-th Hilbert symbol on F gives a map
(=, =)n : K2(F) = pn(F). This map will be used later in the construction of
Brylinski-Deligne covering groups.

Using the properties of the Hilbert symbol listed above, we can prove some
more properties that will be useful to us in later sections.

Lemma 2.1.1. Suppose that F' contains all n-th rooths of unity and let (—, —),
be the n-th Hilbert symbol on F. Then the following three statements hold:

(i) For all a,b € F*"OF, (a,b), = 1.

(ii) Let xp € OF such that its image Tr in kj generates kjs. Then for all
a g F*"OF, (a,zp), # 1.

(iii) Let xp as in (ii) and let wp be a uniformizer of F'. Then (wp,Tr), s
a primitive n-th root of unity.

Proof. By property 4 of the Hilbert symbol, (a,b),, =1 if and only if a is the
norm of an element in F(/b). If b € F*™, then (a,b) = 1 for all a € F*.
So let b € OF, then to prove (i), it remains to show that (a,b), = 1 for all
a € OF. Since F contains all n-th roots of unity, F C F(/b) is a Galois
extension, with Galois group isomorphic to Z/dZ, where d | n. Let (4 be a
primitive d-th root of unity, and for m € Z/dZ, write ., : Vb ¢ {/b. Then
the norm map on F(/b) is given by N(a) = [[,, om(a). Since b € OF, the
norm map restricts to a group homomorphism N : O (¥/b) — OF. Let wp
be a uniformizer in F, and write kr = Op/(wp). Then N : k5 (/b) — kj is
surjective since the norm map is always surjective for finite fields. By Hensel’s
lemma, since p { n, this lifts to a surjection N : O3 (¥/b) — OF. Soif a € OF,
then (a,b), = 1. This proves (i).

Let zp € O such that its image T in kj generates kj. Then since
p 1 n, zp is not a d-th power for every 1 < d | n. For this xp, we have
the Galois extension F' C F({/xr) of degree n, with norm map N as above.
Since vp(zp) = 0, F C F({/zF) is an unramified field extension. Hence, the
uniformizing element wp of F is also a uniformizing element of F({/zx), and
it satisfies N(wp) = wh. Thus

N (F*(3/2r)) = N (05 (/). mr)) = (N (OF (/7)) , N(wp))
= (0F @}) = "0
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This shows that (a,zp), # 1 whenever a ¢ F*"O}., which proves (ii).

Let xp as in (ii). The group F'*/(F*™O}) is isomorphic to Z/nZ, with
generator wr. By (i), (@h, 2r)n = (wr,zr)) # 1 for every 0 < £ < n. It
follows that (wp,zF), is a primitive n-th root of unity. O

Corollary 2.1.2. The multiplicative subgroup F*"OF C F* is a mazimal
subgroup of F* such that (a,b), =1 for all a,b in this subgroup. O

We conclude this section by proving some more results about the Hilbert
symbol. These results will be useful later, when we will consider some concrete
examples of Brylinski-Deligne covering groups. We have that (as sets)

F*=27Zx0r=2Zx(1+pp)Xkp = (wp)*x(1+pr)x (Tp).
Lemma 2.1.3. Lety € 1 +pp. Then (y,b), =1 for allb e F*.

Proof. Recall that by assumption, F' contains all n-th roots of unity. Let (,
be a primitive n-th root of unity in F'; it projects to a nontrivial element ¢, in
kX. Since {, =1, the order of k5 is divisible by n, i.c. n | (gr — 1). Modulo
pr, we have that 7 = 1 = Zz%" ~!. By Hensel’s Lemma, this lifts to y = x‘g_l
for some representative xp € O of Tp. Then

(y’b)n = (x(II?F_l’b)n = (xFab)ng_l = 1)
since n divides g — 1. =

So to know all values of (—, —),, explicitly, it suffices to know the values
of (wp,wp)n, (Wr,zp), and (xp, xp),. The following result follows directly
from Lemma 2.1.1.

Lemma 2.1.4. Let wp be a uniformizer of F and let xp € O such that its
image in kj generates ky. Then (zp,xp)n =1 and (wp,xF), is a primitive
n-th root of unity. O

Unfortunately, we can not use Lemma 2.1.1 to determine the value of
(wp,wr)n. In fact, unlike the results we have proved so far, the answer to
this actually depends on the field F. We will first consider the case n = 2; in
this case, the answer depends on whether or not F' contains a primitive fourth
root of unity. The quadratic Hilbert symbol (—,—)s : F* x F* — {£1} is
given by

{1 if 1 = a?a + 5%b for some a, 3 € F,
(a7 b)2 = .
—1 otherwise.

Lemma 2.1.5. Assume that p is odd. The equation
1= (a2 + ﬂz)’[ﬂp

has a solution «, B € F if and only if F' contains a primitive 4-th root of unity.
In other words, (wp,wr)2 = 1 if and only if F' contains a primitive 4-th root
of unity.
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Proof. 1f {4 € F is a primitive fourth root of unity, then a solution is given by

oo TR LG 5 Gy 1)2
G+1 7 CG1+1 '

Conversely, suppose there is a solution
1= (a2 + ﬁ2)wF.

Then we must have vp(a) = vp(8) =n < —1 and vp(a® + 52) = —1. Write

o0 (o) (o)
a=> awh, B=Y Biwk, (®+5) = (o, + i) =i,
i=n i=n 1,j=n
where o, 8; € kr. Since we need vp(a?+ %) = —1 (an odd number), it follows

that o2 + 32 =0 mod pr, where ay,, 3, € kj.. If we rewrite the equation in
the algebraic closure of kg, which contains a primitive 4-th root of unity (4,
we find

(an + QLBn)(Oén - <4ﬂn) =0,

from which it follows that ¢4 = +a,/8, € kj. By Hensel’s lemma, this
solution lifts to a primitive 4-th root of unity in F. O

For example, the field Q, contains a primitive 4-th root of unity if and only
if p=1 mod 4. A generalization of Lemma 2.1.5 is the following.

Lemma 2.1.6. Suppose that F' contains all n-th roots of unity and let wg be
a uniformizer of F'. Then

(wF7wF)n = :|:1.

Ifn is odd, then (wp,wr), = 1. If n is even, then (wp,wr), = 1 if and only
if F' contains a primitive 2n-th root of unity.

Proof. Consider the field extension F(/wwr) over F. Let (, be a primitive
n-th root of unity in F'. Then

N(y/wr) = H (' Y/wFp) = wF H G =

0<m<n 0<m<n

wr if n is odd
—wr if n is even.

So if n is odd, then (wp,wr), = 1. If n is even, then (wp, —wr), = 1, hence

1= (wF; _wF)n = (wFawF)n(va _l)n'

We have that
(wF7 _1)727, = (wFa 1)71 = 17

so (wp,—1), = *1 and also (wp,wr), = (wr,—1),! = £1. We have
(wp,wp), = 1 if and only if (wp,—1) = 1, i.e. if and only if —1 is in
the image of the norm map. This is true if and only if F' contains a primitive

2n-th root of unity. O
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2.1.2 Reductive p-adic groups

This section serves as a summary of the relevant structure theory of reduc-
tive p-adic groups and to fix notation. For the (many) definitions that are
mentioned without explanation, we refer to the cited references for further
details.

Definition 2.1.7. A reductive p-adic group is the group G := G(F) of F-
rational points of a connected reductive linear algebraic group G over F', where
F' is a non-archimedean local field of residue characteristic p. The topology on
G comes from the topology on F'; making G into a tdlc topological group.

Structure of G

Connected reductive linear algebraic groups G over F' are classified by their
root data, see [Spr09]. We give a short summary here. Let G be a connected
reductive linear algebraic group defined over F. The group G has maximal
tori defined over F'. Let S be a maximal F-split torus of G and let 7 be a
maximal torus of G defined over F' and containing S. Let X = X*(S) denote
the F-characters of S, Y = X,(S) the F-cocharacters of S and denote the
pairing between them by (, ). The roots ® C X are the weights of the adjoint
representation of S on the Lie algebra of G and there is a corresponding set of
coroots

®Y ={a":a e ®} CY with o determined by (o, ") = 2.

Together they form the root datum (X, ®,Y,®Y) of G with respect to S. For
each a € ®, there is a unipotent F-split root subgroup U, of G. The group G
is generated by the F-subgroups Zg(S) (the centralizer of S in G) and the U,
for « € ®. Since G is not necessarily split, its root system ® with respect to S
may be non-reduced. Namely, for a € ®, the possible multiples of « that also
lie in ® are /2 and 2« (but never both). If @ and 2« are both roots, then
Uso, C U, .

The parabolic subgroups and Levi subgroups of G are characterized as
follows. Let P be a parabolic F-subgroup of G. Let M x Up be a Levi
decomposition of P. The unipotent radical Up of P is defined over F' and
F-split. The Levi subgroup M is reductive and we may choose it such that
it is defined over F. Fix a maximal F-split torus Ax¢ in the center Z(M),
then M = Zg(An). The Levi subgroup M contains a maximal F-split torus
of G containing A, say S. Let (M) denote the weights of the adjoint
representation of A on the Lie algebra of G. We can view (M) as a subset of
® and M is generated by Zg(S) and the root subgroups U, for a € ¢\ X(M).
The parabolic subgroup P determines a positive system of roots in (M),
which we denote by X(P). Then Up is generated by the root subgroups U, with
a € X(P). The parabolic subgroup opposite to P is P := M x Uz where Uz is
generated by the root subgroups U, with o € £(P) = —X(P) = Z(M)\ Z(P).
For a parabolic subgroup P of G with Levi decomposition M x Up, we denote
by P = MUp the corresponding groups of F-points.
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Suppose that G is split over F, i.e. it contains a maximal torus that is
split over F. So using the notation from before, we have T = S. A choice
of Borel subgroup B (in the split case, this is a minimal parabolic subgroup)
of G containing 7 determines a basis A of ® and dually a basis AV of ®V.
The roots in A (resp. coroots in AV) are called the simple roots (resp. simple
coroots). We obtain the based root datum of G,

(X7 ¢7 A)}/’ (PV’AV)?

and the root datum of G determines G up to isomorphism. Conversely, ev-
ery based root datum comes from a split reductive group and the root data
are classified using Dynkin diagrams. Since G is split, the root system ® is
reduced. The group G is generated by 7 and the one-dimensional unipotent
root subgroups U, for a € A. Passing to F-points, G = G(F) is generated by
T =T(F) = F*" and the root subgroups U, = U, (F) = F+.

Now let G be a connected reductive group over F' that is not necessarily
split over F. It is split over the separable closure F; of F'. So G is defined over
F C F, and split over F,. With respect to 7 and over Fj, we have a based
root datum

(X5, s, Ay, Vs, @, AY)

of G. The F-split torus S in 7 determines a subset Ag of Ay, consisting of the
simple roots whose restriction to S is trivial. The Galois group I' := Gal(F;/F)
acts on Ay via a continuous homomorphism 7 : I' — S(Ay), where S(A;)
denotes the the permutation group of A;. The triple (Ag, Ag,7) is called
the index of G. Up to isomorphism, G is determined by its admissible triple,
consisting of:

e the indezed root datum (X, @5, Ag, Yy, @Y, AY Ay, 7) of G together with
e the centralizer Zg,_ (S) of S in the derived subgroup Gger of G, and
e the connected component C = Z(G)° of the center of G.

Conversely, every representable admissible triple comes from a reductive F-
group, but we will not mention the representability conditions here. The
subgroups Gaer, Zg,.,(S) and C of G are all defined over F'. The derived group
Gger is semisimple and C is a torus. There is a central isogeny Gqer X C — G
inducing a map on F-rational points Gger X C' — G, so the structure of G is
determined by the structure of G4er and C.

Compact subgroups of G = G(F')

Now that we have summarized the structure of G, we pass to the structure
of its group of F-points G = G(F). The compact open subgroups of G are
described using Bruhat-Tits theory, using valuated root data and the Bruhat-
Tits building of G, see [KP23] and [Tit79]. Let us give a short summary.

Let G be a connected reductive F-group and let S be a maximal split torus.
Let ® be the (possibly non-reduced) root system of (G,S). Each root o € ®
corresponds to a root subgroup U, = U, (F) of G = G(F). A wvaluation of the
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root datum of (G,S) is a collection ¢ = (Yq)ace of maps ¢, : Uy = RU {o0}
satisfying a list of conditions, see [KP23, Definition 6.1.2]. For example, one
of the conditions is that for a € @, each r € R gives rise to a compact open
subgroup U, := @5 ([r,o0]) C U,. Moreover, Uy 00 = 95 ({00}) = {1} and
the groups U, for r € R give a neighbourhood basis around 1 in U,.

Valuations on the root datum of (G,S) exist and they are organized in
the Bruhat-Tits building B(Gaer) of the derived subgroup Gger of G. Namely,
the apartment A(S) in B(Gaer) is an affine space whose points give rise to
valuations of the root datum of (G, S) in a canonical way, see [KP23, §9.6] for
details. The building B(Gger) is built out of the apartments A(S’), where S’
runs over all maximal split tori in G. The chambers of B(Gqer) correspond to
the Iwahori subgroups of G. There is an action of G on B(Gger), satisfying
all sorts of nice properties, see [KP23, §4.1] for details. The structure of the
Bruhat-Tits building together with the action of G can be used to describe
compact open subgroups of G. For example, every point in B(Gger) gives rise
to a compact open subgroup of G, and every vertex in B(Gger) gives rise to a
maximal compact open subgroup of G.

Let us elaborate on how points in the building give rise to compact open
subgroups. Let X*(G) denote the F-characters of G and consider the subgroup

Gli={g€G=3(F):vr(x(g)) =0 Vx € X*(G)} = Nyex- (e ker [x|r

of G. We warn the reader that in the literature, this group knows different
notations, which might lead to confusion. It is denoted by G* in [KP23], by °G
in [Ren10] and by G° in [FP22; Roc09]. Here, we will stick to the notation G*.
A point @ € B(Gger) gives rise to the compact open subgroup G* NG, = G of
G, where G, denotes the stabilizer of z in G. If x € B(Gger) is a vertex, then
Gl is a maximal compact open subgroup of G. Conversely, every maximal
compact subgroup of G is of the form G for a point (not necessarily a vertex)
x € B(Gaer) [KP23, Theorem 4.2.15]. One may also work with the extended
building of G, namely

B(G) := B(Gder) x (X«(C) ®2R),

where X, (C) denotes the F-cocharacters of C = Z(G)°. The advantage of
the extended building is that for a point & € B(G), its stabilizer Gz in G
is itself a compact open subgroup. It equals Gz = G' N G, = GL, where x
denotes the image of & in B(Gger), see [KP23, §4.3] for details. A special vertex
x € A(S) gives rise to a good maximal compact subgroup K = G of G, which
means that K contains representatives of every element of the Weyl group

W(G,S) = Ng(S)/Za(S). For such K, the Iwasawa decomposition holds.

Theorem 2.1.8 (Iwasawa decomposition [KP23, Theorem 5.3.4]). Let P be
a parabolic subgroup of G and let K be any good mazimal compact subgroup
of G associated to a special vertex x in the Bruhat-Tits building B(Gaer) of G.
Then

G =PK =KP.

In particular, let P = MUp be a Levi decomposition of a parabolic sub-
group of G, then the Iwasawa decomposition implies that any g € G can be
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written as

g =mp(g)up(g)kp(g), where mp(g) € M,up(g) € Up and kp(g) € K.

This will be important later, in Chapter 4.
We conclude this section by discussing the unramified characters of G. The
group of unramified characters of G is

X (G) := Hom(G /G, C*),

which has the structure of a complex algebraic torus since the quotient G /G*
is a free abelian group of finite rank, see [Roc09]. The group of unramified
characters plays an important role in the representation theory of G. We will
discuss it a bit more in the next section, since there are natural generalizations
of the definitions of G* and X, (G) to covering groups. Using Bruhat-Tits
theory, it can be shown that G! is generated by all compact subgroups of G.
This result will be mentioned in the next section (see Lemma 2.1.13), since it
also holds for covering groups.

2.1.3 Covering groups

Let F be a non-archimedean local field and let G’ = G'(F') be the group of
F-points of a connected reductive linear algebraic group G’ over F.

Definition 2.1.9. A (finite central) covering group G of G’ is an extension of
topological groups
12A4A—-G—-G =1,

where A is a finite abelian group, A — Z(G) and the projection pg : G — G’
is a topological covering map.

An example of such a covering group is the following.

Example 2.1.10. Consider G’ = SLy(F'), which is generated by the subgroups

oT’:{t(m):: ("g x(zl):xeFX}%FX,
.U={<é ?):ueF}%Fﬂ
oU:{(i ?):ueF}%F+.

There is a covering group

—_~—

1 —= {£1} —» SLy(F) — SLy(F) — 1.

As a set, Si—g\(_E) = {£1} x SLa(F). As a group, it is generated by subgroups
U,U and T. The multiplication on T'= {+1} x T" is given by

G t(l‘))(&‘/, t(x/)) = (55'(;5, 33/)2, t(xxl))’
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where the sign is determined by the quadratic Hilbert symbol

, 1 if 1 =%z + B%2' for some o, B € F

(LU, z )2 = .
—1 otherwise.

SLo(F') is an example of the Metaplectic group, which is a double cover of

the symplectic group Spyy (F). It is also an example of a Brylinski-Deligne

covering group, which we will discuss more elaborately in Section 2.1.4.

Like ', a covering group G of a reductive group G’ is a locally compact
totally disconnected group. However, in general G can not be seen as the
group of F-rational points of a linear algebraic group over F. Still, many
methods and results in the (representation) theory of reductive p-adic groups
generalize to covering groups. We list here some properties and results about
the structure of covering groups that will be important to us. Representation
theory will be discussed in Section 2.2.

Definition 2.1.11. Let G be a covering group of a reductive p-adic group
G'. A parabolic (resp. Levi) subgroup of G is the inverse image of a parabolic
(resp. Levi) subgroup of G'.

Covering groups split canonically over unipotent subgroups. Let G/ . :=

unip -
G’ . (F) where G’ . is the subvariety of G’ of unipotent elements.
unip unip p

Proposition 2.1.12 ([Lil4, Proposition 2.2.1], [MW94, Appendice I]). Let
pa : G — G’ be a covering group. There is a unique continuous section
5 G, — G of pg such that for every unipotent subgroup U of G', s|u is a
group homomorphism and such that s is invariant under conjugation.

The above result implies that the unipotent subgroups of G’ may canon-
ically be identified with the unipotent subgroups of GG. This justifies the no-
tation U instead of U’ for unipotent subgroups in G’. In particular, let P =
pc_;l(P’ ) be a parabolic subgroup of G. Then a Levi decomposition P’ = M'U
in G’ lifts to a Levi decomposition P = MU in G, where M = p;'(M’).
Another decomposition in G’ that lifts to a decomposition in G is the Iwa-
sawa decomposition. Namely, the decomposition G’ = P'K' = K'P’ from
Theorem 2.1.8 lifts to an Iwasawa composition G = PK = KP in G, where
K = pal(K’) is a good maximal compact subgroup of G.

We will now discuss the unramified characters of a covering group. Recall
the groups

G = Nyex-(e ker |x|F and X, (G') = Hom(G'/G"*,C*)

of the previous section, that were defined for a reductive p-adic group G’. For
a covering group G of G’, we have natural generalizations of these groups,
namely

G' = pg'(G™) and Xy (G) := Hom(G/G*,C*) = X0 (G').

The following result follows from Bruhat-Tits theory and implies that the
unramified characters of G are the complex characters of G that are trivial on
all compact subgroups of G.
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Lemma 2.1.13. Let G be a covering group of G'. Then the following two
statements hold:

(i) The group G* is generated by all compact subgroups of G.
(ii) If G' is semisimple, then G* = G is generated by its compact subgroups.

Proof. The first statement is [FP22, Lemma 4.8]. The second statement then
follows from the definition of G' and the fact that a semisimple group has no
nontrivial rational characters. O

This concludes our discussion on general covering groups. In the next
section, we will discuss a particular class of covering groups in more detail,
namely Brylinski-Deligne covering groups. Many covering groups fall into this
class and they have a nice combinatorial description which allows for explicit
computation in such groups.

2.1.4 Brylinski-Deligne covering groups

In [BDO01], Brylinski and Deligne study central extensions of G’ by Ky in the
category of sheaves of groups on the big Zariski site of Spec(F’), or of a more
general base scheme S instead of Spec(F'). We will attempt to shortly explain
these notions without going into too much detail. The important part for us
is the classification of such extensions. Brylinski and Deligne showed that the
category of central extensions of G’ by K3 has a nice combinatorial description,
in terms of Weyl group-invariant quadratic forms on the cocharacter lattice of
a maximal torus of G’ and some additional data. This classification is similar to
the classification of linear algebraic groups using root data. By taking F-points
and pushing forward these extensions along the Hilbert symbol, we obtain a
class of covering groups of G’ with an explicit presentation that allows us to
do actual computations for such groups. Examples of p-adic covering groups
that are obtained this way, are metaplectic covering groups and all covering
groups (cf. Definition 2.1.9) of G’ when G’ is split and simply connected, as
illustrated in [BDO1, §0]. In this section, we give a brief summary of some of
the classification results of Brylinski and Deligne. Besides the original paper
[BDO1], a nice reference for the interested reader is [GG18, §2-3], where the
emphasis is on covering groups of reductive p-adic groups obtained by pushing
forward Brylinski-Deligne extensions along the Hilbert symbol. This section
is largely based on these two sources.

Although the theory of Brylinski and Deligne works for not necessarily
split groups over a general base scheme S, we will restrict our attention to the
case where G is a split reductive linear algebraic group over a non-archimedean
local field F. The big Zariski site Spec(F)zay of the scheme Spec(F) is taken to
be the category of schemes of finite type over Spec(F') [BD01, §1.4]. The group
G’ determines a sheaf of groups on Spec(F)zar by S + Homgpee(r (S, G').

For a scheme S, let K2(S) be Quillen’s Ks-group of the exact category
of vector bundles on S, see [Qui73] for Quillen’s original construction. If
S = Spec(R) is the spectrum of a ring R, then K»(S) = K3(R), where K»(R)
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is the second degree algebraic K-theory group of R. For S = Spec(F’), the
group Ks(Spec(F)) = Ka(F') is generated by the symbols {z,y}, where

{, }: F* X F* = Ky(F)

is the universal symbol. The Ks-groups define a presheaf of groups on S,

given by U — Ky(U) for U open in S. Let Ky be the sheafification of this

presheaf on S. This gives a system of sheaves on the schemes S in Spec(F')zar,

satisfying the required compatibility conditions (see [BD01, §1.4]) in order for

it to correspond to a sheaf on Spec(F)zar, which we will also denote by K.
Brylinski and Deligne classified the extensions

1-Ky—=G—-G —1

in the category of sheaves of groups on Spec(F)z.,. Such extensions are also
called — or rather, can be viewed as — multiplicative Ks-torsors on G'. We
will use these two names (central extensions of G’ by Ko / multiplicative K-
torsors) interchangeably. We will first summarize the classification results.
Later, we will explain how these extensions give rise to p-adic covering groups.

The first classification result concerns the category of multiplicative K-
torsors on a torus. Fix a split maximal torus 7’ of G’ and let Y be the
cocharacter lattice of 7'. For a quadratic form @ : Y — Z, we denote by Bg
the symmetric bilinear form on Y associated to (), which is given by

Bo(y,2) == Q(y + z) — Qy) — Q(2).

Proposition 2.1.14 ([BD01, Theorem 3.16] with S = Spec(F)). The category
of central extensions of T' by Ko is equivalent to the category whose objects
are pairs (Q,E) where

e Q:Y — Z is a quadratic form onY;
e & is a central extension of groups
1F*=€&-Y =1
with commutator [—,—]: Y x Y — F*, [y, 2] = (—1)Be®:2),

The set of morphisms between (Q,€) and (Q',E&") is empty if Q # Q. If
Q = Q’, the set of morphism from (Q, &) to (Q,E&") is the set of isomorphisms
of central extensions

FX — & —— Y

I

F* — & — Y.
Let W = Ng/(T")/T' be the Weyl group of (G, T"). For simply connected

groups, we have the following classification result.

Proposition 2.1.15 ([BDO01, Theorem 4.7] with S = Spec(F')). Suppose that
G’ is simply connected. The category of central extensions of G' by Ky is
equivalent to the category whose objects are W -invariant quadratic forms Q :
Y — 7Z. The only morphisms are the identity morphisms.
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Now, let G’ be a connected split reductive group and denote its root datum
by (X, ®,Y,®"), with simple roots A C ® and simple coroots AY C ®V. Let
G.. be the simply connected cover of the derived group of G’. Then we have a
map ¢ : G, — G’ and an inclusion of cocharacter lattices Yy < Y. Whenever
we are given a W-invariant quadratic form @ on Y, we may restrict it to Yi.
and by Proposition 2.1.15, we obtain a central extension of G!. by Ky. This
extension may in turn be restricted to 7., and by Proposition 2.1.14 we obtain
a central extension

1= F* = &.— Y, — 1 (2.1.1)

As explained in [GG18, §2.4], the simple roots o € A give rise to a section
Ssc : AV — Eg. Then & is generated by the elements ss.(aV) for ¥ € AV
and a € F'*, subject to the relations:

e all elements a € F'* are central in E;
o [ssc(aV),s55(8Y)] = (—1)BQ(O‘V’BV) for all oV, BY € AV.

The category of central extensions of G’ by Ks has a description which is a
combination of Propositions 2.1.14 and 2.1.15.

Proposition 2.1.16 ([BD01, Theorem 6.2] with S = Spec(F)). The category
of central extensions of G' by Ka is equivalent to the category whose objects
are triples (Q, &, f), where

e Q:Y — Z is a W-invariant quadratic form onY. By (2.1.1), it defines
an extension Es of Yse by F*;

e & is a central extension of Y by F* with commutator [y, z] = (—1)Be®:2);
o f:&:.— & makes the diagram
F* —— & — Yo

]

Y

F X
commute.

The set of morphisms between (Q,&, f) and (Q',&', f) is empty if Q # Q.
If Q = @', the set of morphisms from (Q,&, f) to (Q,&', f") is the set of

isomorphisms of central extensions

F* — s & —— Y

|

F*—— & —Y
such that the diagram
Ese == &sc
o
E—=m¢

commutes.
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By Proposition 2.1.16, a BD extension G of G’ comes from a BD extension
Gsc of G and they fit in a commutative diagram

1 K, Gse Gl. 1
J Jq lq (2.1.2)
1 K G G’ 1.

In particular, the projection map ¢q : G.. — G’ lifts to a projection map q :
Gse = G.

As described in [GG18, §2.6] we may replace the category of triples (Q, €, f)
by a different category.

Definition 2.1.17. Let Q : Y — Z be a quadratic form with associated
symmetric bilinear form Bg. A bisector D of () is a bilinear form D : Y xY —
Z, not necessarily symmetric, such that

D(y,y) = Q(y) and Bg(y, z) = D(y,z) + D(2,y)
forally,z €Y.

For each W-invariant quadratic form @ on Y, define Bisg: o to be the
category whose objects are pairs (D, n) where D is a bisector of @ and 7 :
Yie = F* is a group homomorphism. The set of morphisms between (D, n)
and (D’,n’) is the set of maps £ : Y — F'* such that

o Ely+2)Ey) T 1E(x) T = (~)PWATP WA forall y,z €Y
o {(@Y) =7'(a¥)/n(a”) for all o € AY.
Now consider the category
Bisg: := | Bisg' ¢
Q

which contains each Bisg/ ¢ as a full subcategory. Denote the category of
triples (@, &, f) as in Proposition 2.1.16 by BDg:. Then there exists an equiv-
alence of categories

Bisg: — BDg-

which is given by an explicit functor called the incarnation functor. It sends
a pair (D, n) to the triple (@, &, f) given by:

* Q(y) = D(y,y) forally € Y;

e £ =F* xY with group law
(a,9)(b,2) = (-1)P@Hab, y + 2);
o f:&:— & is the map

f(sse(a@Y)) = (n(aY),aY) for all ¥ € AV,
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where s, : AV — & is the section that was mentioned just before Proposition
2.1.16.

Now, let us explain how we obtain covering groups of reductive p-adic
groups from BD extensions, see also [BDO1, Construction 10.3] and [GG18,
§3.1]. Assume that (Q,€&, f) is a triple in BDgs incarnated by (D,n). It
corresponds to a multiplicative Ks-torsor on G/,

1Ko —>G—G — 1.

