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Chapter 1

Introduction

Choosing a programming language makes a trade-off between abstraction and
control. Before 1957 most scientific codes were programmed in assembly code
directly for the instruction set of the target machine. This exposes all capabil-
ities of the machine, but limits the code to machines with that instruction set.
Different versions of the same code are necessary to support multiple instruction
sets. Moreover, writing these assembly codes is error-prone and time consuming,
which can make it harder to improve the high-level structure. The introduction of
FORTRAN, one of the first high-level languages, has changed this by abstracting
the instruction set away, making it possible to use the same code on any machine
with a FORTRAN compiler. FORTRAN did not only increase the portability of
programs, but also made them easier to write. Though the loss of control over the
machine instructions can inhibit the performance of programs, FORTRAN and
other higher-level languages are far more widely used than hand-written assembly
today.

FORTRAN is designed for scientific computing, i.e. computing mathematical
functions rather than applications like word processing, websites, or databases.
This is an interesting area of computing because these applications are compu-
tationally expensive. Despite the name, scientific computing is not restricted to
research centres. For example, playing media files and telecommunication use the
same computational core as some climate simulations. Video games and animated
motion pictures spend much of their processing time on solving an equation de-
scribing how light interacts with objects. The training of large language models is
essentially about finding the minimum of a mathematical function.

Today, different instruction sets are just the tip of the iceberg. In the past, pro-
cessors increased their performance by increasing the clock speed. This progress
has stalled around 2005 due to heat dissipation issues [180] and other problems.
Instead, chip manufacturers now increase performance by combining processors.
The idea is to split up a task in smaller tasks that can be computed in parallel
by the processors. If we can split up the task and properly coordinate the smaller
tasks, then the total computation will finish faster. There are many ways to cre-
ate these parallel systems, which has led to a wide range of parallel architectures,
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such as multicore CPUs, GPUs, FPGAs, and combinations of these in distributed
systems. The different processors and memories have to be coordinated to collabo-
ratively compute a task. These processors each come with their own programming
environment, such as OpenMP [189], CUDA [182], or MPT [241] and many more.

Typically, an algorithm is implemented separately in each of these program-
ming environments. Hence, we have returned to a situation similar to the situa-
tion before the introduction of FORTRAN: we need multiple source codes, each of
which is written specifically for a particular architecture. Again, the same goal of
generating performant code from a single source code for a variety of architectures
becomes relevant. This raises the question: can we abstract over parallel architec-
tures the way FORTRAN abstracted over instruction sets? Doing so is important
for the same reasons, so I pose the following thesis: it is time to abstract away
hardware architecture in scientific computing. FORTRAN has not made assembly
code completely obsolete, and we do not expect hardware-specific code to become
completely obsolete either. However, we delay nuances to the conclusion as they
are too technical and specific to discuss in the introduction.

As abstracting over hardware was done successfully—in a time of simpler
hardware—by FORTRAN, we should aim to understand why. Two reasons come
to mind. First, many abstractions introduced by FORTRAN are shallow due to
the similarity in processors at the time. For example, all processors had instruc-
tions for adding two numbers, so it is easy to form the abstraction 4+, and to
generate the correct assembly instruction from this. For the second reason, we
should distinguish between two types of optimisations, which I will call local and
global. Local optimisations are done on small sequences of instructions that can
be studied in isolation, like a loop body. For example, we may have a sequence of
instructions that contain an addition and a multiplication that can be executed
in any order. We would like to do the multiplication first on an architecture with
a larger multiplication-latency than addition-latency, and we would like to do the
addition first on an architecture where this is reversed. These local optimisations
are easy to automate, and a compiler is usually better at it than human program-
mers. In contrast, global optimisations affect the overall program structure, for
example choosing a more suitable data structure. These optimisations are easier
to do by humans in a readable language such as FORTRAN, than in an assembly
language. Only local optimisations require knowledge of the architecture, and as
these optimisations are automated by the compiler, it is not necessary to expose
them in the language. Therefore, FORTRAN can achieve high performance while
abstracting over the instruction set.

The idea to abstract away hardware in the era of parallel computing is not new.
Since the shift towards increasingly parallel hardware, many approaches have been
developed. One popular approach is to write libraries for all important functional-
ity, for example BLAS [30], LAPACK [8], PETSc [17], and TensorFlow [2]. This is
easy for application writers, who can simply glue these calls together in a language
such as Python. However, as soon as no library is available, the performance will
suffer severely. Furthermore, there exists a virtually endless supply of functional-
ity, and it is infeasible to write hand-optimised versions for all these functions, for
all common hardware.



Another approach is to write a library that exposes programming patterns
rather than specific functionality. For example, Kokkos [230] and Thrust [111] are
general-purpose C++ libraries that abstract over different hardware targets. This
approach makes it easy to create well-tuned implementations for library functions,
but is limited in optimising between library calls, as it relies on a C++ compiler
that is unaware of the library’s high-level semantics.

Algorithmic variants have a large effect on the performance of a program. The
desire to optimise in this space, motivates languages that are aware of algorithmic
variants in a problem domain. These are called domain-specific languages or DSLs.
DSLs are used in signal processing (FFTW [82], SPIRAL [200]), image processing
(Halide [201]), and solving partial differential equations (UFL [6]). A DSL ap-
proach is not mutually exclusive to using a library or a general-purpose language.
For example, the Firedrake [100] framework compiles UFL to C-code that makes
heavy use of the PETSc library. Furthermore, a compiler could translate DSL to
a hardware-agnostic language. The cost of using a DSL is duplicating effort for
every problem domain, as optimisations that are not domain-specific have to be
reimplemented for each DSL.

General-purpose, hardware-agnostic languages avoid the duplication of effort
in both problem domain and hardware target. Let us consider what constructs
such a language should have from a minimalist angle. What low-level features
would a language have to take away, and what language constructs are useful to
add? Different parallel architectures have different memories and different types
of execution units, so a language that abstracts over parallel architectures has to
take away at least memory, and explicit mappings of computations to execution
units. This makes the compiler responsible for parallelising the code, so we need it
to identify independent chunks of work. For this reason, it is useful to add arrays
to the language: operations on arrays consist of many independent operations on
elements. However, arrays alone are not enough. If we call a function on each
element in an array that also prints the element to a terminal, we cannot execute
it in parallel, at least not without accepting an arbitrary order. In general, it
is difficult to analyse how functions change global state. Functional languages
make global state explicit, allowing them to isolate it to well-defined language
constructs. For this reason, all general-purpose and hardware-agnostic languages
that we are aware of, are functional array languages. For example, SISAL [74],
Accelerate [169], Single-assignment C [96] (SaC), Futhark [104], and APL [117]
are functional array languages. It may seem impractical to build a new language
from scratch, but it is interesting to note that the codebase of Kokkos library is
similar in size to the compilers of these languages. So while there is a high initial
cost to implementing a new language, the additional cost of adding functionality,
optimisations, and hardware targets can be smaller than a library approach.

So far, we have considered parallel programming as a combination of compu-
tational resources. This combination can be achieved by using interconnects to
pool the resources of different processors. We call the result a distributed-memory
system because processors cannot directly access the memory of other processors.
This adds the challenge of using the combined memory efficiently. An algorithm
or system that uses the combined memory efficiently is called memory-scalable.
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A minimal abstraction over distributed-memory systems is to program from the
perspective of a single process, but to abstract the inter-process communication,
such as provided by MPI. This approach makes the programmer responsible for
distributing the data over processors: the correspondence between the global data
structure and collection of local data structures exists in the head of the pro-
grammer, or in a data structure made by the programmer. Languages such as
Chapel [43], X10 [49], and UPC [86] increase the level of abstraction by adding
these data structures to the language. This provides some support for the pro-
grammer, but data distributions are still explicit. We do not want to expose this
hardware-specific detail, but no languages with fully implicit parallelism—such as
SaC, Accelerate, APL, and Futhark—generate memory-scalable code. SaC does
target distributed-memory systems [162], so the first contribution of this disserta-
tion is to build on this, and generate memory-scalable code among other improve-
ments. Or in other words, to improve local optimisations made by these languages
for distributed-memory architectures.

Higher-level languages offer productivity and portability at the cost of control.
When trying to understand FORTRAN’s success, we hypothesised that this is only
a problem if it inhibits us from making optimisations in the global structure. So
while it is possible to obtain high-performance by encoding low-level algorithmic
optimisations in languages (for example tiling [244] in Halide), we argue a different
approach would also lead to good performance, without complicating the language
with low-level details. The second contribution of this dissertation is to find new
ways to employ an existing language feature for global optimisations. To this end,
we investigate a defining feature of Single-assignment C called rank-polymorphism:
the ability to process arrays independently of their rank (also called dimension).
Related work uses rank-polymorphism to control parallelism [220], and we extend
this use to other areas.

The two-part structure of this dissertation reflects these two contributions.
In Part I ‘Hardware-independent Optimisations’, we investigate to what extent
it is possible to generate code for different hardware architectures from general-
purpose languages without explicit parallelism or manual memory management.
In Subparts: Subpart A ‘Case Studies’, we evaluate existing approaches on CPUs
and GPUs. In Subpart B ‘Code Generation’, we address the research gap in
generating memory-scalable code.

Chapter 2 is at the centre of Subpart A, and aims to generate performant code
for both CPUs and GPUs from a single source code in different functional array
languages. This is largely successful, but a benchmark called Quickhull is out
of reach for current compiler technology. To show this is an engineering—rather
than conceptual—challenge, we approach the core part of Quickhull from a data-
movement perspective that is inspired by distributed computing, but independent
from hardware. We then translate this technique to efficient implementations for
both GPUs (Chapter 3) and CPUs (Chapter 4) by hand. This can serve as a
starting point for code generation.

Subpart B aims to extend and improve support for distributed-memory code
generation. These systems are typically programmed manually by explicitly mov-
ing data between memories. This is unfeasible for code generation because we do



1.1. STATEMENT OF CONTRIBUTIONS 5

not have enough guarantees to statically decide the location of data. Checking
where data is stored on each access is prohibitively expensive. We approach this
problem by mimicking a shared memory system. This idea is called distributed
shared-memory [157] and typically also prohibitively expensive. However, gen-
erating code from an array language gives us guarantees that we can exploit. In
Chapter 5, we propose our own variant that takes this into account, and implement
a library that is suitable as a compilation target for array languages. Chapter 6
then shows how to generate this code from the array language Single-assignment
C. We can do something similar for systems with multiple GPUs, where we use
the vendor-supplied distributed shared memory system (Chapter 7).

In Part IT ‘Rank-polymorphic Algorithm Design’, we explore three new uses
of rank-polymorphism. In Chapter 10, we show how the essential idea behind
optimised matrix-multiplication can be clearly expressed using a function that
operates on arrays of arbitrary rank. So for this widely used computational kernel,
optimising the global structure is sufficient to obtain state-of-the-art performance.
From a more theoretical perspective, it turns out that for a specific class of parallel
algorithms, we can generalise a one-dimensional algorithm to higher dimensions,
without changing the algorithmic structure (Chapter 8). This can be applied
to obtain a novel rank-polymorphic algorithm that we extensively benchmark in
Chapter 9. Finally, we show that using the rank of an array to guide computation
cannot only help performance engineering, but can also help to minimise numerical
error. In Chapter 11, we use the same idea from matrix-multiplication to reduce
the error bound in finding the point that is farthest from a line.

1.1 Statement of Contributions

The chapters of this work are based on peer-reviewed papers, or papers that are
currently under peer review (except for Chapter 6). I will clarify my part in creat-
ing these works, and differences between the chapters and papers. For Chapters 3,
4, 6, 8, 9 and 11, I was the main author and responsible for the central research
idea, software, experimentation, and initial draft. My co-authors supervised the
research process, provided feedback, and helped with the writing. For the other
papers, I will clarify my contributions in the enumeration.

Chapter 2 D. van Balen, T. De Matteis, C. Grelck, T. Henriksen, A.W. Hsu,
G.K. Keller, T.J. Koopman, T.L. McDonell, C. Oancea, S.-B.
Scholz, A. Sinkarovs, T. Smeding, P. Trinder, I.G. de Wolff, and
A.N. Ziogas. Comparing Parallel Functional Array Languages:
Programming and Performance. 2025. arXiv: 2505 . 08906
[cs.PL]. URL: https://arxiv.org/abs/2505.08906

Under review.

Only the language implementation and benchmark sections have
been included in this work to keep its length manageable.

I implemented and measured the SaC benchmarks. I also imple-
mented and measured the CPU baseline for the N-body and Flash



Chapter 3

Chapter 4

Chapter 5

Chapter 6

Chapter 7

Chapter 8

Chapter 9

Chapter 10

CHAPTER 1. INTRODUCTION

Attention benchmarks.

T.J. Koopman, S.-B. Scholz, and B. van Gastel. “Partitioning In-
Place on Massively Parallel Architectures”. In: (2025). por: 0.
1007/978-3-031-99872-0_7

T.J. Koopman, J. Aaldering, B. van Gastel, S.-B. Scholz. “VQhull:
a Fast Planar Quickhull”. Under review.

I designed and implemented the sequential algorithm and parallel
step of the subset extraction. Jordy Aaldering designed and imple-
mented the cleanup phase. Experimental evaluation was a collabo-
rative effort with Jordy Aaldering.

S. Schrijvers, T. Koopman, and S.-B. Scholz. “Shray: An Owner-
Compute Distributed Shared-Memory System”. In: Proceedings of
the 10th ACM SIGPLAN International Workshop on Libraries, Lan-
guages and Compilers for Array Programming. 2024. DOI: 10.
1145/3652586.3663314

The design was a collaborative effort with Sven-Bodo Scholz and
Stefan Schrijvers. Implementation and evaluation was a collabora-
tive effort with Stefan Schrijvers.

T.J. Koopman and S.-B. Scholz. “Generating Distributed Code from
Array Languages”.

P. van Beurden, T.J. Koopman, and S.-B. Scholz. “Multi-GPU Code
Generation for Out-of-Core Problems”. In: Trends in Functional
Programming. 2025. Do1: 10.1007/978-3-031-99751-8_6

I shared some insights of my work on Chapter 6 during the design,
implemented the compiler phase deciding whether to give memory
advice, and worked on the experimental evaluation.
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Chapter 2

Comparing Functional Array
Languages

2.1 Introduction

Parallel programming is hard. Not only must the developer solve the challenges of
sequential software, i.e. specify a correct and efficient algorithm operating over ap-
propriate data structures, but they must also specify parallel coordination, e.g. how
the computation is broken into sub-computations, how the sub-computations com-
municate and synchronize, how they are mapped onto cores, etc. Some parallel
hardware is notoriously hard to exploit. For example, obtaining good performance
on a GPU requires careful mapping of computations to the hardware, and careful
management of the memory hierarchy, e.g., transferring data between GPU and
CPU memories or effectively utilizing scratchpad memory as a cache.