By [BDO01, §1.4], taking F-points and since H*(F, Kz) = 0, we obtain a central
extension of groups

1— Ky(F)— G(F)— G'(F)— 1.

Let n be an integer such that F' contains all n-th roots of unity, i.e. the set
pn(F) ={x € F: 2™ =1} has n elements. Recall from Section 2.1.1 that the
n-th Hilbert symbol gives a map

(=, =)n: Ka(F) = pn(F).
We may push forward the extension above along the Hilbert symbol to obtain

1—— Ky(F) —— G(F) — G'(F) —— 1

| J
G

|
1 —— un(F) e 1.

The lower exact sequence is a finite central extension of G’ by p,(F) and
by [BDO1, §10], there exists a topology on G such that G — G’ becomes a
topological covering map, which is essentially because the Hilbert symbol is
locally constant. We will call such a covering group a BD covering group of G’
associated to the data (Q, €&, f,n) or (D,n,n). In later chapters of this thesis,
we will always work with BD covering groups incarnated by (D,n = 1,n).

Example 2.1.18. We give some more context to the construction above and
explain that if G’ is simply connected, BD extensions give rise to all covering
groups of G’, see also [BDO01, §0]. The classification of covers of split simply
connected groups was already known due to the work of Steinberg, Moore and
Matsumoto [Ste62; Moo68; Mat69]. The theory of Brylinski and Deligne was
developed as a more general framework.

If G’ is split and simply connected, there is a universal central extension
[Moo68, §1]

1—m(G'(F)) = G(F)— G(F)—1.

Assume G’ is moreover simple, then m1(G'(F)) = Ko(F) and the universal
extension is also called Matsumoto’s central extension. Any central extension
of G’(F) by some abelian group A is obtained by pushing forward the univer-
sal extension along a homomorphism Ky(F) — A. In the Brylinski-Deligne
framework, Matsumoto’s extension corresponds to the BD extension associ-
ated to the Weyl group-invariant quadratic form @ on Y given by Q(a¥) =1
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for all simple coroots a¥. By Proposition 2.1.15, this extension is universal,
since all other Weyl group-invariant quadratic forms on Y are multiples of Q.
We will denote this universal Weyl group-invariant quadratic form on Y as
Q=1

To obtain a topological cover, we must push forward Matsumoto’s exten-
sion along a symbol which is locally constant. By [Moo68, §3], there is a
universal locally constant symbol on F', namely the Hilbert symbol

Co ey = Ko(F) = u(F)

where p(F) denotes the (finite, cyclic) group of roots of unity of F. If F

contains all n-th roots of unity, i.e. n | #u(F), then the n-th Hilbert symbol

on F equals (, ), =(, )iﬁﬁg/n-

Thus for G’ split, simple and simply connected, Matsumoto’s universal
central extension and the universal Hilbert symbol give rise to a universal
covering group of G’, namely

1—— Ky(F) —— G(F) —— G/(F) —— 1

l(*ﬁ)#mm J{

|
1 w(F) Guniv G 1.

All other covering groups of G’ arise from this universal cover Gy, by push-
ing forward along a homomorphism p(F') — A, for some finite abelian group
A. For example, let @ be a Weyl-group invariant quadratic form on Y corre-
sponding to some integer ¢ € Z and let G be the BD cover of G’ associated to
the data (Q = ¢,n). Then G is obtained by pushing forward G,n;, along the
map

WF) = pn(F), a = a"##E/m,

Example 2.1.19. Let Sp,y (F) be the symplectic group over F', see [Spr09,
2.1.4. Examples. (4)(h)]. It is a split, simply connected reductive group over
F. The metaplectic group Mpqy (F) is a double cover of Sp,y(F), fitting in
an exact sequence

1= {£1} = Mpyn (F) — Spay (F) — 1.

It is the BD cover of Spyy(F) associated to the data (Q = 1,n = 2). By
the discussion in Example 2.1.18, this is the unique genuine double cover of
Span (F).

More generally, in the literature the terminology metaplectic covers is also
used for the covers that we call “BD covers” here, i.e. general n-fold BD covers
of general reductive p-adic groups.

Brylinski-Deligne covering groups have an explicit presentation which we
will describe now, starting with the covering torus 7T'. Let us first consider the
extension

1= Ky(F) = T(F) = T'(F) > 1
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obtained by taking F-points (so not yet pushed forward along the Hilbert
symbol). As a set, it can be realized as T(F) = Ka(F) x T'(F). Recall that
X is the character lattice of 77 and Y is the cocharacter lattice of 7’. The
bisector D of @, which is a Z-valued bilinear form on Y, may be written as

D:Zzi@zéEX@zX.

K2

Then the multiplication on 7 (F) = Ky (F) x T'(F) is given by
(L, t1)(1,t2) = (o(ta, t2), t1t2),

where o is the 2-cocyle
oty t2) = H{xi(tl)wé(b)},

see [Weill, §3.2]. Here, { , } is the universal symbol. Pushing this forward
along the Hilbert symbol, we obtain

1= pup(F) =T —=T —1.

As aset, T = p,(F) x T" and the multiplication satisfies

(Ly(@)(L,2(0) = ((a, b)), y(a)z(b))

for all y,z € Y and a,b € F*. With this, we can describe the covering torus T
in terms of generators and relations. Namely, T is generated by w, (F) C Z(T)
and the elements s(y(a)) := (1,y(a)) for y € Y and a € F*, subject to the
following relations:

o [s(y(a)),s(z(0))] = (a,b)n°"?;
o s(y(a))s(z(a)) = (a,a) " s((y + 2)(a));

o s(y(a))s(y(0)) = (a,0)7Vs(y(ab))

for all y,z € Y and a,b € F*. The covering torus T is in general not com-
mutative, since the Hilbert symbol is not symmetric for n > 2, and D is not
necessarily symmetric either. The center Z(T') of T is generated by u, (F') and
all elements s(y(a)) where a € F* and y lies in the sublattice

Yon={yeY:Bg(y,z) enZforallze Y} CY.

The group G is generated by T and the unipotent subgroups U, for a € .
For each o € ®, there exists a splitting e, : FF — U, C G. Namely, if
{€l, : @ € ®} denotes an épinglage or pinning for (G',T"), then we take e, to
be the canonical lift of the isomorphism e/, : F — U, C G’'. For each root
a € A, define the elements

na(z) = eq(z)e_o(—2 Heq(x) € N(T)
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and elements ho(z) € T given by
ha(x) := na(x)ne(-1).
By [GG18, Proposition 2.5], since we assumed that n = 1, the h,(x) satisfy
ha(z) = (10" (2)) = s(a(z))-
It follows that for a,b € F'*, we have that
Oa(a,b) = ho(a)ha(b)he(ab)™! = (a,b)@@").

Then we have the following multiplication relations in G, for o, 8 € A, z,v €
F* and u € F:

na(2)ea(Wna(z) ™ = e_a(—2%u);
na(2)es(una(2) ™! = ey ez~ P2 u);
Na(2)hs(V)na(2) "t = h,y(y)g,y(v,ez%ﬁxaV))fl
ha(2)es(u)ha(2) ™t = eﬁ(zw,awu)’

where v := 8— (8, a")a and € = €(«, 8) = £1. These relations follow from the
relations in [Weill, §2.1], which hold for split simply connected groups, so they
hold for G4, and we can compose them with the projection map ¢q : Gs¢ — G
from (2.1.2) to obtain the relations above.

We conclude this section by describing a maximal abelian subgroup of
T. Recall from Lemma 2.1.1 and Corollary 2.1.2 that F*"O} is a maximal
subgroup of F* such that (a,b), = 1 for all a,b in this subgroup. We may use
this result to show that Z(T)T(Op) is a maximal abelian subgroup of 7.

Lemma 2.1.20. Let T be a BD extension of a split torus T'. Then the
subgroup A := Z(T)T(OF) of T is mazimal abelian.

Proof. By Lemma 2.1.1, A is abelian and T(F*"O) C A. Let {y1,...,y,} be
a basis of the cocharacter lattice Y of T'. Then T is generated by u, C Z(T)
and all s(y;(a)) where 1 < i < r, a € F*. Suppose that ¢t € T with ¢ & A,
then we will show that there exists an element ¢ € T(O}) with [¢,t'] # 1. So
let t ¢ A. We may write

t=c¢- S(yl (a1))S(y2(a2)) cee S(yr(ar))7

where € € u,(F) and each a; € F*. We want to find an element ¢ € T(O})
that does not commute with ¢, so we may ignore the factor ¢, since it lies in
Z(T). Moreover, since T(O}) is abelian, we may assume that each a; = w'

for some integer ¢;, where wp is a uniformizer of F. So

t =tity...t,, where each t; := s(yz(wﬁ-,))
Since t € Z(T), there exists an element ¢ € T that does not commute with
t. We may assume that t” is of the form ¢’ = s(y,(b)) for some b € F*,
1 < j <r. Then, because [s1, s3] € Z(T) for all s1,s0 € T,

1# [t,t"] = [tr, t"][ta, t"] ... [tr,t"] = (wr, b)p Be Wiyt b Balyry;),
(2.1.3)
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In particular, £1Bg(y1,y;) + ... + £-Bo(yr,y;) is not a multiple of n. Let
zp € OF be as in Lemma 2.1.1(ii). Then (wp,zp), is a primitive n-th root
of unity, so also for ¢’ := s(y;(zr)) € T(Of) we have

6,8 = [t1,2] . [tr,#) = (wp, 2p) P Fo e BQns) 4

This shows that ¢ € A does not commute with # € A, which completes the
proof. O

The group A from Lemma 2.1.20 can be characterized as the unique max-
imal abelian subgroup of T that contains the unique maximal compact sub-
group T(Op) of T. This result will be used in Chapter 5.

2.2 Representation theory

In this section, we discuss the “representation” part of the preliminaries,
namely the basics of smooth complex representations of tdlc groups, the Bern-
stein decomposition, Harish-Chandra’s intertwining operators and p-function.

2.2.1 Smooth representations

Let G be a covering group of a reductive p-adic group G’. In this thesis, we
are interested in smooth complex representations of G. We discuss the basic
concepts, see also [Renl0], [FP22].

Definition 2.2.1. A complex representation (mw, V) of G is a C-vector space
V together with a group homomorphism 7 : G — Aut(V).

Definition 2.2.2. A complex representation (w, V) of G is smooth if for every
v € V, the stabilizer

Stab(v) := {g € G : 7(g)v = v}

is open in G, or equivalently if V = Ug V¥, where K runs over the compact
open subgroups of G.

Definition 2.2.3. Let (7, V) be a smooth complex representation of G. The
dual space V* of V is equipped with the representation

m(9)f(v) = f(n(g7") for g e Gu eV, f V™.

This representation is not necessarily smooth. Therefore, we restrict to the
subspace VV := Ug (V*)X where K runs over the compact open subgroups
of G. The space V'V is called the smooth dual of V and is equipped with the
smooth representation 7V := w*|yv. The representation (7, V") is called the
contragredient representation of (mw, V).

From now on, whenever we say “representation” we mean a smooth com-
plex representation. We denote the category of smooth complex representa-
tions of G by Rep(G).
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Definition 2.2.4. A smooth complex representation (7, V) of G is called
admissible if for every compact open subgroup K of G, the space V¥ is finite
dimensional.

Definition 2.2.5. A representation (m, V) of G is called Hermitian if there
exists a non-degenerate Hermitian form ( , ) on V which is G-invariant, i.e.
for every v,w € V and g € G,

(v, w) = (7(g) - v, 7(g) - w).

Given a representation (m,V) of G, its complex conjugate representation
(7, V) is defined as follows. The complex conjugate vector space is

V :={v | v € V} with scalar multiplication 20 = Zv.

Then G acts on V via 7(g)7 := n(g)v. The Hermitian dual of (m,V) is
(ﬁV,VV) & (7V,VV) and the representation (m, V) is Hermitian if and only if
(m, V) = (ﬁV,VV) [Ren10, §IV.2.1]. A stronger definition is that of a unitary
representation.

Definition 2.2.6. A representation (m, V) of G is called unitary if there exists
a positive definite Hermitian form on V' which is G-invariant (see Definition
2.2.5).

For H a closed subgroup of G, we have restriction and induction func-
tors going between Rep(G) and Rep(H). The restriction functor restricts a
representation (7w, V) of G to H, i.e.

Res$ (m, V) = (n|u, V) € Rep(H).
For a representation (7, V') of H, the induced representation is given by
mdS (V) :={f:G—=V:f(hg)=h-f(g) Vg€ G, he H}® e Rep(G)

on which G acts via right multiplication. The superscript ® means taking the
smooth vectors with respect to this action (like in Definition 2.2.3), which
means only taking the functions that are right-invariant under some compact
open subgroup of GG. The functor Indfl has a subfunctor indg called compact
induction. It is defined by

ind% (V) := {f € nd$ (V) | f has compact support modulo H}.

For P = MUp a parabolic subgroup of G, we also have induction and
restriction functors, namely the functors of (normalized) parabolic induction
and (normalized) parabolic restriction. These functors go between Rep(G)
and Rep(M). Let m be a representation of M. Then we can inflate 7 to get
a representation of P, i.e. mw(mu) = w(m) for all m € M, u € Up. Because
of the Iwasawa decomposition G = PK, we have that G/P is compact, so
indg = Indg. The normalized parabolic induction functor is given by

I () := Ind% (6% @ 7) € Rep(@).



2.2. REPRESENTATION THEORY 33

Here, §p is the modular function on P, where we use the opposite convention
for the modular function compared to the one in [Renl0, p. I1.3.7]. For each
m € M, u € Up, it is given by [Renl0, §V.5.4] (to the power of —1)

dop(mu) = dp(m) = H la(m)|Em Ve (2.2.1)
a€X(P)

where each U, is the unipotent subgroup of G corresponding to the root «.
Concretely, the parabolically induced representation is given on the vector
space

IS(V)={f:G = V| f(mug) = §2(m)m(m) f(g) Ym € M,u € Up,g € G}*,

with G acting via right-multiplication.
Now let (m, V') be a representation of G. The normalized parabolic restric-
tion functor is given by

RG(m,V) = (6p""% @ 7|a1, Vi) € Rep(M)

The representation is given on the vector space Vi;, := V/V (Up), where V(Up)
is generated by the elements m(u) - v — v for v € V, u € Up. The action of M
on the space Vi, is well-defined since M normalizes Up.

Definition 2.2.7. A smooth representation (m, V') of G is called supercuspidal
if for every proper parabolic subgroup P of G, RE(V) = 0.

Theorem 2.2.8 ([FP22, Theorem 6.2], [Renl0, §VI.2.1]). Let (m,V) be an
irreducible smooth representation of G. Then it is supercuspidal if and only if
all its matriz coefficients have compact support modulo Z(QG).

A more general concept is that of representations which are (essentially)
square integrable modulo center. Let dg denote a bi-invariant Haar measure
on G/Z(G) and let x be a unitary character of Z(G). Let L*(G, x,dg) denote
the space of locally constant functions f : G — C such that

e f(g2z) = x(2)f(g) for all z € Z(G) and g € G, and
o fG/Z(G) |f(g)|2d§ < o0.
Definition 2.2.9. Let (7, V') be a smooth representation of G. Then:

(i) (m,V) is called square integrable modulo center if the central character
ce(m) of 7 is unitary, and additionally every matrix coefficient of 7 lies
in L?(G, ce(m), dg).

(if) (w,V) is called essentially square integrable if there exists a character
X € Xunr(G) such that m ® y is square integrable modulo center.

Recall that in principle, we are interested in representations of covering
groups
12A—-G—>G —1, (2.2.2)
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with A a finite abelian group, A < Z(G) and G’ a reductive p-adic group.
Since A is finite and A C Z(G), the representations of G decompose according
to the characters x € Hom(A,C*). All finite subgroups of C* lie on the unit
circle S*, hence Hom(A, C*) = Hom(A, S'). Let x : A — u, be a character
of A, with p, the group of n-th roots of unity in C*. Moreover, choose n such
that x surjects onto p,,. Then by pushing forward the extension (2.2.2) along
X, we obtain another covering group G of G , hamely

1 A G el 1
Pl
1 [in G G’ 1.

Studying the representations of G whose restriction to A equals x is equivalent
to studying the representations of G whose restriction to i, is the identity
character id,,, : (i = pn. Representations of the latter kind are also called
genuine representations.

2.2.2 Bernstein decomposition and types

In this section, we discuss the Bernstein decomposition of the category of
smooth complex representations of a p-adic covering group G. We also discuss
how Bernstein blocks can be described using type theory. The main references
for the Bernstein decomposition are [Renl0], [Roc09], [FP22].

Definition 2.2.10. A cuspidal datum (M, (o,V)) for G consists of a Levi
subgroup M of G together with an irreducible supercuspidal representation
(o,V) of M.

An equivalence relation on the class of all cuspidal data is given as follows.
Two cuspidal data (M, (01, V1)) and (M, (02, Va)) are inertially equivalent if
gMig™" =Ms and g- 01 203 @ X
for some g € G and x € X, (Ms), where g -0y is the representation of gM;g~*
given by z — o1(g 'zg). For a cuspidal datum (M, (o,V)) we denote its

inertial equivalence class for G by [M, (0, V)]e. The category Rep(G) has full
subcategories

Repas, (o, (G) = {7 € Rep(G) : all irreducible subquotients of w
belong to the inertial equivalence class [M, (o, V)]g}.

Theorem 2.2.11 (Bernstein decomposition [FP22, Theorem 7.14]). The cat-
egory Rep(G) of smooth complex representations of G decomposes as

Rep(G) = [ Rep,(@).

where the product is indexed by all cuspidal data s = [M, (0,V)]|a up to inertial
equivalence.
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Each Bernstein block Rep,(G) is equivalent to a module category.

Proposition 2.2.12 ([FP22, §9]). Let (M, (o,V)) be a cuspidal datum. Write
sy for its inertial equivalence class in M and sg for its inertial equivalence
class in G. Let P be a parabolic subgroup of G with M as a Levi subgroup.
Then the following two statements hold.

(i) The representation ind}f: (o|y1) of M is a progenerator for the category
Rep,,, (M). In other words, there is an equivalence of categories

Rep,,, (M) =~ Endy (ind}f: (o] p71)) — Mod.

(ii) The representation IS (ind3k: (o|ar)) of G is a progenerator for the cat-
egory Rep, . (G). In other words, there is an equivalence of categories

Rep,, (G) ~ Endg (I8 (ind}]: (o a1))) — Mod.

For o a cuspidal representation of M with inertial equivalence class s/, let
Xnr(M,0) :={x € Xpx(M) : 0 @ x Z 0}

Then the quotient O := X,,(M)/X,.(M,0) has the structure of a com-
plex algebraic variety and it is in bijection with the inertial equivalence class
sp. Let C[O] denote the ring of regular functions on O. Let W(M,O) :=
Na(sar)/M, where Ng(sar) is the subgroup of G consisting of the g € G
such that [gMg~1,g- o]y = spr. The following result about the structure of
Rep,, (G) is due to Bernstein and also works for covering groups.

Proposition 2.2.13 ([FP22, Theorem 9.12]). Let s¢ = [M, o] be an inertial
equivalence class for G. Then the following statements hold:

(i) The algebra Endg(I§ (ind}f: (o]pm))) contains C[O] as a subalgebra and
is finitely generated over it as a module.

(ii) The center of Rep,,(G) equals
Z(Rep,,(G)) = Z(Enda(IF (indjp (o|a1)))) = C[O]V MO,

i.e. it is the ring of W (M, O)-invariant reqular functions on the complex
algebraic variety O.

One way to further describe the structure of Bernstein blocks, is to further
investigate the structure of the endomorphism algebras of Bernstein’s progen-
erators. This was done for reductive groups in [Sol22] and we will elaborate
on this in Chapter 5. Another way to study Bernstein blocks is with the use of
type theory, which we will discuss now. It was developed for reductive groups
in [BK98] but it also works for covering groups, see for example [Wan24, §3],
[Zou25, §3].

Let K be a compact open subgroup of G and let (p,W) be a smooth
irreducible representation of K. To (K, p) we associate the following objects:



36 CHAPTER 2. BACKGROUND

e (G, p) denotes the convolution algebra of compactly supported func-
tions f : G — Endc (W) such that

f(k1gke) = p(k1)f(g)p(ke) for all ki, ke € K, g € G.

* Rep,(G) is the full subcategory of Rep(G) consisting of all representa-
tions (m, V') that are generated by the p-isotypic subspace V* of V.

¢ M, :Rep,(G) = H(G, p) — Mod is the functor 7 + Homg (p, 7).

Remark 2.2.14. The algebra denoted by H(G,p) in [BK98] is the algebra
denoted by H(G, pV) using our convention above. We use this opposite conven-
tion for H(G, p), because ultimately we want to compare the endomorphism
algebras arising from types with the endomorphism algebras arising from Bern-
stein’s progenerators. We did not mention it explicitly before, but the mod-
ules in Proposition 2.2.12 are in fact right modules. So for the comparison,
it is natural to work with right H(G, p)-modules instead of left modules. For
7 € Rep,(G), Bushnell and Kutzko work with Homg (p, ) as a left H(G, p¥)-
module (our notation). Since H(G, p¥) and H(G, p) are anti-isomorphic, we
may consider Homg (p, 7) as a right H(G, p)-module.

Definition 2.2.15. Let s = [L, o]¢ be an inertial equivalence class for G, let K
be a compact open subgroup of G and let p be an irreducible K-representation.
Then (K, p) is called an s-type if the following equivalent conditions hold:

° Repp(G) = Rep,(G),

e the functor M, : Rep,(G) — H(G,p) — Mod is an equivalence of cate-
gories.

There are more equivalent conditions to the ones above, but we will not
mention them here. If (K, p) is an s-type, then by [BK98, (2.6)]

H(G, p) = Endg(ind§ (p)), (2.2.3)

with Endg(ind%(p)) acting on the left by Remark 2.2.14. So ind%(p) is a
progenerator for Rep,(G) ~ H(G,p) — Mod and the algebras H(G, p) and
Endg (ind% (p)) are not only Morita equivalent, but they are in fact isomorphic.

Now let L be a proper Levi subgroup of G and suppose there exists a type
(Kp,pr) for s;, = [L,o]p. Let P(L) be the set of parabolic subgroups of
G with Levi subgroup L. Suppose that the type (K, p) for s = [L,0]q is a
cover of (Kp, pr) (see [BK98, Definition 8.1] for the definition). Then for all
P € P(L) there exists a ring homomorphism

tp: H(L,p[,) — H(G,p),

making the diagrams

Rep, (G) —225 #H(G, p) — Mod Rep, (G) 275 H(G, p) — Mod

le Jt; IET (tp)*T

M, M,
Rep,, (L) —5 H(L, pr) — Mod Rep,, (L) —5 H(L, pr) — Mod,



2.2. REPRESENTATION THEORY 37

commute. Here, t3 denotes restriction and (tp). is its right adjoint functor
Vi Hom'H(L,pL)(H(Gv p)7 V)

The diagram on the right follows from the diagram on the left, since I§ is the
right adjoint functor of RE. In [BK98], this compatibility for covers of types
is shown to hold with respect to the un-normalized parabolic induction and
restriction functors (so without the factor 5$1/2). By [Dat99, Théoréme 1.3.1,
Remarque] there is also a compatibility with respect to the normalized func-
tors of parabolic induction and restriction. By Bernstein’s second adjointness
theorem, I§ is the left adjoint of R% where P denotes the parabolic subgroup
of G with Levi L, opposite to P. So there is a third commutative diagram

Rep, (G) LTI H(G, p) — Mod

e tm)]

My
RepsL (L) — H(LapL) - MOda

where , (t5) is the left adjoint of t7;, i.e.
V= H(G, p) @p(r,pp) V-

Finally, if (K, p) is a cover of (K, pr) and P € P(L), then by [Dat99],
ind$ () = I(ind%, (p1)). (2.2.4)

It is not straightforward to construct types and they may not even always
exist. In [Roc98], types were constructed for principal series representations
of split reductive groups, with some restrictions on the residue characteristic
of F'. Moreover, an explicit description is given of the Hecke algebra H (G, p)
arising from a type. These methods were generalized to principal series repre-
sentations of Brylinski-Deligne covers of split groups in [Wan24]. In Chapter
5, we will describe the structure of principal series blocks for BD covers of split
groups without restrictions on the residue characteristic, essentially by com-
bining the type theory and the results on endomorphism algebras from [Sol22].
The structure of the algebras in question is closely related to the structure of
affine Hecke algebras. We refer to [Sol21] for a survey on this subject and will
not elaborate on it here.

2.2.3 Intertwining operators and the Harish-Chandra p-
function

Chapter 4 of this thesis is about intertwining operators and a formula for
the Harish-Chandra p-function for covering groups. In this section, we give
an introduction to these subjects, that assumes less prerequisites than the
introduction given in Chapter 4.

An intertwining operator is a G-linear map between two representations
(m1,V1) and (w2, V2) of G. We will consider specific intertwining operators,
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namely the operators Jg p associated to two parabolic subgroups P,Q of G
with the same Levi subgroup M. For a representation (m, V') of M, the op-
erator Jo p(m) is an intertwining operator between the parabolically induced
representations (I§(7), I§(V)) and (18(71'), IS(V)) These intertwining oper-
ators were extensively studied in [Wal03] and generalized to covering groups
in [Li12]. The Harish-Chandra p-function is defined using the intertwining
operators Jﬁl pand J PP where P is the parabolic subgroup of G opposite to
P.

Let P = MUp, Q = MUg be parabolic subgroups of G' with the same
Levi subgroup M. Let Ig and IS be the functors of normalized parabolic
induction. Let (7, V) be a smooth admissible M-representation, then

IS(V)={f:G = V| f(mug) = 5;3/2(m)71'(m)f(g) VYm e M,u € Up,g € G}°,
ISWV)={f:G = V| f(mug) = 85 (m)n(m)f(g) ¥m € M,u € Ug,g € G}*.

Recall that the superscript * in I (V), IS(V) means only taking smooth vec-
tors with respect to the action of G. The action of G on these vector spaces
is given by multiplication on the right, defining the representations I g (m) and
Ig(w), respectively.

Definition 2.2.16 ([Wal03, §IV.1]). In the context above, the intertwining
operator

Jop(m) : IE(V)  IS(V)

is defined by

[ [QH/ f(ug)du]
(UpNUQ)\Uq

(provided that the integral converges).

This operator does not always converge, but assuming that 7 is such that
Jo|p(m) does converge, let us confirm that this defines an intertwining operator
between the G-representations (I§(r), I$(V)) and (Ig(w),fg(V)). The step
that is not very obvious, is to show that for f € I§(V), indeed Joip(m)f lies
in Ig(V). For any u € Ug and g € G we have that

Joip () (ug) = / Fluyug)duy

(UpNU)\Uq

- / F(urg)duy
(UpNUQ)\Uq

= Jq|p(m)f(9),

since unipotent groups are unimodular. Moreover, for m € M and g € G, we
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have

Jqip(m)f(mg) = / f(uimg)duy

(UpNUQ)\Uq

= / f(mm ™ uymg)duy
(UpNUg)\Uq

= 6},/2(m)7r(m)/ f(m™ uymg)duy
(UpNU@)\Uq

= 612 (m)m(m)d g5 (m) / Flurg)duy
UonNUs
1/2
= b (m)n(m)Joip (1) f (9)
where the second to last equality follows from [Car79, p. 145] and the fact that
(UpNUqg)\Ug = Ug N Up. Their Haar measures differ by a scalar and we

may normalize the Haar measures to have this scalar be equal to 1. The last
equality then holds because of Equation (2.2.1), which implies

dim U, /2 im U,
op(m)2o0pm) = T lam)E ™ [ lem)E™"
a€X(P) aeX(P)NS(Q)

dim U, —dim U,
[T le)e=? I loatm)z4Y

a€X(P) aeX(P)NZ(Q)

—dim U, /2 dim U, /2
= [0 JamE"%" I lam)lg™

a€S(P)NZ(Q) a€S(P)NE(Q)

dim U, dim U,
= II Jlem)gm®” I lam)gmte?

a€X(P)NZ(Q) aeX(P)NX(Q)

dim U, /2
= II lamygmt=’

2€(Q)
= dq(m)

12

This confirms that whenever Jp|g(m) converges, it defines an intertwining
operator between (IS (), I§(V)) and (Ig(ﬂ),IS(V)).

Let us now discuss the convergence of Jp|g(m). For (7, V) an admissible
representation of M, we let

O =10 X, (M)={r®x | x € Xn(M)},
where the m ® x are considered up to isomorphism. Let
Xur(M,7) = {x € Xor(M) : m® x = 7}.
Then we can view O as a complex algebraic variety via the bijection
Xoe(M) )/ Xoe(M, ) — O.

The following is as discussed in [Wal03, §1.1], generalized to covering groups.
Recall that M is the inverse image of a Levi subgroup M’ in G’. Let Ay be
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a maximal split torus in Z(M') and let 3(M) be the weights of the adjoint
representation of Ap; on the Lie algebra of G'. A parabolic subgroup P of
G with Levi M determines a system of positive roots X(P) in 3(M). Recall
that X, (M) = Hom(M/M*, C*). There is a surjection

X*(AJW’) 2% C— an(M)a
X® 2z (me [x(m)|f),

where X*(Apr) denotes the group of F-characters of Ay, For x € Xy, (M),
let x € X*(Apr) ®z C be so that it maps to x under the surjection above.
Then the real part Re(x) € X*(Ap+) ®z R does not depend on the choice of
X, and we define Re(x) := Re(x). We have a pairing

() (X7 (Amr) @2 R) X (Xu(Anr) @2 R) = R,

so for any root a € (M), we can define the element o € X, (A NM), )QzR
to be determined by

P aV)y =2

(ala,nn,

Then for x € X,,;(M), the condition for Jgp(m @ x) to converge is that m has

finite length and that (Re(x),a") is large enough for all o € (P) N X(Q).
Alternatively, let 3,0q(M) denote the reduced (i.e. indivisible) roots in

Y(M). Then for a € ¥,0q(M), we can define the variable r,(x) € R deter-

mined by

Xl [a0 0 e = 075 |t -
Here, M, = (M,U,,U_,) is the unique Levi subgroup of G containing the
root subgroup U, and containing M as a maximal Levi subgroup. Moreover,
P, is the parabolic subgroup P, = PN\ M, = MU, of M,. The condition
for Jop(m ® x) to converge is that (Re(x),a") is large enough for all o €

3(P) N X(Q), which is equivalent to requiring that r,(x) is large enough for

all reduced roots o € Xy0q(P) N Brea(Q)-

Theorem 2.2.17 ([Wal03, Théoreme IV.1.1]). Suppose that 7 is a finite length
representation of M. Then there exists R € R such that Jop(T®X) converges

for every x with ro(x) > R for all & € ¥1eq(P)N¥red(Q). Moreover, Jo p(m®
X) defines a rational operator on the open cone

Ur = {T@x €O |74(x) > R Va € Lea(P) N L,ea(Q)} C O.

Let us explain what it actually means for Jgp(m ® x) to be a rational
operator. Let K be a maximal compact subgroup of G. For every y € X,,,(M),
we have

IE(r @ x.V) 2 Ik (m @ 0k, V) = Ipak (t]x, V).
So every representation IS (7 ® x) can be realized on the same vector space
I5~k (V). The operator Jo p(m ® ) fits in the commutative diagram

J, T
IS(r @y, V) 222N 16 oy, )

F E

JK| (T®x)
IIID(OK(W‘IGV) - IgﬂK(ﬁh(?V)’
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where the operator ng p(m® x) is defined as the operator that makes the
diagram commute (warning: it does not equal the operator Jonx|prx (7|K))-
In the top row of the diagram, both the operator Jg p(7 ® x) and the vector
spaces I§(V), I§(V) depend on the character x € Xy (M). In the bottom
row, the operator JCS(‘P(W ® x) depends on x, but the vector spaces I};(QK (V)
and Ing(V) do not depend on x. The statement “Jgp(7 ® x) is rational in
X" now means that the operator Jg‘ p(T®Yx) is an operator between the vector
spaces I5 (V) and Ign (V) that depends rationally on x. More precisely,
let B := C[Xy,(M)] be the ring of regular functions on the complex algebraic
torus X, (M). Then there exists b € B such that for every x with 7® x € Ug:

e b(x) #0 and

o for every f € I5,(V), there exist f1,..., fn € Ing(V) and by,...b, €
B such that

n

b(X\) I p (@ X)f =Y bi(X) fi- (2:2.5)

i=1

So Jo|p(m® x) defines a rational operator on the open cone Ur C O and, with
the description in (2.2.5), it has a meromorphic continuation on the whole
space O.

Now, let @ = P and let 7 be irreducible. Then for generic ' € O, the
representation 1§ (7/, V) is irreducible [Sau97, Théoréme 3.2], see also Theorem
4.3.2. For those 7', by Schur’s lemma, the composition

Jp(r') = Jop(n') 0 Tpp(a') : I (V) = I8 (', V) (2:2.6)

equals multiplication by some complex scalar. So jp defines a rational function
on an open U C O, which means that there exist b},b, € B such that for all
x with 7 ® x € U, we have bj(x) # 0 and b (x)jp(m @ x) = bh(x). In fact,
the function jp only depens on the cuspidal datum (M, (7,V)) and not on
the choice of parabolic subgroup P [Wal03, §IV.3], so from now on we write
j:=7jp.

Recall that Az is a maximal split torus in Z(M’) and that X..q(M) C
X*(Ap) is the set of reduced roots coming from the adjoint representation of
App on the Lie algebra of G’. Then we have [Wal03, p. 287]

Jj= 1_[]'m where o runs over all positive roots in Xyeq(M). (2.2.7)

e}

Each j, is computed in the Levi subgroup M, := (M,U,,U_,) of G that
contains M as a maximal Levi subgroup. The p-function is defined as follows.

Definition 2.2.18 ([Wal03, §V.2]). The Harish-Chandra p-function is

prex) =y jrox) ™,

where v is the positive real scalar y := [, v(Mq|M)?, where o runs over the
positive roots in X,0q(M) and v(M,|M) is as defined in [Wal03, §I.1].
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Since we are only interested in the poles and zeros of 11, we will not elaborate
on the factor y here. By the definition of p and by (2.2.7), the p-function also
satisfies

W= H/”LU“ where « runs over all positive roots in Xcq(M).

«

Each p, is computed in M,. In Chapter 4, we give an explicit formula for
e as a rational function on P1(C). The zeros and poles of the p-function are
used in [Sol22] to describe the structure of endomorphism algebras of Bernstein
blocks in Rep(G), for reductive groups G. Namely, let (M, o) be a cuspidal
datum for G and denote by s its inertial equivalence class. Recall from the
Bernstein decomposition that

Rep, (@) ~ Endg (I8 (ind}h (o]a1))) — Mod.

The roots « such that p, has a zero on O = o ® X, (M) determine a
root system. An affine Hecke algebra is then associated to this root system,
whose g-parameters are determined by the poles of u,. This Hecke algebra
is shown to be closely related to the structure of the endomorphism algebra
Endg (1§ (ind}}: (0|p1))). The strategy generalizes to covering groups using
the results in Chapter 4. We will discuss this more elaborately in Chapter
5, where we will use these methods to describe endomorphism algebras for
principal series blocks for Brylinski-Deligne covering groups.



Chapter 3

Examples of intertwining
operators for (a BD cover

of) SL2(Qp)

In this chapter, we calculate j(x) = Jp|p(X)oJp p(x) from (2.2.6) explicitly in
some particular cases. First, we consider the case where G = SLy(Q,) and  is
an unramified character of the maximal torus T of G. Then we consider again
G = SL2(Qp), but with x a ramified character of T'. Finally, we consider the
case where G is a metaplectic cover of SL2(Q,) and x is a ramified character
of T. These examples are meant to illustrate that even in the simplest cases,
it turns out to be quite complicated to evaluate the integrals Jp p(x) and
Jp|p(x) explicitly, especially for covering groups.

3.1 Unramified principal series

Example 3.1.1. In this example, F' = Q,. We have that wr = p and we
write v := vp. Consider G = SLy(F), with maximal torus

_ t 0 % |~ x
T—{<O t‘1> teF }_F |
unipotent subgroups

U:{<1 u) |u€F}’£F+andU:{(1 O) uEF}%F"‘,
0 1 a1

and Borel subgroups B = TU, B = TU consisting of the upper, resp. lower
triangular matrices in SLo(F'). Let x be an unramified character of T, so of
the form ¢ — z*® for some z € C*. We want to know the zeros/poles of

Jp/5JB)/B Ig(X) - Ig(X)

e <g — /U/Uf(ﬂug)dﬂdu) .
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The composition Jp,5Jp,p is only described by the double integral above in
the range where it converges. We calculate the integral above for a specific f
and g = 1. We consider f € I§(x) given by

flutk) = x(@)|t| forue U, t € T and k € (pl (1)>
F

and f is zero everywhere else. We have

G D6 )6 D6 )6 )

where ¢ = 1/(1 + @u). Then the double integral becomes
< - > dadu.
14+ au

/U/Uf(ﬂu)dﬂdu/U/Ux<1+1uu) ‘le L,

First we consider the inner integral over U. After a substitution ¢ = 1/(1+uu),
it suffices to calculate the integral
1-1¢
118 s (1)

Lo (- 5

n=—oo
Let us consider the integrals over v(t) = n for different n.
For v(t) = n > 0, we have v(1 —t) = 0, so we only get something nonzero
for v(u) < 0. Therefore

]. ]. ]- - t —n —(n
/() X(t) 1 <u )dt = p e (pm — pm () 1 0,0 (1)
v(t)=n

=p"2"(1 - p 1o, (u),
and the sum over all n > 0 becomes

1

u

ull|t

1(|1 1—-1¢
|3 o (B ) a0 -5 im0, 0 3 -
/v(t)>0 ul|t A\ vortt 712>:0
v(uw — z
=p ( )(1—p 1)1_21F\@F(u).

For v(t) = n < 0 we have v(1 — t) = v(t) = n, so we only get something
nonzero for v(u) < n. In this case,

1)1 1-—-t¢ wlu _ n

[ e (S ) a=pma-m ¥
v(t)<0 v(u)<n<0

1— Zv(u)Jrl

=p'™(1 - Pfl)ﬁlF\oF (w).

For v(t) = 0, we further break up the integral, so that

1 1-1¢
- t)1 — | dt
t’X()PF( u )

-/,

1

A(t)—o u

(t)=0,v(1—t)=n
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The set where v(t) = 0,v(1 —t) = 0 has measure (p — 2)/p, and the set where
v(t) = 0,v(1 —t) = n > 0 has measure p~"™ — p~"1, so the integral above
becomes

'uup v(u —_n —_n—
p lpop () +p™ > @ —p "

n>0,n>v(u)

vup_2 v(u)—N,
=P o (1) + 570N

where N,, = max(1,v(u) + 1). Adding all terms together, we get

> 1 1—t
x| — ) dt
Z /v(t)_n t’X()p ( U )

_ pv(u)(l _ p_l)lF\OF (U,) |:

1

u

z +z“(“)+1—1
1—2 1—2

vup72 v(u)—
+p* » Loy (u) + p =N,

Rearranging the terms, the expression becomes

zv(u)-{-l
T imor(u) —p

v(u) U(u)—Nu.

pv(u)(l _p—l) _11F\Op (u) Tp
Now it remains to calculate the integral of the function above over all u € F.
For v(u) > 0, the only nonzero term is p?=Nu = =1 and the set where
v(u) > 0 has measure 1.

So the integral over all u of the function above becomes

—1 —1\2
—1 (1 —Pp ) m(,—m _ —m—1\y m+1 _ -1 (1 —-p ) -m
R N R e P

-1 (1—p1)?
Pt A u=1y

which is in line with the result of the calculation in [Sol25, Section 4.1].

3.2 Ramified principal series

Example 3.2.1. Again we consider G = SLy(Q,). Now we do a similar
calculation for a ramified character xy of T. We can write

T=7Zx(14+pZy,) xZ/(p—1)Z.

Then consider the character y given by

n m

(n,a,m mod p— 1) "¢,
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where (,_1 is a primitive (p — 1)-th root of unity. Similar to the previous
example, we calculate the integral

1 1 u
1y, | —— ] dadu.
/U/(]X<1+ﬂu>‘1+ﬂu '“F(1+au> e

First considering the inner integral over U and doing a substition, we again

obtain the integral
1 1-1¢
t’ X(£)1p (u) dt.

/F 1’ X(£)1p, (1;15) a= Y

n:Z_OO /v(t)zn
We calculate the smaller integrals over v(t) = n separately. For v(t) =n > 0,
we have v(1 —t) =0, so

1 1—1¢
- t)1 — | dt
/u(t)—n t’X( Mor ( u )

= lF\OF (U)p”(u)+n2"(p7n _ pfnfl)/ C;)n_ldm =0,
Z/(p—1)Z

1

u

1

u

1

u

since this comes down to the integral of a nontrivial character of a finite group.
By a similar argument, all integrals over v(t) = n < 0 vanish. So it remains to
calculate the integral over v(¢) = 0, and for this we again break up the integral
into smaller parts:

1 1-t¢
o, ()
/v(t)_o t’ ()PF u

oo ) L,
= Z/ ‘ X(t)lpF <> dt.
n=0Yv(#)=0,0(1—t)=n t .

Note that if v(t) = 0,v(1 —t) = n > 0, then ¢ must be of the form ¢t =1+ p"b
for some b € Z;. So x is constant on this set with value 1. Moreover, the
measure of this set is p~™ — p~"~!. Hence,

1

u

1

u

11 1—t = L
—| [ x()1 () dt = p’ M p —p )
/v(t)—O,'u(l—t)>0 u f‘ SN n;N
— pu(u)fNu’

where N, = max(1,1+ v(u)). If v(t) = 0,v(1 —¢t) = 0, then ¢ must be of the
form t = a + pb where b € Z;, and 1 # a € F,;. So we get

1 11—t
Hn ()&
/v(t)_O,v(lt)_O t ‘ T\ w

~Irop ()1 - [ G aam
z/(p—1)2—{0}

1

u

— v(uw 1
= —1po, (W) (1 —p Hp" )Zf = —1mox(u)p ;
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where the equality in the second line follows from the fact that

[ gram=o,
Z/(p—1)Z

hence
1 1

[
Z)(p—1)7—{0} | p—1°7" p—1

It remains to calculate

/ (pv(u)fNu . 1F\OF (u)pv(u)fl> duw.
U

v(u)—N, 1

For v(u) > 0, the only nonzero term is p v = p~+, and the measure of
this set is 1. For v(u) < 0 we have N,, = 1, and so the two terms in the integral
cancel. So the integral over the whole of U equals p~! (which is independent
of z, as expected).

3.3 Ramified principal series for BD cover

—~—

Example 3.3.1. Now we consider the double covering group SLo(F') where
F = Q, (recall Example 2.1.10). This group has maximal torus T' = {1, —1} x
T', and unipotent subgroups U, U. We have Borel subgroups B = TU and
B =TU. The multiplication on T is given by

(e, t(a))(e', t(a")) = (€' (a, ")z, t(aa’)),

where the sign is determined by the quadratic Hilbert symbol

(a,a

e 2 2
Ny = 1 if 1 = a®a + p%ad’ for some o, 5 € F
—1 otherwise.

The Hilbert symbol is symmetric, it is equal to 1 if one of the entries is a
square, and it is bimultiplicative. We know that as a set,

T={1,-1} xT' = {1,-1} x Z x (1 4+ pOp) x F;.
Concretely, the identification is given by
{1, -1} xZ x (1 +pOr) xF) > (g,n,y,2™) = (¢, 1)(1,p)" (1,y)(1,2)™ € T,

where z is a generator of F'. The element on the right hand side corresponds
to either (1,p"yx™) € T or (—1,p"yax™) € T and we want to specify which
one of the two it is. In other words, we are looking for a formula e(n, m) such
that

(55 1)(17p)n(17y)(17x)m = (5 : E(H,m),p"ymm).
By induction, one can show that for all t € 7', n € Z,

(1,6)" = ((¢, )5 71m72 4y,
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Lemmas 2.1.4 and 2.1.6 tell us that

1 ifp=1 mod4

) = 17 ) =-1 d ) =
(x,2)2 (P, )2 and (p, p)2 {1 if p=3 mod 4.

It follows that

(Lp)"(L,2)™ = ((p,p)y" ™%, p™)(1,2™)
= ((p.p)S" "2 (" 2™, pa™)
= ((p.p)S" "2 (p, 2)5m p"a™)
= ((p.p)S" "2 (=) pra™)

Since y € 1 + pOp is always a square (or by Lemma 2.1.3), multiplying by
(1,y) in T does not change the sign. Similarly, multiplying by (¢, 1) just means
multiplying the sign by e, since 1 is a square. So one can conclude that we
have the following multiplication rule:

(e,n,y, ™) — (e, )(1,p)"(1,y)(1,2)™ = (¢ - e(n, m), p"yx™),

where

_ (n=1)n/2,_yom _ ) (=)™ if p=1 mod 4
g(n,m) = (p,p)s (=" = {(1)(n1)n/2(1)nm ifp=3 mod 4.

We consider the character x on T given by
X (e, D)(1,p)" (1, y)(1,2)™ = 2"y,

where (,_1 € C* is a primitive (p — 1)-th root of unity. We want to know the
zeros/poles of

Je/BJB/B I§(x) = I§ (%)

fe (g — /U/Uf(uug)dudu) .

The composition Jp,5J5,p is only described by the double integral above in
the range where it converges. We calculate the integral above for a specific f
and g = 1. We consider f € Ig(x) given by

flutk) = x(t)|t| foruec U, t € T and k € (pl (1)>
F

and f is zero everywhere else. Here, for € T, |t| is the absolute value of £
after projecting to T C SLo(F). We have

(6 D6 5 (enls Q) Yerre
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where t = 1/(1 +au) and €(t,u) = (t, —u)2, see Lemma 3.3.2 below. Then the
double integral becomes (with abuse of notation)
u
1 udu.
pr (1 +ﬂu) dudu

J Jy s [ (e 55)

First we consider the inner integral over U. After a substitution ¢ = 1/(1+%u),
it suffices to calculate the integral

J

1
1+ uu

1

u

1

t‘ x(e(t,u), )1y, <1ut> dt

o0

- Z /v(t)—n

n=-—oo

1

u

1

t‘ X(e(t,u), )1y, (1;t> dt.

For v(t) > 0, we have v(1 —t) = 0. Then we only get something nonzero
for v(u) < 0. So

/v(t)=n 1‘ X(e(t,u) 1)1y, (1?) dt

= 1F\op(u)p”(“)+” /() x(e(t,u), t)dt. (3.3.1)
t)=n

1

u

We have to take a closer look at the integral fv(t):n x(e(t,u),t)dt. Recall that
we have an identification
{1,-1} X Z x 1+pOp) xFy = {1,-1} xT' =T.

We take the integral over all elements (¢(¢,u),t) € T with v(t) = n, i.e. all
elements of the form (g,1)(1,p)"(1,y)(1,2)™ = (e(p"yz™,u),p"yx™) (note
that this is only “half” of the group T'). For each n, the problem boils down to
calculating the integral of a nontrivial character of the finite group {1, —1} x
¥, over only half of the group. Namely, we only consider the (g,1)(1,2)™ =
(e,2™) such that (g,1)(1,p)™(1,2)™ = (e(p"x™,u), p"z™). More precisely, we
have to compare the two signs

m

)TIMZ (1) and e(pa™, u) = (p, —u)y (x, —u)y.

€ 6(71, m) (p p
We only integrate over the (g,1)(1,z)™ so that both signs in the equation
above are equal. Note that what this subset looks like exactly, depends on the
value of p mod 4, on the value of n, and also on w. But in each particular case
of calculating the integral (3.3.1), these three values are fixed, and our only
variables are € and m. The task remains to see for which € and m the equality
of the signs above holds. After observing the formulas a bit more carefully,
one can conclude that the set of solutions to the equation above can only take
one of the following forms (as a subset of {1, —1} x F)):

o {1} xF;

o {—1} x F;

o {1} x {«™ | meven} U{—1} x {™ | m odd}
o {1} x {«™ | m odd} U{=1} x {™ | m even}.

(3.3.2)
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Now, we take the integral of the character X\{Lfl}xm; (e, 2™) = ey, over
one of the subsets above. This will still essentially be an integral of a nontrivial
character over a finite group (or a linear combination of such integrals). Hence,
they all vanish. By a similar argument, the integral over v(t) < 0 vanishes.

It remains to consider the case where v(f) = 0. We do something similar
as in Example 3.2.1 and again break up the integral into smaller parts:

/v(t)—O

1

u

1’ (e w), D)1y, (lu‘t> dt

t
B Z L(t)_o,v(l—t)—n

n=0

1

u

1’ et ), D)1y, <1u_t> dt.

t

If v(t) = 0,v(1 —t) = n > 0, then ¢t must be of the form ¢ = 1 + p"b for
some b € Z;. Then t is a square, hence e(t,u) = 1. It follows that x is
constant on this set of (1,¢)-’s, with value 1. Moreover, the measure of this

set is p~™ — p~ "1, Hence,
1|1 1—t .
=] x(e(t,u),0)1 <) dt= Y p"™E T —-p
/v(t)—O,v(lt)>O ul|t ‘ P\ n:ZNu
— pv(u)—Nu7

where N, = max(1,1+ v(u)). If v(t) = 0,v(1 —¢) = 0, then ¢ must be of the
form ¢t = a + pb where b € Z;, and 1 # a € F;. So we get

/u(t)—O,v(l—t)—O

Lo @1 p " [ e (0
A—{(1,1)}

1
-1 1 — pNprw) _—
mog (1 —p )p p—1

1

u

1 1-1¢

t’ X(e(t,u), )1,, (u) dt

= _1F\OF (u)pv(u)_17

where A is a subset of one of the forms in (3.3.2). Note that A contains (1, 1)
because (1, 1) corresponds to a square t € 1+pOp. The equality in the second
line follows from the fact that

/AX|{1,—1}><]F;,< (t)dt =0

(like we argued before), hence

1 1

X - Xtdt:_ix _ ><171 I
/A_{(M)} |{1, 1}><1Fp() p—1 \{1, 1}><1Fp( ) o1

It remains to calculate

/ (pv(u)—Nu _ 1F\OF (u)pv(u)—1> du.
U
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For v(u) > 0, the only nonzero term is p?=Nu = =1 and the measure of

this set is 1. For v(u) < 0 we have N, = 1, and so the two terms in the integral
cancel. So the integral over the whole of U equals p~! (which is independent
of z, as expected). Also note that the result is equal to the result in Example
3.2.1.

—~—

Lemma 3.3.2. In the group SL2(Q,) of Example 8.5.1, we have

0 )6 e le D) e

where t = 1/(1 + ua).

Proof. We use notation and results from the end of Section 2.1.4. The map
he : F* — T is given by t — (1,t). Then

O'a(tl,tg) = (1,t1)(1,t2)(1,t1t2)71 = ((tl,tg)g, 1),

i.e. the cocycle o, is given by the Hilbert symbol. Write t = 1/(1+u@). Then
we want to show that

ea(—tu)e_o(t)eq(u)e_o(—tu) = oo (t, —u)ha(t).
One can check the following equalities:

ea(—tu)e_q()eq(u)e_q(—ta)
= eq(—tu e,oé(t_lu_l)e,a(—u_l)ea(u)e,a(—u_l)e,,JZ (tu_l)

)
= eq(—tu)e_o(tTru ™ n_g(—uVe_o(tu™h)
)

which is what we wanted to show. O






Chapter 4

Intertwining operators for
covers

This chapter is, up to some minor modifications, the preprint [FS25], which is
joint with Maarten Solleveld. The preprint has been accepted for publication
in the Journal of Lie Theory. Its content might overlap a little with the
content of previous chapters. Sections 4.3 and 4.4.2 are written by the co-
author Solleveld; the other sections are written by the author of this thesis.
The results were obtained in collaboration.

In Chapter 3, it turned out to be quite tricky to determine the Harish-
Chandra p-function by explicit computation of the integrals, even in simple
examples and especially for covering groups. In this chapter, we determine a
general formula for p using other methods. We obtain a formula for p as a
rational function, but still without knowing the explicit values of the poles.
Those will be determined in Chapter 5 for principal series representations of
covers of split groups.

4.1 Introduction

In this paper, we prove a formula for the Harish-Chandra p-function for cov-
ering groups of reductive p-adic groups. By a covering group G of a reductive
p-adic group G’, we mean a central extension of G’ by a finite abelian group,
which is moreover a topological covering. An example of such a group is the
metaplectic group, which is a double cover of the symplectic group. Many
methods and results from the representation theory of reductive p-adic groups
generalize to covering groups. For example, we have notions of parabolic in-
duction and restriction functors, and there is a Bernstein decomposition, anal-
ogous to the reductive case. See [FP22] for an overview.

The Harish-Chandra p-function is defined using intertwining operators
Jpip and Jp|p between parabolically induced representations, for opposite
parabolic subgroups P and P of (. These intertwining operators are stud-
ied in [Wal03]; in fact, they can be considered more generally for parabolic
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subgroups P, @ which have the same Levi subgroup, but are not necessarily
opposite. Such intertwining operators also exist for covering groups, see [Lil12].
An important ingredient in our work is an adjointness relation of these inter-
twining operators, which was stated but not proved in [Wal03]. Section 4.3 of
this paper gives a concrete proof of this adjointness property, using Bruhat-
Tits theory. In Section 4.4, we prove a formula for the Harish-Chandra p
function, as a complex rational function. The formula was already given for
reductive groups in [Sil80]. Here, we provide an alternative proof of the result,
which also works for covering groups.

To be able to more precisely state our results, let us give some more context.
Let M be a Levi subgroup of a covering group G and let P = MUp, Q = MUg
be parabolic subgroups of G with Levi M. Let 7 be any irreducible smooth
M -representation, and let 1 g be the functor of normalized parabolic induction.
Consider the intertwining operators

Joip(m) I8 (7)) — Ig(ﬂ')

= [w / f(ug)du],
(UpNU@)\Uq

and Jp|g which is defined in a similar way. Let 7 denote the Hermitian
dual of . The M-invariant pairing { , ) between 7 and 7" gives rise to a G-
invariant pairing ( , ) between I§(7) and I§(7"). Similarly, we get a pairing
(, ) between I 8 (m) and I 8 (7). With respect to these pairings, we will prove
the following result.

Theorem 4.1.1. The intertwining operators Jop(m) and Jpo(7T") are ad-
joint, in the sense that for fi € IS(x), fa € Ig(fv) we have

(Joip(m) f1, fa) = (f1, Tpio(T") fa)-

There is a similar result for the contragredient representation 7V instead
of 7. In the special case where 7 is Hermitian, we obtain the adjointness
relation that was already stated in [Wal03] and which we will need to prove
the result in Section 4.4.

Now, let us discuss the Harish-Chandra u-function. Consider an irreducible
supercuspidal representation ¢ of M. Let P = MU be a parabolic subgroup
of G with Levi M, and let P = MU be the parabolic subgroup of G opposite
to P. We have intertwining operators Jp p(c), Jpp(c) as above; they are
integrals over U and U, respectively.

The composition

§(0) = Tpp(0) 0 Jpp(0) : IE(0) = IE(0)

is a scalar, and does not depend on the choice of parabolic subgroup P [Wal03].
The Harish-Chandra p-function is, up to a positive real scalar, defined to be
j~1. This function i plays a crucial role in the Plancherel formula for reductive
p-adic groups [Wal03], generalized to covering groups in [Lil2].

One may view p(o ® x) as a complex rational function in the variable
X € Xu(M), where X,,,(M) is the complex algebraic torus of unramified
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characters of M. The function p then decomposes as a product = [, fta,
where a runs over the positive roots in the reduced root system corresponding
to M in G. Each u, can be computed in a Levi subgroup M, of G, which
has M as a maximal Levi subgroup. Moreover, u, can be seen as a complex
function in a single variable z = x(hY) € C*, where is hY suitably chosen
element of M.

Theorem 4.1.2. In the above context, there exists a unitary og € o - Xy (M)
such that p, has the form

1-2)(1—-27Y) (A+2)00+271
1=¢2) 01—z ) A+ q2)1+q=)

talo0 ® X) = pa(00,2) = c- ( , (4.1.0)

where ¢ € Rsg and ¢,q" € R>1.

Both the zeros and the poles of u, have clear representation-theoretic sig-
nificance. If 0 ® x is a pole of u,, then I%;’Ma (o0 ® x) is reducible (but not
decomposable). On the other hand, the set of roots a with pn(oc ® x) =0
forms a root system. It plays a role in the Knapp-Stein theory of intertwining
operators [Li12; Sil78], which determines the decomposition of I§ (o @ x) in
indecomposable representations.