The variety of parallel architectures, and their rapid evolution, require perfor-
mance portability. Parallel language designers aim to generate efficient code for
multiple architectures, e.g., enabling a program to be compiled for both multicores
and GPUs. If a new generation of hardware increases the number of cores or the
amount of memory, the parallel program may need to be refactored for the new
architecture. A key objective is to design languages that minimize the refactoring
required for a new architecture.

One means of taming the challenges of parallel programming is to focus on some
important class of computations. Array languages like APL [117], Fortran [15], or
R [118] are designed to express computations on arrays concisely and to implement
them efficiently. These languages one way or another generalize operations on
scalars to apply transparently to vectors, matrices, and higher-dimensional arrays.
Language implementations are carefully designed to exploit the memory hierarchy
and often use hardware capabilities such as vector units.

Some array languages are functional, e.g. APL is a design that has stood
the test of time. More recently functional array languages like Accelerate [169],
DaCe [252], Futhark [104] and SaC [96] have emerged. These languages offer the

13
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attractive prospect of low-effort parallel array programming, good performance,
and performance portability between architectures.

Although functional array languages adopt a range of design, implementation,
and optimisation decisions, they have some core commonalities. They use a data-
parallel model where bulk parallel operations are performed over the arrays, e.g.,
mapping a function over every element of an array. This model greatly simplifies
parallelisation as it avoids explicit synchronisation and communication. Paral-
lel functional array languages further avoid typical issues of parallelism like race
conditions or deadlocks and lifelocks strictly by design. However, key questions
remain. Are such high-level parallel programming models adequately expressive?
What are the implications of functional array language design choices? Can the
language implementations deliver performance competitive with conventional lan-
guages?

We investigate these questions by comparing the designs, implementations, and
performance of the five parallel functional array languages Accelerate, APL, DaCe,
Futhark, and SaC.

We make the following research contributions:

o We systematically compare the implementations of the five functional array
languages. Key implementation aspects are the implementation model (e.g.,
compiler or DSL), the target architectures, and the supported optimisations.

o We show the expressiveness of functional array programming using four chal-
lenging benchmarks, namely N-body simulation, MultiGrid, Quickhull and
Flash Attention (Sections 2.4 to 2.7). These benchmarks represent a range of
application domains and parallel computational models and require different
optimisations. Rather than choosing simple benchmarks that can easily be
expressed and effectively be optimized in all five languages, these challenging
benchmarks often take the languages outside of their “comfort zone”. Cru-
cially, we argue that the functional array code is more comprehensible than
the hand-optimized baseline implementations(Section 2.8).

e We compare the codebase sizes, and hence approximate the programming ef-
fort, of the benchmarks in the functional array languages and in the OpenMP
and CUDA baselines. We use Source Lines Of Code (SLOC) as a crude but
widely accepted measure [204]. A major difference is that the functional
array programmer writes a single program that is compiled for multiple tar-
gets, where there are separate CPU and GPU baselines. Hence the total
baseline codebase is much larger, at least 10 X than any of the functional
array codebases. The functional codebases are at least 2 X smaller than the
CPU baseline, and at least 8 X smaller than the GPU baseline codebases
(Section 2.8).

o We investigate to what extent performant implementations can be generated
from a single high-level source for multiple architectures. Can performant
code be generated even although the functional array code omits important
architecture-specific information, e.g., aspects of the memory hierarchy? We
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find only partial evidence as only Dace and Futhark consistently achieve
good performance on both multicore and GPU (Section 2.9).

e We report benchmarking results for the five languages on both a 32-core
AMD EPYC 7313 multicore system and on an NVIDIA A30 GPU (Sec-
tions 2.4 to 2.7). We analyze the multicore and the GPU performance of
the languages on 39 instances of the four open-source benchmarks to explore
why each language performs well, or poorly, on each benchmark and archi-
tecture. We find that in 30 % of the instances, at least one language matches
or outperforms the baseline; that in 70 % of the instances, at least one lan-
guage achieves more than 80 % of the baseline performance. In only 6 % of
instances, no language achieves more than 50 % of the baseline performance.
We argue that the results show that mature functional array languages have
the potential to deliver performance competitive with the best available con-
ventional techniques (Section 2.8).

2.2 Language Implementations and Comparison

This section outlines the implementation of the five functional array languages, be-
fore making a systematic comparison of languages covering implementation model,
execution targets, and key optimisations supported.

Implementing the Futhark Language

The Futhark compiler is a heavily optimizing, but architecturally conventional,
ahead-of-time compiler. It generates code for both GPUs (targeting OpenCL,
CUDA, or HIP) or CPUs (targeting POSIX Threads). Each compilation target
has a distinct optimisation pipeline, although with significant overlap in passes.
Compilation begins by compiling away module-level constructs, monomorphizing
polymorphic functions, defunctionalizing higher-order functions, and flattening
compound types, such as tuples. Arrays of compound types are represented as
multiple arrays, each storing only primitive scalar types. For example, a source
array of type [n](i32,bool) is represented in the compiler as two arrays of type
[n]i32 and [n]bool. This is generally known as a structure-of-arrays (SoA) rep-
resentation. Hence the remainder of the compilation operates on a first-order,
monomorphic program with only primitive types and arrays of primitives, and a
handful of built-in second-order array combinators (SOACSs) such as maps, scans
(prefix sum), reductions, and generalized histograms [101].

The compiler performs standard optimisations, such as copy propagation, con-
stant folding, inlining, common subexpression elimination, loop hoisting, and so
on. The most important early optimisation is fusion (or deforestation) [240],
where adjacent array traversals are combined to avoid materializing intermediate
arrays. Many fusion rules are used, and a simple example fuses maps, i.e. replaces
traversals for f and for g with a single traversal for the composition f o g:

map fomap g = map (fog)
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Futhark supports nested parallelism, but some compilation targets, like GPUs,
only efficiently support a fixed number of parallel levels, and there are signifi-
cant performance implications in how they are used. Therefore, one of the most
important transformations is flattening [33], where multiple levels of application-
level parallelism are collapsed and assigned to different hardware levels. This is
achieved by incremental flattening [105], which uses map fission and loop inter-
change to create semantically equivalent code versions that utilize more and more
levels of application parallelism. Essentially, using a top-down program traversal,
whenever a new map f operation is discovered, the analysis:

(1) creates a first version corresponding to a CUDA kernel in which each thread
(independently) executes an application of f.

(2) creates a second version, dubbed intra-block kernel, in which the map par-
allelism discovered so far is mapped on the CUDA grid, and the parallelism
inside f is flattened and mapped to the CUDA block level; this has the
benefit that intermediate arrays are created and reused from fast memory.

(3) continues flattening recursively (by means of map fission and loop inter-
change) in a parallel context that is extended with the current map.

The resulting code versions are combined together into a program that branches
depending on some dynamic program measure with a threshold. The best combi-
nation of code versions is derived by autotuning the threshold values [177].

Subsequent optimisation passes (i) rewrite code using accumulators in terms of
more specialized constructs such as reduce(-by-index) [206], (ii) optimize temporal
locality, e.g., tiling in registers and shared memory is performed when an array that
is invariant to one of the parallel dimensions is “streamed” through an operator,
and (iii) minimize the footprint of scratchpad memory and eliminating unnecessary
copy operations [178].

Finally, SOACs benefit from specialized GPU code generation: e.g., the imple-
mentation of scan [183, 54] uses Merrill and Garland’s single-pass algorithm [173],
and that of reduce-by-index uses a combination of multi-pass and multi-histogram
techniques to improve locality and reduce atomic conflicts [101].

Implementing the Accelerate DSL

As Accelerate is a deeply embedded language constructs do not directly oper-
ate on arrays or scalar values. Instead, constructs operate on abstract syntax
trees (ASTS) that represent computations of arrays and scalars. Users are mostly
shielded from this fact, and write programs that look like regular Haskell programs.
An embedded implementation brings a number of advantages: much of the ma-
ture host language infrastructure, such as the GHC compiler front-end, run-time
system, and some of the memory management can be used. However, embedding
also means that generating the code incurs runtime overhead. The implementa-
tion aims to minimize the overhead by optimizing compilation time and caching
compiled code so that if the same code is run multiple times, it is only compiled
once.
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Accelerate offers currently three main, fully implemented back-ends: one that
targets NVidia GPUs generating PTX code via LLVM, a multicore CPU back-end
(also via LLVM), and a sequential interpreter for debugging. However, most of
the implementation is platform-independent.

As for Futhark, and many other languages where array operations are expressed
as higher-order functions, fusion is a core optimisation [169]. Similarly, regular
nested operations are flattened, and the necessary monomorphic instances of poly-
morphic operations generated. Scans and folds in inner loops are only executed
in parallel if the range of the parallel outer loop is too small to generate sufficient
parallelism. The mapping of convenient surface types (which the user programs
with), such as arrays of compound types, to machine-friendly arrays of primitive
types is also similar to Futhark and other array languages in that it results in a
SoA representation. In Accelerate, the transformation to SoA form is implemented
as part of the translation from surface to internal types, and exploits GHC’s type
families and associated types [213, 46].

In addition to language optimisations, Accelerate requires some additional op-
timisation specific to embedded languages. One such optimisation is sharing re-
covery that maps user-friendly higher-order embedding with lambda abstractions
and let-bindings, into a first-order embedding [169]. Runtime compilation also
allows for additional specialisations of the code.

Implementing the Single Assignment C Language

Although the name and syntax of Single Assignment C may suggest a light-weight
implementation on top of a C compiler, the reality is very different. The sac2c SaC
compiler is a many-pass compiler for a language that is syntactically very similar,
and often identical, to C; Fig. 2.1 provides an overview.

The first block of code transformations is functionalisation where the in-
termediate code is transformed from the imperative-flavored source SaC into a
representation that makes the underlying functional semantics more explicit. For
example, loops are transformed into tail-recursive functions, if-then-else constructs
into conditional expressions, etc.

The next block of compiler passes performs type inference and checking. In
contrast to C, variables in SaC can be introduced on the fly and without declaring
their types.

The high-level optimisation pass is crucial, and most optimisations are
architecture-independent. Figure 2.1 also enumerates the most important optimi-
sations. The optimisations include both conventional compiler optimisations, like
copy propagation, and specific optimisations for functional array processing, like
the various with-loop optimisations listed in Fig. 2.1. The SaC compiler sac2c
aims at fusing with-loops in three dimensions: Vertically, it fuses with-loops where
the result of one becomes the input to another; we call this with-loop-folding.
Horizontally, it fuses (or tuples) with-loops that compute results based on the
same or at least overlapping set of argument arrays; we call this with-loop-fusion.
And in the remaining dimension, we fuse nested with-loops where one computes
the element-wise value of enother; we call this with-loop-scalarisation. With-loops
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Figure 2.1: Structural organisation of the SaC compiler sac2c

are SaC’s one-stop-shop solution to both specify and internally represent data-
parallel array operations; for details see [95]. Any language-level array operation
is converted into some with-loop. All optimisations benefit from the underlying
purely functional semantics of SaC, and can usually be applied more aggressively
than with an imperative interpretation of syntactically identical or very similar
C code.

The memory management pass associates abstract arrays with concrete mem-
ory. This is where we control memory reuse and go to great lengths to counteract
the aggregate update problem, both key aspects to achieving high performance
with functional arrays. Details can be found in [97].

The next pass defunctionalizes the IR for the imperative target architectures.
For example, tail-recursive functions are converted back into loops, etc.

Parallelisation is a surprisingly small pass, largely because the functional array
code is typically highly parallel in nature, and all array operations are internally
represented by a single IR construct: the with-loop. With-loops typically have
more concurrency than most architectures have execution units. For this reason,
the compiler focuses on how much work to map to each processor (be it a core, a
node, or a thread).

In a final pass, the SaC compiler selects and parameterizes the backend compiler
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to produce a linked executable. A more detailed description of the SaC compilation
pipeline is available in [93].

Implementing the APL Language

APL has multiple implementations, and in the benchmark sections we use the
Dyalog interpreter on the multicores and the Co-dfns compiler on the GPUS.
Dyalog is a bytecode interpreter for APL source token streams implemented in
C/C++. The interpreter calls a specialized function for each APL primitive.
Most primitives have multiple implementations designed to run more effectively
on different input shapes, data ranges, etc. For some primitives, a minor degree
of multi-threading is used if the data ranges are large enough, but this appears to
have little impact on the benchmarks used here.

The design and architecture of the Co-dfns compiler is novel [114], and based
on an extension of the NanoPass architecture [132]. It consists entirely of small,
incremental, data-parallel passes written in APL to construct the entire compiler
pipeline. It uses almost zero abstractions over pure APL arrays, where the AST
is represented using an SoA design and is exceptionally efficient in its data rep-
resentation. Qutside of the major pipeline functions encapsulating the parser,
compilation, and code generation phases, it contains almost no function abstrac-
tion nor many internal temporary variables, but only primitive APL function
expressions over a few AST fields and temporary variables. The code, thus, lacks
explicit looping constructs, branching, conditionals, or other explicit control flow
outside of the use of the power operator to create iteration to fixed points for
certain passes. As a result, the compiler is exceptionally compact, while being
data-parallel by construction and thus GPU compatible.

The Co-dfns compiler optimizes very little at compile time. Efficient data rep-
resentations, fusion of APL primitive calls, GPU acceleration, inlining of functions,
etc., all utilize runtime implementations or the backend compiler, such as a C com-
piler. Fusing primitive calls in order to reduce the materialisation of intermediate
arrays and to reduce the number of GPU kernels generated is accomplished using
existing JIT and GPU libraries. [165] This simplifies the compiler while at the
same time enables features such as fusion to occur across user-defined function
call boundaries. However, the computations being fused must be combinations
of pre-existing APL primitives. For example, reductions using max, min, or plus
can all be fused with scalar primitives in a single pipeline, but reduction with a
user-defined function cannot be fused. The runtime can detect the use of some
known functions, and if idiomatic combinations are used, such as +.x for matrix
multiplication, the runtime dispatches to an optimized library function specialized
based on a combination of the datatypes involved and the functions being called.
However, these specialisations are limited to what the runtime can see. Thus,
optimisations like algebraic-style expression simplification are not applied.

The latest version of the Co-dfns compiler uses a runtime implemented in APL,
with a small subset of functionality provided by the underlying host platform, such
as C or JavaScript, in the form of a small kernel library. This is achieved using a
language-agnostic foreign function interface.
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Implementing the DaCe Framework

DaCe expresses program optimisations as graph transformations on the SDFG
IR [21]. Transformations are applied in optimisation passes, and may alter any
aspect of the graph representation. They may be applied to the whole program,
or only to specified subgraphs. Multiple passes can be combined into pipelines,
ensuring that pass dependencies are met. DaCe provides a large library of trans-
formations, passes, and pipelines. The framework includes user-level APIs to allow
the development of new transformations and pipelines [250, 22]. Although many
of the built-in passes and pipelines can be applied automatically, the user can
opt to optimize a DaCe program manually. Manual optimisation can use a set
of APIs or visual tools , that guide minimizing data movement [205]. DaCe also
provides APIs for instrumenting, optimizing, and auto-tuning SDFG programs
through performance modeling with built-in or external tools [251, 231].

pos[0:

03,0
pos[d, 1]

inpl - inp2

dist[d, i, j st[d,
out = inpl + inp2

inv_dist3

out = inp1 + inp2
‘f accel[d](+)
4 accel[0:3](+)

Figure 2.2: Optimisation workflow for the acceleration computation of the N-body
program in DaCe: (a) unoptimized SDFG IR, (b) Library Nodes’ expansion, (c)
Map scope dimensions’ permutation and MapEzpansion, (d) SubgraphFusion.