Let us give an outline of the proof of the theorem. By setting u,(c,0) :=
lim, 0 pa (0, 2) and e (0, 00) 1= lim, o0 fa(0, 2), we can view p,, as a rational
function on the projective curve P*(C). Suppose jiq (0, 2) is not constant, then
there exists a unitary og € o - X, (M) with pe(o9) = 0. The only other
possibility for a zero of ps(0g,2) in C* is at z = —1. Every zero must be of
order two, which corresponds to Jp|p and Jp|p each having a pole of order one
at that point. So u(og, z) has at most two zeroes in C*, located at z = +1,
each of order two. Moreover, we will show that u(og, ) is not zero at z = 0 and
z = oo. We will also find two poles for every zero, using techniques concerning
Hermitian and unitary representations.

An application of our result is to give a more explicit description of Bern-
stein blocks in the category of smooth representations of G. It is known that
Bernstein blocks can be realized as module categories of endomorphism al-
gebras, see [FP22]. The work in [Sol23] describes the structure of these en-
domorphism algebras for reductive p-adic groups. With the formula for the
p-function for covering groups, and other results that are already known for
covering groups, the results in [Sol23] should generalize.

Acknowledgement. The authors thank Caihua Luo for pointing out a
problem in the first version of this paper.

4.2 Notation

F: non-archimedean local field

G’ = G'(F): reductive group over F
S’ C G': maximal F-split torus

M' C G’: Levi subgroup containing S’
P’ = M'Up/: parabolic subgroup of G’
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P’ = M'Up,: opposite parabolic subgroup
pg : G — G': finite central covering
M = pal(M’): Levi subgroup of G
P= pal(P’), P = pal(P/); parabolic subgroups of G
Since pg splits over unipotent subgroups, Up: can be identified with a
subgroup Up C P, and similarly Us, = Us C P. Then P = MUp and
P = MUp.
K' = G': good maximal compact subgroup of G’, associated to a special
vertex x in the apartment for S’ in the Bruhat—Tits building B(G")
K =pg'(K') = G,: good maximal compact subgroup of G
7 irreducible smooth M-representation on C-vector space V.
I§ (7): normalized parabolic induction of 7, on the vector space I§(V;)
(7Y, V,"): Hermitian dual of (r, V)
(v, V.Y): contragredient of (m, Vy)
(0,Vs) € Irr (M) cusp: irreducible supercuspidal representation of M
Xnr(M): the torus of unramified characters of M
Irr(M)ar,6) = 0 - X (M): the inertial equivalence class of o for M

4.3 Adjointness relations of intertwining oper-
ators

Let G be a covering group of a reductive p-adic group and let M be a Levi
subgroup of G. In this section, we prove adjointness relations for the inter-
twining operators Jp|g and Jg p, where P and @ are parabolic subgroups of
G with Levi subgroup M. The adjointness relations will first be proved for
opposite parabolic subgroups P and P, after which they will be generalized to
arbitrary parabolic subgroups P and ) with the same Levi M.

Let (m,Vy) be an irreducible smooth representation of M, and denote by
(ﬁv,vﬂv) the Hermitian dual of w. The M-invariant sesquilinear pairing be-
tween 7 and 7 gives rise to a G-invariant sesquilinear pairing between Ig(w)
and I§(7), namely

18y = [0S W)k Fe g e IET). @3

By the Iwasawa decomposition G = PK, fK in (4.3.1) is up to a positive scalar
factor the same as [ PG The pairing (4.3.1) is nondegenerate, so provides an

isomorphism 1§ (7¥) = I§ ()
There are intertwining operators

Ipip(m) 1 18(m) = 1E(m),  Jpp(@): IS(F) » IE(FY),  (43.2)
defined by
(Jpip(mf)l9) = | flag)da, (Jpp@)f)g)= [ [(ug)du. (4.3.3)

Up Up
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These arise via meromorphic continuation, as in [Wal03, §IV.1].
We can build two G-invariant sesquilinear pairings I (V) x I (Wv) — C:

(f1, f2) = (Jpp(m) f1, f2) (4.3.4)
(f1, f2) = {f1, Jp (@) fa),
which are well-defined provided Condition 4.3.1(i) below.

Condition 4.3.1. (i) Jpp(7) and Jpp(7") are regular, i.c. the meromor-
phic continuation of (4.3.3) does not have a pole at 7 or 7.

v
(i) I§(m) and I§(7) are irreducible. This implies that IS (7") = I§ ()

and I§(7") = Ig(w)v are also irreducible.

The second condition holds for irreducible supercuspidal M-representations
in general position by [Renl0, Théoreme VI.8.5], and (more generally) for
irreducible M-representations in general position by [Sau97, Théoréme 3.2].
Although these results are written for reductive p-adic groups, the arguments
apply also to finite covers like G. We elaborate on this below.

Theorem 4.3.2. Let w be an irreducible representation of M. Let )V be an
open neighbourhood of 1 in the variety X, (M) with the analytic topology.
Then there exists a dense open subset V' of V such that Ig (m®x) is irreducible
forall x e V'.

Proof. For reductive groups, this was proved in [Sau97, Théoreme 3.2]. We
explain how the proof generalizes to covering groups. Most results of [Sau97]
hold for locally compact unimodular groups, so in particular for finite central
covering groups of reductive p-adic groups. The result in [Sau97, Théoréme 3.2]
is specific for reductive p-adic groups and uses the following additional proper-
ties of representations of such groups: supercuspidal representations, parabolic
induction, Jacquet restriction, Frobenius reciprocity, Bernstein’s geometrical
lemma [Renl0, Théoréme IV.5.1], unramified characters and supercuspidal
support. All of these concepts are worked out in [Renl0] and generalize to
covering groups, as worked out in [FP22]. Therefore, [Sau97, Théoréme 3.2]
generalizes to covering groups. O

Lemma 4.3.3. Assuming Condition 4.3.1, the pairings (4.3.4) and (4.3.5)
differ by a nonzero scalar factor.

Proof. Any nonzero G-invariant sesquilinear pairing V' x W — C defines a

nonzero homomorphism of G-representations ¢ : V — Wv, and conversely, by
the formula

(v, w) = ¢(v)(w).
If V and W are irreducible G-representations, then ¢ is unique up to scalars
from C*, by Schur’s lemma. The pairings I (V;) x Ig(vﬁv) — Cin (4.34)
and (4.3.5) are nonzero because (4.3.1) is nondegenerate and the operators

(4.3.2) are nonzero [Wal03, p. 283]. Hence they differ only by a factor from
C*. O
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We want to show that the pairings (4.3.4) and (4.3.5) are equal. This is
claimed, but not proven, for reductive p-adic groups in [Wal03, p. 287]. It
requires some preparation.

Let ®(G’, S’) be the root system of G’ and write it as

B(G, 8" = d(M',S')UB(Up,S") UB(Up, S").

Here, ®(Up,S’") C ®(G',S’) is the set of roots such that Up is generated
by all root subgroups U,, where a € ®(Up,S’). The subsets ®(M’,S’) and
®(Up, S’) are given similarly.

For each r € R, the valuated root datum of G provides compact open

subgroups Uy,,» C U,. We normalize the valuations on the root subgroups U,
(of G and of G”) so that

Uwo=U,NK =Upy,.

By [KP23, Lemma 7.3.11.(2)] there are well-defined subgroups

UP,’I" = H Ua,r7 UP,r = H Ua,r'
acd(Up,S’) ac®(Up,S")

For 7 > 0 we also have the subgroups Z¢(S"), = p5' (Za:(S'),) of Zg(S') and
the Moy—Prasad groups [KP23, §13.2]

G/r,r C G’ and G:E,r = pE,‘l(GIT,r)

Recall that pg : G — G’ is a local homeomorphism and that the groups G;)T
with 7 € R>( form a neighborhood basis of e in G’ [KP23, Proposition 13.2.5].
Restricting pe to a neighborhood of e in G on which it is a homeomorphism,
we find r, > 0 and a homomorphic splitting s¢ : G;yrx — G of pg. Then

G;C,r - SG(G;J.) X ker(pg) Yr > Ty

The advantage of this construction is that the subgroups sq(GY, ,.) with r > 7,
form a neighborhood basis of e in G, in contrast with the G ,. As x lies in
an apartment of B(M'), we have M' N K’ = M, and M N K = M,, and the
groups M, . and M, , = pal(Mg’w) are defined.

Let v1 € V09 € Wv, and pick r € Ry so that Sg(Mg’M) fixes v; and vs.
We define f; € I§(V;) and f, € Ig(vﬂv) by the conditions

e fi(e) =v; and fa(e) = va,
o supp(f1) = PUp,, and supp(fz2) = PUp,,
e fi1 is right Up ,-invariant and f; is right Up,-invariant.

We note that these conditions are not overdetermined because the multiplica-
tion maps
UpxMxUp—G and UpxMxUp—G (4.3.6)
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are injective. That follows from the analogous statements for G’, which can
be found for instance in [CGP15, Proposition 2.1.8.(3)].
We want to analyse

(Jﬁ|p(7r)f1,f2>Z/U_/K<f1(ﬂk),f2(k))dkda. (4.3.7)

Lemma 4.3.4. The only nonzero contributions to (4.3.7) come from
keUp M Up, and u € Up70 such that uk € UPJ»MIUP’T.

Proof. From the support of f, we see that we can only get nonzero contribu-
tions to (4.3.7) when k € K N PUp,.. Write

k =tu1mqiug with @, € Up,m1 € M,up € Up,,.
As Up, C K, we have
iymi € KNUpM =G, NUpM =G, NP. (4.3.8)
By [KP23, Proposition 8.3.1] there exists an integral model G, of G’, such that
Gl(op) =G'. Then PP NG, Up NG, and M’ N G!, determine op-subgroup

schemes P, Uy, and M/, of G,. Since P = Up x M' in G’ and G, is an
integral model of G, also

P =Up, , 3 M.
Taking op-rational points, we obtain
P'NG!, =Pl (oF) = Ll;;,@(op)x/\/l;(op) = (UpNGY)x(M'NGY,) = Ups ¥ M,
Applying p&l, we find that
PNGy =Upgyx M,.
Now (4.3.8) says that @y € Up o and my € My, so

k= u1miug € UpvonUp’r,

uk = utiyimius € UprUp7r.

The support of fi shows that f;(@k) can only be nonzero when uk € UpMUp ..
We write
uk = ugmeotus with ug € Up,mg € M, U5 € U}B’T.

Then
ukuy "t = atymy = ugmatsuy " € UpM, NUpMUp Up,. (4.3.9)

The Iwahori decomposition of the Moy-Prasad group G/, . [KP23, §13.2] en-
tails that the multiplication map

My x Upy x Up . — Gq,r is bijective. (4.3.10)
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This also works with any other ordering of the three factors. Hence
UpMUp ,Up,y =UpMM, ,Up ,Up, =
UpMM,,Up,Up,=UpMUp,Up, =UpMUp .
This enables us to rewrite (4.3.9) as
uuymy = ugmazuy with ug € Up,m3 € M,uz € Up ..
Next we observe that
ugms = utiymit; - € UpM NUpMyUp,. = UpM N M,Up.

By (4.3.6), the last intersection is just M. This forces ug = 1,mg = my € M,
and
Uy = m1ﬂ7m1_1 € mlUp’Tml_1 =Up,.

As uy; € Upy D Up,, that also forces u € Up ;. O

Assume that the Haar measure on G, = Up .M, ,Up, is the product of
the Haar measures on the three factors. Now we are ready to evaluate (4.3.7).

Lemma 4.3.5.
(Jp|p(m) f1, f2) = vol(Up ,.)vol(Up o) vol (Mg )vol(Up, ) (v1, v2).

Proof. By Lemma 4.3.4 we may replace the integral over k € K in (4.3.7) by
the integral over uymiuz € Up g X My x Up,. Lemma 4.3.4 also says that we

may replace the integral over u € Up , by the integral over iz = 12111_1 €Up,-
Using the properties of fo we compute

{Jpip(m) f1, f2)
:/UP,T- /Up,o/IVl.~/Up,,,.<f1(ﬂ2mllm)’f2(ﬂ1m1u2)>du2dm1dﬂ1dﬂ2

:VOI(UP,O)/Ui /M /U (f1(agmyug), fa(my)) dugdm;dis.

Since M, is compact and normalizes Up .., we may exchange the order of u
and my. That gives

VOl(UP,o)/Ui /M /U (f1(mytgus), fo(my)) dugdmydas =
vol(Up o) /U 7 /M /U (r(ma) f (), 7 (1) fa(e)) dusdmidiy —
VOI(UP’O)VOI(MI)/U, A <f1(17/2U2)7f2(€)>d’U,2dﬂ2.

Here tguy € sg(GY, ), so by (4.3.10) it can be written as

Ul = Uzmsts with us € Up,r,mg S Sg(M:;’T), us € Up .
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The construction of f; entails that

fi(tgus) = fi(usmsiiz) = fi(ms) = m(ms3) fi(e) = w(maz)v1 = v1.

Thus our integral simplifies to

vol(Up g)vol (M. / / (v1, fa(e)) dugdus =
UP r UP s

vol(Up ) vol(My)vol(Up ,.)vol(Up,.)(v1,v2). [
Completely analogous to Lemma 4.3.5, one can show that

(f1,Tp|p(T") f2) = vol(Upo)vol(M)vol(Up ,.)vol(Up,) (v1,va).  (4.3.11)

For a better comparison, we need to normalize the Haar measures on G, M,
Up, Up. That can be done by fixing the volume of one compact open subgroup
in each of these groups:

vol(My) = 1,vol(Upy) = 1,vol(Up o) = 1,
vol(Gy,r) = VOl(Up7T)V01(Mz,T)VOI(UP’T).

The last definition says that (locally) the Haar measure on G is the product
of the Haar measures on Up, M and Up.

We will also formulate a version of the upcoming theorem for the pairing
between a representation 7 and its contragredient 7V. By the same formula
as in (4.3.1), the M-invariant bilinear pairing between 7 and 7V yields a G-
invariant bilinear pairing between 1§ () and I§(7V).

Theorem 4.3.6. Let m be any irreducible smooth M -representation.
(a) For any f1 € IS(Vy), fa € Ig(vﬂv):

(Jpip(m) f1s f2) = (fr, Tp p(T*) f2).-
(b) For any f1 € I (Vy), f € IS(VY):

<JP|P(7T)f1, ) ={(f, JP\P(WV)ﬁ-

Remark 4.3.7. If Jp|p(7) is singular, then the two sides of the equalities in
(a) and (b) of Theorem 4.3.6 may be infinite.

Proof of Theorem 4.3.6. (a) First we assume that Condition 4.3.1 holds. By
Lemma 4.3.3, it suffices to find one pair (f1, f2) such that (Jp p(7)f1, f2)
equals (f1,Jp p(7") f2) and is nonzero. This is achieved by Lemma 4.3.5 and
(4.3.11) with vy, v9 such that (v1,v9) # 0. That proves the theorem assuming
Condition 4.3.1.

Consider a family of irreducible smooth M-representations 7y ® x, where
x runs through the group X,,(M) of unramified characters of M. By the
rationality of Jpp(mo ® X) and Jplﬁ(mv) as functions of x € Xy, (M)
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[Wal03, Théoreme IV.1.1] and by Theorem 4.3.2, Condition 4.3.1 holds for
mo ® x with x in some nonempty open subset of X, (M) with the analytic
topology. In other words, we have already proven the theorem for all 7 in a
nonempty open subset of the variety

{mo®@x:x € X (M)}

with the analytic topology. Consider a xq for which Condition 4.3.1 fails, and
let f3 € If (7 ® xo0) and f4 € I§ (T ® Xo'). Via the linear bijections

IIC?:(VW()@XO) = IIID{OK(VWO@)XO) = IIIJ(QK(VTF(J@X) = [IC?;(VWOQ@X)

we can regard f3 also as an element of I§(Vy g, ) for any x € Xy, (M). Simi-
larly f4 € Ig(ﬂ'o ® xv). Now the expressions

(Jpip(mo ® X)fa, f1) and  (fs, Jpp(To@ X ) fa)

are rational functions of xy € X,,(M). They coincide on an analytic open,
hence Zariski-dense subset of X,,,(M), so they are equal.

(b) This can be shown in the same way as part (a), using 7" instead of ¥ in
all the previous arguments. O

Theorem 4.3.6.a says that Jpp(7) : I§ (7) — I§ () is the adjoint operator of

—V v
Tpp(@) : 15(m) = ISE) » IS(7) 2 IG(m) -

In the special case that 7 is Hermitian (e.g. unitary), we may replace 7" by
the isomorphic representation w. Then Theorem 4.3.6.a says that

Jpip(m) IS (1) — Ig(ﬂ') is the adjoint of Jp|p() : Ig(ﬂ') — IS (n),
(4.3.12)
with respect to the G-invariant Hermitian forms (4.3.1) on I$(V,) and on
Ig(VW).

Theorem 4.3.6.b is mentioned (for reductive p-adic groups) in [Wal03, p.
283], but unfortunately without a proof. We note that in the versions of
Theorem 4.3.6 in [Wal03], the two parabolic subgroups share the same Levi
factor, but they need not be opposite. We want to extend Theorem 4.3.6 to
that generality, for our covering group G.

Let Ay be the maximal F-split torus in the centre of M’. We say that a
root of Ay is a character of Ay appearing in the adjoint action on Lie(G) =
Lie(G’), and that a root « is reduced if qa is not a root for ¢ € (0,1). Let
@ = MUg be another parabolic subgroup of G with Levi factor M. As in
[Wal03, p. 279], we define the distance between P and Q as

d(P,Q) = number of reduced roots of Ay appearing in Lie(Up N Ug).

In this more general context the definition of Jgp(m) becomes

(Joip(m) f)(g) = / F(ug) du.

(UpNU@)\Uq
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Proposition 4.3.8. Theorem 4.5.6 holds also with Q instead of P, that is, it
holds for any two parabolic subgroups with the same Levi factor.

Proof. We can find a sequence of parabolic subgroups
P:PO>P17"'3P(1:Q
such that d(P;, P;) =i — j for all i > j. According to [Wal03, p. 283],

Jqip(T) = Jpypy_,(T) 0 -+ 0 Jp,p () 0 Tp, B, (7).

Hence it suffices to prove the proposition for two parabolic subgroups of dis-
tance 1. In other words, we only need to consider the cases with d(P,Q) = 1.

Now Ay acts on Lie(Up N Ug) by multiples of a unique reduced root c.
We put T/, = ker(«)°, a codimension one subtorus of As. Consider the Levi
subgroup M/, := Z¢:(T),) of G'. Tt is generated by

M'U(UpNUq) U (UpNUg)

and contains M’ as a maximal Levi subgroup. Then M,, := p;' (M) is a Levi
subgroup of G with M as maximal Levi subgroup. Since

(UpNU\Uq =Up NUq

and UpNUq C My, both Jg p(7) and Jonns, | pna, () are given by integration
over Up NUgq. It follows that Jg p(7) can be obtained from Jgnas, P, (7)
by applying the functor IIC;;MQ = IgMa.

In M, there are only two parabolic subgroups with Levi factor M, namely
PN M, and @ N M,, and they are opposite. Thus Theorem 4.3.6 applies
to Jona, | pnm, (), for any irreducible smooth M-representation m. We note
that the group K N M, = M, , is the good maximal compact subgroup of

M,, associated to the special vertex z. For fi € I§(V,) and f; € I§ (V') we
compute

(Joip(m) f1, f2)
:/K<(JQ|p(7r)f1)(k)7f2(k)>dk

= / / ((Joip(m) f1)(kak), f2(kak)) dkadk (4.3.13)
KNM\K JKNM,

- / / (T (mm(k) 1) (o), (7 (k) f2) (k) Ao
KNMo\K JKNM,

The restriction of 7(k)f1 : G — Vi to M, can be regarded as an element
of I}]\,%Ma(‘/w)7 and similarly for 7 (k)fz. Then Theorem 4.3.6.a says that
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(4.3.13) equals
/ ot pos, (7)@(E) 1) g (7 () fo) g, Ak =
KNMu\K

/ (k) f)|ags Tponta @rn, (@) (T (k) f2) [, ) Ak =
KNMa\K (4.3.14)

/ / U (ko) (Tpoa o, (7)) f2) (kak)) dkadk =
KNMo\K JKNM,

/K (B, (oo @) ) B)) dk = (1, Toio(7) fo).

The combination of (4.3.13) and (4.3.14) shows that Theorem 4.3.6.a holds
for Jg p(m) and Jp|o(7"). The same argument applies with 7" instead of 7,
and that generalizes Theorem 4.3.6.b. O

4.4 Poles and zeros of the Harish-Chandra u-
function

In this section, we discuss the Harish-Chandra u-function. By [Wal03, Lemme
V.2.1], it decomposes as a product 1 =[] jta, Where o runs over the positive
roots in the reduced root system corresponding to M in G. Each p, can
be computed in a Levi subgroup M, of G, which has M as a maximal Levi
subgroup.

Thus from now on, we assume that M is a maximal Levi subgroup of G,
which leads to [Ng(M) : M] < 2. Let P = MUp be a parabolic subgroup with
Levi M and let P = MUp be its opposite parabolic subgroup. We consider
the intertwining operators

Tpip(o®@x) : IE(0@x) =+ IF(0®@x), Jpplo®@x): IF(0®x) = IF(0@X),
for o € Irrcysp (M) and x € Xy (M). They are defined by
(Jpple@x)f)g)= | flag)da, (Jpplc@x)f)g)= [ ['(ug)du.
Up Up

Their composition

J(e®@x) = Jpplc @ Xx) o Jpp(o ®X)
is a rational function in the variable x € Xy (M), see [Wal03, §IV.3]. Up to
a positive real scalar, the Harish-Chandra u-function is j(o ® x)~! [Wal03,
§V.2], and we want to analyze its poles and zeros.

4.4.1 p as a rational function

Let us explain how to view u(o ® x) as a rational function on C*. We refer
to [Sol22] (and the correction in [Sol23]). Let

Xpr(M,0):={x € Xox(M) : 0 @ x X 7}
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Note that Xy (M,7) = Xn (M, o) for any 7 € Irr(M)(ar,0]). There are sub-
groups of M,

M' = Nyex,. () ker(x), M = NyeXa (M,0) Ker(x).

The subgroup M C G is the inverse image of a maximal Levi subgroup M’
of G'. Let Aps be the maximal split torus in the center of M’. Then there
is only one positive reduced root a coming from the adjoint representation of
App on the Lie algebra of G'. Thus we have (M2 N G')/M' = Z. By the
following result, we can view pu as a rational function on C*.

Lemma 4.4.1. In the context above, let m be a generator of (M2NGY) /M1 =
Z. Then p(o @ x) only depends on x(m).

Proof. The proof is inspired by considerations in [Sol25, §2] and we reduce to
the derived subgroup. Let G, be the derived subgroup of G', G, := G4, (F)
its group of F-points, and let Gger be the inverse image of G, in G. The
inclusion map G, — G’ is a central isogeny. It induces an inclusion G/}, — G’
between the groups of F-points, which lifts to an inclusion Gger — G between
covering groups. The Levi subgroups of G are in one-to-one correspondence
with the Levi subgroups of Gge,, via the bijection M — M := M N Ger.

We have a restriction functor —|;; : Rep(M) — Rep(M), restricting to
an algebraic group homomorphism X,,.(M) — X,.(M). For ¢ an irreducible
supercuspidal representation of M, the restriction of,; is a finite direct sum
of irreducible supercuspidal M-representations. This was proved for reductive
groups in [Sil79], but the arguments generalize to our situation of covering
groups.

Since M is a maximal Levi subgroup of G, M is a maximal Levi subgroup of
Gaer- Let 0 € Irreygp (M) and let 6 € Irrcusp(M ) be an irreducible constituent
of o|;. We claim that there exists ¢ € C* such that

pM(o @) = (5 @ xli)- (4.4.1)

For reductive groups, this was proved in [Sol25, Proposition 2.2], however
the proof refers to the explicit formula for the pu-function which is known
for reductive groups, but at this point we do not yet have it available for
covering groups. Therefore, we have to be a bit careful. Since pu™ and ™
are both rational functions, it suffices to show that they have the same poles
and the same zeros. The poles have been taken care of in the proof of [Sol25,
Proposition 2.2]; the proof generalizes to covering groups, since it only uses
the definition u(oc ®x) := j(c®x)~! (up to a scalar), rather than the explicit
formula for . Showing that the p-functions have the same zeros can be done
in a similar way. So the claim in Equation (4.4.1) holds.

Thus p(o ® x) only depends on x| (recall that M = M N Gger). Since
(o ® x) is invariant under X,,,(M, o), it follows that p(c ® x) only depends
on x| M2MGye,- Lhere is a canonical homomorphism between the quotients

Z = (M2 0 Gaer) /(M N Gaer) — (M2N G /M = Z.
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By the considerations above, (o ® x) only depends on x(m'), for m’ a gen-
erator of (M2 N Gaer)/(M' N Gaer). The image of m’ in (M2NGy)/M? is an
integer power of m, where m is a generator of (M2NG1)/M*. So x(m') is an
integer power of x(m). Since u(o ® x) only depends on x(m'), it only depends
on x(m). O

Recall that since M is maximal, we consider only one root «. Let hY
be the unique generator of (M2 N G')/M! = Z such that |a(hY)|r > 1.
Then by Lemma 4.4.1, we may view pu(oc ® x) = p(o,2) as a function in the
variable z := x(h}) € C*. Suppose 7 = 0 ® x; € Irr(M)[p,0) is a different
choice of representative in the inertial equivalence class of o for M. Then for
X € Xur(M), (7 ® x) = p(0 ® x-x). Hence

w(r, 2) = u(o,q-z), where ¢, = x-(hy) € C*. (4.4.2)

For G’, it was shown in [Sil80, Theorem 1.6] that there exists a unitary
oo € Irr(M’) a1 5] such that as a function in z = x(hY), it = pio has the form
1-2)(1-271) (Q+2)0+271h
=)= D) A+ )0+ 7o)

(oo ® x) = oo, 2) = ¢, - ( (4.4.3)
where ¢, € Ry and ¢,¢’ € R>;. The possibility that 4 is independent of x is
included in this formula; this happens when ¢ = ¢/ = 1.

Our goal is to give an alternative proof of this result, which generalizes
to covering groups. The idea is as follows. Since u(oc ® x) = p(o,2) is a
rational function on C*, we may also view it as a rational function on the
projective line P*(C), by considering the limits p(o,00) := lim, o u(c, 2)
and u(o,0) = lim, o u(0, z). If p(o,z) is not constant, then there exists a
unitary g € Irr(M)(as,0) with p(og) = 0. The only other possibility for a zero
of u(og,z) in C* will be at z = —1 and all zeros are of multiplicity 2. Using
techniques concerning Hermitian and unitary representations (see [Ren10, §IV]
for definitions), we will then locate two poles in R* for every zero of u(og, 2).
Moreover, we will show that p(og,2) can not be zero at z = co and z = 0.
Combining all these results, we obtain the formula as in (4.4.3).

The result below is similar to the reductive case and will help us to give a
description of the supercuspidal representations of M.

Lemma 4.4.2. Let pg : G — G’ be a finite central covering. Let G' =

po' (G'Y), where G is the subgroup of G’ generated by all compact subgroups.
Then G - Z(G) has finite index in G.

Proof. Let g € p;'(Z(G")). Consider the commutator map

[9,-] : G = ker(pg) C Z(G), =+ grg ta™t.

Let k = |ker(pg)|. Then since grg~! = [g, 2]z, we obtain

gFrgFat = " g, alag FaTt = = [g,2]faa = [g,2]F = 1.

Therefore, g* € Z(G) for all g € p;'(Z(G")). Recall that G’'/G"* is a finitely
generated free abelian group and that Z(G')/(Z(G’) N G'*) is a subgroup of



4.4. POLES AND ZEROS OF THE pu-FUNCTION 67

finite index in G’/G"*. Hence the group of k-th powers Z(G')*) /(Z(G")*® N
G'") also has finite index in G'/G'*. Applying pg', it follows that G' - Z(G)
has finite index in G. O

Let Irr(M )22l be the set of unitary supercuspidal representations of M.

Lemma 4.4.3. There is a bijection

Trr (M) x Hom(M, Rsq) —= Trr(M)cusp-

cusp

Proof. First, let us show that there is a bijection
Hom(Z(M),R~¢) — Hom(M,R~q).

For this, we need to show that every x € Hom(Z(M),R~g) extends uniquely
to a character in Hom(M,Rs(). Since Z(M) is abelian, it has a maximal
compact subgroup Z(M)qp. Note that x factors through Z(M)/Z(M)cpt,
because the image of Z(M)py must be a compact subgroup of R, i.e. {1}.
By Lemma 4.4.2, M'Z (M) has finite index in M. Hence,

Z(M)]Z(M)ept — M/M* =77,

is a subgroup of finite index. So Z(M)/Z(M)cpt = Z" is a free abelian sub-
group of the same rank. So for & € M/M?, let n be a positive integer such
that n-x € Z(M)/Z(M)ept. Define x(x) := x(n - x)'/™, which is well-defined
because R+ has unique n-th roots and it does not depend on the choice of n.

It is a group homomorphism, since
1 1 1 N El
x(n-z)wx(m-y)m = x(nm - z)w x(nm - y)we = (x(nm - z)x(nm - y))

= x((nm - ) (nm - y))mr = x(nm - zy)w.

This describes how x : Z(M)/Z(M)cpy — R extends uniquely to a character
X : M/M' — Rso. Now we can explicitly describe the bijection. It is given by

Trr (M) x Hom(M, R+o) — Irr(M ) cusp, (7, X) = T @ X,

cusp

and its inverse is given by o — (0 ® |cc(a)| 7, |ec(o)|), where cc(o) is the
central character of o, and we extend |cc(o)| to a character of M as above. By
[Renl0, p. 116], [FP22, Theorem 6.2], a smooth irreducible representation 7 of
M is supercuspidal and unitary if and only if it is supercuspidal and its central
character cc(r) is unitary. That explains why the representation o ® |cc(o)|™?
is unitary. O

Remark 4.4.4. Although Lemma 4.4.3 is written for supercuspidal represen-
tations, it holds more generally for representations that are essentially square
integrable, see Definition 2.2.9.

By Lemma 4.4.3, there exists a unitary & € Irr(M)[ps,0. Knowing (7, z)
is equivalent to knowing u(o, 2), by (4.4.2).

Suppose that o is unitary, then by [Renl0, §IV.2.3], the parabolically in-
duced representation Ig(a) is unitary as well. We can use the adjointness
relation from Section 4.3 to show that  must be real and non-negative on the
unit circle.
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Lemma 4.4.5. Let o be unitary. Then the function u(o,z) has all its values
in R>q for z on the unit circle S* = {e*¥ | p € R} C C*.

Proof. We claim that for z = ¥ € S', there always exists a unitary char-
acter x, € Xn (M) such that x,(hY) = z. Indeed, recall that X, (M) =
Hom(M/M*, C*). Moreover, M /M* is a free abelian group of finite rank, and
hY is a generator of M2 N G'/M?!, which is a free rank 1 subgroup of M/M?.
Therefore, we can choose a basis of M/M?, such that hY is an integer multiple
of one of these basis elements. So write hY = n-b with n € Z and b a basis
element of M/M*. Then we can define x.(b) = €**/™, and let x. be trivial on
the other basis elements of M/M?". This gives us a unitary character with

XZ(hX) =Xz(n-b) = x:(b)" = (Zl/n)n =z.

Since we chose o to be unitary, o ® x, is unitary as well, and the adjunction
formula from Theorem 4.3.6.a applies with o @ x. ' replaced by o ® .. Since
0 ® X is unitary, we may assume that the induced pairing on Ig(a ® Xz) (see
(4.3.1)) is positive definite. So for f € IS (0 ® x.), we have

3o @x){f; ) = (f; Tpp(o @ xz) © Jpip(0 @ X2)f) (4.4.4)
= (Jpip(0 @ X2) [, Jpp(0 ® X2)f) € Rxo U {oo}.
Since Jp|p(0 @ X-) is nonzero, (4.4.4) shows that j(o @ x.) # 0. Thus z —

j(c®x.) is a continuous map from St to RsoU{co}. We obtain that u(c, z) =
M(U®Xz) :j(U®Xz)_1 EREO- O

Using the result above, we can now show that for every zero (resp. pole)
of u, there must be another zero (resp. pole) of p, of the same multiplicity.

Lemma 4.4.6. Let o be unitary. Then the function u(o,z) has the form
w(o.2) = e [J (= = M) (== = 3™,
where ¢, € Rug, A; € C and n; € Z.

Proof. By Lemma 4.4.5, we have that p(o, z) € Rxg for all z on the unit circle.
Since p(o, z) is a nonzero complex rational function in the variable z, we can

write
N(Jv Z) =Cu H(Z - )\i)m’

where ¢, € C*, \; € C, n; € Z. For every negative power n; € Z<o appearing
in the factorization above, we may multiply u(o, 2) by (z—X\;) ™ (271 =X\;) 7",
to obtain a function of the form

fi(o,z) = Cu H(Z =)™ H(z_l - Vj)ejv

J

where \;,v; € C and n;,¢; € Zso. Note that fi(o,2) is again real and non-
negative on the unit circle, and it suffices to show the statement of the lemma
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for fi(o,2). For ¢ € R, we define f(p) := ji(c,e™). Then we have f(¢) = f(y)
for all ¢ € R, i.e.

cu [Je =2 [J(e =) = [ [ =A™ [ (e —37)".
i j i j

Both sides in the equation are trigonometric polynomials, which have a unique
factorization. So the set of A;’s, where each \; appears n; times, equals the

set of v;’s, where each v; appears ¢; times. It follows that

f(o,z) = ¢y H(z — )" (27 = )™M

Since p is real and non-negative on the unit circle and not identically zero, we
see that ¢, € R, which completes the proof. O

4.4.2 An aspect of the Iwasawa decomposition

In this subsection, we discuss an aspect of the Iwasawa decomposition. This
will be necessary to study the limit of the intertwining operator Jp|p(o ® Xx)
and the function (o, z) at z = co. We use the notations from Section 4.3.
Recall the Iwasawa decomposition G’ = P'K’ = K'P’ from [KP23, Theorem
5.3.4]. Tt lifts to the Iwasawa decomposition

G=PK =KP. (4.4.5)

As P = Upx M, this means that for each g € G there exist kp(g) € K, mp(g) €
M and up(g) € Up such that g = up(g)mp(g)kp(g). The decomposition of g
along (4.4.5) is unique up to PNK. Hence kp(g), mp(g) and up(g) are unique
up to, respectively, PN K, M N K and Up N K.

For any subgroup H of G or G we will write H, for the stabilizer of = €
B(G') in H. In particular K’ = G/, and K = G,. We choose a positive system
®(G,8)T in ®(G, S), such that ®(Up,S) C ®(G,S)T. Let UT (respectively
U~) be the subgroup of G generated by the root subgroups Ug with £ in
®(G,S)t (respectively in ®(G,S)” = —®(G, 9)T).

We note that the normalizer Ng(S) equals p;' (Ngr(S")).

Theorem 4.4.7. The product map

11 U — Ur=U*NG,
Bed(G,9)x 1
is a homeomorphism. Further, G, can be obtained as

Gy =U,USNG(S)e = U Uy Ng(5)a

Proof. For G’, the theorem is the combination of [BT72, Proposition 6.4.9]
and the proof of [KP23, Lemma 7.7.3]. The theorem for G follows from that
for G’ by the covering pg : G — G’ and the canonical lifting of each root
subgroup of G’ to G. O
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We will also work with the Lie algebra Lie(G’), which can be defined either
as the F-points of Lie(G’) or as the tangent space at e of G considered as
manifold over the local field F. Since pg : G — G’ is a finite covering, we
can identify Lie(G’) (defined using F-manifolds) with g = Lie(G). Similarly
Lie(G’,) can be viewed either as the op-points of the Lie algebra of the op-
scheme G/, or as the Lie algebra of G’ in the sense of manifolds over 0. Then
g = Lie(G,) can be identified with Lie(G%), and it is an op-lattice in g. We
write ug = Lie(Up) and

3 = Lie(Zg/ (")) = Lie(Ng/(S')) = Lie(Ng(9)).

By Lie(H), we mean always Lie(H,). With these notations, Theorem 4.4.7
implies that

o= P w.® P e i (4.4.6)

BEB(G,S)~ BED(G.S)*
= D w.ol B wee D weosn)
Be@(Up,S) BER(M,S)~ BER(M,S)*

o D use

Be®(Up,S)

= Lie(Up ) @ Lie(M,) ® Lie(Up,).

Proposition 4.4.8. Let u € Up and write it as u = umk with u = up(u) €
Up,m=mp(a) € M and k = kp(@) € G5. Then dp(mp(a)) < 1.

Proof. Since k € G, we have

o~ -1 1
UGa:u = wa: = Gumka: = Gumz = Uszu .

By (4.4.6), the Lie algebra of this group is

Gaz = Ad(W)gma = Ad(u)(Lie(Up,mx) ® Lie(Myng) ® Lie(Upms))

. , (4.4.7)
= Ad(u)Lie(Up ,,,) ® Ad(u)Lie(Ppz)-

The decomposition g = Lie(Up)@p gives a projection pry,, : g — Lie(Up) with
kernel p = Lie(P). Clearly pry,(gaz) contains Lie(Up 5,) = Ad(u)Lie(Up ;).
From (4.4.7) we obtain, using Ad(u)Lie(Py,,) C p:

Ad(a)Lie(Up ,) C pry/p(Baz) = Py /p (Ad(u)Lie(Up ) (4.4.8)

The Haar measures on the groups G, M, Up, P,Up, P induce measures on their
Lie algebras. By the unimodularity of the unipotent group Up, the lattice
Ad(u)Lie(Up ;) in Lie(Up) has the same volume as Lie(Up ).

Since w is unipotent, so is the F-linear operator Ad(u) : g — g. Moreover
Ad(u) stabilizes p, so there exist a basis of p and a basis of Lie(Up) such that
the matrix of Ad(u) with respect to the combined basis of g is unipotent and
upper triangular. It follows that the matrix of

pry/p © Ad(u) : Lie(Up) — Lie(Up) (4.4.9)
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with respect to the chosen basis is also unipotent and upper triangular. There-
fore (4.4.9) preserves volumes. Now we can interpret (4.4.8) in terms of vol-
umes:

vol(Lie(Up ) < vol(Lie(Up .))-
This can be rewritten as

vol(Lie(Up ) - vol(Ad(m)Lie(Up ,.))

vol(Lie(Up,)) vol(Lie(Up ) (4.4.10)
= | det (Ad(m) : Lie(Up) — Lie(Up))|p-

The modular function 6p of P equals §p o pg, because ker pg is finite. By
[Sil80, Lemma 1.2.1.1], we have

§p/(m') = |det (Ad(m') : Lie(Up) — Lie(Up))|p for all m’ € M'. (4.4.11)

The adjoint representation of P factors through pg : P — P’, so the inequality
(4.4.10) says that 6p(m) > 1. Finally, we use that 65 = 65" [Renl0, Lemme
V.5.4]. O

One may reformulate the conclusion of Proposition 4.4.8 as: conjugation
by mp (i) contracts Up and inflates Up. Thus the image of U in M under the
Iwasawa decomposition (well-defined up to M N G,) sits inside M in asym-
metric way, like a semigroup but certainly not like a group.

Lemma 4.4.9. In the setting of Proposition 4.4.8, suppose that P is a mazi-
mal proper parabolic subgroup of G and that §p(mp(@)) = 1. Then mp(u) €
M.

Proof. By construction M! = p;'(M'!). As the Iwasawa decomposition of G
is lifted from that for G’, it suffices to prove the lemma with G’ instead of
G. To use that simplification without many extra primes, we assume in the
remainder of the proof that G = G’.
The derived group Gger = Gaer(F) also has an Iwasawa decomposition,
namely
Gaer = Up(M N Gder)Gder,x- (4.4.12)

This is a restriction of the Iwasawa decomposition G = UpMG,. As 4 € Gger,
we can take kp (), mp(@) and up(@) in Gaer as well, using (4.4.12).

By assumption PN Gger = (M N Gyer) X Up is a maximal proper parabolic
subgroup of the semisimple group Gge;- Then the algebraic group Z(MNGge,)°
is a onedimensional F-split torus. It follows that (M N Gaer)/(M N Gaer )t is a
free abelian group of rank one, so isomorphic to Z.

On the right hand side of (4.4.11) we can replace P by P or by P N Ger,
both give the same expression. Hence the modular functions dp and dpng,,,
coincide on MNGger- As dpng,,, is trivial on (MNGger)!, it defines a character

Z 2~ (MNGaer)/(M N Gaer)' — RZ,,. (4.4.13)

The restrictions of elements of ®(Up, S) to Z(M N Gaer) are positive powers
of a single nontrivial character o. Then (4.4.11) shows that dpng,.,

Z(MﬂGder)
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is a positive power of |a|. In particular dpng,,, is nontrivial, so regarded as a
character of Z via (4.4.13) it is injective. The assumptions of the lemma and
Proposition 4.4.8 entail that

0PNGaer (Mp(U)) = 0p(mp(u)) = 1.
Therefore mp(u) lies in the kernel of (4.4.13), which means that
mp () € (M N Gyer)t € M*.

That proves the lemma for one choice of mp (@) in the Iwasawa decomposition
of G. But mp() is unique up to the compact group M NGy, so mp(i) € M*
for any other choice of mp (@) as well. O

4.4.3 The limit at infinity

In this subsection, we study the limit of the intertwining operator Jp ploc®x)
and the function p(o, z) when 2z = x(h))) goes to infinity.

By (4.4.11), the modulus character dp only takes values in the integer
powers of q. By Proposition 4.4.8, dp(mp(u)) < 1 for all @ € Up. Hence, Up
is the disjoint union of the subsets

Up(n) :=={u € Up: dop(mp(u)) =q "},
where n runs over all non-negative integers. The set
Up(0) = {u € Up : dp(mp(u)) = 1}
is compact by [Wal03, Lemme 11.3.4] and mp(Up(0)) C M! by Lemma 4.4.9.

Lemma 4.4.10. There exist C > 0, R > 0 and d € N such that for every
n>1,
vol(Up(n)) < Cq"find.

Proof. In [Wal03, Lemme I1.4.1], this statement (with R = 1/2) is proven for
0o := 6p,, where Py is a minimal parabolic subgroup of G. So let Py = MyUp
with My C M a minimal Levi subgroup. Consider the Iwasawa decomposition
G = PyK, and for every @ € Up, write

u = uo(a)mo(u)ko(a),

where ug(a) € Up, mo(a) € My and ko(a) € K. Define, for all n > 1, the
subsets

Upo(n):={uecUp:do(mo(u)) =q "}
Then, by [Wal03, Lemme II.4.1], there exist Cy > 0 and dy € N such that for
alln > 1,

vol(Up o(n)) < Cog™*n.

By [Wal03, Lemme I1.3.4] and Proposition 4.4.8, there exist C; > 0, r > 0,
such that for all w € Up,

Cl5p(mp(’ﬁ))r < (50(7710(’[1,)) <1.
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Suppose 4 € Up(n), i.e. dp(mp(a)) = ¢~™. Then by the inequalities above,
we get
Cig™"" < do(mo(a)) < 1.

Write C; = ¢~° for some b € R. Let N € N such that N > r + max(b, 0).
Then for all n > 1,

g "N < g7l = Cig™ < bo(mo(@) < 1.
Hence, 4 € Up(n) can only be contained in one of the sets
Upo(nN), Upo(nN —1), ..., Up((0).
Each of the sets above has volume bounded above by Coq™V/2(nN)%. Thus
vol(Up(n)) < (nN +1)Cog™/?(nN)% < n(N +1)Coq"™/?(nN)% = Cq"Find,
where C = (N +1)CoN%, R = N/2 and d = dg + 1. O
For x € X, (M), we define the variable r(x) € R determined by

a0 Gae = 00 MG -

When this variable goes to infinity, the operator Jp p(o ® X) converges to an
operator which is independent of y, as we will show below.

Proposition 4.4.11. For f € I (o), g € K,
lm_Jpploofe) = [ flagda
r(x)—ee Up(0)

and this integral is independent of x. In particular, lim,( ) o Jp|p(0 ® X)
erists.

Proof. For x € X (M), f € I§(0 ® x) =I5 (o) and g € K, we have that
Tople @i = [ fagda= [ fagda+ [ f(ag)da.
Up Up(0) Un>1Up(n)

Recall that for @ € Up, using the Iwasawa decomposition G = PK we write
= up(@)mp(u)kp(a),
where up(u) € Up, mp(u) € M and kp(u) € K. Then
f(ag) = xop* (mp(@)o(mp (@) f (kp(a)g):

For u € Up(0), we have that §p(mp(u)) = 1. Then by Lemma 4.4.9, mp(u) €
M*, so also x(mp(u)) = 1. Hence

/ f(ag)da = / o (mp(@) f (kp(@)g)da,
Up(0)

Up(0)
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which does not depend on ¥, since kp(i)g € K and f € I5 (o).
Now, let us analyze the integral

/ f(ag)da,
Un>1Up(n)

in particular we want to show that this integral converges to zero in the limit
r(x) — oo. For this, we follow the proof of [Wal03, Théoreéme IV.1.1]. This
proof shows that we can reduce the problem to showing that the integral

Lo b ompapln = [ S g
Un>1Up(n

Un>1Up(n)

where r € R is some fixed number, converges to zero as r(x) — co. By Lemma
4.4.10, there exist C > 0, R > 0 and d € N such that for each n > 1,

vol(Up(n)) < Cq"find.

Hence, we obtain that

/ STV ) da
Up>1U

p(n)

IN

Z q—n(r(x)+r+1/2) anRnd
n>1

= C Z q*’ﬂ(’l‘(X)+T/)nd,

n>1

where 7 € R is independent of n. This sum converges for r(x) large enough,
and it converges to zero when r(x) — oc. O

Recall that for every x, we may view JP‘P(U ® X) as a linear operator

JP|P(0'@3X) :I£;U((V%J - Ig;u((V;)7

i.e. these are all linear operators on the same vector space, with the same
range. If z = x(hY) — oo, then r(x) — oo. So by Proposition 4.4.11,
lim; 0 Jpjp(0 ® X) exists and is given by

Jim Jpip(0 @ x) :/U o MNa)rda : I (Vo) = I5 1 (Vo).
P

One can also directly prove that the image of this operator lies in I gm K(VU),
as we will do below.

Lemma 4.4.12. Let f € I5 ,(V,) and let f := fU}S(O) Aa)~tfdu. Then
felk (V,).

PNK

Proof. Let f € IK ;(V,), so f : K — V, is a function right invariant under
some compact open subgroup and f(mug) = o(m)f(g) for all g € K, m €
MNK,ueUpnK. We want to show that for m e MNK, u € Up N K,
g € K, we have f(mig) = a(m)f(g). First, let us show that Us N K C Up(0).
For w € Up N K, write

u=up(@)mp(t)kp(a)
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using the Iwasawa decomposition. We may choose kp(ua) = u € K. Then
mp(@) =1, hence dp(mp(@)) =1 so @ € Up(0).
Nowlet me MNK,ucUpNK, ge K. Then

f(mag) :/ faymag)duy :/ f(mm ™ aymaug)da,
Up(0) Up(0)
= J(m)/ f(m™Yaymag)da, .
Up(0)

We have that

m Y aym = (m™rup(a)m)(m ™ mp(a)m)(m ™ kp(d1)m),

therefore
5p(mp(m_1ﬂ1m)) = 5p(m_1mp(ﬂ1)m) =1,

since m € K and 4; € Up(0). So m~taym € Up(0) and this gives
Ad(m™) : Up(0) = Up(0),

which preserves measures since m € K N M, so dp(m) = 1. Thus

f(maug) = J(m)/ f(m™Yaymag)da; = o(m) f(uiug)du;.
Up(0) Up(0)
We can write
1t = up(t)mp()(kp(t1)u),

so 1% € Up(0), and we may change the variable 41% to @s € Up(0), by right
invariance of the Haar measure on Up. So we obtain

Fmig) =otm) [ flang)dns = o(m)flo).

hence f € I}f

(Vo). O

Since

Jpip(c@x) o Jpp(c @ x) =jlo®@x) = plo@x) ™"

is a rational function in the variable z = x(hY), it has only finitely many poles
and zeros. So for z = x(hy) large enough, Jpp(o ® x) is invertible. We can
use this to show that lim, o Jp|p(0 ® X) is invertible.

Lemma 4.4.13. The operator

A= Na) "t da s Ifn (Vo) = I8 (V)
Up(0)

1s invertible.
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Proof. 1t suffices to show that for every compact open subgroup C of K, the
operator

A% = / Na) ™t s I (Vo) — I5 (V)<
Up(0)
which is a map of finite-dimensional vector spaces, is bijective. Let z = x(hY)

be large enough such that Jp p(o ® x) is invertible. Let f € IK (V)% but
view it as an element of I§(o ® x). Let g € K. Then

/UP VUpm) Hit2g)di

/ )\(a)_ldao/ A(@)~'di = vol(Up(0))Jp p(o @ X).
Up Up(0)

diiy = vol(Up(0)) |~ f(ug)a,

hence

Since Jpp(0 @) is invertible, fUp(O) A(#)~1da is injective, hence A® is bijec-
tive since it is a map of finite dimensional vector spaces. We can do this for
every C, so A is invertible. O

We can use the results above to show that u(o,2) = plc®x) = j(c@x)~*
is not zero at z = oo and z = 0.

Proposition 4.4.14. The function p(o,z) is not zero at z = co and z = 0,
i.e.

lim j(o ® x) # oo and lim j(o ® x) # cc.

Z—>00 z—0
Proof. We will first show that lim, ., j(o ® x) # oco. Let f, € Ig(a ® x) be

determined by supp(fy) = PUp,, fy(1) = v, and f, is right Up,-invariant.
Then

Jpip(0 @ X)fx(1) = . fy(u)du = ., fx(w)du = vol(Up,r)v,

which is independent of x. Let z = x(h,;) be large enough such that Jp p(c®x)
is invertible, and write g, = Jpp(o0 @ x) "' fy € I$ (0 ® x). Then

J(e®x)gx(1) = Jp|p(0 @ X) 0 Jp|p(0 @ X)gx(1) = Jpp(0 @ x) fx (1)
= vol(Up,)v.

By Proposition 4.4.11 and Lemma 4.4.13, lim,_,oc Jp|p(0 @ X) exists and is
invertible. Hence, lim, o0 gy = g € I5 ;- (V5) exists. Hence,

Jim j(o @ x)gx(1) = lim j(o @ x)g(1) = vol(Up,)v,

0 lim, 00 j(0 ® ) # 0.

So far, we showed that u(c, 00) # 0. By Lemma 4.4.3, 0 = 6 ® \ for some
unitary & € Irr(M)(ar,) and Y € Hom(M,R~o). By (4.4.2), u(o,0) = u(5,0)
and p(o, 00) = p(d,00). By Lemma 4.4.6, (6, 00) # 0 implies that p(5,0) #
0, i.e. u(o,0) # 0. O
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4.4.4 Zeros of the p-function

In this subsection, we analyze the zeros of the u-function. Recall that since
M is maximal, we have [Ng(M) : M] < 2, so we will distinguish between two
cases. In the case where Ng(M)/M is trivial, it turns out that u is constant.
In the case where Ng(M)/M is not trivial, we will prove that p has at most
two zeros in C*.

Lemma 4.4.15. If p(0, z) has no zeros on C*, then u(o, z) is constant.

Proof. Take a unitary & € Irr(M)[ps,0). Recall from Lemma 4.4.6 that we can
write

u@.2) = e LG =2 =2,

Suppose (8, z) has no zeros in C*, then there are no factors with n; positive.
So there can only be factors with n; negative. However, by Proposition 4.4.14,
u(a,00) # 0, s0 u(d, z) is constant, hence u(o, z) is also constant by (4.4.2). O

Lemma 4.4.16. If No(M)/M s trivial, then p(o, z) is constant.

Proof. First let us show that if Ng(M)/M is trivial, then the parabolic sub-
groups P and P are not conjugate. Suppose that Ng(M) = M and that P
and P are conjugate, so there exists ¢ € G such that gPg~' = P. Write
P = MUp, P= MUp then

gMUpg™' = gMggUpg™' = MUp.

A Levi factor of P is unique up to conjugation by elements of Up, see [Spr09,
Proposition 16.1.1]. Thus gMg~! = aMu~"* for some 4 € Up. So g 'u €
Ng(M) = M, ie. g = um for some m € M. But then g € P and P =
g 'Pg = P, a contradiction since P and P are opposite parabolic subgroups.

Now suppose that pu(c ® x) = 0 for some x. This corresponds to Jpip
and/or Jp|p being singular at o ® x. However, this can not happen if P and
P are not conjugate, see [Wal03, Corollaire IV.1.2]. Therefore, (o, z) has no
zeros in C*,| and by Lemma 4.4.15, it is constant. O

So from now on, let us assume that [Ng(M) : M] = 2 and that p has a
zero, otherwise there is nothing left to prove. Let s, be the unique nontrivial

element of Ng(M)/M, with representative w € Ng(M). Then s, acts on

Irr(M) via (sq - m)(m) = m(w™imw).

Proposition 4.4.17. Suppose that u(c,z) is not constant. Then there exists
a unitary oo € Irr(M)(ar,4 such that the following statements hold:

(Z) M(UO) = 07'
(i) (oo, z) =0 implies that z =1 or z = —1;

(iii) if p(og,z) =0, the zero at z is of order 2.
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Proof. Since pu(o, z) is not constant, u(7) = 0 for some 7 € Irr(M)(as,4], by
Lemma 4.4.15. Moreover, by Lemma 4.4.16, Ng(M)/M has a unique nontriv-
ial element s,. Since u(7) = 0, it follows that s,7 = 7, see [Wal03, p. 283].
By Lemma 4.4.3, there is a bijection

Irr(M)FI’v}ifa] x Hom(M,Rs0) — Irr(M)ar,0) : (7, X) = 7@ X.
This bijection is s,-equivariant by construction,

Sa - (T, %) = (80T, SaX) M SaT & SaX = Sa - (T & X).

So 7 = 0y ® xp for a unitary representation o and xo € Hom(M,R~), with
8400 = 0¢ and s5,X0 = Xo-

We will first prove (i) and use that result to prove (i). For pu(op ® x) =
(oo, z) to be zero, we must have s,(0p ® Xx) = 09 ® x [Wal03, p. 283]. We
have s,00 & 00, 80 So (00 ® X) = 09 ® SaX- Therefore, u(og ® x) = 0 implies
that o9 = 09 @ Xx(saX) ™}, 50 Xx(sax) H(RY) = 1. Write x(hY) = z, then
(saX)(hy) = 271, 50 x(sax) "' (hy) = 2°. Hence, u(oo ® x) = pu(0o,2) =0
implies that 22 = 1, hence z = 4-1. This proves (ii).

Recall that u(7) = u(oo @ x0) = 0, where xo € Hom(M,Rs). By the
above, we obtain that xo(hY) = 1, hence p(og) = 0. This proves (i).

It remains to prove (%ii). Suppose u(op,z) = 0, then z = £1 by (). In
particular z € S!, so by the proof of Lemma 4.4.5, there exists a unitary
character x. € Xy, (M) such that x.(hY) = z. Then o¢ ® x, is unitary with
(oo®x:) = 0. This means that at least one of Jp| p(co®X.) and Jp p(o0@X-)
is singular. Since o9 ® X, is unitary (in particular Hermitian), we have the
adjointness relation from Theorem 4.3.6.a with 7o ® x, ' replaced by oo ® Y.
So

(Jp|p(o0 @ X2)f1, f2) = (f1, Jpp(00 ® X2) f2)

for all f; € IS(0p ® X2), f2 € Ig(ao ® x:)- Thus, singularity of one of the
two intertwining operators Jpp and Jpp at o9 ® x. automatically implies
singularity of the other one at o9 ® x,. By [Wal03, Corollaire IV.1.2], both
singularities have order 1. Since

(oo ®x) "' = j(o0 ® x) = Jp;p(00 @ x) @ Jp|p(00 @ X),

we obtain that the zero of p at op ® x, has order 2. This proves (). O

4.4.5 Hermitian techniques to find the poles

In this subsection, we locate the poles of p(o, z) using techniques with Hermi-
tian and unitary representations. We will prove the main result of this paper,
which is a formula for u(o, 2) in terms of poles and zeros. Recall that in Lemma
4.4.6, we have already written the function u(c, z) in a form that is closer to
the desired result. We also showed in Lemma 4.4.15 that u(o, z) is constant if
it has no zeros, which is satisfied when [Ng(M) : M] = 1, see Lemma 4.4.16.
Therefore, from now on, we assume that [Ng(M) : M] = 2 and that
u(o, 2) is not constant. So Ng(M)/M has a unique nontrivial element s,. For
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simplicity, we assume in this section that ¢ = g, where o is as in Proposition
4.4.17. So o is unitary with s,o = ¢ and p(o) = 0. There is possibly another
zero of p(o,z) at z = —1 and each zero is of order 2. For each zero of p,
we will find two poles in R*. To do this, it suffices to find one pole for each
zero, because by Lemma 4.4.6, one obtains the other pole for free. We already
showed in Proposition 4.4.14 that (o, 2) is not zero at z = co and z = 0, so
we can conclude that p(o, z) does not have any more poles in C*.