We illustrate some built-in data-centric transformations for the N-body pro-
gram, focusing on the single iteration of the algorithm shown in Fig. 2.2a. The
first optimisation expands the Reduce Library Nodes to Map scopes, and must
introduce Write Conflict Resolution (WCR) on the output edges, as multiple Map
iterations write to the same memory location (Fig. 2.2b). Next, we permute the
dimensions of selected Map scopes and apply the MapEzpansion transformation so
that all subgraphs have an outer iteration over the bodies using index ¢ (Fig. 2.2c).
Finally, we apply the SubgraphFusion transformation to fuse all subgraphs up to
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(and including) the computation of the updated velocities (vel) under a common
outer Map scope (Fig. 2.2d). The transformation does not apply to the Map scope
that updates the bodies’ position, as that would produce read/write conflicts on
pos. Fusing the Map scopes renders all intermediate results thread-local and re-
duces their dimensionality. For example, dist and accel become three-element
vectors, and inv\__dist3 reduces to a scalar value.

Specialisation for a specific architecture like a GPU also occurs in the SDFG
IR. Data containers have storage types, and Maps have schedule types. For ex-
ample, to “convert” the N-body program for execution on a GPU, we simply
switch the program’s inputs and outputs to GPU-global memory. Similarly, the
Maps’ schedules must be changed to GPU-device and GPU-thread-block. Storage
and schedule changes can be applied manually (programmatically or using visual
tools) or automatically by applying device-specific transformations, such as GPU-
Transform, which iterates over the SDFG and updates the schedule of Map scopes
deemed suitable for GPU execution. Data movement between the host and device
is explicit in the SDFG and can also be automated with the same device-specific
transformations.

Since a program’s SDFG representation includes scheduling and storage spec-
ification, DaCe’s code generation is relatively simple. The first step is to traverse
the SDFG to determine the lifetime of all transient variables, marking the appro-
priate states for allocation and de-allocation. Subsequently, DaCe partitions the
SDFG into subgraphs defining control-flow scopes. For loops and structured con-
trol, DaCe generates the corresponding C/C++ syntax, e.g., for, while, if, etc.
Unstructured control flow is generated as a state machine with gotos. The body
of the control flow scopes is generated state-by-state in a topological order. Each
state is code-generated in three steps: (1) transient allocation, (2) dataflow code
generation, and (3) transient de-allocation. To generate code for dataflow, DaCe
traverses the graph in topological order, generating appropriate code based on the
schedule and storage types, e.g., a map with a CPU-multicore schedule generates
an OpenMP for-loop, where a GPU-related schedule generates a CUDA /HIP GPU
kernel.

Language Implementation Comparison

This section compares the implementations of the five functional array languages.
There are a variety of implementation techniques: the Futhark and SaC compilers,
the Accelerate DSL, the DaCe framework, and the APL interpreter/compiler. The
key differences are summarized in Table 2.1.

The SaC and Futhark implementations are similar in being conventional ahead-
of-time compilers that perform a series of compiler passes and optimisations. The
passes are largely black-box optimisation passes, although SaC provides a variety
of command line options to control the process, similar to conventional optimizing
compilers. Both Futhark and SaC generate optimized C executables. The Futhark
compiler is written in Haskell, while the SaC compiler is written in C. The main
difference is that while SaC has an IO facility based on uniqueness types [94], and
thus allows the construction of entirely freestanding SaC programs, Futhark does
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Table 2.1: Table summarizing key differences between language implementations.
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Implementation model

Standalone X v v X v
Implementation language Haskell APL Haskell C/Python C
Automatic Optimisations

Fusion v v v v v

Data layout X X v X v

Tiling X X v v v

AoS/SoA v X v X v
Targets

CPU v v v v v

GPU v v v v v

FPGA X X X v X

Clusters X v X v v

not have any IO facilities, and therefore no way to read input or write output.
The output of the Futhark compiler is essentially a library that must be invoked
by a program written in a general purpose language, through a C-based API. For
convenience, the Futhark compiler provides a facility for automatically generating
small wrapper C programs for benchmarking and testing purposes.

Accelerate is deeply embedded in Haskell as a Haskell library, and the compiler
executes at runtime. Indeed, the Accelerate program is only constructed during
the execution of the host Haskell program, where it is then compiled Just-In-Time
(JIT) prior to execution. The Accelerate compiler automatically performs many
optimisations and rewrites of the program, notably fusion. Although it is, strictly
speaking, a JIT compiler, it is largely similar to traditional ahead-of-time compil-
ers, and does not make use of tracing, deoptimisation, data-sensitive optimisation,
or other dynamic behavior common in JIT compilers. It is, however, possible for
the user to perform Haskell-level computation to specialize the Accelerate program
for a given workload, which can be seen as a form of staged programming. This ca-
pability is exploited for some of the benchmarks we use, such as MG (Section 2.5).

DaCe is similar to Accelerate in being embedded in a frontend language (com-
monly Python), although it differs from the other language implementations in
exposing far more control over the optimisation process, e.g., with the program-
matic or visual tools outlined in Section 2.2.

APL is traditionally interpreted on CPUs, and the Dyalog interpreter provides
efficient operations on arrays of different sizes. The Co-dfns APL GPU compiler
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is written in data parallel APL to facilitate self-hosting on a GPU. It makes heavy
use of runtime libraries to achieve performance, often calling specialized routines
that implement APL primitives. Where most of the other compilers use sophisti-
cated optimisations that may, however, produce unpredictable performance, the
Co-dfns targets predictable performance. It provides tight integration with the
Dyalog interpreter, allowing compiled modules to be used “in situ” from within
the interpreter, while also producing standalone executables and shared objects
that can be linked from other programming languages.

Hardware targets Finally, the language implementations all target multiple
architectures, and all target multicores and CUDA /NVIDIA GPUs. The languages
may also target other architectures, e.g., APL, DaCe and SaC also target clusters,
and DaCe also targets FPGAs.

2.3 Benchmark Rationale, Evaluation Platforms,
Methodology

Benchmark Rationale

We illustrate functional array programming using four challenging benchmarks
that represent a range of application domains and parallel computational models.
Two benchmarks are from public suites, namely MG (numerical aerodynamic simu-
lation) from NAS [16, 11] and Quickhull (computational geometry) from PBBS [7].
The other two are well-known algorithms, namely brute-force N-body (astrophys-
ical simulation) and Flash Attention [60] (deep learning).

The benchmarks cover a variety of code patterns, parallel constructs/structures,
and optimisation techniques: Quickhull exercises flattening of irregular nested par-
allelism, where manual application results in a composition of (all) flat-parallel
skeletons—map, scan (prefix sum), reduce-by-index, scatter. The other bench-
marks exhibit regular nested parallelism. MG is a 27-point stencil solved at dif-
ferent resolutions. Flash Attention has deeply nested structures of parallel and
sequential loops that have matrix multiplication solvers at the innermost level.

The benchmarks exercise different optimisations. Quickhull’s performance is
determined by how well the flat-parallel skeletons are fused and mapped to the
hardware. All other benchmarks require careful mapping of computation to differ-
ent hardware levels, e.g., for achieving temporal reuse from fast memory and for
enabling CPU vectorisation. Flash Attention requires tiling multiple dimensions
into each level of the memory hierarchy. Finally, N-body exhibits an interesting
case of dataset sensitivity on GPUs: the largest dataset benefits from sequential-
izing the inner function/loop, while the smaller datasets benefit from parallelizing
all functions/loops.

Rather than choosing simple benchmarks that can readily be expressed, and
effectively optimized in all five languages, we have selected a set of challenging
benchmarks that often take a language outside its “comfort zone”. For example,
Quickhull utilizes scans (prefix sums), and neither SaC nor DaCe provide a scan
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primitive. Several benchmarks require nested parallelism, and Accelerate does
not normally provide it. MG uses stencils, and Futhark does not provide specific
stencil support, nor deep learning support for Flash Attention. The hypothesis
is that collectively these five research languages offer state-of-the-art solutions to
both the expression and performance challenges posed by the benchmarks.

Evaluation Platform: the Radboud Server

The evaluation is conducted on an experimental server at Radboud University that
provides both a multicore CPU and a GPU. The server is booked for exclusive use
during the experiments. The CPUs are two 16-core AMD EPYC 7313 CPUs
running at 3.7 GHz. The peak performance of this machine is 1.895 Tflops (double
precision). The RAM has a theoretical peak bandwidth of 204.8 GB/s, though
experimentally (STREAM) we observe 140 GB/s.

The server also provides an NVIDIA A30 GPU, with peak performance
of 10.3 Tflops and 5.2 Tflops for single and double precision, respectively, and
933 GB/s main memory bandwidth. We use NVCC version 12.1.66 and GCC
11.4.0.

For multicores, we use numactl ——interleave all to set the page-mapping
policy and we configure the thread-binding policy of OpenMP to wuse
OMP_ PLACES="cores” OMP_PROC _BIND=true.

Development Methodology

The benchmarks are implemented in each of the languages following an iterative
procedure: first, we generate a correct implementation, and then repeatedly refac-
tor it to optimize for the target hardware architectures. The final versions of the
benchmark code are provided in a public repository' and represents the culmina-
tion of this process. The optimizing iterations are not described in detail, although
we discuss the key optimisations for each language in the Sections 2.4 to 2.7.

In contrast to the separate CUDA and OpenMP baselines for each baseline
there is a single benchmark implementation in each language. This implementation
is compiled and optimized for both the multicore and GPU hardware, and for
all datasets. The only exception is DaCe, which uses separate CPU and GPU
implementations of N-body and Flash Attention. We discuss the development
effort implications of having a single implementation in 2.8.

Measurement Methodology

We measure total application runtime, but in the case of GPU execution, we
exclude the time taken for the (1) CUDA-context initialisation, (2) CUDA-kernels
compilation, and (3) host-device transfers of the program input and final result
(only). For each benchmark and hardware platform, we perform five warm-up
runs and then report the average of at least ten runs, or as many as required to
reduce standard deviation to less than 3 %.

Thttps://github.com/diku-dk/CFAL-bench/
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2.4 Benchmark 1: N-body Simulation

Benchmark Description

The N-body simulation benchmark simulates how gravity acts on a system of N
bodies in R3. Each timestep computes the acceleration caused by gravity, and
updates the bodies. Recall that each body is associated with multiple values,
namely its position and velocity—each represented as a tuple of three double-
precision floats—together with its acceleration and mass (both doubles). Hence,
there are various ways to represent the bodies in memory, such as using AoS, SoA,
or some combination.

Baselines, Performance Measure, Datasets

The GPU baseline consists of two code versions, both using AoS layout, whose
selection is optimally hardcoded for the target datasets. When the number of
bodies n is small (n < 10*) we implemented a version that efficiently exploits both
levels of parallelism by computing the acceleration for a body with a CUDA block
of threads. For larger values of n we use the CUDA-sample implementation [186]
that uses only the outer level of parallelism. The key optimisation is 1D tiling
in shared memory. That is, computing the acceleration for a body accesses all
other bodies in the same order, so the computation is structured so that a chunk
of bodies is collectively copied from global to shared memory by the threads in
the same block and then reused. Without tiling, reuse is serviced by the L2 cache,
which has higher latency and smaller throughput than GPU shared memory.

We have written a C with OpenMP CPU baseline that (i) parallelizes the
computation of the accel function across processors using OpenMP and static
scheduling, and (ii) ensures that the underlying (GCC) compiler successfully vec-
torizes the code by exploiting a SoA representation consisting of eight arrays of
doubles.

We compute the number of flops for n bodies and t time steps as (19n2+12n)-t.
Each interaction between two bodies is computed as

m;(pj — pi)
([lpj — pil|? + €2)3/2

(2.1)

requiring 16 flops to compute the change in acceleration and another 3 additions
to update it. The evaluation uses three datasets corresponding to the following
values of (n,t): (10%,10%), (10%,10%) and (10°,10%). Note that these datasets all
involve the same amount of work, but vary in how much parallelism is available.

N-body Simulation with Futhark

The Futhark N-body simulation is expressed as two nested loops—the outermost
a map and the innermost a reduce (fused with a map). Futhark’s CPU and GPU
backends both generate two code versions: (i) where the parallelism of the reduce
is exploited (resulting in a segmented reduction), and (ii) where the innermost loop
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is sequentialised. A code version is dynamically selected at run-time, as explained
in 2.2. For the N = 10° case, the outer loop has sufficient parallelism and version
(ii) is used.

Futhark’s GPU backend tiles the sequentialized inner loop, as in the baseline
implementation. This optimisation is not implemented for Futhark’s CPU back-
end, which instead depends solely on the hardware caches. The source code uses
an AoS layout, but the compiler always transforms it to the SoA layout.

N-body Simulation with Accelerate

The acceleration between each pair of bodies is calculated by expanding the vector
of bodies once along the rows, once along the columns (using replicate ), and
zipping the two resulting matrices with the accel function. All rows of the resulting
matrix are then summed in parallel using a (rank-polymorphic) fold, resulting in a
vector. Fusion is essential here as it would be inefficient, both in terms of runtime
and memory allocation, to create the intermediate matrices. The fusion pass in the
compiler ensures that the resulting code is a single nested parallel loop producing
the output vector, without generating any intermediate arrays.

N-body Simulation with Single Assignment C

To support vectorisation on the CPU, the SaC N-body code uses a struct for the
x,y, z-coordinates instead of a double[3] array. Thus, the compiler eliminates the
struct, and the generated code deals with three independent vectors of scalar coor-
dinates. This ensures that the z-coordinates of consecutive bodies are contiguous
in memory, and likewise for the y, z coordinates and masses.

N-body Simulation with APL

The points and velocities are each stored in an SoA model of nested arrays of 3
elements corresponding to the x, y, and z coordinates. If the conceptual computa-
tion is thought of as a summation of each row of an N x N matrix, the APL code
tiles the matrix into a series of N x B columns to compute a partial summation
of each row a tile at a time. Each tiling pass first computes the differences d for
each dimension and then computes the weight matrix w from these differences.
To compute the velocity shifts based on these weights and each point’s mass m,
we utilize the expression APL(dxw)+.xm][ ], which leverages the APL+.x matrix
multiplication in APL.

This particular ordering allows for each tile to first be computed as a fused
kernel(s) of the differences and the weight computation, before the fast matrix-
multiplication libraries are used in the final computations. This allows the code to
make use of the facilities in the APL runtime, since fusion in Co-dfns only occurs
on primitives and not on user-defined functions. It also enables portions of the
problem to be mapped to fast matrix multiplication code in the runtime.
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N-body Simulation with DaCe

For CPU execution, we start with a N-body Python program and optimize the re-
sulting SDFG with the custom workflow summarized in 2.2. The data are matrices
of size 3 x N and 4 x N, corresponding to a SoA representation.

For GPU execution, we use a Python program with two main differences com-
pared with the CPU implementation. The first is additional tiling of one of the
inner loops and the use of GPU-shared memory to reduce the number of loads
from GPU-global memory. The second is the transposition of the matrices to
produce an AoS representation and allow the compiler to vectorize the loads to
GPU-shared memory.

Summary

Table 2.2 summarizes the N-body compute rate for the five languages on both
multicore CPU and GPU.

Table 2.2: N-body compute rate in Gflops (higher is better) for different numbers
of bodies and iterations. The n = 103 case is done with 16 instead of 32 cores if
that gave better results.

n=10° t=10° =104 t=10° n=10° {10!
CPU CPU CPU
1c s2cx GPU g0 300 GPU 4o 39¢ GPU
Basclime 10 280 560 19 580 720 19 610 1300

Accelerate 9.3 7.0 27 9.7 261 305 9.7 500 300

APL 1.5 — 13 1.7 — 140 13 — 15
DaCe 19 209 120 19 560 970 19 600 1600
Futhark 18 127 550 18 310 970 18 520 1600
SaC 19 240 39 19 560 230 19 600 260

GPU performance Futhark and DaCe beat the GPU baseline on the second
and third datasets with speedup factors between 1.18 — 1.35x. Futhark is com-
petitive with the baseline on the first dataset, but DaCe lags behind because it
utilizes only the parallelism of the outer loop, which is insufficient. Accelerate and
SaC come next, achieving fractions 5%, 42% and 23 % and 7%, 32% and 20 %
of the baseline performance on the three datasets, respectively; the first dataset
similarly suffers due to insufficient utilisation of parallelism. APL provides useful
acceleration—in that its GPU compute rate is significantly higher than the se-
quential compute rate—but its performance is only as high as 3.5 % of the GPU
baselines.

Multicore performance SaC and DaCe are competitive with the baseline on
the second and third datasets (exceeding 95 %), and close on the first dataset (85 %
and 75 %). Futhark and Accelerate provide good performance on the third (large)
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dataset (exceeding 83 %) but perform less well on the second dataset (54 % and
45%), and even worse on the first (45 % and 2.5 %).

DaCe presents the best blend of performance across the two hardware plat-
forms. SaC is best developed for multicore execution, and its suboptimal GPU
performance is directly related to its GPU backend receiving much less attention,
and conversely for Futhark and Accelerate. These performance trends are reflected
in the other benchmarks.

Expression The baseline consists of three low-level C++ code versions—two
aimed at GPU and one at multicore execution—that use different layouts (SoA
vs. AoS) and manually-applied optimisations (see Section 2.4). In comparison,
the functional array languages use a single high-level code that is automatically
optimized for multicore and GPU execution. While “beauty is in the eye of the
beholder”, we consider that all languages provide significantly more elegant code
than the baseline—with a shoutout to APL for brevity—and encourage readers to
make their own mind by examining our code repository.

2.5 Benchmark 2: MultiGrid (NAS MG)

Benchmark Description

Multigrid methods solve differential equations numerically. The NAS parallel
benchmarks [16] provide a simplified version of the V-cycle multigrid method to
solve the discrete Poisson problem

Viu=v (2.2)

on a n x n x n grid with periodic boundary conditions. The Laplacian V? is
approximated with a trilinear finite element discretisation A, which is defined as
a function taking and returning an n x n X n grid of real numbers:

A(x))[ihi%ii%] =
2
- Ziow[jlaj%jfi] : ‘T[(Zl +.71 - 1) mod n, (23)
J1,J2,)3=
(i + j2 — 1) mod n,

(i3 + j3 — 1) mod n]

for some weights w € R3*3%3. This type of computational pattern is called a
27-point stencil with periodic boundary conditions.

We define a function f2c for projecting a fine grid on a coarser grid. This maps
ztox(l:n:2,1:n:2/1:n:2), where we use the Fortran notation for the index
range from 1 to n with step 2, in each dimension. Similarly, we have a function
c2f, which prolongates a coarse grid to a fine grid. This embeds some array x of
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Algorithm 1 The V-cycle function Algorithm 2 MG
M Input: v:ann X n X n array.
1: procedure M(r) Input: ¢ : a number of iterations.
2 if n # 2 then Output: u: an n X n X n array ap-
3 rs = P(f2¢(r)) proximately satisfying VZu = v.
4: zs = M(rs) u=0
5: z = Q(c2f(zs)) fori=1tot do
6 r=r—A(z) r=uv— A(u)
7 z=2z4+95(r) u=u-+ M(r)
8 else
9 z=5(r)
10: return z

Figure 2.3: Multigrid method for numerically solving V2u = v.

size n X n X n into an array y of size 2n x 2n x 2nasy(l:n:2,1:n:2,1:n:2).
The remainder of y are zeroes.

The computational core of MG is the V-cycle shown in Algorithm 1. This is
a function composed of A and three more 27-point stencils P, @), S. The recursive
call causes the stencils to operate on progressively coarser grids, until the input
has shape 2 x 2 x 2, after which the grid gets finer again. The MG benchmark,
Algorithm 2, repeatedly uses the V-cycle function M to update a solution to
Eq. (2.2).

Baselines, Performance Measure, Datasets

The CPU baseline selected is the Fortran + OpenMP implementation from
NAS [16]. The GPU baseline selected is the CUDA implementation of NPB-
GPU [11]. Both baselines perform an optimisation that exploits a domain-specific
property of the 3 x 3 x 3 array of weights, namely that the weights situated
at the same distance from the center (at index [1,1,1]) are equal, i.e., the 27
weights contain only 4 distinct values. It follows that the number of flops per
element can be significantly reduced from the 26 additions and 27 multipli-
cations of a naive implementation, e.g., by performing rewrites of the form
wia + w1b+ wic+wid = wy(a+ b+ ¢+ d). Further, the number of additions can
also be reduced by observing that for a portion of a slice in the xy-plane:

the sum of the *s and —s are used to update not only o, but also the points directly
above and below o. This can be exploited by precomputing, for each (i,7), two
temporary buffers containing the sums x[i + 1,7,.] + z[i — 1,4,.] + z[i,5 — 1,.] +
x[i,j+1,.], and z[i+1, 541, J+x[i—1,j -1, .]+=x[i+1,j—1, ]+z[i—1,5+1,.]. The
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temporary buffers are then used to update i, j, .]. This technique not only reduces
the number of operations, but also enables temporal reuse, e.g., the CUDA baseline
allocates the temporary buffers in shared memory, thus reducing the number of
accesses to global memory.

We report performance in G flops following the same methodology as in the
NAS benchmark, where the number of flops for an n x n x n grid and ¢ iterations
is considered to be 58tn3. The evaluation uses the ClassA, ClassB, and ClassC
standard NAS datasets.

MultiGrid with Futhark

The Futhark implementation supports both the naive and optimized versions
of MG introduced in Section 2.5. A simplified code excerpt from the latter is
shown in Figs. 2.4 and 2.5. In contrast to the lengthy baseline implementation
(4662 source lines of code in Table 2.1) that consists of a multitude of distinct
(specialized) computational kernels, the Futhark implementation abstracts (most
of) the core computation of the 27-point stencil into one function that is suitably
parameterized, e.g., over (i) the size of the result-array dimension n, (ii) an index-
function representation elmAt of the source array and (iii) the array of weights
ws. The instantiations required to compute Q(c2£f(zs)), r — A(z) and z + S(r)
in Algorithm 1 are shown in Fig. 2.5, as functions named simply @, A and S,
respectively. Finally, the function parameter relaxKer may be instantiated with
either the naive or optimized version (relaxN AS). On the cons side, Futhark does
not support arbitrary recursion leading to a tedious (and ugly) implementation of
procedure M (of Algorithm 1) where recursion is modeled by a while loop that
explicitly maintains the stack by means of updates to a jagged array.

The high-level implementation critically relies on the compiler to specialize the
code. For example, Futhark’s simplification engine aggressively inlines functions
such as relaxNAS, getEachElm, get8thElm, f, g at call sites, and performs a
battery of transformations, such as copy propagation, constant folding, common-
subexpression and dead-variable elimination, and scalar specialisation of array-
literal indexing. For example, the specialisation of relaxNas at the call site of A
(in Fig. 2.5), will eliminate the whole term starting with ws[1] x (...) appearing in
the computation of g (at lines 21-23)—because ws|1] corresponds to constant 0 in
this context, and multiplication with zero always results in zero.

Furthermore, as presented in Section 2.2, for the GPU case, the incremental
flattening transformation will generate an ”intrablock” code version that essen-
tially maps the (inner) parallelism available within computeRow to the CUDA
block level and the outer parallelism to the CUDA grid level, that is, the two
nested maps at line 28. Consequently, the arrays uls, u2s produced by tab n f
(line 18) are placed in shared memory and reused from there in the computation
of tab n g (line 27). Finally, memory-related optimisations eliminate some of the
array copying operations resulting from explicit modeling of the (recursion) stack.
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MultiGrid with Accelerate

The Accelerate implementation uses recursion to implement procedure M, despite
Accelerate, like Futhark, not supporting recursion. It does so by exploiting the
recursion provided by the Haskell host language via meta-programming. This
unfolds the recursion, similar to how loop unrolling converts a loop to a sequence
of instructions.

Accelerate features stencil primitives that simplify the implementation of re-
laxations. Again, using meta-programming, the weights are inlined into the stencil
kernel.

Accelerate’s fusion algorithm fuses f2¢ and c2f into a following stencil opera-
tion. This improves performance, while allowing the user to write the algorithm
at a higher level.

MultiGrid with Single Assignment C

SaC implements MultiGrid recursively, faithful to the specification. We use the
generic stencil implementation shown in Fig. 2.6. This function generalizes to arbi-
trary dimension d and weights of arbitrary shape wshp. The modulo computations
(mod) are optimized away by generating multiple partitions.

SaC’s constant folder currently reduces the number of multiplications automat-
ically, but not the number of additions. The Fortran version has one temporary
array per thread, which it reuses. As SaC does not have explicit parallelism, get-
ting this to happen is not straightforward. An alternative would be to compute
the temporary arrays for all (4,j) in parallel, but that is not worth it for cache
reasons. The GPU code generation suffers greatly from a problem in the analysis
that prevents arrays from being moved from and to the device.

MultiGrid with APL

The APL implementation is a fairly direct translation of the pseudo-code:

Me{ 1:S st z+S st -A stz+~Q st up(-1)dn P st }
L2e{((+, x )+x )*.5}
MG-{L2 -Ast { +k M -Ast }IT?}

Where MG is run for IT iterations and the functions st, dn, and up correspond
to the stencil computation, downsampling, and upsampling, respectively. Down-
sampling and upsampling are implemented as direct array indexing operations:

dne{ [i;i;i~1+2x ( )+2]} Downsample
up+{X X[i;i;i+1+2x J+ X«1e7100 2x } Upsample

APL does have a built-in stencil operator, but it is not suitable for high-
performance optimisations such as those available in MG. We instead implement
a custom stencil function st that minimizes the number of arithmetic operations
as described in Section 2.5. Since the entire function can be expressed as a single
composition of arithmetic primitives and rotations, the resulting code can be fused
into a single conceptual kernel:
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MG Stencil Operation
st+{ke
x+ xk [0]
x+ek[1]x(1 )+(71 )+r0«(1 )+(71 )+r01+«(1 [1] )+71 [1]
x+¢k[2]x(1 r0)+ ("1 r0)+r1+(1 r01)+~1 r01
x+ek[3]x(1r1)+ 1 rl
X

MultiGrid with DaCe

Since the SDFG IR does not support recursion, DaCe’s MG implementation
is based on a Python version [65]. We automatically optimize the CPU and GPU
implementations, which fuses parallel computations (Map scopes) and tiles those
that contain write-conflict resolutions to minimize atomic operations. However,
as the auto-optimizer transforms the graph in a specific order, some optimisation
opportunities may be missed. For example, Fig. 2.7 shows the MG’s norm2u3
method and its DaCe-Python implementation, which includes two Map-Reduce
patterns for computing s and rnmu. The auto-optimizer successfully fuses these
computations into a single Map scope but cannot subsequently tile it because the
relevant DaCe optimisation does not support Map scopes with write (WCR) con-
flicts to multiple data containers. To work around this limitation, we design a
custom workflow. First, we apply the MapReduceFusion transformation repeat-
edly until no subgraph matches the optimisation pattern, resulting in two fused
Map scopes, one for s and one for rnmu. Only then do we apply WCR tiling,
which matches since each scope writes to a single data container.

Summary

The NAS MG performance results for the five languages on both multicore CPU
and GPU are summarized in Table 2.3. We follow the baseline performance mea-
surement and report compute rate (Gflops).

Table 2.3: NAS MG compute rate in Gflops (higher is better) for NAS classes A,
B, C.

Class A Class B Class C
CPU CPU CPU
e sc 9PU o 30 OPU o g GPU
Baseline 8.7 83 190 9.0 95 240 8.2 48 240
Accelerate 1.6 7.0 72 1.70 8 71 — 14 82
APL 0.50 — 7.0 0.50 — 7 0.50 — 7.0
DaCe 3.3 28 130 3.6 41 140 3.00 37 230

Futhark 1.2 16 240 14 22 240 1.40 21 240
SaC 5.9 43 — 6.6 53 — 5.0 39 —
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GPU performance Futhark offers constant performance across datasets
(240 Gflops), which is competitive with the baseline for the two larger B/C
datasets (99 %) and outperforms the baseline on the smallest A dataset (127 %).
DaCe also offers competitive performance on the largest C dataset (95%), but
is less competitive for the first two datasets (70% and 59 %). Accelerate offers
relatively constant performance across datasets (71 %-82 %) reaching 30 %-39 %
of the baseline performance. APL reports useful acceleration in comparison with
the sequential execution, but reaches only 3 %4 % of the baseline performance.
For SaC, compiler shortcomings prevent GPU execution.

Multicore performance The baseline outperforms all of the functional array
languages, likely due to suboptimal thread-binding policies. SaC performs best,
reaching 52 %, 56 % and 81 % of baseline performance on the A,B,C datasets, fol-
lowed by DaCe with 34 %, 43 % and 77 %. At a considerable distance come Futhark
(19%, 23 % and 44 %) and Accelerate (8 %, 8 % and 29 %), whose multicore back-
ends are less mature than the GPU backends. Notably, Futhark exhibits very
poor sequential performance but excellent scalability, albeit the latter is likely a
case of “scaling the overhead”.