We will use arguments concerning Hermitian and unitary representations
to locate the poles. See [Renl0, §IV] for definitions and useful results about
Hermitian and unitary representations. Let x € Hom(M,Rso) C Xu (M),
then vy = xy and ¥¥ = xV = x L. By unitarity of o, we have 0 @ x' X oc®@y L.
So o ®Y is only Hermitian if c®@x = oc®@x ™!, or equivalently if x*> € X,,.(M, o).
We will show that the induced representation IS (o ®) is Hermitian whenever
x € Hom(M/Z(G),Rx¢) and u(o ® x) # oo. This will allow us to construct a
continuous family of Hermitian forms on a family of Hermitian representations,
which will help us to show that somewhere in this family, a pole of (o ® x)
must occur.

Lemma 4.4.18. Let L be a Levi subgroup of G and 7 € Irr(L), w € Ng(L).
Let Q = LV be a parabolic subgroup of G. Then IS(T) and Ig(w - T) have
the same irreducible subquotients with the same multiplicities. In particular,
if IS(T) is irreducible, then IS(T) = Ig(w - T).

Proof. This follows from [BZ77, Theorem 2.9, Remark 2.10]. See also [Renl0,
Théoréme VI.5.4]. O

Lemma 4.4.19. Suppose that s,(x) = x ! and that 1§ (0 ® x) is irreducible.
Then I (0 ® x) is Hermitian.

Proof. Since s,(0c®x) =2 o®x !, we have by Lemma 4.4.18 that I§(oc®y) =
IS(0 ® x~'). Taking the complex conjugate representation commutes with
parabolic induction. By [Renl10, §VI.1.2], taking the contragredient represen-
tation also commutes with parabolic induction. So we get

- —_—V
ISoax)2Ifcox ) =Igcax )=IS(coX) ,

where the middle isomorphism follows from unitarity of o, so 0 ® xv ~ oy L.

This completes the proof that 1§ (o ® x) is Hermitian. O

The condition s,x = X! from Lemma 4.4.19 is satisfied by unramified
characters y € Hom(M/Z(G),Rxq), as shown below.

Lemma 4.4.20. If x € Hom(M/Z(G),Rxq), then sox = x .

Proof. The unramified character y factors through M/M?*, so
X:M/M'Z(G) — Rsy.

Because M is a maximal Levi subgroup, we have

M/M' 27" and Z(G)/Z(G)eps =271
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This is because the rank r of M /M equals the dimension of the maximal split
torus in M, which is one higher than the dimension of the maximal split torus
in G, i.e. the rank of Z(G)/Z(G)cps, which is the same as the rank r — 1 of
G/G*. Thus, we obtain the quotient

M/M'Z(G) = (M/M")/(Z(G)/Z(G)ep) = Z x H,

with H a finite group. So we can consider x : Z x H — R+, which must be
trivial on H since it is a finite group. So x : Z — Ry ¢ is of the form n — x™
where x € R-y. Now s, acts on Z as a nontrivial group homomorphism and
an involution, so the only possibility is multiplication by —1. This induces the
action on y, which we conclude is given by sox = x . O

Under the assumptions of Lemma 4.4.19, we will now construct a Hermitian
form on I (o®Yx), using the intertwining operator Jpip(o®@x). Write A(sq) for
translation by s,. Fix an isomorphism of M-representations ¢, : 0 — s4 - 0.
Moreover, let

Ipip(0 ®X) = (x(ha) = 1)Jpjplo @ X),
pip(@®@x) = (X" (h) = DIpp(o @ ).
Then both J1’5‘P(0 ® x) and J},
are invertible for x in a neighbourhood of ¥ = 1 in X, (M). They are each

other’s inverse, up to a scalar which depends rationally on x. Consider, for
x € Hom(M/Z(G),Rx¢) the composition

“5(0' ® x) do not have a pole at x = 1. They

Thyp (@) Asa)

IE(c®x) IS(0®@x) =5 If(sa- 0@ X ")

IS (p; ' ®id i~ Ve~ ———V
Leleo M), ISocox ™) S IScax) S I80oy) .

The last two isomorphisms come from Lemma 4.4.19. Using the map above,
we take

IS(cax) xIS(cayx) = IS(c@x) x I§(c®x)Y —C (4.4.14)
(v,0") — (v,0")y.

This way, we obtain a sesquilinear form, but it is not necessarily Hermitian.
Later, we will do some more work to construct a Hermitian form using (4.4.14).

For now, with (4.4.14), we have a family of nondegenerate sesquilinear
forms on the family of representations IS (0 ® x), x € Hom(M/Z(G),Rso). It
only fails when J ;5| p(0 ® x) is not invertible. The maps depend rationally on
X, as we will prove below.

Lemma 4.4.21. The sesquilinear forms as constructed in (4.4.14) are G-
invariant and depend rationally on x € Hom(M/Z(G),Rxo).

Proof. To show that the sesquilinear forms depend rationally on y, let us
consider each individual map in the composition. It turns out that most of
the maps are independent of y, but let us still describe each of them explicitly.
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First of all, we consider the map
Tpip(0 @ x) = (x(hy) = D)JIpjp : 5 (0 @ X) = I (0 @ X).

We may identify I§ (0 @ x) = If~p(0) and I§ = IE (o), to consider it as a
map

Tpp(0 @) : Ignp(0) = I p(0),

and it makes sense to ask if this map is rational in the variable x, see [Wal03,
§IV.1] for details. By [Wal03, Théoreme IV.1.1], Jp p is rational in x. More-
over x(hY) is rational in x, so it follows that indeed Jl’f,lp(a ®x) = (x(hY) —
1)Jp|p(0 ® x) is rational in .

The next step is the map

Asa) t IB 1 (0) 2 I8 (0 @ X) = I8 (sa -0 @ X 1) =I5 k(50 - 0).

It is given by f + [g+— f(s;'g)] which is independent of y, so rational in x.
Next up is the map

Ig(‘ﬂgl ®1id) : Ing(Sa o) = Ig(sa 0R® Xﬁl) - Ig(a ® Xﬁl) = IJID(HK(U)-

It is given by f + [g+— (¢, ! ®1id)f(g)] which is again independent of x.
Then we have the map

Ifng(o) = IE(cex™) S Ig(0ex ) =I5k (@").

The isomorphism in the middle comes from unitarity of o and the assumption
that x € Hom(M,R+g), so X¥ =2 x 1. On the level of vector spaces, this map
comes from the pairing V, x V, — C inducing the isomorphism V, = ng,
which is independent of x.

The next map is

If@) = IE@eX") = If(e®x) = Ik (@),

i.e. the map that describes how taking the contragredient representation com-
mutes with parabolic induction. We have an M-invariant pairing o ® xy X
oR® xv — C. We use it to build a K-invariant pairing

Ifk(@®X) X Ik (@@ X ) = C, (f1, f2) = /K<f1(k),f2(k)>dk7

which gives an isomorphism 15, (") = IK (@ x' ) 2 IK (0@ x) =
IK (@) independent of y. By the Iwasawa decomposition G = PK, [ K
is up to a positive scalar factor the same as [ PG hence the pairing is also
G-invariant, and it induces the isomorphism IS (7 ® x ') = IS (0 ® x)V, inde-
pendent of x.

Next, we need to consider the map

o~ v v
IJID(HK(E)V = Ig(g ®X)v — I}g(U@’X) = [IID(OK(U) )
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which shows that taking the complex conjugate representation commutes with
parabolic induction. Again, this map is independent of Y.

Thus, the forms ( , ), depend rationally on x. The sesquilinear forms
are G-invariant because in the construction in (4.4.14), the first arrow is a
composition of homomorphisms of G-representations (i.e. the homomorphisms
described above), so it is G-equivariant, and the second arrow is G-invariant
by definition. O

We use the sesquilinear forms in (4.4.14) to build a family of Hermitian
forms on the representations I§ (o ® x), which is positive definite on 1§ (o),
and nondegenerate if (o ® x) # co. We do this by multiplying with a suitable
function f(x), which depends continuously on .

Lemma 4.4.22. Suppose x € Hom(M/Z(G),Rxq) and p(o ® x) # co. Then
Ig(a ® x) is irreducible, and on this representation we have the sesquilinear
form as constructed in (4.4.14). We can multiply it by f(x) € S, depending
continuously on x, such that

(0,0} 18 0@y = FO (0,0 (4.4.15)

is a G-invariant Hermitian form on IS (o ® x) which is nondegenerate, and
positive definite for x = 1.

Proof. First we consider the case x = 1. Since o is unitary, Ig(a) is also
unitary, see [Renl0, §1V.2.3]. The zero u(o) = 0 corresponds to a pole of
order 1 of Jp p(0 ® x) at x = 1. The construction of J}—,‘P(o ® x) gets rid of

the pole at x = 1, therefore J’, (o) is invertible. Thus, the construction in

P|P
(4.4.14) gives us a G-invariant sesquilinear form (, ),—; on I§ (o).

By [Tanl17, Proposition 6.3], I§ (o) is irreducible. By irreducibility of
IS (o), there is up to scalars only one Hermitian form on I§ (o), see [Renl0,
p. 112]. By unitarity of I§ (o), there exists a positive definite Hermitian form
(, )y=10n I§ (o). Then (, ),—1 must be a complex scalar multiple of ( )y=1>
since it is G-invariant, sesquilinear and Ig(a) is irreducible. We may pick
f(1) € S* such that f(1)(, )y=1 equals (, )} _, multiplied by a positive real
scalar. In this way, we obtain a Hermitian form on Ig(o) which is positive
definite.

Now we consider x # 1. For x € Hom(M/Z(G),Rs¢), we have that
sa(x) = x~!. For x # 1, we have u(oc ® x) # 0 by Proposition 4.4.17 and
sa(0®x) 2 o®x ! % o®x. Hence, by [Tan17, Proposition 6.2], I§(o® ) is
irreducible. Since pu(o ® x) # 0 and pu(o ® x) # oo, we have that Jlg‘P(J ®X)
is invertible. Therefore, we have the G-invariant sesquilinear form (, ), on
IS (0 ® X), as constructed in (4.4.14).

By Lemma 4.4.19, there exists a nondegenerate G-invariant Hermitian form
(, ) on I§(0 ® x), which is unique up to real scalars. For every Y, fix one

X
such (, )} and scale it, so that we can write

< ) >X = ei¢(X)< ) >;<
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Then the choice of ( ); is unique up to multiplication by +1. Hence, e**(X)
is also unique up to multiplication by +1. Moreover, since ( , ), depends
continuously on Y,

[ = 1910 =10 4

depends continuously on . Recall that we already fixed f(1) = e~ (M) such
that f(1){, )y=1 = (, )i=1 is positive definite. Consider 0 # v € I, (V,),
then (v,v)} _; > 0. Consider a neighbourhood of 1 such that for all x in this
neighbourhood, (v,v)} # 0. This is possible since |(, )’ | depends continuously
on x. The (, )} were chosen uniquely up to a sign, so it is possible to choose
them in such a way that (v,v)} > 0 for all x in this neighbourhood of 1. In
this way, ( , ); depends continuously on x in this neighbourhood. In fact, for

all x we can pick the sign of (, ); such that the Hermitian forms will depend

continuously on x. Then also f(x) = e~ () depends continuously on y, and
we are done. O

Lemma 4.4.23. Let (7,V) be a smooth Hermitian representation of G. Let
C be a compact open subgroup of G and let VC be the space of C-fized vectors
in V. Then the nondegenerate G-invariant Hermitian form on V restricts to
a nondegenerate C-invariant Hermitian form on VC.

Proof. Since C' is compact, we can write
V=vVaeVe

where V¢ is spanned by the vectors ¢-v — v for c € C, v € V. Since (m,V) is
Hermitian, we have a G-invariant nondegenerate Hermitian form on V,

(«, ) :VxV=(VoaVe)x (V'@ V) - C.

Consider the projection operator

1/ (o) 1on V¢
= — Tic)yac =
Pe=1e1 Jo 0 on V.

Since the Hermitian form on V is G-invariant, in particular C-invariant, we
have that
<C ", 1)/> = <Uﬂ ct ’U/>

for all v, € V, ¢ € C. Tt follows that for all v € VC, v/ € Vg,
(v,0") = {pcv,v") = (v,pcv’) = (v,0) = 0.

So the pairing between V¢ and V¢ is zero, but the form on the whole space V'
is nondegenerate, therefore the form restricted to V¢ must be nondegenerate.
O

For a Hermitian form on a finite dimensional vector space V', we can con-
sider its signature (dim(V*),dim(V?),dim(V ")), where V=VT @ V'@ V-
and the form is positive definite on V1, zero on V?, negative definite on V.
For Hermitian forms on admissible representations, we can consider the sig-
nature by restricting to open compact subgroups, which will be done to prove
the next result.
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Lemma 4.4.24. Suppose p(o) = 0, x € Hom(M/Z(G),Rx¢). If ploc @ x*)
does not have a pole fort € [0,7], T € Rxo, then IS (o ® X7) is unitary.

Proof. By Lemma 4.4.22, for each t € [0,7], the representation I§ (o @ x?!)
is Hermitian, and we have the Hermitian form as constructed in (4.4.15).
The representations are realized on the same vector space, say 15 (V,). By
Lemma 4.4.22, the Hermitian form on I§ (o) is positive definite, i.e.

(f, )1y > 0. The function t — (f, f);¢(omy+) s continuous for f €

IK 1 (V,), see Lemma 4.4.21 and Lemma 4.4.22. Let C C K be a compact
open subgroup fixing f. Recall that Ig(a ® xt) is irreducible, hence admis-
sible by [FP22, Theorem 6.3], therefore dim I5 (V)¢ is finite. By Lemma
4.4.23, the G-invariant nondegenerate Hermitian form on I§(o ® x*) con-
structed in (4.4.15) restricts to a C-invariant nondegenerate Hermitian form
on I5, x(Vo)¢. We have a continuous family of such forms parametrized by
t € [0,7]. For t = 0, recall that we have a positive definite form, so the form
has signature (dim I5 - (V,)¢,0,0). For any ¢ € [0, 7], the form is nondegen-
erate, so with signature (p,0, q;) with p; + ¢ = dim I'5 ;- (V,,)¢. If for some ¢
we have ¢; > 0, then since the forms vary continuously, we must have that for
some t’ the form is degenerate, a contradiction. So all the Hermitian forms on
IK (V)€ for t € [0,7] are positive definite. We can do this for all f and C
fixing f, hence all the representations I§ (o ® x*) for t € [0, 7] are unitary. [

We have just shown that if u(o ® x*) does not have a pole for any ¢ € R>,
then all representations Ig(a ® x*!) are unitary. We want to show that this is
not possible, so that we obtain a pole for some t.

For the next result, we consider the maximal C*-algebra C*(G) of G, which
is a completion of H(G) such that the irreducible smooth unitary representa-
tions of G are in bijection with the irreducible representations of C*(G). This
bijection is given by

Irr(G)™* — Irr(C*(Q)), (7, V) = (7, V),

where V denotes the Hilbert space completion of V', and the action of C*(G)
on V is (for functions f € H(G)) given by

(f)(v) = /G f(g)m(g)vdg. (4.4.16)

Every unitary representation (7, V') of G gives a homomorphism of C*-algebras
7 : C*(G) — B(V), where B(V) is the C*-algebra of bounded linear operators
on V. Since it is a homomorphism of C*-algebras, it must be norm-decreasing,
see [Mur90, Theorem 2.1.7].

Lemma 4.4.25. Suppose u(c) =0 and let x € Hom(M/Z(G),Rxo) such that
x(hY) > 1. Then u(oc @ x*) has a pole for some t € Rsg.

Proof. Suppose not, then by Lemma 4.4.24, 7t := I$(0 ® x!) is a unitary
G-representation for all t € Rsq. Let v € IK . (V,) = I§(V,) such that
supp(v) = (PNK)-U_q,, for some r, and such that v is right U_,, -invariant.
Then v(a) = v(1) for all 4 € U_,,. Let C be a compact open subgroup of
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G fixing v (this is possible because I§(V,) is smooth) and put f = lnvc.
Then f € H(G) C C*(G), where C*(G) is the maximal C*-algebra of G, so
| (@) € R>o. We can view 7t as a representation of C*(G), as written in
(4.4. 16) We have

Jv —/ fg)m" (9)vdg = /hvc 7 (g)vdg = /hvc(0®xt)(9)vdg

— [ @@ meds = vol(h0) - (7 ) (k)
hyC

where the second to last equality holds because C' is a compact open subgroup
fixing v, so the only nontrivial contribution of the action of hYC on v comes
from h). Note that 7*(f)v is again right U_, ,-invariant, and supported in
(PNEK) - U_qn.

Since 7(f)v lies in I5;(V,), it also lies in the Hilbert space completion
V of I5.;(V,). Let B(V) be the C*-algebra of bounded linear operators on
V, with the operator norm denoted by ||.||op. The operator norm of 7*(f) is
given by

wt(f)v'
17 (Nlop = sup ll ()1l ,) HV7 where [[o/|[3, =/ [|v' (k)| [*dk.
vzo Vv K

Let v with supp(v) = (PN K) - U_,, as above. Then

JAECIRTS lo(h)d
K (PNK)-U_a,r

= vol(U_ar) /an o(k) |2k = vol(U_o.) /an o (k)o(1)| 2k
= vol(U_,,.)vol(P N K)|[v(1)| %,

il

since v € I5-;(V,) is right U_, ,-invariant and o is unitary. Similarly, we
have

(Yol = / 7 (F)o(k)]2dk = 17 (o) Pk

(PNK)-U_a,r

—vol(U-a wl(hCY [ @ x)bEu(b) Pk

PNK
=Vol(U—a,r)Vol(hZC)z(Xt(hl))Q/PQKIIU(hX)O(k)v(l)IIQdk

= vol(U—q,)vol(h C)?(x* (he))*vol(P N K)[Ju(1)|[?
= vol(hyC)* (X' (he))?[[v]3-

Recall that since 7! is unitary, it gives a homomorphism of C*-algebras 7 :
C*(G) — B(V), which is norm-decreasing. Since x(hY) > 1, we have for
t — oo that

17" (H)vllv/lvlly = vol(hgC)x' (hg) — 00, hence lim |7 (f)]lop = o0

which contradicts ||7¢(f)|]op (c@x!) = oo forsomet > 0. [
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Now we are ready to prove the main result. We drop the assumption o = oy
that was used to prove the results in this subsection so far.

Theorem 4.4.26. There exists a unitary oo € Irr(M)[pr,0) such that

(1—-2)(1—-2z"Y (A+2)1+2z71h
1—q2)1—gqz") (1+¢2)(1+ ¢z’

(oo ®@x) = (oo, 2) = ¢, - (

where ¢, € Ryg and ¢ > 1, ¢’ > 1.

Proof. Suppose that (o, z) is constant, then we can take ¢ = ¢’ = 1. Suppose
that p(o, 2) is not constant, then there exists a unitary oo € Irr(M)[pr,,] as in
Proposition 4.4.17. By Lemma 4.4.6, u(og, z) has the form

oo, 2) = eu [ [(z =A™ (" =X,

%

where \; € C, n; € Z, ¢, € Rso. By Proposition 4.4.14, u(oo,2) is not
zero at z = 0 and z = co. By Proposition 4.4.17, the zero at z = 1 is of
order 2. So pu(0g,2) has a factor (1 — z)(1 — 27!) in the numerator. By
Lemma 4.4.25, p(0o) = 0 implies that u(og ® x*) has a pole for some ¢t € R+,
x € Hom(M/Z(G),Rso) with x(hY) > 1. So u(og,2) has a pole at ¢ =
x!(hY) € Rsq and p has a factor (1 — ¢2)(1 — gz~!) in the denominator. The
only other possible zero of u(og,2) is at z = —1, and again of multiplicity 2,
so u has a factor (1+2)(1+271) in the numerator (if x is not zero at z = —1,
we can cancel out this factor by taking ¢' = 1 in the formula). Suppose that
u(og,—1) = 0 and let x’ be a unitary character such that z = x/'(hY) = —1.
Then p(oo ® x’) = 0, and by Lemma 4.4.25, u((0o @ X') @ x*) = p(oo ® x'x*")
has a pole for some y € Hom(M/Z(G),Rsq), t € Rsg. This implies that
w(oo, 2) has a pole at z = x/(hY)x'(hy) = —1- ¢ with ¢ € R>1. So p has a
factor (1 +¢'2)(1+ ¢’27 1) in the denominator.

It remains to show that u(cg,z) does not have any additional factors.
More factors in the numerator would mean that (oo, z) has extra zeros in
C*, which is not possible. More factors in the denominator would mean that
wu(og,00) = p(op,0) = 0, which is not possible by Proposition 4.4.14. O



Chapter 5

Bernstein blocks for
principal series
representations of BD
covers

5.1 Overview and results

Let G be a Brylinski-Deligne cover of a split reductive p-adic group. In this
chapter, we wish to describe the principal series components in the Bernstein
decomposition of Rep(G). A principal series component is a Bernstein block
in Rep(G) coming from a supercuspidal representation of a minimal Levi sub-
group of G. Since G is a cover of a split group G’, a minimal Levi subgroup
of G is necessarily the inverse image of a maximal torus of G’. So let T be a
maximal torus of G. It is a Brylinski-Deligne cover of a split maximal torus
T of G'. Let o be an irreducible representation of T', denote by s its in-
ertial equivalence class for T and denote by s¢ its inertial equivalence class
for G. Let Ttpy = T(Op) be the maximal compact subgroup of T. Then
by the Bernstein decomposition (Proposition 2.2.12), we have equivalences of
categories

Rep,,. (T) ~ EndT(indipt (ol,,,)) — Mod and
Rep,,, (G) ~ Endg (1§ (ind],_ (o|r.,,))) — Mod.

cpt

In this chapter, we describe the structure of these endomorphism algebras,
applying the results in [Sol22]. These methods were written for reductive
groups, but using the results in Chapter 4, they generalize to covering groups.
In fact, it turns out that o|r,,, decomposes without multiplicities larger

than one, so we may work with smaller progenerators indgcpt (01) for Rep,,.(T')

and ]g(indgcpt (01)) for Rep, . (G), where oy is an irreducible subrepresentation
of o|r,,,. The main result of this chapter is the following.
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Theorem 5.1.1. In the setting described above, there are equivalences of cat-
eqgories

Rep,, (T) ~ Endy(indf,  (01)) — Mod and
Rep,,. (G) ~ Endg (1§ (ind%cpt (1)) — Mod.

The endomorphism algebras have the following structure.

(i) Endﬂind%pt (01)) = C[O] is the ring of regular functions on the complex
algebraic torus O = o X (T) = X0, (Z(T)).

(i) Endg(Ig(indgcpt(al))) >~ H(O,G) x C[R(O),t] where H(O,G) is an
affine Hecke algebra with known parameters containing C[O] as a subal-
gebra, R(O) is a finite group and § is a cocycle that may be nontrivial.

Let us elaborate on the structure of H(O,G) x C[R(O),t]. It has a C[O]-
basis indexed by

W(T,0) = {weW = Ng(T)/T :w-0 € O} = W(So,,) x RO)

where ¥ ,, is the set of reduced roots v of (G, T') such that the Harish-Chandra
function p, has a zero on O. It determines a root system, and the parabolic
subgroup P determines a basis Ap ,. The underlying vector space of H(O,G)
is C[O] ®c C[W (X0,,)] and the multiplication rules are as follows:

o ClZ(T)/Z(T)cps) = C[O] is embedded as a commutative subalgebra;

o CW(X0,,)] = (0w : w € W(X0p,,)) is embedded as the Iwahori-Hecke
algebra H(W (X0,,.), qr), i.e.

(s, +1)(0s, —qr) =0if a € Ao,

o fora € Ap, and t € Z(T)/Z(T)cpt corresponding to the element X; €
(C[Z(T)/Z(T)cpt]a

Xe — X ()

-1
Xtesa - esaXsa(t) = (qF -1 + Xa (qa B qa*)) 1-— X(;2

where C[O] 3 X, : x — x(hY) with hY as in Section 4.4.1 and qu, o

are the poles of u,. Depending on the root «, they are either given by
1/2 .

o = qF and gox = 1 or by ¢o = @ax = ¢z . So the equation above

simplifies to either

Xt - XSa(t)
Xibso = OsaXouiny = (ar = 1) —57
or to X; — X
t Sa(t)
Xibs, = 0s. X5, 1) = (ap — 1)1—7)((;2’

depending on «.
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There is a 2-cocycle § : W(T,0)? — C[O]* describing how the elements in
C[R(O), t] multiply with the elements in H(O,G) [Sol22, Theorem 10.6(b)].
Part (i) of Theorem 5.1.1 is proved in Section 5.2.1. In Section 5.2.2, we
show with an example that Theorem 5.1.1 in general does not hold for covering
groups that are not BD covering groups, in the sense that in general one can
not work with the smaller progenerators for Rep,, (T') and Rep,(G). Part
(ii) of Theorem 5.1.1, together with the structure of H(O, G) as given above,
is discussed in Section 5.3. In Section 5.3.3, we show with an example that
the cocycle f : W(T,0)? — C[O]* in H(O, G) x C[R(O), 1] can be nontrivial.

5.2 Endomorphism algebras for covers of tori

In this section, we discuss the structure of Rep,,.(7'). For BD covers of tori, we
give a general (nice) description. We show with an example that for non-BD
covers, the description is not as nice.

5.2.1 The endomorphism algebra for a BD torus
Consider a Brylinski-Deligne cover
1= pin =T —=T —1,

let o be an irreducible representation of 7" and denote by s its inertial equiv-
alence class for T'. Let T,y = T(Op) be the maximal compact subgroup of T'.
Recall from Proposition 2.2.12 that

Rep,,. (T) ~ Endr(indz,  (01,,,)) — Mod.

In this section, we wish to describe the structure of EndT(indgcpt (o
using the method in [Sol22, §2].

As explained in [Wei09], there is a one-to-one correspondence between the
irreducible representations of T and the central characters of T. This corre-
spondence is given explicitly as follows. Let y : Z(T') — C* be a genuine
central character, where genuine means that its restriction to p,, is a faithful
unitary character. We can extend it to a character ¥ of a maximal abelian
subgroup A of T. By Lemma 2.1.20, we may take A = Z(T)T¢pi. Then
Ty = indg)z is the unique irreducible genuine representation of 7' with central
character y. This gives us a bijection

Tcpt))’

{genuine characters of Z(T)} «+> {irreducible genuine representations of 7'}
X Ty (5.2.1)
For such a representation 7, of T, the pair (Tepe, X[, ) is a [T, 7|7 type

[Wan24, Lemma 3.5].
We follow [Sol22, §2] and want to determine the groups fo, T,?X and T,‘rlX

for an irreducible genuine representation m, = indﬁ)wg of T. Let us start with
the group

Tgx = ﬂ ker x/,
X' €Xnr (Tf“'x)
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where
X (Tymy) = {xX € Xor(T) : 7y, @ X' 2y}

Because of the bijection 5.2.1, for 7, ® x’ to be isomorphic to m, it is sufficient
and necessary for them to have the same central character. It follows that

X (T, my) = Hom(T'/A,C*), hence fo = A. (5.2.2)

To determine the groups 73 and T,‘TL , we need to fix an irreducible subrep-
resentation (o1, E7) of (7TX7 E)|1,,. such that the stabilizer of the subspace

E; C Ein T is maximal. Then by definition,

T;?X ={teT:m(t)Ey = E1} and Tﬁx ={teT:t-01 Zo1}.

There is a sequence of inclusions Tepy C T2 - T3 - T4 C T and the groups
are all normal subgroups of T'. Denote by ,uﬂx 1 the multlphclty of oy inmy|r,,,
then by [Roc09, Lemma 1.6.3.1],

4 .3 _ 3 L2 ]
[Tﬂ'x . TTI'X] - [TTI'X : Tﬂ'x] - :uﬂ'x,l' (523)
In our case, we may pick o1 to be the character Y|

cpt *

Lemma 5.2.1. Let x be a genuine character of Z(T), let X be its extension
to A= Z(T)Tsp and let my, = mdAX be the corresponding irreducible repre-
sentation of T. Then the multiplicity pr, 1 of X|1.,, in Ty|T,,. equals one.