Expression The Accelerate, APL, Futhark, and SaC teams found it infeasible
to develop their code by following the long, low-level, and complex baseline code
(4662 source lines of code, Table 2.1). The baseline specializes and hand-optimizes
one generic stencil computation for a multitude of contexts. Instead, our imple-
mentation teams based their implementations on either the NAS specification or
the SaC code, which is short, clean, and arguably very close to the algorithmic
formulation (Section 2.5). Moreover, Fig. 2.4 shows that the key baseline optimi-
sations, providing temporal reuse and a reduced number of arithmetic operations,
can also be expressed generically and concisely without compromising GPU per-
formance, as evidenced by Futhark’s performance. While code comparisons are
subjective, we invite the reader to reach a view by browsing our code repository 2.

2.6 Benchmark 3: Quickhull

Benchmark Description

The Quickhull benchmark computes the convex hull of a finite set of points in 2-
dimensional space. Algorithm 3 shows the pseudocode of the Quickhull algorithm:
given a set S containing at least 2 two-dimensional points, the convex hull of S is
computed by first (i) identifying the leftmost and rightmost points of S, named A
and B, respectively, then (ii) by partitioning S into subsets S and Sy correspond-
ing to the points below and above the line AB, and finally (iii) by combining the
convex hulls of S; and S5. The last step is facilitated by the find Hull helper func-
tion presented in Algorithm 4. The divide-and-conquer findHull function takes
two points P and @) and a set of points S that are either all above or all below

2https://github.com/diku-dk/CFAL-bench/



34 CHAPTER 2. COMPARING FUNCTIONAL ARRAY LANGUAGES

line PQ. findHull computes the point C' of S that is furthest away from PQ,
and hence must belong to the convex hull, then it eliminates from S the points
inside triangle ACPQ as they are guaranteed not to belong to the convex hull.
The resulting set is partitioned into the points that are on the right- and left-hand
side of lines C'P and C'Q, named S; and S,., respectively. The convex hull of S
consists of point C' together with the convex hulls of S; and S,

Such divide-and-conquer recursion induces irreqular nested parallelism: the
recursive calls form a binary tree where each call performs parallel operations
(e.g., filtering, partitioning) on arrays of different sizes. Importantly, all the nodes
at the same level in the tree can be processed in parallel.

Ideally, the Quickhull implementation should resemble the divide-and-conquer
structure of Algorithm 4. This approach was pioneered in the NESL lan-
guage [31], and can be automatically mapped to hardware using flattening
transformations [33], and may target multicore [47] or GPU architectures [247,
23]. Since none of the studied languages support flattening of irregular parallelism,
their corresponding implementations are derived by manually flattening the code
corresponding to Algorithm 4.

Baselines, Performance Measure, Datasets

The CPU baseline selected is the convex-hull implementation of the PBBS bench-
mark? [7], that offered state-of-the-art multicore performance at the time of writing
the paper this chapter is based on. The implementation uses a fork-join (task-
based) strategy that dynamically decomposes and exploits both levels of paral-
lelism while tasks have good granularity. This strategy results in cache-friendly
behavior that cannot be replicated by any of the studied languages, given their
data-parallel paradigm. This paradigm effectively enforces barriers around the
parallel processing of the nodes at each level in the tree, resulting in larger re-use
distances. We also measure VQhull from Chapter 4.

We do not use a GPU baseline as, other than the studied languages, we could
not find a publicly available implementation competitive with the PBBS imple-
mentation. This emphasizes the importance of high-level data-parallel models
offering efficient hardware mappings, e.g., to GPUs.

We follow PBBS in reporting performance as runtime. The evaluation uses
three PBBS datasets, each consisting of a set of one hundred million points that
are uniformly distributed in the interior of a Rectangle, in the interior of a Clircle
(a disk), and on a Quadratic curve. Their convex hulls consist of 49, 1681, and
548136 points, respectively.*

Quickhull with Futhark

The Futhark implementation of Quickhull has been manually flattened to be ex-
pressible with flat data parallelism. At a high level, it consists of an outer while
loop that tracks the points determined to be part of the hull, as well as a sequence

3https://github.com/cmuparlay/pbbsbench
4The datasets are named as in PBBS and are generated with the PBBS infrastructure.
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of sets of points that have not yet been classified. This sequence is conceptually
a multidimensional jagged array, and is represented using a standard flag array
approach. The implementation consists of a composition of map, reduce-by-index,
filter, and partition operations, where the implementation of the latter two relies
on scan (a.k.a., prefix sum) and scatter (a.k.a., parallel write). Efficient execu-
tion on GPU hardware is enabled by specialized code generation for scan and
reduce-by-index (Section 2.2).

Quickhull with Accelerate

The Accelerate implementation, like Futharks’, is also flattened manually, making
it necessary to maintain some segment information. The main work during one step
is a parallel filter operation, applied to all segments. This consists of a mapping
operation to determine which points to discard, a segmented scan over the resulting
flag vector to compute the target indices, and a subsequent permutation.

Quickhull with APL

The APL version first reorders the points so that membership in the hull set can
be tracked using a Boolean mask to partition the data vectors into segments. On
each iteration, this mask is used to group each point and determine membership
within the hull set. Points falling within the hull are removed, while the new point
that divides each segment is computed and added to the set by flipping its bit in
the bitmask.

APL currently lacks a method for computing Scans or Reductions over
sub-segments of an array indicated by a key. Instead, the expression
APLM[R K[M¢ D]] computes the first indices of D that have the maxi-
mum D for each unique key in K. This expression is reasonably efficient, but
involves sorting two vectors to find the max, which is significantly less efficient
than a max reduction might be. Moreover, the above code does not split out the
hull elements from elements still to be determined; as a result, if the number of
points on the hull is large, we may redundantly compute distances that do not
matter over time, leading to reduced performance when the hull contains many
points. Finally, reordering the points at the beginning instead of at the end
requires sorting a much larger array.

Quickhull with SaC

We implement the algorithm recursively. As SaC’s syntax is very close to C, we
can straightforwardly adapt the partition scheme from Edelkamp [71]. We also
find the furthest points in the same loop that partitions S into S; and S, to
reduce the number of passes over the data. As PBBS performs a Hoare partition
and does not merge these loops, the SaC implementation is at least twice as fast
sequentially. PBBS also works with indices instead of permuting the array, which
gives bad cache behaviour for deep recursions. For this reason SaC is even five
times faster for the Quadratic data set. The compiler is not able to parallelize
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recursive calls. We are not able to implement the flattened algorithm efficiently
as SaC lacks parallel writes. This means we have no parallel results.

QuickHull with DaCe

DaCe does not support recursion and, therefore, cannot directly implement Algo-
rithm 4. The alternative formulation using flattening transformations, described
in Section 2.6, could be implemented in DaCe by composing control flow (for-
loops) with map scopes and reductions to compensate for the lack of (segmented)
scan primitives. However, such an implementation would be tedious and uncom-
petitive with languages that can express those parallel paradigms naturally. The
Library Node mechanic could also be leveraged to map a high-level (segmented)
scan representation directly to optimized calls, e.g., to the NVIDIA Thrust library
for GPUs. Overall we consider the additions required to facilitate a reasonable
QuickHull implementation in DaCe to be beyond the scope of this work.

Summary

It is not feasible to develop parallel Quickhull implementations in DaCe or SaC,
mainly because they lack support for a key operation like prefix-sum or scatter, or
for fork-join parallelism. The Quickhull performance results of Accelerate, APL,
and Futhark on multicore CPU and GPU are summarised in Table 2.4. We follow
the baseline performance measurement and report runtime (in seconds).

Table 2.4: Quickhull runtime in seconds (lower is better) for 10° points sampled
uniformly from three geometric shapes.

Circle Rectangle Quadratic
CPU CPU CPU
ic 3¢ 9PV 1o sc PV g0 3¢ OFU
Baseline 44 02 — 34 011 — 351 29 —
VQhull 0.71 0.1 — 0.55 0.08 — 4.4 032 —
Accelerate 7.4 1.6 0.16 3.6 1.2 0.11 48 13 4.3
APL 22 — 1.2 15 — 0.69 110 — 7.6
DaCe — — — — — — — — —
Futhark 56 1.3 0.064 3.8 1.2 0.047 38 4.0 0.68
SaC 1.8 — — 1.6 — — 6.5 — —

GPU performance Futhark outperforms the multicore baseline, achieving
313 %, 234% and 430 % of its performance. Accelerate is competitive with the
baseline on the Circle (125 %) and Rectangle (96 %) datasets, but falls behind
on Quadratic (68%). While APL reduces runtime compared with its sequential
performance, it reaches only 16 %, 16 % and 39 % of the baseline performance on
Circle, Rectangle, and Quadratic datasets.
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Multicore performance The Accelerate and Futhark implementations are ob-
tained by manually applying a flattening transformation [33] to the divide-and-
conquer (irregular) parallelism exposed by Quickhull. The baseline outperforms
all languages as it uses a fork-join style that dynamically spawns parallel tasks that
have good granularity and temporal reuse (Section 2.6). Futhark achieves 16 %,
10 % and 72 % and Accelerate 13 %, 9% and 23 % of the baseline performance on
the three datasets, respectively.

Expression It seems that Quickhull is best expressed in a divide-and-conquer
parallel style, similar to Algorithm 4, where the text at lines 3 and 5-8 is im-
plemented with data-parallel constructs such as map-reduce and partition. This
would offer a clean and algorithm-faithful high-level specification that preserves the
opportunities for efficient mapping to different architectures—e.g., by specializing
the flattening transformation for multicore [47] or GPU [247, 23] execution. In
principle, this would produce (1) efficient multi-core code resembling the baseline
implementation and (2) efficient GPU code resembling the one of Accelerate/-
Futhark. We consider that our implementations are shorter, easier to understand
and more high-level than the baseline. For example, they contain no notion of
memory or memory management, and provide correct-by-construction parallelism
enabled by implicitly-parallel constructs.

2.7 Benchmark 4: Flash Attention

Benchmark Description

Self-Attention is a machine-learning mechanism for finding dependencies among
inputs in a sequence [235]. We consider a sequence of N words or tokens, each
with an embedding v;,7 € 1..N of length M. We want to find another embedding
o; for each word that encodes its relationship to the other tokens. To that end,
we select one word, the query, and we compute its similarities s;;,7 € 1..N to
each other token as the dot product of their embeddings, v; - v;. We normalize
these similarities using Softmax [40], converting them to a probability distribution.
Multiplying the result vector p; with the initial word embeddings produces the
final result.

Machine learning architectures, like transformers, learn weights for the different
embedding uses: Q for query words, K for the similarity computation, and V for
the output embedding. In Multi-head Attention, multiple heads compute the
attention corresponding to distinct parts of the word embeddings in parallel, each
with size d. Hence, in Algorithm 5, the weight matrices have size N x d. Standard
Self-Attention materializes all of the S and P matrices, which have size N x N. In
applications of interest, the sequence is large enough to consider N > d, and Q,
K, V,and O are all tall and skinny matrices. Multiplying such matrices exhibits
low arithmetic intensity (computation is O (N 2cl), but memory operations are
0] (N 2)), making self-attention memory-bound.
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Softmax, shown in Algorithm 7, normalises the similarities matrix S by com-
puting for every row i two quantities: the maximum value m; and the normali-
sation term [;, defined as I; = Z;\Izl exp(s;,; —m;). The output probabilities P
are computed as p; ; = exp(s;; — m;)/l; to avoid overflow. Overall, each input
row must be read three times since the dependency on m; disallows loop fusion.
An alternative formulation called Online Softmax [175] and shown in Algorithm 8
removes this constraint by using exponent rules to compute [; recursively, reducing
the required reads of the input and enabling computation of the output in blocks.

Flash Attention [60] utilizes Online Softmax to tile the matrix multiplications
and the normalisation operation, fuse them together, and perform the overall
computation in Tj x T blocks. In this reformulation, the intermediate results are
small enough to fit in fast memory (e.g., registers and CUDA shared memory),
dramatically reducing accesses to slower global memory. An implementation of
the algorithm in DaCe data-centric Python is shown in Fig. 2.11.

Finally, Algorithm 6 presents a midpoint between Standard and Flash Atten-
tion, dubbed Custom Attention, that blocks the computation over d x d slices of
@ and computes corresponding slices of the result O. Custom Attention does not
serialize computation, but also does not guarantee that the intermediate matrices
(Sb and Pb of size d x N) can be maintained in fast memory.

Baselines, Performance Measure, Datasets

The reference Flash Attention implementation [61] supports half-precision arith-
metic (fpl6 and bfl6) and utilizes the specialized tensor (matrix) core units on
NVIDIA (AMD) GPUs. Since not all languages support half-precision arithmetic
or execution on tensor cores, we write our own GPU baseline using single-precision
arithmetic and the regular FPUs. Following the high-level algorithm in Fig. 2.11,
each T; x d block of the output O is assigned to a single thread block. The com-
putation is done in a single kernel in Tj steps and utilizes GPU-shared memory
and registers to reduce loads from GPU-global memory. Each thread block reads
its assigned O and Q blocks and the whole K and V matrices. Therefore, O and
Q are read only once, while K and V are loaded as many times as the number
of thread blocks. All intermediate results, for example, the maximum values m
and normalisation factors [, are written to shared memory and registers. The im-
plementation further 2-D tiles the computation of each thread block and utilizes
memory coalescing to achieve high GPU-global memory throughput.

The CPU baseline tiles the computation in the same way. Each T; x d block
of the output O is assigned to a single CPU thread. The matrix multiplications
are executed with a specialized single-threaded implementation optimized for the
AMD Zen architecture.

We report the performance in Gflops and consider only the operations
present in the standard Self-Attention algorithm when measuring the workload,
i.e., N%(4d + 5) floating point operations. Our evaluation uses four randomly
generated datasets with the following parameters: (1) d = 64, N = 16,384, (2)
d=64, N =32,768, (3) d =128, N = 8,192, and (4) d = 128, N = 16, 384.
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Flash Attention with Futhark

Futhark’s implementation in Fig. 2.10, closely resembles Custom Attention, Al-
gorithm 6. During GPU compilation the incremental flattening transformation
distributes the outer map processing each d x d block of @ (line 13) across the
computations of (i) the transposed matrix multiplication mmmT at line 10, (ii) the
Online Softmax of Algorithm 8 at line 11, and (iii) the second matrix multiplica-
tion mmm at line 12. The resulting batch matrix multiplication kernels (i & iii) are
optimized for spatial and temporal locality using block and register tiling. Online
Softmax (ii) is similarly decomposed into an intragroup kernel that performs the
computation of m; and [; in shared memory, and another kernel that updates the
elements of P.

The CPU compilation diverges early from the GPU compilation and does not
perform locality optimisations, resulting in very poor performance. Notably, the
compilation of Custom Attention manifests the intermediate P matrix in global
memory, and hence cannot match the performance of the baseline that implements
the more efficient Flash Attention algorithm.

Flash Attention with Accelerate

Accelerate implements Custom Attention, Algorithm 6. We find that the perfor-
mance is sensitive to the choice of block size. Matrix multiplication is implemented
naively in the benchmarks. A faster alternative would be to use the matrix mul-
tiplication available through Accelerate’s BLAS binding.

Flash Attention with Single Assignment C

SaC implements Algorithm 6, but does not yet provide register tiling. The GPU
backend is not able to generate a kernel for all computations. Moreover, the code
does not vectorize on the CPU. That would require a non-scalar fold, which we
cannot implement efficiently.

Flash Attention with APL

The APL code is a fairly direct translation of the FlashAttention algorithm, but
cannot control memory allocation and, therefore, cannot exploit the inner loops
working on shared memory objects. Hence, the implementation is closer to Algo-
rithm 6. Input values are converted to 3-dimensional arrays to facilitate blocking
before entering the main loop. While the other languages can express single pre-
cision floating point computation, existing APL implementations only support
double precision floating points or greater.

Flash Attention with DaCe

For CPU, we use the Python code shown in Fig. 2.11 with auto-optimisation
heuristics. DaCe generates OpenBLAS calls for the matrix multiplications in lines
16 and 25). We explicitly set the number of OpenBLAS threads to one, resulting
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in a very similar implementation to the CPU baseline code. For GPU, we use the
simpler implementation shown in Algorithm 6.

Summary

The Flash Attention performance results for the five languages on both multicore
CPU and GPU are summarised in Table 2.5. We follow the baseline performance
measurement and report compute rate (Gflops).

Table 2.5: FlashAttention compute rate in Gflops (higher is better) for different
N and d.

(d,N) = (64,16384) (d,N) = (64,32768)
CPU CPU

1c s2c GPU g0 g9 GPU
Baseline 78 2000 5700 77 2200 6600
Accelerate 73 96 240 150 400 570
APL 15 — 270 15 — 300
DaCe 72 1700 2100 73 1900 1300
Futhark 40 84 3700 40 84 3700
SaC 26 670 - 26 710 -

(d,N)=(128,8192) (d,N) = (128,16384)

CPU CPU

1c ¢ SPU g0 g GPU
Baseline 81 2200 5400 80 2400 6600
Accelerate 18 48 110 36 180 230
APL 25 — 360 25 — 570
DaCe 88 1600 3000 88 2100 3700
Futhark 3.0 73 4600 2.0 67 4400
SaC 27 610 - 26 700 -

GPU performance All languages implement the less efficient Custom Atten-
tion (Algorithm 6), and hence cannot match the baseline performance. Futhark
and DaCe are the closest, reaching (65 %, 56 %, 85 % and 67 %) and 37 %, 20 %,
55 % and 56 % of the baseline performance on the four datasets respectively. APL
and Accelerate lack locality optimisations, which restricts the percentage of base-
line performance to (4.7 %, 4.5 %, 6.7% and 8.7 %) and (4.1 %, 8.7%, 2.5% and
3.5 %), respectively. Compiler shortcomings prevent a SaC implementation.

Multicore performance DaCe reaches a good fraction of the baseline perfor-
mance 82 %, 85 %, 73 % and 90 %, followed by SaC at 33 %, 32 %, 22 % and 30 %.
Accelerate and Futhark suffer from a lack of locality optimisations, reaching only
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(4.7%, 18%, 2.2% and 7.7%) and (4.1%, 3.8%, 3.3% and 2.8 %) of the base-
line performance. We did not benchmark APL using manual task parallelism for
multicore CPUs, and the implicit multi-threading of the interpreter did not signif-
icantly impact results, so we include only a single result for each CPU result for
APL.

Expression While Custom Attention is elegantly implemented by all languages,
with code that closely matches Algorithm 6, we cannot meaningfully compare
most languages with the baseline because it implements the more efficient Flash
Attention. The exception is DaCe’s Multicore implementation of Flash Attention
(Fig. 2.11) that is very close to the algorithmic specification.

2.8 Benchmarking Summary and Analysis

Measuring the performance of the five languages on such a challenging set of bench-
marks on both a multicore and a GPU exposes their design and implementation
strengths and weaknesses. Broadly speaking, a language delivers good perfor-
mance on a target architecture if it has the right constructs for specifying the
benchmark, paired with the right optimisations to generate efficient code for the
target architecture. Conversely, performance is lacking if the language lacks the
required constructs, optimisations, or, indeed, an implementation for the target
architecture.

We find that functional array languages are expressive: they can represent a
variety of array applications both concisely, and preserving a close relationship to
the high-level specification. Detailed evidence for this claim is provided in the sum-
mary of each benchmark, i.e., in Sections 2.4 to 2.7, and some specific examples
follow. SaC’s MG implementation closely follows the mathematical formulation
presented in Section 2.5 and Algorithm 1. Notably, it defines one two-line generic
stencil kernel (Fig. 2.6) that is instantiated in different contexts (i.e., to perform
the computations denoted by A, P, @, S). In contrast, the CUDA/FORTRAN
baselines specialize each stencil kernel into different code ultimately resulting in
a code base that our benchmark implementation teams found extremely hard to
understand. Futhark builds on SaC’s implementation and demonstrates that the
baseline’s optimisations can be expressed at a high level (i.e., applied to the generic
stencil kernel), as evidenced by the competitive GPU performance. DaCe’s base
N-body implementation consists of about ten lines of Python code, similar to
the five equations describing the problem. In contrast, the baseline consists of
three code versions (one for CPU and two for GPUs) that are optimized in very
different ways, e.g., they utilize different levels of parallelism and different array
layouts (SoA ws. AoS). For Quickhull, Accelerate and Futhark present reason-
ably straightforward manually-flattened implementations that build on their rich
set of second-order array operators and guarantee deterministic-by-construction
parallelism. Ultimately, all arguments related to “elegant expression” are subjec-
tive, and we encourage readers to inspect our code repository and draw their own
conclusions.
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N-body 113 25 76 53 46 61 164 411

MG 137 27 255 151 136 — 4662

Quickhull 254 26 — — 161 203 208 —

FlashAttention 179 21 31 26 90 79 1280 908

Total Codebase 683 99 — — 448 479 1652 5981

7633

Table 2.6: Benchmark sizes in Source Lines of Code (SLOC).

As an approximate measure of code size and development effort we use Source
Lines Of Code (SLOC), a crude but widely accepted measure [204]. SLOC counts
the lines of code omitting blank and comment lines. Table 2.1 compares the
benchmark sizes. The precise numbers must be taken with a grain of salt, as
they do not account for differences in personal style and tooling—for example,
some languages use external tooling for timing and input processing, while others
implement it for each benchmark. The major trends, however, are not obscured
by such issues. A major difference is that the functional array programmer writes
a single program that is compiled for multiple targets, where there are separate
CPU and GPU baselines. Hence the bottom two rows of the table show that at
7638 SLOC the total baseline codebase is much larger, at least 10x than any of the
functional array codebases (683 SLOC). The functional code requires fewer lines of
code than the baselines in every case except for Accelerate Quickhull on CPU. The
functional codebases are at least 2 x smaller than the CPU baseline codebase (683
vs 1652 SLOC) and much smaller, at least 8 x, than the GPU baseline codebase
(683 vs 5981 SLOC). Of the functional languages APL is the most concise (99
SLOC in total), while Accelerate is the most verbose (683 SLOC in total).

Regarding GPU and multicore performance, there are a total of 36 benchmark
instances with a baseline. In 30 % of the instances (11 instances), at least one lan-
guage matches or outperforms the baseline. In 70 % of the instances (25 instances),
at least one language achieves more than 80 % of the baseline performance. In a
further 25% of the instances (9 instances), at least one language achieves more
than 50 % of the baseline performance. In only 6 % of instances (2 instances), no
language achieves more than 50 % of the baseline performance. These instances
are Quickhull solving the Circle and Rectangle datasets on a 32-core CPU, and
the reasons are elaborated in Section 2.6. The key conclusion from these results
1s that they demonstrate that mature functional array languages have the potential
to deliver performance competitive with the best available conventional techniques.

The remainder of the section briefly summarizes and analyses the performance
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of each language on the set of benchmarks and target architectures.

Futhark Summary and Analysis

Futhark’s GPU performance is competitive with the baselines for all benchmarks
other than Flash Attention. That is, Futhark sometimes outperforms the baseline,
and the speedup is always more than 0.97 x the baseline. A key factor for achiev-
ing good performance is the compiler’s ability to exploit nested parallelism at the
application level by mapping it to different levels of the hardware hierarchy. The
key optimisation is incremental flattening (ZF), a multi-version compilation tech-
nique (Section 2.2). For N-body, ZF generates two versions of the code, one that
utilizes only the outermost level of parallelism for small numbers of bodies, and
one that parallelizes both outer and inner levels of parallelism for large numbers
of bodies. For MultiGrid andFlash Attention, ZF generates code versions that
map the innermost level of parallelism to the CUDA thread block level, enabling
reuse from fast memory.> Finally, Quickhull benefits from efficient GPU imple-
mentations of flat-parallel constructs such as scan and reduce-by-index, and Flash
Attention from block-and-register tiling optimisation of batched matrix multiplica-
tions. All benchmarks benefit from fusion [103], which is enabled by IR constructs
that allow, e.g., to also return the mapped part of a map-reduce composition [102],
if this is needed elsewhere.

Futhark’s CPU backend uses a different compilation pipeline that has received
less attention than the GPU. Notably, it lacks locality optimisations, resulting
in abysmal performance for Flash Attention, and it employs a runtime system
that aims to dynamically adjust the levels of parallelism that are mapped to the
hardware, but which introduces significant overhead for N-body and MG.

Accelerate Summary and Analysis

All the Accelerate benchmark programs are straightforward implementations of
the algorithms, without any attempt to tune them for performance. Furthermore,
none of the benchmarks utilise bindings to high-performance libraries like BLAS.
Accelerate’s foreign function interface makes it easy to use such high performance
libraries. The results reveal that Accelerate has a relatively high performance
overhead, although for large computations the overhead is amortized. The Accel-
erate compiler pipeline is currently being completely rewritten. As a consequence,
the back-ends haven’t received major updates for several years. In particular, the
GPU back-end has not been optimized for more modern GPU architectures, and
the effect can be seen in the benchmarks.

SaC Summary and Analysis

SaC’s CPU performance is competitive with the baseline in N-body. For both
Multigrid and Flash Attention the source code of SaC is much closer to the math-

5As such versions may run out of resources (e.g., fast memory) for datasets with a large
innermost parallel dimension, they require multi-version compilation.
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ematical specification than the baseline. This clarity costs a factor 1.2 — 3.9 per-
formance. The key optimisation is with-loop folding, which improves the temporal
locality by composing functions element-wise.

The SaC GPU backend is not as well developed and the benchmark perfor-
mance does not come close to the baseline.

APL Summary and Analysis

APL is by far the most concise language, and the computational core of each
benchmark is implemented using between 10-14 lines of code. The amount of
native data type, functional, and structural flexibility in the APL language exceeds
that of the other languages in this comparison. It also has the richest native set
of primitive operations over its core data structure, the array.

However, both the Dyalog CPU interpreter and Co-dfns GPU compiler lack
the full set of optimisations to extract the maximum performance from these
benchmarks. In both implementations, the primary factor limiting performance
is the inability to eliminate memory access costs associated with intermediate
and temporary variables. For instance, the current runtime requires the use of
double-precision floating points, which harms performance on the Flash Attention
benchmark. Likewise, because the GPU runtime depends on runtime level JIT
compilation provided by external libraries [165], there is some variability and lack
of predictability in the level of fusion and the kind of laziness that will manifest.
This causes some benchmarks to perform worse than strictly necessary for the
given APL code. For the QuickHull benchmark, runtime JIT does not optimize
the implementation of key-based reduction, which must be implemented using
other primitives, since APL does not presently support key-wise reduction. This
greatly increases both the number of kernels and the main memory throughput
required. APL’s dynamic typing makes type inference more difficult, limiting the
ability to statically specialize the output to known data sizes. This requires run-
time verification of some data types, array shapes, and data ranges to implement
the primitives, further increasing overheads.

While it is possible to manually tile or tweak the APL code to encourage
the runtime JIT to produce more optimal code, doing so is unidiomatic. The
benchmarks are expressed as idiomatic APL without such manual optimisation.

The Co-dfns GPU compiler is relatively new, and is the least optimizing com-
piler among those evaluated here. There is very little optimisation of locality
between kernels or between various computations. So when a computation maps
to a specific library function it is performant, but combining unfused primitives
typically requires writing to GPU main memory, limiting performance. Extending
Co-dfns with additional optimisations would permit more efficient kernel genera-
tion and resolve many of these issues.

While the lack of optimisations limits APL performance, the Co-dfns compiler
consistently delivers more than a 10 x performance improvement over the Dyalog
CPU interpreter. This shows that APL is eminently suitable for GPU execution,
and the ease with which it can be translated for the GPU, even without optimi-
sations and specialized compilation pipelines. This is rare, since most languages
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rely on specific compiler optimisations to achieve good GPU performance.

DaCe Summary and Analysis

DaCe’s greatest asset is undoubtedly its extensive optimisation arsenal. The auto-
matic tools frequently lead to acceptable performance, while experimenting with
different parallel schedules and data layouts is often relatively easy. At the same
time experienced users can further improve performance by manually applying
transformation workflows, by editing the graph representation with visual tools,
or even by embedding scheduling decisions in the high-level code. These capa-
bilities can deliver high performance, as shown in N-body, where DaCe matches
the baseline on CPU and surpasses it on GPU by35 % and 23 % on the medium
and large datasets, respectively. However, taking advantage of such tools requires
both a level of expertise and investing some time.

Another of DaCe’s strengths is its Library Node system, which simplifies inte-
gration with optimized libraries like vendor-provided BLAS/LAPACK implemen-
tations. This leads to high performance in benchmarks such as Flash Attention,
where DaCe achieves 80 %-90 % of the baseline’s performance on CPU.

A significant drawback for some algorithms, however, is the lack of support
for recursion. For example the lack of recursion constrains DaCe to an imperative
implementation of MG, and makes the generation of a graph representation a
difficult task in Quickhull.

2.9 Discussion and Conclusion

Functional array languages offer the enticing prospect of the high-level specifica-
tion of correct-by-construction parallel array programs that generate performant
and portable code. Hence, they are attracting research interest, and are emerging
as a class of high-performance parallel languages. This chapter compares the de-
sign, implementation, and performance of five functional array languages, namely
Futhark, Accelerate, SaC, APL, and DaCe, and makes the following research con-
tributions.

We make a systematic comparison of the designs of the five functional array
languages. All of the languages support rectilinear arrays, several support rank
polymorphism, and user-defined element types, but only APL supports jagged
arrays and heterogeneous arrays. All our languages except APL use static types,
most support parametric polymorphism, and only Futhark supports dependent
types. Although most languages offer at least partial determinism, the languages
otherwise offer a wide variety of parallel paradigms: parallelism may be implicit
or explicit, may be nested, and task parallelism may be available alongside the
data parallelism.

We outline the implementation of the five functional array languages, and make
a systematic comparison. There are a variety of implementation techniques: the
Futhark and SaC compilers, the Accelerate DSL, the DaCe framework, and the
APL interpreter and compiler. All implementations target multicore CPUs and
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GPUs, and several languages target other platforms. Although all implementations
fuse computations where appropriate, implementations otherwise support different
sets of optimisations.