Proof. We want to know the multiplicity of X|r.

in my|7, .. The representa-

Tept cpt*

tion m, = ind’ 4X 1s constructed by algebraic induction [Wei09, Theorem 3.1],
since A has finite index ¢ in T. Let t¢q,...,t; be representatives in T' of the
elements in the group T/A. For t € T, denote its image in T'/A by t. The

representation m, is given on the vector space E/ = @le t;C, on which T acts

via
¢ ‘
t~2t7 Z X(ai)vs, (5.2.4)
i=1 i=1
where 7;;) = tt;, and a; € A such that tt; = t;;)a;. Note that T/A is
abelian since it is a quotient of 7", so ¢;(;) = t;. Now we want to describe the

restriction to T¢pt, so let ¢ € Tepe. Then for every ¢, we can write tt; = t;e;t
where €; = [t,t;] € pn, €;t € A. Therefore

Vi 4
3 F = SRR (B
i=1 i=1

Hence, 7y |1,,, is the direct sum of the characters

Xi it (LD, 1<i< L.

We want to know how many of these are isomorphic to x|r,,, . Since X is a
genuine character, x; is isomorphic to X|r.,, if and only if [t,¢;] = 1 for all
t € Tepe. Recall that A = Z(T')Tcpt is the maximal abelian subgroup of T'
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containing Tcpe, and that the ¢; are representatives of the elements of T'/A.
Hence, [t,t;] = 1 for all t € T¢py implies that ¢; € A, ie. t; =1in A. It follows
that only one of the irreducible subrepresentations of 7|z, , is isomorphic to
X|Tope- So the multiplicity s 1 = 1. O

From now on, we write ¢ := m,. By (5.2.2), Lemma 5.2.1 and (5.2.3),
we may conclude that T4 = T2 = T2 = A =: T,. Since we have p,; = 1,
we are in the situation of [Sol22, Working hypothesis 10.2] and we may work
with a smaller progenerator of Rep,,. (7). Namely, consider the irreducible

subrepresentation oy := X|r,,, of o|r,,,. Then EndT(ind%Cpt (01)) is also a
progenerator for Rep, . (7') and we have an equivalence of categories

Rep,,.(T) ~ EndT(indaPt (o1)) — Mod.

Write O = 0X,,,(T), then the bijection X, (T)/ X (T, 0) — O gives O the
structure of a complex variety, which can also be identified with X,,,(Z(T)).
Let C[T/Tcps) be the group algebra of T, /Tepy = Z(T')/Z(T)cps and let C[O]
be the ring of regular functions on O. Then by [Sol22, §10.1],

Endr(ind7,  (01)) 2 C[T, /Tept] = C[O).

Recall that Yq, ,, is the cocharacter lattice of Z(T). So C[O] = C[Yg,,], which is
the Hecke algebra H(T', 01) arising from the type (Tept, 01) for [T, o)r [Wan24].

5.2.2 Example of the endomorphism algebra for a non-
BD covering torus

In this section, we will give an example of a covering torus T of T and a
representation o of 7', such that the multiplicity p. 1 is greater than 1. By the
results in the previous section, it will be necessary that T is not a Brylinski-
Deligne cover. We use the tilde notation 7" to emphasize that T is a covering
group of T" that is not a BD extension.

Let T = F* x F* and consider a central extension

15 Z/Z —T—T —1,
which is defined as follows. Let yq,y2 : F* — T be the inclusion maps into

the first and second copy of F* in T'. As a set, T = (Z/nZ) x T'. Write
s: T = {0} xT' CT,t~ (0,t). Let the group law on T be determined by

v(a)o(b) mod n) - s(y1(a)yz(b));
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for all a,a’,b,b' € F*, where v : F* — Z is the valuation on F. Then the
commutator [, |: T x T — Z/nZ is given by:

[y1(a), y2(0)] = s(y1(a))s(y2(b))s(y1(a)) ~'s(ya(b) "
(a)v(b) mod n € Z/nZ;

[yl(a)vyl(a/)] - [yQ(b)ayZ(b/)] =1

for all a,a’,b,0" € F*.

The center of T is generated by Z/nZ and the s(yi(a)), s(y2(b)) where
n | v(a) and n | v(b). Write Z for the subgroup of both 7" and T, which
is generated by the y1(a), y2(b) where n | v(a) and n | v(b). The group
T!,. = T'(Of) is a subgroup of T contained in Z. We have a short exact
sequence

ZInZ = T/Z —T'/Z = (T'|Tiy) [(Z/Tly) = (F*JOF)? /(") = (Z/nZ)’.

So the quotient group H := T/Z is a central extension of (Z/nZ)? by Z/nZ.
In fact, H is isomorphic to the finite Heisenberg group Hs(Z/nZ) of upper
unitriangular 3 x 3 matrices over Z/nZ. The center of T/Z is Z/nZ. Let
€ : Z/nZ — C* be a genuine character, then H has a unique irreducible
representation of dimension n with central character e. This lifts to an irre-

ducible representation 7. of T' which is trivial on T¢;. The restriction of 7. to
Tept = Z/nZ % TC’pt becomes n copies of € X triv. So the multiplicity of € X triv
in 7r5|ipt is pr. 1 =n.

Let us work this out in more detail. The quotient group H := T'/Z fits in

an exact sequence
0 — Z/nZ — H — (Z/nZ)* — 0.

As a set, H = Z/nZ x Z/nZ x Z/nZ. Denote its elements by (c,a,b). The
group operation on H is then given by:

(c,a,b)(c,a' V)= (c+ +ab,a+ad,b+V).

The center of H equals the first copy of Z/nZ in H. Let € : Z/nZ — C* be
a genuine character, ¢ : 1 — (, where (, is a primitive n-th root of unity.
We want to build an irreducible representation of H of dimension n with
central character e. The group H is generated by the elements z := (1,0,0),
z := (0,1,0), y := (0,0,1). Consider the n-dimensional vector space V :=
@Dicz/nz viC and let H act on it via

210 = Cuugs T v = G Y U Uil (5.2.5)

1

In H, we have that zyz~'y~! = 2, and indeed

-1 —1
Y z —(i—1 Yo —(i=1), & ri—(i—1
v > Vi1 > () Dy & Cn (=D 5 Cn Doy = ooy = 2 - v;.

So (5.2.5) is well-defined. It gives the unique n-dimensional representation
of H with central character . It extends to an irreducible n-dimensional
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representation of T, which we will denote by m.. For this representation, we
want to determine the groups T2 , T2 ,T7 | like in [Sol22, §2].
Firstly, we have
ife = ﬂ ker
XEXne (Tyme)
where B B
Xor(Tyme) ={x € Xox(T) : e @ x X 7}

By [Wei09, Theorem 3.1], for x € X, (T) = Hom(T/Tept, C*), we have that
Te ® x = m if and only if the two representations have the same central
character. Recall that T,y C Z(T). Hence, Xy, (T, 7.) = Hom(T'/Z(T),C*)
and i%a =7 (f) This is the same as in the case of a BD covering torus.

Now, let us look at the group ii Recall that 7, |:;cpt is n copies of e xtriv on
the vector space V = P, ,, InZ v;C. Consider the irreducible subrepresentation
(e x triv,v1C). We want to determine the group

ng:{tef:t-vl((::m@}.

The representation 7. factors through the quotient H = T/ Z. The generators
z=(1,0,0), z = (0,1,0) and y = (0,0,1) of H satisfy z-v,C = v;C, z-v,C =
v1C and y - v1C = v5C. So ﬁi is generated by Z and representatives of z and
2 in T. More precisely, i:fs is generated by Z(T') and the first copy of F* in
T'. The index of T2 = Z(T) in T2 equals n = ir_1, as required.

Lastly, we want to determine the group

fﬁs:{tef:t-(extriv)%5><triv}.

The representation ¢ - (¢ x triv) is given by ¢- (e X triv)(¢') = (e x triv) (¢t "*#'t) =

T (t=1t) for all ¥/ € Topy = Z/nZ x T,

ept- By the arguments above, it only

remains to check how y = (0,0,1) € H acts on ¢ x triv. The group Tcpt/Tépt =
Z/nZ is generated by z. We have

Yy z -y
Vi — Vg1 > CnviJrl — Cn’l)i.

So y - (e x triv) = ¢ x triv, and it follows that i‘é = T. The index of ii in
T, ,‘fg is n, as required.
Then by [Sol22, (2.25)],
Endg(ind} (me|z ) = C[Xu(T)] % C[Xne(T, 7). 8]

pt

where the cocycle § is non-trivial because pir_ 1 =n > 1.

5.3 Endomorphism algebras for BD covers

In this section, we go back to the situation where G is a Brylinski-Deligne
covering group with maximal BD torus 7', as described at the start of this
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chapter. Let x : Z(T) — C* be a genuine central character of T', and let o be
the unique irreducible genuine representation of T with central character y, as
decribed in §5.2.1. Let oy be an irreducible subrepresentation of o|r, ,. By the
results in §5.2.1, we have pi,1 = 1 and T, = Z(T')Tcpy. The complex algebraic
variety O = 0 X, (T) can be identified with X,,,(Z(T')). Let C[T,/Tcps] be the
group algebra of T, /Tepy = Z(T')/Z(T)cpy and let C[O] be the ring of regular
functions on O. Then by [Sol22, §10.1],

Endr(ind7,  (01)) 2= C[T, /Tept] = C[O).

The next step is now to describe the algebra End(;([g(indgcpt (01))), which
is a progenerator for the category Rep, . (G). Let

W = Ng(T)/T = Ne:(T')/T".

By [Sol22, Theorem 10.9], the algebra Endg(llcj(indgcpt (01))) has a C[O]-basis
indexed by
W(T,0) ={weW:w-oe€ O}

This group has a decomposition W (T,0) = W(Xp ) % R(O), where ¥o , is
the set of reduced roots « of (G, T) such that the Harish-Chandra function p,
has a zero on . Moreover, there exists an affine Hecke algebra H (O, G) with
torus O, and a 2-cocyle f : W(T, 0)? — C[O]* such that

Endg (I (ind7,  (01))) = H(O,G) x C[R(0), 4. (5.3.1)

Our aim is to determine the parameters of the affine Hecke algebra H(O, G).
One could also hope for an easier description of the 2-cocycle fj in this set-
ting, but we will illustrate with an example in Section 5.3.3 that this is not
achievable.

Let us explain in more detail how the algebra H(O, G) is built. The set
Yo,u of reduced roots « of (G,T) such that pi, has a zero on O, determines
a reduced root system with basis Ay ,, determined by the parabolic subgroup
P =TU. Recall that p, is computed in M, which is a Levi subgroup of GG that
contains the root subgroup U, and which has T" as a maximal Levi subgroup.
For o € ¥p,,, let hY be the unique generator of (T, N M2)/Tepy = Z such that
la(h2)|F > 1. Let X, : Xpnp(T) — C be the function X, : X" + x'(h). There
exists a unitary oo € 0X,,.(T) such that for all & € Xo ., 5400 = 0o and the
function p,, has the form

pa(oo ® ) = pia(00, Xa)
(1-Xo)(1—X71Y 1+ X)) 1+ XY (5.3.2)
(1 - gaXa)1 = qaXa ') (14 qasXa) (1 + gauXat)’

where ¢ € Ry and ¢q, gax € R>1 with 1 # g0 > ¢os. We replace o by
oo. Let % = {h) : a € p,,}. There is a corresponding set of coroots
Yo = {af : a € Yo} such that (X3, Ty /Tept, Yo, (T /Tept)V) is a oot
datum with Weyl group W (20 ;) [Sol22, Proposition 3.1]. It has a basis A}
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determined by P. To this based root datum we associate the affine Hecke
algebra

H(O,G) =H(ZE, To ) Tept, X0y (To ) Tept)” s Ay A, qr),
where qp is the cardinality of the residue field of F'. The labels A, \* are given
by

A(hy) = 108(qaqax)/ log(qr) and X*(hy) = log(qaqa. )/ log(qr),  (5.3.3)

where g, and gu« come from the poles of p, in (5.3.2). The underlying vector
space of H(O,G) is C[T,/Tcpt) @c C[W (X0,,)] and the multiplication rules
are as in [Sol25, §1]:

o ClT,/Tcpt] = C[O] is embedded as a commutative subalgebra,

o CW(Xo,,)] = (0w : w € W(X0,,)) is embedded as the Iwahori-Hecke
algebra H(W (Zo0.,), q3), i-e.

ewov = ewv if EO(w) + EO(U) = E@(wﬂ)
(O + 1) (05, — 0 ™) = (Bs, + 1)(Bs, — qadas) =0 if a € Ao,

o for o € Ap, and t € T, /Tcpy corresponding to X, € C[T, /Tept],
Xe — X5t

Xtesa - GsaXsa(t) = (QaQa* -1+ Xgl(Qa - Qa*)) 1_ x-2

The poles of ps correspond to the non-unitary o ® ¥’ € O for which
I IZL%MQ (0 ® x') is reducible [Sol25, Corollary 1.3]. For each a € Yo ,, the
parameters q, and ¢,. may be computed in the group M,, i.e. in the affine
Hecke algebra

End g, (17, (ind7, (01))) = H(O, M)
= H{ERLY, T [ Tept, {5}, (T /Tept) Vs Ao Moy qr),  (5.3.4)

where Ao := Al{1pyy and A}, := A*|(1pvy. The problem may be simplified
even further, by reducing to the simply connected cover of the derived group
of M,. This will be discussed in the following section.

5.3.1 Reduction to covers of simply connected groups

In this section, our goal is to generalize the results of [Sol25, §2] to finite central
(BD) extensions of reductive p-adic groups. First, we study the more general
situation of finite central extensions of reductive groups; later we show how
the results apply to BD extensions of reductive groups.

Let G’ be a reductive p-adic group and let Rep,, (G’) be a Bernstein block
in Rep(G’), where s’ is an inertial equivalence class. In [Sol22], an affine
Hecke algebra H' := H(O', G’) is associated to s, whose module category is
shown to be closely related to Rep,,(G'). In [Sol25, §2], the analysis of the
parameters of H' was reduced to the case where G’ is absolutely simple and
simply connected. The results apply to any homomorphism 7’ : ¢’ — G’
between connected reductive F-groups such that:
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e the kernel of dn’ : Lie(G’) — Lie(G’) is central, and
e the cokernel of 7 is a commutative F-group.

We fix such a map n’. It restricts to a central isogeny between the derived
groups and induces a homomorphism on F-rational points.

For central extensions of reductive groups, we also have a notion of (central)
isogeny.

Definition 5.3.1. Let G, G5 be central extensions of connected reductive
groups G} and G5, by finite abelian groups p; and s, respectively. A (central)
isogeny between G; and G9 is a group homomorphism ¢ : G; — Gy with
¢(p1) C p2, such that the map

¢ G =G/ — Gafpz = Gy

is the map on F-rational points coming from a (central) isogeny ¢’ : Gi — G5
between the reductive algebraic groups. The maps fit into a commutative
diagram

1 M1 Gl G/l 1
[
1 125 G2 G/ 1.

Remark 5.3.2. In a similar way as in Definition 5.3.1, we may extend no-
tions of properties of maps between reductive groups G} and G to notions of
properties of maps between covering groups GG and G3. The condition will
always be that the image of p; lies in uo, and that the map on the quotients

12 Gi/p — Ga/pe = GY has the desired property as a map between
reductive groups.

Note that given an isogeny ¢’ : G; — G5, it is in general not always possible
to extend it to an isogeny between the extensions G; and G3. But when it is
possible and the isogeny is central, we have a pullback functor ¢* : Rep(G2) —
Rep(G1), satisfying the following result.

Lemma 5.3.3. Let G1, Gy be groups as in Definition 5.3.1, with a central
isogeny ¢ : G1 — Go. Let w be an irreducible (admissible) representation of Gs.
Then ¢*(m) is a finite direct sum of irreducible (admissible) representations of

G.

Proof. This is [Sil79]. All the arguments generalize to covering groups with a
central isogeny (cf. Definition 5.3.1) between them. O

Recall that we fixed a map 1’ : G/ — G’ satisfying the conditions stated at
the beginning of this section. Let G be a central extension of G’ by a finite
abelian group . In order for the results in [Sol25, §2] to generalize to our
situation, it is required that the map 7’ : G’ — G’ lifts to a map 1 : G — G,
in the sense of Remark 5.3.2. So from now on, we assume that such a map
n exists. Let Gger be the inverse image of G, in G (similar for é) Then n
restricts to a central isogeny 7 : Gaer = Gaer in the sense of Definition 5.3.1.

We have a pullback functor n* : Rep(G) — Rep(G).
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Lemma 5.3.4. Let 7 € Irv(G). Then n* () is a finite direct sum of irreducible
G-representations.

Proof. By Lemma 5.3.3, the result holds for pullback along the map nger :
Gder — Gder~

Now, let us show that the statement holds for pullback along the inclusion
Gaer — G. See also the proof of [Tad92, Lemma 2.1]. Let ' := Z(G")°
be the identity component of the center of G’. There is a central isogeny
Glher X €' — @', inducing a map on F-rational points G, x C' — G’. Since
C" is a subgroup of G’, it extends to a subgroup C of GG, which is an extension
of C’ by p. The group Gger X C'is an extension of G, X C' by p x p and the
central isogeny G, X C! — G’ extends to a central isogeny Gger X C — G, in
the sense of Definition 5.3.1. By Lemma 5.3.3, 7|g,,.c is a finite direct sum
of irreducible G4erC-representations. Then by the Schur Lemma, 7|¢,., is a
finite direct sum of irreducible G g -representations.

Thus, pullback along the composition Gaer — Gaer — G satisfies the re-
sult. In other words, n*(m)|g, ~is a finite direct sum of irreducible G der
representations. Hence, n*(7) is a finite length representation. This implies
that n*(m) is completely reducible, see [Sil79, Lemma 3]. O

In this setting, one can follow the same strategy as in [Sol25, §2] to show
that the Hecke algebra parameters for G and G are related as described in
[Sol25, Proposition 2.4]. The statements and the proofs are completely anal-
ogous, using the Harish-Chandra pu-function for covering groups discussed in
[FS25]. Recall that the condition is that the map 7’ : G’ — G’ extends to a
map n : G — G in the sense of Remark 5.3.2. Suppose that G is the fiber

product G := G x¢ G, which is a central extension of G’ by i, fitting in a
commutative diagram

l—sp— G=Gxg @ — G —— 1

| [ J

1 1 G G’ 1.

Then by construction, the map 7’ : G — G’ always lifts to a map n: G — G
between the extensions. In this way, the calculation of the Hecke algebra
parameters for G may be reduced to the calculation of the Hecke algebra
parameters for a finite central extension of G’ by .

We may apply the above construction with the fiber product to the simply
connected cover 7. : Gi, — G}, — G’. This way, we may reduce to the case
of a covering group of a simply connected group. In the split case, all such
groups are described by BD covering groups [BDO01, §0]. So if G is a covering
group of a split group G’, then we can reduce to a BD covering group of the
split simply connected group G...

When G is a BD extension of a split connected reductive group G’, the
reduction to a BD extension of G/, can also be done in the following way. There
are inclusions of the cocharacter lattices Yic < Yger — Y. By restriction of
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the quadratic form on Y to Y. and Yger, we get BD extensions Gy, and Gger
of G, and G/, respectively, fitting in a commutative diagram

1 Hn GSC G;c 1
1 Hn Gder iler 1
1 L, G G’ 1.

In fact, Gger is just the inverse image of the derived subgroup G/, of G', so
we naturally obtain the lower part of the commutative diagram. However,
since GY. is not a subgroup of G’, the existence of the BD extension G fitting
in the commutative diagram really follows from the inclusion of cocharacter
lattices Ysc < Y. The map 7., : G/, — G’ satisfies the conditions of [Sol25, §2]
and it extends to a map 7y : Gsc = G (namely, the map in the commutative
diagram). Hence, the calculation of the Hecke algebra parameters for G may
be reduced to the calculation of the Hecke algebra parameters for Gg. (or for
Gder), and they are related as in [Sol25, Proposition 2.4].

Concretely, recall that the Hecke algebra parameters are given by the poles
of the Harish-Chandra p-function. So suppose that we want to find the poles
da; Qo Of o in (5.3.2). Let & be an irreducible constituent of nX (o) (see
Lemma 5.3.4), which is an irreducible representation of the Levi subgroup
M. = n (M) of Gge. Write 0= 6 Xnr(Msc). Then by [Sol25, Corollary 2.3],

Z@,u = n:c(zow) ={a=aon.:ac ZO,M}-

For each o € ¥, we can compare the parameters gq, gax (poles of ji,) for
G, with the poles ga, gas of pg for Gg.. Namely, there exists N, € {1/2,1,2}
such that n..(hY) = (hY)/Ne. Then qu, gax and ga, gax are related according
one of the following three options:

(i) if No =1, then ¢, = ¢a and gax = Gax;

(ii) if Ny = 2, then go« = 1 and g5 = g+ = qé/2;

(iii) if Ny = 1/2, then gz« = 1 and ¢y = o = qé/z.

We will illustrate with an example how the parameters may be related.

Example 5.3.5. Let G be a BD extension of G’ = PGLa(F) by py,. The
simply connected cover of PGLy(F) equals SLy(F'). Let Gy be the BD ex-
tension of G, = SLy(F) determined by restricting the bilinear form Bg on
Y to Ys.. We have a map 1 : Ggc — G and we want to find N, such that
n(hg) = (RN

We have G = G by Lemma 2.1.13, because G’ is semisimple. Hence, the
element hY is the unique generator of (Z(T)Tept)/Tept = Z(T)/(Z(T)NTept) =
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Z such that |a(h2)|r > 1. Recall that Z(T') is described by Yo, = {y € Y :
Bg(y,2) € nZ ¥z € Y}. Let e1 be the generator of Y given by

et x (g ?) € T' C PGLy(F)
and let nq := Bg(e1,e1). Then Yy ,, = (n/ged(ni,n))Y, so noeq is a generator
of Yo n, where ny :=n/ged(ny,n). Since hY is an element of Z(T)/(Z(T) N
Tept) and p, C Z(T) N Tepy, we may work with a representative of hy in
PGL2(F), which we will take to be ej(w™"2).

Let T' be the maximal torus of G/, = SLo(F). Let €, be the generator of
Y. given by

- z 0 ~
€1:T > <O xl) € T' C SLy(F).

Note that in PGLy(F), we have

(a: 0 ) B (a:2 0)
0 2=t/ \0 1)°
so in this way we may identify Y. = 2Y C Y. We have
(Yac)on = 2Y)gn={y €2Y : Bg(y,z) € nZVz € 2Y'}
—2{yeY :Bo(y,2) € %Z VzeY}
= 2n3Y,

where
n/ ged(n, 4)

~ ged(n1,n/ ged(n, 4))

ng:

Then hY = é1(w™"3), thus

v_ (=™ 0 v __ [(wT" 0
ha—< 0 1) andhd—< 0 ona ) -

Moreover, n(hY) is the image of hY in PGLy(F), so

w3 0 w2
o= (73" )= (%0 9):

Our goal is to compute 1/N, = 2ng/ny. We have

ng(nla n)/ ng(n7 4)
ns /ng =
ng(nla TL/ ng(nv 4))
— 2min(1)2 (n1),v2(n))—min(va(n),2)—min(ve(n1),v2(n)—min(vz(n),2))

€ {1/4,1/2,1},

which confirms that 1/N, = 2n3/ne € {1/2,1,2}. For 2 { n we obtain N, =
1/2. If n = 4 and ny = 2, we obtain N, = 1. If 2{n; and 4 | n, we obtain
N, = 2. However, recall that

n1 = Bg(e1,e1) = Q(2e1) — 2Q(e1) = 2Q(e1),
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since @ is a quadratic form. So we always have 2 | ny, hence the option
N, = 2 is not possible. In this case, the only possibilities for N, are N, =1
and N, = 1/2.

5.3.2 Reduction to parameters for BD covers of SLy(F')

Recall that for a BD extension GG, we want to determine the parameters of the
affine Hecke algebra H(O, G) in (5.3.1). It suffices to study the Hecke algebra
H(O, M,) in (5.3.4) for each root o € Yo, individually. Fix a root a and
write M = M,. By the considerations in the previous section, we may further
reduce to the simply connected cover M. of the derived group of M. More
precisely, Mg is a BD extension of the simply connected cover M. of the
derived group of M’. The group M}, is split, connected, semi-simple of rank
one, hence isomorphic to SLa(F') or PGL2(F'). The simply connected cover of
either of these two groups is SLy(F), so My is a BD extension of SLy(F'). The
parameters for My, and M are related as described in [Sol25, Proposition 2.4].

From now on, G denotes a BD extension of G’ = SLa(F) by p,. Let T be
the maximal torus of G, which is a BD extension of 7" = F'*. The Weyl group
of (G,T)is W = Ng(T)/T = Ne(T")/T' = (sa). Let x : Z(T) — C* be
a genuine central character of T', and let o be the unique irreducible genuine
representation of T" with central character y, as decribed in §5.2.1. Let oy
be an irreducible subrepresentation of o|r, . Recall that we assumed that
o = 09, where oy is as in (5.3.2). So ¢ is unitary, p.(c) = 0 and s,0 = 0. We
have that

Ende(I7y, (indz,,, (01)) = H(O, G)
= H({ihx}v TO'/TCpt = Z7 {:l:au}7 (TO'/TCpt)v = Za AOU AZU qF)

is an affine Hecke algebra of type :4? It remains to specify the poles ¢, o+ Of
to. They are given by (5.3.2) and (5.3.3), but we do not know their explicit
values yet. We will determine them by comparing H(O,G) (and its module
category) to the Hecke algebra H(G, py) coming from a type (Jy, p,) for o.
Types for principal series representations of BD extensions were constructed
in [Wan24|, following the strategy in [Roc98]. There are conditions on the
characteristic of the residue field, however by [Roc98, Remark 4.14] the re-
sults hold for (BD extensions of) SLy (F') without restrictions on the residue
characteristic.

The commutator on T is given by a Weyl group-invariant bilinear form Bg
on the cocharacter lattice Y = Hom(C*,T) = Z, i.e.

[y(@), 2(0)] = (a, )52 for all y,z € Y, a,b € FX,
where (, ), is the n-th Hilbert symbol. Consider the sublattice of Y given by
Yon={ye€Y :Bg(y,z) enZforal zeY}=7Z,

which describes the center of T. Let W, := Y x W be the extended affine
Weyl group and let Wy, := {w € Wex : w - x = x}. We assumed that so0 =0
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and by (5.2.1), o is uniquely determined by its central character. So s, x = x
and Wy, =Yg, % (sq). By the results in [Wan24], there exists a type (Jy, py)
for o and the group W, indexes a C-basis for the Hecke algebra H (G, py) =
Endg(ind§X (py)). The multiplication relations for this algebra are also given;
in general it is a semidirect product of an Iwahori-Hecke algebra of affine type
with a group algebra. Since (Jy, py) is a cover of the type (T¢pt, 01) for T', we

have by (2.2.4) that

ind§, (py) = Ify, (indz, , (01)).

By (2.2.3), this tells us rather abstractly that H(G, py) = H(O,G). In par-
ticular, H(G, py) is itself an affine Hecke algebra of type A;. Moreover, it is
possible to retrieve ¢q, gax from H(G, py). For this, we will compare the two

algebras and their module categories more explicitly.

Proposition 5.3.6. Let G be a BD extension of G' = SLy(F') and let 0 = og
be as in (5.3.2). Suppose that pa has a zero on O = o X (T). Then in the
formula of pa (o, X,), we have that ¢, = qr, qux = 1, i.e.

(]- - Xa)(]- B Xojl)
(1—grXa)(1—qrXa')

Proof. Since H(G, py) = H(O,G), we know that H(G,p,) is an Iwahori-
Hecke algebra of type :4\1 Suppose that x has positive depth. The only
Levi subgroups of G are G and T. Thus by [Wan24, Theorem 4.8], either
H(G, py) = C[O] or there exists a character x; of G such that xx1 is a depth
zero character of T(Op) and H(G, py) = H(G, pyy, ). Since we already know

pa(o® ) = pa(0, Xa) = ca

that H(G, py) is affine of type :4:, the first case is not possible. Therefore, we
may assume from now on that x has depth zero. Note that we might have to
twist by an unramified character of T again, to ensure that s,x = x. This
is fine though, because it does not change the depth. Hence, we may assume
that y has depth zero and that s,y = .