We demonstrate the expressiveness of functional array programming using four
challenging benchmarks that represent a range of application domains, parallel
computational models, and exploit different optimisations (Sections 2.4 to 2.7).
The benchmark code is developed iteratively by applying a sequence of optimisa-
tions to an initial correct implementation.

We compare the codebase sizes, and hence approximate the programming ef-
fort, of the benchmarks in the functional array languages and in the OpenMP and
CUDA baselines. We use Source Lines Of Code (SLOC) as a crude but widely
accepted measure [204] (Table 2.1). A major difference is that the functional ar-
ray programmer writes a single program that is compiled for multiple targets,
where there are separate CPU and GPU baselines. Hence the total baseline code-
base (7633 SLOC) is much larger, at least 10x than any of the functional array
codebases (683 SLOC). The functional code requires fewer lines of code than the
baselines in all but one case. The functional codebases are at least 2x smaller than
the CPU baseline codebase and much smaller, at least 8x, than the GPU baseline
codebase. Of the functional languages APL is the most concise, with Accelerate
and SaC being the most verbose.

One reason for their conciseness is that the functional array code omits archi-
tectural aspects like the memory hierarchy and how the algorithm is mapped to
hardware. This enables the development of code without intimate knowledge of the
parallel hardware. It also allows the implementation to generate both multicore
and GPU programs from a single source. Thus, functional array code should be
more easily ported to, and optimized for, new parallel architectures. The challenge
of porting functional array programs to some new hardware, perhaps neuromor-
phic computing, is that of writing a performant implementation, like a compiler
backend, for the new hardware. The evidence for this claim in Sections 2.4 to 2.7
is partial as only a few languages, notably Dace and Futhark, consistently achieve
good performance on both multicore and GPU. We argue that the primary reason
that other languages don’t deliver good performance on both architectures is lan-
guage engineering: the research teams have not yet had the resources to engineer
a well performing implementation.

We summarize and analyze the multicore CPU and GPU performance of the
languages on 39 instances of the four open-source benchmarks [143] to explore
why each language performs well, or poorly, on each benchmark and architecture
(Section 2.8). We find that in 30 % of the instances, at least one language matches
or outperforms the baseline; that in 70 % of the instances at least one language
achieves more than 80 % of the baseline performance; and in 94 % of the instances
at least one language achieves more than 50 % of the baseline performance. In only
6 % of instances, no language achieves more than 50 % of the baseline performance.
These results are impressive considering how new the language implementations
are, and we argue that the results demonstrate that mature functional array lan-
guages have the potential to deliver performance competitive with the best available
conventional techniques. We look forward to seeing the developments in the area
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in the coming years.
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def relaxNAS (n:i64)
(elmAt i32—>i32—>i32—>real)
(ws: [4]real) : *[n][n][n]real =
let computeRo (1i: i64)(jj: i64) : [n]real =
let (i, j) = (i32.i64 ii, i32.i64 jj)
let f (k: i32) =
(elmAt i ((j—1) % n) k +
elmAt i ((j+1) % n) k +
elmAt ((i—1) % n) j k +
elmAt ((i+1) % n) j k
elmAt ((i—1) % n) ((j—1) % n) k +
elmAt ((i—1) % n) ((j+1) % n) k +
elmAt ((i+1) % n) ((j—1) % n) k +
elmAt ((i+1) % n) ((j+1) % n) k
)

let tab n h = map (h<<i32.i64) [0...n—1]
let (uls, u2s) = tab n f
let g uls u2s (k: i32) = #[unsafe]
ws[0] * elmAt i j k
+ ws[1] % (uls[k] +
elmAt i j ((k—1) % n) +

elmAt i j ((k+1) % n))
+ ws[2] % (u2s[k] + uls|( ) % n] +
uls[(k+1) % n])
+ ws[3] x (u2s[(k—=1)%n] + u2s[(k+1)%n])

in tab n g
in map (\i — map (computeRow i) (0...n—1))
(0...n—1)

Figure 2.4: A simplified implementation of the optimized computational kernel of
MG, named relaxNAS, which is made generic by parameterizing it over an index
function (elmAt) rather than a 3D array.
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def getEachElm arr i j k =
#[unsafe] arr[i, j, k]

def get8thElm arr i j k =
if (i%2) + (j%2) + (k%2) = 3
then #[unsafe]
arr[i/2,j/2,k/2]
else 0.0

def Q [n] relaxKer
(zs: [n][n][n]real)
[2xn][2*n][2*n]real =
relaxKer (2xn) (get8thElm zs)
[1, 1/2, 1/4, 1/8]

def A [n] relaxKer
(z: [n][n][n]real)
(r: [n][n][n]real)
[n][n][n]real =
relaxKer n (getEachElm z)
(—8/3, 0, 1/6, 1/12]
|> map2 (map2 (map2 (—))) r

def S [n] relaxKer

(ws: [4]real)
(r: [n][n][n]real)
(z: [n][n][n]real)
[n][n][n]real =
relaxKer n (getEachElm r) ws
|> map2 (map2 (map2 (+))) z

Figure 2.5: The instantiations required to implement the computations
Q(c2f(zs)), r — A(z) and z + S(r) in Algorithm 1. Of note, the actual imple-
mentation uses fast arithmetic for modulo operations. #[unsafe] prevents the
insertion of dynamic bounds checks (which are expensive on GPUs).

double [d:shp] stencil (double[d:shp] x, double[d:wshp] w)
{

return {i —> sum({j — w[j]*x[mod(i+j—wshp/2,shp)]})
| i < shp};

Figure 2.6: A Rank-Polymorphic stencil in SaC. For suitably chosen weights w,
this computes the scaled (higher order) derivative of a discretized function x.
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n0i, n0j, nOk =\
(dace.symbol(s, dtype=dace.int32) for s in \
(’n0i’, 'n0j’, ’n0k’))

@dace . program
def norm2u3_dace(r: dace.float64 [n0i, n0j, nOk], \
dn: dace.int32):
s = dace.reduce(lambda a, b: a + b,
r(l:—1, 1:—1, 1:—1]*r[1:—1, 1:—1, 1:—1],
identity =0.0)
rnmu = dace.reduce(lambda a, b: max(a, b),
numpy.abs(r[1: =1, 1:—1, 1:—1]),
identity =0.0)
rnm2 = numpy.sqrt (s / dn)
return rnm2, rnmu

fast__sdfg = norm2u3_dace.to_sdfg()
auto_optimize (fast_sdfg)

faster_sdfg = norm2u3_dace.to_sdfg()

faster_sdfg.apply_transformations_repeated( \
[MapReduceFusion])

tile__wecers (faster sdfg)

greedy_fuse(faster_sdfg)

Figure 2.7: DaCe Python implementation of norm2u3 and its optimisation.

Algorithm 3 QuickHull Algorithm 4 Divide-And-Conquer Helper

Input: S: a set of n > 2
two-dimensional points

Output: CH: the convex- C = furthest point of S from line PQ
hull set of S (S1,S;) = the points of S on the left-

1: procedure FINDHULL(S, P, Q)

2
3
4:

(A, B) = the leftmost 5: and right-hand side of lines

6
7
8
9

if S # 0 then

and rightmost CP and CQ, respectively
points of S (and not inside APCQ)
S1,2 = points of S above Hull ={C} U

and below line AB : FINDHULL(S;, P, C) U
CH ={A,B} U 10: FINDHULL(S,, C, Q)
FINDHULL(S1, A, B)U 11 else
FINDHULL(S2, A, B) 12: Hull =0

13: return Hull
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Algorithm 5 Standard Self-Attention Algorithm 6 Custom Attention

Input: Q: N x d matrix of query weights. Input: same as Algorithm 5
Input: K: N X d matrix of key weights. Output: same as Algorithm 5
Input: V : N x d matrix of value weights. 1: foralli€0.. N —1byddo

Output: O : N x d attention matrix. 2: Qb = Qiita,

1: S=QxKT” 3: Sb = Qb x KT

2: P = softmaz (S) 4: Pb = softmaxzOnline(Sb)
3: 0=PxV 5: Oiiitq,: = PbxV

Figure 2.8: In the code, K7 denotes the transpose of K and x denotes matrix
multiplication. foralli € 0.. N—1 by d denotes a parallel (map-like) computation
in which 7 starts from 0 and advances with a step of d, i.e., 1 =0,d,2-d,.... Qb
iterates over the d x d slices of Q and the last line of Algorithm 6 computes the
corresponding slice of the result O.

Algorithm 7 Stable Softmax Algorithm 8 Online Softmax
Input: S: M x M input matrix. Output: P: M x M output matrix.
1: forallie 0.. M —1do 1: forallie0.. M —1do
2: 2: m; = —00,l; =0
3: 3: for jje0.. M —-1by T do
4: 4: 5 @ vect[T] = copy(S; jj:ji+T)
5: 5: m;’ = m(é)
6: m; = maz(S; ;) 6: m), = max(m;, m,)
7: D : vect[M] 7: D : vect[T]
8: forall j€0..M —1do 8: forallj€0..7T—-1do
9: ﬁj = GXp(Si’j — ml) 9: ﬁj = exp(§j — m;)
10: 10: Il = exp(m} —ml) - sum(p)
11: l; = sum(p) 11: I, =1+1; - exp(m; —m})
12: forallj€0. M—1do 12: m; = m),
13: Py j = exp(Si; —mi)/li 13 forallj€0. M—1do
14: Pi,j = exp(Siﬁj — ml)/h

Figure 2.9: Algorithm 8 uses the same input and output as Algorithm 7. maz
and sum denote reductions of their vector argument. p : vect[X] declares of a
temporary vector p of length X. for all denotes parallel (map-like) computations
and for jj € 0.. M — 1 by T denotes a sequential computation in which the
loop index jj advances with step T'. Online Softmax is an algorithmic refinement
that reorganizes the computation as a sequence of parallel computations of length
T, where T is a configurable tile size. This significantly reduces the number of
accesses to global memory because vectors § and p now fit in scratchpad memory.
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def mmmiT [m][n][k] (as: [m][k]f32)(bs: [n][k]{32)
[m][n] £32 =
map (\a —> map (\b —> map2 (*) a b |> f32.sum) bs) as
def mmm [m][n][k] (as: [m][k]f32) (bs: [k][n]f32)
m][n]£32 = mmmT as (transpose bs)

]
[

def FlashAttention [d][m](Q: [m

11 £32) (K: [mxd][d]f32)
(V: [mxd

d][d]
1[d]£32) : [m][d][d]f32 =
let mkOneBlock Qi =
let P = mmmil Qi K
|> onlineSoftmax
in mmm P V

in map mkOneBlock Q

Figure 2.10: Custom Attention in Futhark. The implementation of onlineSoftmax
(not shown) corresponds to Algorithm 8
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@dace . program

def flash attention dace(Q: dace.float32 [N, d],
K: dace.float32 [N, d],
V: dace.float32 [N, d],
O: dace.float32 [N, d]):
for ti in dace.map[0:N:Ti]:

m = np. full ([T ], —np.inf, Q.dtype)

1 = np.zeros ([Ti], Q.dtype)

S = np.empty ([Ti, Tj], Q.dtype)

Oi = np.zeros ([Ti, d], Q.dtype)

for tj in range(0, N, Tj):

S[:] =Q[ti:ti+Ti, :] @K[tj:tj+Tj, :].T

max_row = np.max(S, axis=l1)
m new = np.maximum(m, max_Iow)

p_tilde = np.exp(S — m_new|[:, np.newaxis])
sum_row = np.sum(p_tilde, axis=1)
l tmp = 1 % np.exp(m — m_new)
l_new =1 _tmp 4+ sum_row
Oi[:] = (Oi * 1_tmp[:, np.newaxis]
+ p_tilde @ V[tj:tj+Tj, :])
/ 1_new[:, np.newaxis]
m[:] = m_new
1[:] =1 new
O[ti:ti+Ti, :] = Oi

Figure 2.11: DaCe data-centric Python implementation of Flash Attention.
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Chapter 3

Partitioning In-Place on
Massively Parallel
Architectures

3.1 Introduction

Partitioning is a fundamental operation for rearranging data. It takes an array
of elements and a condition, permuting this array so all elements satisfying the
condition are on the left of the array, and all elements that do not satisfy this
criterion are on the right. More formally, for an array X and a predicate pred, we
compute a permutation Y of X and an index m such that pred(Y[i]) for ¢ < m and
—pred(Y[i]) for ¢ > m. It can be used on its own in programs that classify data, but
also as a subroutine in sorting [44] and computational geometry algorithms [172].

As this algorithm mainly moves data, it benefits from hardware that has high
bandwidth. Graphics Processing Units (GPUs) are widely available processors and
have much higher bandwidth than a CPU in the same price and power category,
making them suitable candidates for partition algorithms.

These processors have such high bandwidth in part because the memory is
physically attached to the processor. As a consequence, GPUs have less overall
memory than comparable CPUs. This makes it important to use as little addi-
tional memory as possible, preferably a constant amount. In other words, GPU
algorithms are ideally in-place, i.e., using O(1) auxillary memory.

This chapter proposes an in-place partition algorithm for GPUs that is almost
as fast as state-of-the-art out-of-place algorithms. Overall, we make the following
contributions.

e We describe an in-place parallel algorithm for partitioning that maps well
on GPUs.

o We prove our algorithm has at most 3n+O(1) data movements for any input
of size n, and approximately 2n for random input.

95
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¢ We evaluate our implementation on two GPUs for a range of inputs.

3.2 Background

Graphics Processing Units

A GPU is a specialized processor that emphasizes execution units at the cost of
control logic. To decrease demand on the control logic, the programmer needs to
have groups of threads do the same instruction (SIMT) for optimal performance.
For similar reasons, the threads must access memory in specific patterns to make
full use of the bandwidth. This is called coalesced access.

A GPU has different levels of parallelism that allow for different levels of flex-
ibility. On the lowest and least flexible level are groups of usually 32 threads
(warps) that must be programmed SIMT style. These warps are grouped in thread
blocks that are mapped on hardware units called streaming multiprocessors (SMs),
sharing some fast memory. We map multiple of these groups on one SM so the
SM can hide latency by switching between thread blocks.

Distributed-Memory Computing

If a data structure is too large to fit on one physical machine, it has to be dis-
tributed over a network of processors, each with their own memory. Coordinating
such a network to collaboratively compute some task is called distributed-memory
computing. This is relevant to this chapter as we will look at a GPU as a dis-
tributed system.

Following the notational convention of [27], we write p for the total number of
processors and P(s) for the processor with index 0 < s < p. A division of a large
data structure X into a collection of smaller data structures {X() : 0 < s < p}
and a correspondence between them is called a distribution. The subset X (%) is
local to processor P(s). Figure 3.1 illustrates some examples of distributions. If
X has index set I = {0, -+ ,n — 1}, we define the block-cyclic distribution with
block-size b over p processors as

IO ={(k-p+s)-b+j:0<j<b 0<(k-p+s)-b+j<n}

where X(*) := {X[i] : i € I®}. The block distribution is one extreme of this,

with b = [%—‘ , and the cyclic distribution the other extreme with b = 1. It will be

convenient to use interval notation with global indices: X(®)[a,b) := {XTi] : i €
I®) a<i<b}.