In [Wan24, Theorem 4.6], we are given the Iwahori-Matsumoto presentation
of the Iwahori-Hecke algebra #H(G, py), see also [Sol21, Theorem 1.8]. The
affine Weyl group is Wy, = Y, % (sq) = Z x Sy and the based root datum is

RX = (YQJL =Z,R= {:l:]_},Yva = ZaRv - {iQ}aAX - {O‘x} - {1}>

The affine reflections are Sy = {sa,, s, :y+ 1—y}. By [Wan24, Theorem
4.6], there exists a basis {¥,, : w € W, } of H(G, py) such that with respect to
this basis, H(G, py) is the Iwahori-Hecke algebra H(W,, gr) with relations

9?2 = qpdy + (qp — 1)V, for s € Sy and Uyt = Uy if £(v) + L(w) = L(vw).

Recall from [Sol25, Corollary 1.3] that the parameters qo,(q« of po corre-
spond to the non-unitary o ® x’ € O for which ITQUQ (o ® x') is reducible.
More precisely, I, (o ® x') is irreducible for all x' € O with x/'(h)) €
C*\ {qa> a5, —Gas, —q,L}- We chose o such that 1 # g4 > qax > 1. The
equivalences of categories

H(G, py) — Mod = Rep,, (G) = H(O,G) — Mod
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respect parabolic induction [Soll9, Condition 3.1, Lemma 4.1, Lemma 5.1].
That means that we have a commutative diagram

C[Yg.n] — Mod «—— Rep, (T) —— C[T,/Tup] — Mod

. H(Wx,ap) G H(O,G)
lmquQ,nJ lITUa l‘“d ClTy / Teps]

H(Wy,qr) — Mod <—— Rep,(G) —— H(O,G) — Mod,

where the horizontal arrows are equivalences of categories.

For ¢t € Hom(Yg ,, C*) = C*, the induced representation 1ndC[(;VX -ar) (Cy)
is irreducible for all t+ € C* \ {gr,qp", —1}, see [Sol21, §2.2]. So on the
’H((’) G)-side, for t € Hom(T,/Tcpi, C*) = C*, the induced representation

dH[(TO/(;) (Cy) is irreducible for all t € C* \ {gr,qp", —1}. Recall that the
based root datum for H(O,G) is

Ry = ({200} To [ Tepe = Z{£0 ), (T, [ Tepe) 2 Z, Ay = {h}).

Since hy, is the basis element, we obtain that for x’ € O = Hom(T, /Tep, C*),
the representation I}, (o ® x’) is irreducible for x'(hY) € C*\ {qr, qp", —1}.
Hence the set {qr,qpn", —1} agrees with the set {¢n,q5 "', —qas, —q5.}. Since
we chose g > qox > 1, we find that ¢, = g and gq = 1. O

Corollary 5.3.7. The u-function in (5.3.2) always looks like one of the fol-
lowing two options:

(1-X,)(1-X1)

/1’04(0'7 Xa) = Cqo (1 — qFXa)(l - qFa)((;l)7 or
1100, X0) = Ca 1-X,)1-X" (14 X2)(1+ X1

(1~ a”Xo)(1 = ¢ *Xah) (14 0 *Xa) (1 + g7 X0
Hence, the labels A, \* in (5.8.3) of the Hecke algebra H(O, G) are given by:
o AhY) =1, X*(hY) =1 in the first case;
e \hY) =1, X*(hY) =0 in the second case.

Proof. This follows from Proposition 5.3.6 and the fact that the parameters
for M = M, and the parameters for the BD extension M. of SLy(F) are
related as described before Example 5.3.5. Note that the case N, = 2 is not
possible, since g5 = qr # 1 = Q- O

Remark 5.3.8. In principle, in this chapter we study principal series rep-
resentations of BD covering groups. However, the result of Corollary 5.3.7
holds a bit more generally, namely for principal series representations of (not
necessarily BD) covering groups of split reductive groups. This is because the
reduction to one root « still works, and for covering groups of split groups we
can always reduce to a BD cover of the simply connected cover by taking a
fiber product, see Section 5.3.1, after Lemma 5.3.4. So we can reduce to a prin-
cipal series representation of a BD extension of SLy(F') which has parameters
as given in Proposition 5.3.6.
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5.3.3 Some examples of subgroups of affine Weyl groups
and cocycles

Recall that to s¢ = [0,T]¢ we can associate two Hecke algebras, namely the
Hecke algebra H(G, py) arising from a type (Jy, py) [Wan24], and the algebra
H(O,G) x C[R(O),t] from (5.3.1). The type (Jy,py) for sg is a cover of
the type (Teps, 01) for s, so by (2.2.3) and (2.2.4), the two algebras must be
isomorphic:

H(G,py) = H(O,G) x CR(O), 4. (5.3.5)
The group Wex =Y x W is the extended affine Weyl group and

Wy, ={w e Wetw-x = x}

Then H(G, py) has a C-basis indexed by W, and its structure is given by
generators and relations in [Wan24, Theorem 4.6]. The algebra H(O,G) x
C[R(0O), ] has a C[O]-basis indexed by

W(T,0)={weW: :w-0€ 0} =W(Zp,) x R(O).

Recall that C[0] = C[Yy,,] and note that Yg , lies in W,. So by studying
how the lattice Yg , lies in W,, we can get information about the cocycle
h: W(T,0)? — C[O]*. Therefore, in this section we give some examples of
the subgroups W, of We. In particular, in Example 5.3.10 we show that W,
can not always be written as a semi-direct product of Yy ,, with a finite group,
hence the cocycle fj can be nontrivial.

If W,, can be written as a semi-direct product of Y ,, with a finite group of
finite order elements, the cocycle f will only take values in C*, but it might still
be nontrivial. This question remains open and could be answered by studying
the multiplication relations in the corresponding Hecke algebras.

Example 5.3.9. Assume that n # 2 and suppose that F' contains all n-th
roots of unity. Consider a BD extension G of G’ = SLy(F) by p, = ((,). As
a set, the torus T equals p, x T’ where T' = F'* is the maximal torus of G'.
We have that Y = oVZ and the multiplication on 7" is determined by

(1, () (1, aY () = (t,t)n(1,aY () (5.3.6)

for t,t' € F'*, where (, ), is the n-th Hilbert symbol. Then Bg(a",a") = 2,
so Yoo =nY if 2{n and Yy, = 5Y if 2 | n. Write s : F* — T for the map
t — (1,aY(¢)), then the equation (5.3.6) becomes

s(t)s(t') = (t,t" ), s(tt).

For genuine characters x : Tepy = pin X Tppy — C the reflection s, acts

via sax(s(t)) = x(s(t))~! for t € OF. Note that this does not mean that
SaX = X1, becanse G € Z(T), hence sax(Cn) = X(Gn) # X(Ca) ™" Suppose
that s, x # X. Let @ be a uniformizer of F and consider the element s(ww™?!) €
N(T), which corresponds to the element ¥ in the extended Weyl group We,, =
Y % (sq) 2 N(T)/Teps. In T, we have

s(w Hs(t)s(w )7t = (t, @?)ns(t).
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This means that oV and s,a" act on y via

a'x(s(t)) = (t,@*)nx(5(1)) and saa”x(s(t)) = (@*, )ax(s(t))

respectively. Consider now the example where x : Tpe — C* is the genuine
character determined by x(s(t)) = (w,t),. Then aVy # x and s, # X since
n # 2. However,

(sac”) - x(s(t) = (@, t)ux(s(t) ™
= (@, (@1, )
= (w, t)n
= x(s(1)),
so sqax = x. It follows that W, = {w € W, : wx = x} is generated by
Yo and sqa”. We have that (saa¥)? = spaVsqa = (V) 'a¥ = 1. Hence,
Wy =Yg, % (saaV).

Now let x : T¢py — C* be an arbitrary genuine character. Then two
situations may occur. If there is no integer m such that s, (a¥)™ fixes x, then
W, =Yg . If there does exist an integer m such that s, («")™ fixes x, then
Wy = Yo % (sa(a¥)™) (the element s, ()™ has order 2). So the cocycle f
only takes values in C*, i.e. §: W(T,0)? — C*.

Example 5.3.10. Suppose that F' contains all n-th roots of unity. Consider
a BD extension G of G' = GLy(F) by pn = (¢n). Then Y = Zey & Zey and
a¥ = e; —eg. We have that T(Op) = pu, X T'(OF). The extended Weyl group
is Wex =Y X (sq) 2 N(T)/T(Op). There is a section s : 7" — T such that
for Y,z €Y, t1,t9 € F‘X7
s(y(t1))s(2(t2)) = (t1,12) P s(y(t1)z(ta))
[s(y(t1)), 5(2(t2))] = (t1, t2) 7).

Consider a genuine character x : T(Op) — C* and write it as y = & X x1 X X2
where € : p, < C*, x1 = xosoe; : Ofp — C* and x2 = yosoes : Of — C*.
The action of s, flips e; and es, 50 Sox =€ X X2 X x1. The elements y € Y C
Wex correspond to s(y(ww™1)) in N(T). We have yx = € x yx1 X yx2 and we
want to determine yx1, yx2-

Let t € O and y,z € Y. Then

s(y(@™))s(z()s(y(@ )™ = (@) Jev D s(2(1)).
This means that for y € Y,
yx1 = e((—, @),
yx2 = (=, @) ) xs.
Hence, for y € Y we find that
yx =yle X xa X x2)
=& XYx1 X yYxz

=exe((— @)W e))x x (= @)W e))xs,

sayx =€ x e((—, @) FeWe))xy x e((—, @) B )y,



5.3. ENDOMORPHISM ALGEBRAS FOR BD COVERS 105

This describes how in general, the elements of W, act on x. For y to fix y,
weneed y € Yo, ={y € Y : Bg(y',2) € nZ Vz € Y}. Suppose that s, does
not fix x, so x1 # x2. For s,y to fix x, we need

X1 = 5((_7 W)EQ(%ez))XQa
X2 = e((— @)@ ))x;.

So if we pick x; freely, then we need
Bo(y,e1 + e3) € nZ and xo = &((—, w)BeWe))y,.

If these conditions are satisfied, then the character x =€ X x1 X x2 is fixed by
Say-

For example, in [Wan24, Example 5.5] these conditions are satisfied, with
n =4, Bg(e1,e1) = Bg(ea,e2) = 2, Bg(er,e2) = =2,y € e1Yg,, and x1 =
e((— @)1), x2 = x; " In this case, Yo, = Z(ey — e2) @ Z(ey + e2) and
W, is generated by Yg , and sqe;. Then (sq€1)? = €3 + € € Yo n, so Wy,
has no finite order elements except the identity and can not be written as a
semidirect product of Yy, with a group of order 2. Moreover, in this case
H(G, py) = C[W,] has no finite order elements except the identity. It follows
that H(G, py) can not be written as a semidirect product of C[Yg ,] = C[O]
with a group of order 2, so the cocycle § : W (T,0)? — C[O]* is nontrivial
and does not only take values in C*.

So far, we have seen two examples of the cocycle § : W(T,0)? — C[O]*.
In the case where G’ = SLy(F), the cocycle § always takes values in C*, but it
might still be nontrivial. In the case where G’ = GLy(F'), we saw an example
where ] is nontrivial and does not only take values in C*. This seems to be
due to the fact that the cocharacter lattice of GLy(F) is not generated by its
simple coroots, i.e. GLy(F) is not simply connected. In contrast, the nicer
result for a cover of SLo(F) may be due to the fact that SLo(F) is simply
connected. However, the fact that it only has one simple coroot might also
play a role. Therefore, let us see what happens for a simply connected group
with two simple coroots.

Example 5.3.11. Let G be a BD extension of G’ = SL3(F). Let o1 be
an irreducible subrepresentation of o|r,,,, where ¢ is a genuine irreducible
representation of T'. The torus

th
T = F*? '
ty!

is generated by the images of the simple coroots a¥ := e; —ez and BY := es—e3.
Then Y = Za¥ & ZB". There is a section s : T/ — T such that for y,z € Y,

t1,tp € FX,
[s(y(t1)), s(2(t2))] = (t1,ta)Be®:2),

Let x : T(Op) & ux Op x Of — C* be a genuine character and write it as
X =X Xa X Xg Where e : 4 — C*, xo = xosoa” and xyg = xyoso Y. The
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reflection s, flips e; and es, so we have

Sa-a =84-(e1—€3) =€z —e; = —a;

Sa B =sa-(e2—e3)=e1 —e3=(e1 —e2) + (ea —e3) =a’ + 3.
Similarly, the reflection sg flips es and es, so sg - Y = —3Y
av + Y. Then

and sg -’ =

sa-X:zsxX;1xxaxgandsﬁ-xzexxaxﬂxxgl.

Moreover, for y € Y we have (see Example 5.3.10),

Vv A\
y-x =exe((— @) ) xa x e((=, )77 ).
Any element in Y % (sq, sg) is of the form yw, where
W € (Sa,88) = {1, Sas S8, 5458, S5 SaSaSa = SaSaSa}

and y € Y. In Lemma 5.3.12, we show that if yw fixes x, then it can always be
written as yoy1w, where ys € Yg ,, and yjw is a finite order element that fixes
X- So W, is a semidirect product of Yy , with finite order element(s). For
every w € (Sq,8g), one generator of the form yw is enough, because suppose
there is another generator y’w, then it can always be written as a product of
yw with an element in Yg ,,. Moreover, we only need one generator of the form
YSaSg, Y'SpSa, because (ysqsp)? = y'spsq for some y'. So W, always looks
like (a subgroup of):

WX = YQ,n X <(n1av)5a7 (TLZBV)SZ% (n3(av + Bv))3a563a7y5a5ﬂ>

where the first three generators have order two and the last generator has
order three. It follows from the proof of Lemma 5.3.12 that the generators
take the form as how they are given above. So W, can always be written as a
semidirect product of Yg ,, with a finite group. So, like in the case of a cover
of SLo(F), the cocycle § only has values in C*.

Lemma 5.3.12. In the setting of Fxample 5.8.11, if yw € Y x W fizes ¥,
then it can always be written as yw = yay1w, where y2 € Yo, and y1w is a
finite order element that fizes x.

Proof. We first prove some things about the bilinear form Bg. It is a Weyl
group-invariant symmetric bilinear form on Y (associated to a Weyl group-
invariant quadratic form @ on Y), so

Bo(a’,a") = Bg(saspsa - ", saspsa - ) = Bq(=8",—B") = Bq(8”,8").
Moreover,
Bo(aY,aY) = Bg(sg - oV 35~04v)
= Bo(a¥ + 8Y,a" + )

= Bo(a”,a") +2Bg(a”, 8) + Ba (8", 8Y)
:2BQ(O[ ,av)+2BQ(av76v)7
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hence
BQ(avv aV) = _2BQ(O‘\/’ 5\/)7

so Bg is determined by the value
Bo(a’,a’) = Q(a” +a”) = Q(a) = Q(a”) = 2Q(a”).

We have that Bg(a,8Y) = —Q(a").
By symmetry, it suffices to show the statement of the Lemma for the ele-
ments yw of the form:

YSa, YSaSp, YSaSpSa-

Any ys,sg already has order 3, so in that case there is nothing left to show.
Suppose that x =€ X xo X X3 is fixed by ys,. We have that

Ysax = € X &((—, @) BeWaD) 1 x e((—, @) B2y, xp.
So ysax = x if and only if

X = (=, @) r2);

Bo(y,8Y) + Bo(y,a")/2 € nZ.

Write xo = 5((7,w)2{/2), then ys, fixes x if and only if

Bg(y,a") € N +2nZ and Bg(y,a” +28Y) € 2nZ. (5.3.7)
Write y = niaV +noSY. Then

Bo(y,0") = (2m - n2)Q(a) and Bg(y,a” +28") = 3nQ(a").

So if ysqax = X, then

(2n1 — n2)Q(a”) € N + 2nZ and 3n2Q(a") € 2nZ. (5.3.8)
Adding the two equations, we find

2(n1 +n2)Q(a) € N + 2nZ.

This implies that the element y; := (n1 + n2)a" also satisfies (5.3.7), hence
Y18 X = X. Moreover,

YSa = Y2Y15a

where yo = —noa +no8Y. By (5.3.8), we have that
Bo(y2,a") = =3n2Q(a") € 2nZ and Bg(y2, ") = 3n2Q () € 2nZ.

So y2 € Yo . The element y;5, has order 2.
Now suppose that ys,sgsax = x. We have that

\2 _ v _
ysaspsax =€ X e((— @)W )yt x e((— @)@ )
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We deduce that ysasgsax = x if and only if

Bg(y,a — BY) € nZ;

Xa = e((—, @) o)1,

n

Write xo = 5((—,w)N)Xgl. Then ysqspsax = X if and only if
Bg(y,a") € N +nZ and Bg(y,a’ — 3Y) € nZ; (5.3.9)
Write y = nia" +nof8Y, then
Bo(y,a”) = (2n1 —n2)Q(a”) and Bo(y,a” — B7) = 3(n1 —n2)Q(a”).
So if ysa S50 X = X, then
(2n1 —n2)Q(aY) € N +nZ and 3(n; — n2)Q(a") € nZ. (5.3.10)

Let y1 := (2n1 — n2)a” + (2n1 — ny)BY. Then y; also satisfies (5.3.9), so
Y15a585« fixes x and has order two. Moreover, we have that

YSasSpSa = Y2Y1SaSpSa;
where ys := (no —ni)a” +2(ny —nq1)BY. Then ys € Yy 5, because by (5.3.10),

Bg(ys, aY) =0 and Bg(yo, BY) = 3(ny — n1)Q(a") € nZ. O

5.3.4 A brief discussion on the existence of a Shimura
correspondence

A question of interest in the research area of representations of covers of re-
ductive p-adic groups is the existence of a Shimura correspondence [Sav88;
Sav04]. In a general sense, this is about finding an isomorphism between a
Hecke algebra for a covering group and a Hecke algebra for a reductive group.
In our context, the question could be phrased as follows. Given an irre-
ducible representation ¢ of a maximal BD torus T in a BD covering group G of
a split group G’, does there exist a split reductive group G, and an irreducible
representation o, of a maximal torus 7} of G, such that the algebras

Endg (15 (ind7, , (01))) = H(O,G) x C[R(0), 1] and
Endg, (I}err (ind%,cpt (0r,1))) = H(Or, Gr) x C[R(Or), b

are isomorphic? For principal series representations of split reductive groups
G, the cocycle f, is always trivial, which follows from (5.3.5) and the results in
[Roc98]. So Example 5.3.10 shows that in general, the answer to the question
is negative, and the place to look for counterexamples is in covers of reductive
groups that are not simply connected. In fact, already in Section 5.2.2 we
saw a counterexample, namely a cover T of a split torus that is not a BD

extension. There, we showed that the progenerator EndT(indg (olz, ) of
cp cp
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Repsf (f) has a description involving a nontrivial 2-cocycle. For an irreducible
representation o, of T}, it is always possible to work with the smaller progener-
ator Endr, (imd%cpt (01,1)) of Rep,,. (T;) whose description does not come with
a nontrivial cocycle. So there can not be a nice correspondence between the
progenerators in this case.

However, Examples 5.3.9 and 5.3.11 do not disprove the existence of a
Shimura correspondence for covers of simply connected groups, in the sense
of the question asked above. To find a confirmatory answer (or to find a
counterexample), one could try to generalize Lemma 5.3.12 to covers of simply
connected groups and moreover show that the cocycle f is trivial (or nontrivial)
in these cases. If the outcome of this turns out to be hopeful for a positive
answer, it still remains to find the actual correspondence, i.e. to find the group
G, and representation o, of 7. Possibly, for BD covers of simply connected
groups, there is an isomorphism between the Hecke algebras H(G, py) and
H(GQun, Pxo..) of [Wan24, §5]. The group Gq,, is a reductive group with
maximal torus Tg,, that has Yg , as its cocharacter lattice.
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Samenvatting

Dit proefschrift gaat over de representatietheorie van overdekkingsgroepen van
p-adische groepen. In deze samenvatting zullen deze begrippen kort worden
uitgelegd.

p-adische getallen

Laten we beginnen met de p-adische getallen. Deze getallen zijn anders dan
de getallen die je waarschijnlijk gewend bent. De getallen die je misschien wel
kent zijn de gehele getallen

o =5,—4,-3,-2,-1,0,1,2,3,5, ...

en de rationale getallen (breuken) - waarbij r en s gehele getallen zijn, met s
ongelijk aan 0. Een gebruikelijke manier om breuken te schrijven is met hun
decimale uitbreiding, bijvoorbeeld

4

3= 1333, =1x 10°+3x107 +3x 107243 x 102 +... (1)
Een andere manier om breuken te schrijven is met hun zogeheten p-adische
uitbreiding. Hier staat de “p” voor een vast gekozen priemgetal. Dat is een
geheel getal groter dan 1 dat alleen maar door zichzelf en door 1 deelbaar is.
Voorbeelden hiervan zijn 2,3,5,7,... Er zijn er oneindig veel. Laten we als
voorbeeld p = 5 nemen, dan ziet een 5-adische uitbreiding er zo uit:

ap X 55 app1 x 5 fapo x 52 4 (2)

De ¢ staat voor een geheel getal dat negatief mag zijn. De coéfficiénten
ag,ag+1, 042, . .. kunnen elk gekozen worden uit 0, 1,2, 3 en 4. Bovendien eisen
we dat a, ongelijk is aan 0, zo begint de reeks echt bij de term ay x 5°. De
reeks mag oneindig ver doorgaan. Merk op dat de decimale schrijfwijze zoals
in (1) oneindig veel termen met negatieve machten van het grondgetal 10 toe-
laat, terwijl de 5-adische schrijfwijze juist oneindig veel termen met positieve
machten van het grondgetal 5 toelaat. Dit is omdat in de 5-adische setting,
hoge machten van 5 juist kleine getallen zijn. Hoe groter de ¢ in de schrijfwijze
(2), hoe kleiner het getal is.
Elke breuk heeft een 5-adische schrijfwijze zoals in (2), bijvoorbeeld

4
g:3><50+3><51+1x52+3><53+1><54+3><55+... (3)
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Laten we deze uitdrukking ter illustratie vermenigvuldigen met 3, om te laten
zien dat we dan het getal 4 terugkrijgen:

3x(B3x5°+3x5 +1x524+3x52+1x5*+3x5°4...)
=9x504+9x5 +3x524+9x52+3 x5 +9x55 ...
=4x54+10x5 ' +3x524+9x52+3 x5 +9x5°+ ...
=4 x50+ 0x5 +5x52+9x 5P+ 3 x5+ 9x 5 4. ..
=4x5'4+0x5 +0x524+10x52+3 x5 +9x 5%+ ...

=4x5 +0x5 +0x52+0x53+0 x5+ 0x 55 +...

Alle termen na de eerste term moeten we naar rechts blijven opschuiven om
de uitdrukking in de vorm (2) te krijgen (want de coéfficiénten mogen alleen
0,1,2,3 of 4 zijn). De termen worden steeds kleiner hoe meer we ze naar
rechts opschuiven (want hoge machten van 5 zijn kleine getallen in de 5-adische
setting). Hierdoor verdwijnen al deze termen en alleen de eerste term 4x5° = 4
blijft over. De 5-adische uitbreiding in (3) is dus inderdaad geldig. Algemener
zijn alle breuken in zo’'n 5-adische vorm te schrijven. Als we alle mogelijke
5-adische uitbreidingen van de vorm (2) beschouwen, dan krijgen we naast alle
breuken ook nog extra getallen die geen breuken zijn. Al deze getallen samen
noemen we de 5-adische getallen.

Neem nu een willekeurig priemgetal p. Op dezelfde manier als het voorbeeld
van de 5-adische getallen, zijn de p-adische getallen alle getallen van de vorm

ag X p° +agpy x p dape x pE 4 (4)

De /¢ is een geheel getal dat negatief mag zijn. De coéfficiénten ay, ag41, ... zijn
gehele getallen tussen 0 en p—1, met bovendien ay ongelijk aan 0. De p-adische
getallen bevatten naast alle breuken ook nog extra getallen die geen breuken
zijn. Ze hebben een algebraische structuur, want we kunnen ze optellen en
vermenigvuldigen. Maar ze hebben ook een meetkundige structuur, want er
is een begrip van afstand tussen getallen. Namelijk, als we twee p-adische
getallen van elkaar aftrekken, dan krijgen we weer een p-adisch getal. Als we
dit getal schrijven op de manier in (4), dan geeft de ¢ de afstand tussen de
oorspronkelijke twee getallen aan: hoe groter de £, hoe dichter de getallen bij
elkaar liggen.

Bijvoorbeeld, in de 5-adische getallen is de afstand tussen 25 en 0 kleiner
dan de afstand tussen 5 en 0. Dit komt omdat de 5-adische uitbreiding van
25—0 = 1x52 bij £ = 2 begint, terwijl de 5-adische uitbreiding van 5—0 = 1x5!
bij ¢ = 1 begint. Maar in de 3-adische getallen is voor beide getallen de afstand
tot 0 gelijk, want de 3-adische uitbreidingen van beide getallen beginnen bij
de term ¢ = 0:

5=2x3"+1x3"en25=1x3"4+2x3"+2x 32

Verschillende waardes voor p geven dus verschillende p-adische getallen met
een verschillende meetkundige structuur. We bekijken de p-adische getallen
maar voor één vaste p tegelijk.
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p-adische groepen en overdekkingsgroepen

Een groep is een verzameling samen met een groepsbewerking die aan bepaalde
eisen voldoet. De groepsbewerking geeft ons voor elke twee elementen in de
verzameling een derde element in de verzameling. De p-adische getallen geven
ons gelijk twee voorbeelden van groepen:

e De p-adische getallen met optelling als groepsbewerking is een groep en
wordt genoteerd als Q.

e De p-adische getallen met 0 weggelaten en met de vermenigvuldiging als
groepsbewerking is een groep. Deze groep wordt genoteerd als Q.

De groepen Q;f en Q, zijn in zekere zin de bouwstenen van de zogeheten
p-adische groepen die door wiskundigen worden bestudeerd. Deze groepen
hebben naast hun groepsstructuur ook een meetkundige structuur die komt
van de meetkundige structuur van de p-adische getallen.

Het onderzoek in dit proefschrift gaat over een iets algemener soort meet-
kundige groepen, namelijk overdekkingsgroepen van p-adische groepen. Bij-
voorbeeld, een overdekkingsgroep van Qij bestaat als verzameling uit eindig
veel kopieén van Q. Om de verzameling tot een meetkundige groep te maken,
moeten we die nog een groepsbewerking geven. Hiervoor zijn verschillende
mogelijkheden en sommige mogelijkheden geven ons weer een p-adische groep.
Maar er zijn ook mogelijkheden die ons een groep geven die niet meer te zien
is als p-adische groep. Hierdoor zijn de overdekkingsgroepen algemener en ze
hebben een ingewikkeldere structuur. In dit proefschrift wordt onderzocht of
bepaalde resultaten die bekend zijn voor p-adische groepen ook gelden voor de
algemenere overdekkingsgroepen. Deze resultaten gaan over de representatie-
theorie van de betreffende groepen.

Representatietheorie

Een representatie van een abstracte groep (zoals een overdekking van een p-
adische groep) is een manier om die groep op een andere manier te bekijken,
namelijk door de groep te vertalen naar een groep van lineaire transformaties
van een vectorruimte. Een voorbeeld van zo’n groep van transformaties is
de symmetriegroep van een regelmatige veelhoek. Maar een groep kent veel
verschillende mogelijke representaties met veel soorten eigenschappen. Deze
eigenschappen kunnen ook te maken hebben met de meetkundige structuur
van de oorspronkelijke groep. Wat je kunt proberen is om zo veel mogelijk
van een bepaald soort representaties (van één vaste groep) allemaal tegelijk te
beschrijven. Dan is het ook interessant om zo veel mogelijk te weten te komen
over de precieze structuur van die beschrijving. Dat is in zekere zin wat er
in dit proefschrift wordt onderzocht. Van bepaalde resultaten die hierover
bekend zijn voor p-adische groepen wordt aangetoond dat ze ook gelden voor
overdekkingsgroepen. Maar er wordt ook aangetoond dat bepaalde aspecten
voor overdekkingsgroepen wel degelijk anders uitpakken dan voor p-adische
groepen. Dat is kort gezegd waarom de overdekkingsgroepen (in ieder geval
voor de auteur) zo interessant zijn.
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