Using a distributed data structure requires data movement between machines
for accessing non-local data. This is an expensive operation, so designing a fast
distributed algorithm often boils down to choosing the distribution in a way that
minimizes data movement.
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Figure 3.1: Three distributions of n elements over p processors. The dotted region
is the subarray X(*) that belongs to P(s). From top to bottom: cyclic, block,
block-cyclic (with block size b).

Computational Model

We use the following mental model: we consider the GPU a distributed computer,
where the processors are GPU thread blocks. Within that model, each processor
is itself a parallel computer that uses the SIMT paradigm.

We model the cost of an algorithm by data movement, more specifically reads
and writes to global memory. The cost of computation and the cost of data
movement in local memory is not significant for algorithms with low algorithmic
complexity.

In contrast to clusters, most GPUs are not partially allocated. For this rea-
son, we consider the number of processors constant, and aim to expose sufficient
concurrency to fully saturate the hardware, rather than maximizing scalability of
the algorithm.

3.3 Partition Algorithm

The main idea behind the algorithm is to minimise overall data movement by
choosing a suitable distribution. The algorithm consists of two phases: a local
partition where each processor P(s) partitions its local data X (%) without coordi-
nating with the other processors, and then a cleanup phase where we correct any
mistakes. Figure 3.2 illustrates the result of the local partition using a block-cyclic
distribution. Each processor permutes its X *) and computes a local split m, such
that X()[0,m,) satisfies pred and X(*)[m,, n) does not. The global split m is
equal to Zi;é | X(®)[0,m,)|. This divides the incorrect points into two sets: a set
L that should be moved to the left, and a set R that should be moved to the right,
or more precisely

L:= U X®[m,m,), R:= U X®mg,m), J:={s:ms>m}.
seJ s¢J

The cleanup phase swaps L and R.

Note here that all processors, i.e., all GPU thread blocks can be executed
independently during the local partition phase, and that a block-cyclic distribution
of input on reasonably distributed input will lead to a reasonably small sets L and
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(a) Local partition of X*), SPMD view from P(s)
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(b) Local partition for four processors, depicted in different colours.

Figure 3.2: Local partition of each subarray X(). The horizontal lines satisfy
pred, while the vertical do not.

R relative to the overall size of the input. The two remaining challenges are to use
individual GPU thread blocks to partition their corresponding local array X (%)
effectively in-place, and to efficiently implement the cleanup phase.

Local Partition

To use all parallelism within a GPU thread block, we in principle want to apply
the state-of-the-art algorithm for GPUs—a scan-based implementation [173]—on
the local subarrays X (%), However, this is not in-place. So instead of running this
algorithm on all of X(®), we cut it into chunks of a fixed size which we process
one after the other. While this limits the available parallelism, it ensures that
the space overhead is independent of the input size, rendering our algorithm an
in-place variant. Since we have limited the physically available parallelism to
individual GPU thread blocks, the limited parallelism does not impede on the
overall performance.

We illustrate this algorithm in Figure 3.3. The key idea is to maintain read
and write pointers for the left and right side of the array, r;, w;, w,., .. At any
time, we maintain the following invariants:

o we have pred(X®)[0,w)),

+ we have = pred(X®)[w,,n)),

o we buffer X [w;,r;) and X®)[r,., w,), and

o the data in X)[r;,r,) is not partitioned yet.

At the start of the algorithm, we initialise w;, r; to the first index of X ) w,,
7, to one past the last index of X(*) and then establish the invariant by buffering
b elements at r;, 7. and advancing these pointers. We then repeatedly read in b
elements either starting at r; or ending at r,, partition it using the scan-based
algorithm, write it back to w;, w,, and update the pointers. The invariants are
maintained if we read at r; when | X [w, r))| > [ X [r,, w,.)|.
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wy I / Ty w
{ { { {

(a) Step 1: load a block into registers from either the left or right side.

= | — -

|| | ] I
T T T “T

w; r [

(b) Step 2: partition, write elements to w;, w., and update pointers.

Figure 3.3: An iteration of the local partition algorithm where we read from the
left.

Cleanup

The most straightforward way of swapping L and R is to split each into p chunks
of roughly equal size and then make each processor swap one of these chunks. The
usual way of partitioning a set Y into p chunks is to take chunksize C = [|Y|/p],
and then give indices [sC,min((s + 1)C,n)) to processor P(s). Unfortunately,
there is no straightforward way to index L and R from 0 to |L|, so we have to do
some work.

We used an index set J := {s : ms > m} to express L and R. We can test
whether s € J by computing w, = |X®)[0,m)| — |X()[0,m,)|. This is negative if
and only if s € J. Furthermore, if s € J, then w, = —| X ) [m, m,)| and if s ¢ J,
then w, = |X®)[m,, m)|. We then partition {w, : 0 < s < p} into negative and
non-negative values, yielding permutation o and a split a such that wy(s) < 0 if
and only if s < a. This permutation lets us to express L and R as

a—1 p—1
I = U X(“(S))[m,mg(s)), R = U X(G(s))[mo(s)’m),

s=0 s=a

We can now define an order on L as follows: let j; be the jth element in
X @) [, Mg(s)), and k; the kth element in X("(t))[m,mo(t)). Then js < ky if
s <tors=tandj < k. The case R is analogous, except we take the jth element
in X(”(S))[mg(s), m) instead of X(@())[m, My (s)). We illustrate this in Figure 3.4.

To determine where sth chunk of L starts, we must find the processor index ¢
and local offset j such that the s-C'th element of L is the jth element of X ) [m, m).
As the index of the first element in X (°(*) (Mo (1), m) is Zi;é |we(i)l, index sC falls
in X@®)[m;, m) whenever

t—1 t
D wep] £ 5C <D wo-
=0 1=0
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X O [mg,m) XM [my,m) X®)[ms,m)

X ) [mg,m) XD [my,m) X®[mgz,m) X ®[my,m)

Figure 3.4: Example of L and R for w = [-9,—4,6,7,3,—5,2], and permutation
o =1[0,1,5,6,4,3,2]. The split o is 3. The patterns divide the arrays in three
chunks. (The actual algorithm would use p = 7 chunks.)

This is equivalent to

’VZ |wa(z)/c-‘ <s< ’VZ wo’(t)|/c-‘ )
1=0 i=0

which can be efficiently computed. The local offset of sC'is then sC — Zf;é [We ()|
The case R is analogous.

Data Movement Analysis

The local partition always reads and writes each element, resulting in 2n data
movement where n is size of X. After the local partition, we have to move only
the incorrect elements in the cleanup phase. Therefore, it suffices to consider the
number of incorrect elements after the local partition to derive bounds on the total
data movement. We derive a worst-case bound in Theorem 1, and a probabilistic
bound in Theorem 2.

Worst-case Input

A GPU has a fixed number of SMs and computational resources per SM, making
the choice of p thread blocks and b threads per block independent of the input.
For this reason, the following theorem states that the local partition can place at
most n/2 + O(1) elements incorrectly.

Theorem 1. After the local partition, at most n/2 + pb elements are placed in-
correctly.

Proof. The crucial idea behind the proof is that |L| = |R|, so we do not have to
bound |L| and |R|, but only min(|L|, |R|). We can express upper bounds for |L]|
and |R| in terms of m and the number of processors that have an excess of elements
to the left. If this bound is increasing in either variable for |L|, it is decreasing for
|R|, and the other way around. This means either upper bound can be large, but
not both of them at the same time, so the bound on min(|L|,|R|) is small.

For s € J, the elements in X (*)[0,m) are placed correctly, and for s ¢ .J, the
elements in X (*)[m,n) are correct. This gives us a lower bound on the correct

elements before m
S IXO0,m)| > |J] - (m - b) .
seJ p
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Hence
R <m —|J|- (m—b) = (1—|J|) -m + |J|b.
p p
Similarly,
n
SO lmm) > 6= 1) i
s¢J
SO

ILl<n—m—(p—|J|)- (";m )=|J|~(n—m)+(p—|JI)b~

p
As |L| = |R|, we have

|L| < min <|Z|~(nm)+(pJ|)b,(1|p{|)-m+|J|b>
< min <|p{| - (n —m), (1 - ]{|> ~m> + min((p — |J])b, | J|b).

Considering |J|/p a variable, the expression |J|/p - (n —m) is an ascending line,
and (1 — |J]/p) - m a descending. So the minimum is the intersection of the two
lines, which gives |J|/p = m/n. Substituting this value obtains upper bound m/n-
(n —m). Using calculus we find this is at most n/4 (for m = n/2). Analogously,
we have min((p — |J|)b, |J|b) < p/2. We conclude |L| < n/4+ pb/2.

Using |L| = |R| we derive the final upper bound on the number of incorrect
elements |L| + |R| = 2|L| < n/2 + pb. O

Random Input

The intuition behind the analysis on random inputs is that the expected value of
the local splits m, will be around index pn, where u is the probability that the
predicate is true. This is also the expected value of the global split m. We can then
use strong tail bounds on P(|Z — E[Z]| > k) for suitable random variables Z. This
is responsible for the en and exponentially decaying probability in Theorem 2. We
then bound the difference between the expected value of my and un, which costs
us the additional summand 2pb. We will need the following lemma to combine
bounds.

Lemma 1. Let Zy,--- , Z; be (not necessarily independent) random variables Q —

R (A )

Proof. By triangle inequality

l

D%

i=1
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so k < ‘Zé:l Z;

{wGQ:

The lemma now follows from subadditivity. O

implies there must be some Z; > k/l. In other words,

l

> Zi(w)

i=1

>k}§0{weQ:|Zi(w)|>];}.

i=1

Theorem 2. For i.i.d. random inputs X[0],--- , X[n—1] or a randomly permuted
input, we have to accept that 2pb elements may be in incorrect position after the
local partition. However, it is extremely unlikely that the fraction € of incorrect
elements is much larger than O(y/p/n). To be more precise, for I the set of
incorrect points:

en
P (|I] > 2pb + en) < 4pexp 5,
P

Example 1. The default values of our algorithm are p = 4096, b = 512. Suppose
we partition an array of 8 GB of doubles, so n = 10°. The bound starts being less
than 100% when we look at more than 1.1% of values being incorrect (e = 0.011).
The probability that more than 1.1% of values are incorrect is at most 87%. The
probability that more than 1.3% are wrong is no more than 1.7%, and the probability
that more than 2% of values are wrong is at most 3 - 10710%.

Proof. The number of incorrect elements is
p—1
1= 3 [IX @ 0,m)] - X 0,m)l|
s=0
We can express these random variables with indicator functions
1 if pred(X;
Vi) =4 L predd)
0 if = pred(X;)

which gives

n—1
m=>"Y, Co=[XD0,m) = > Y
=0

i€I(s)

D, := |X(S)[O,m)\ =b- VZJ +m mod b.
p

For both i.i.d. random input and randomly permuted input, the indicator functions
Y; are i.i.d. Bernoulli random variables.
With this notation, the applications of Lemma 1 give

p—1
P (L] + |R| > 2pb+ en) < Y P(ID, — Cy| > 2b+ en/p). (3.1)
s=0
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Both Cy and m are binomial distributions, with success rate p = E[Y;], which
means we can apply Hoeflding’s inequality on them. To that end, we use ||T (S)| —
n/p| < band |Ds — m/p| < b to obtain upper bound

D= Cul = | (% = 20+ (e = €+ D= 2 B 1
b p p b
< <m—”u)+(lf(s)lu—cs) +b+ pb
p p
< (m_”u> + (19| — Cy)| + 2b.
p p

We conclude that |D; — Cs| > 2b+ en/p implies

(3-2)+ ()

Again by Lemma 1, we have

en
>7
p

P(|Dy — Cy| > 2b+ e~) <P <|m LIS e”) +P <||I(5)|u— Cyl > e”> .
p p P 2p 2p

Both m and Cj are sums of independent random variables, so by Hoeffding’s
inequality, we have

2,2
P (IO —C, DY <9 __cn )

As 2p?|T)| < 2p%(n/p + b) = 2pn + p?b < 2pn + pn = 3pn, we find upper bound

]P’(‘I(S)W—CS > ;Z) < 2exp (—632;) (3.2)
Also by Hoeffding’s inequality, we have
P <|m - Eu| > en> =P <m —np| > len) < 2exp <—1e2n) . (3.3)
p D 2p 2 2
The theorem follows by combining inequalities 3.1, 3.2, and 3.3. O

3.4 Implementation

We implement this algorithm in CUDA, using the CUB library [187]. This library
contains implementations of several building blocks, implemented on the level of
warps, thread blocks, and the entire device. The code [144] and instructions for
reproducing our experiments are available on Zenodo.

We do the scan-based partition on the level of thread blocks. By default, we use
128 threads per block and 4 items per thread, which gives block parameter b = 128-
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4 = 512. These values are C++ template parameters and can be changed by the
user. CUB contains a scan and scatter function, which we use to straightforwardly
build the local partition.

The value for p is also a template parameter. The optimal choice of p would
be the number of SMs multiplied by the number of blocks that can be mapped
to each SM concurrently (the occupancy) if these would be optimally scheduled.
However, our experiments indicated that the scheduling is not always optimal, and
this parameter would have to be changed for each architecture. So long as pb < n,
it does not hurt to take p big. For this reason we have chosen default 4096.

The partition in the cleanup phase is small, so we use the out-of-place imple-
mentation of CUB to compute 0. We also use CUB’s scan function to compute

S [wegy| for t =1, ,p.

3.5 Performance Evaluation

As partitioning has a small amount of work per element, the performance will
be limited by bandwidth. We can evaluate the performance of our algorithm by
comparing the achieved bandwidth with the peak bandwidth the GPU is capable
of. We estimate this peak bandwidth by using one of the STREAM [168] bench-
marks, a collection of simple computations that stresses the memory subsystem of
a computer. To most closely match the structure of a partition, we have chosen
for SCALE. This operation multiplies all elements of an array by a fixed constant
a (we have chosen a = 2).

Methodology

We use a consumer GPU (3070 Ti) and two server GPUs (A30, H100) for our
measurements, with 8 GiB, 24 GiB, 80 GiB of VRAM. We use NVCC versions
12.6.77, 12.6.68, 12.6.20, and CUB versions 1.017.02, 2.005.00, 2.005.00.

The CUDA compiler NVCC generates an intermediate representation which
is compiled to machine code by the driver just before execution. After the first
execution, the compiled machine code can be fetched from an instruction cache.
Furthermore, the clock frequency is not constant. For this reason, we do some
untimed warmup runs before our measurements. We call the partition function in
a loop until 500 GB of data has been moved.

We repeat each of these experiments ten times and report the mean and stan-
dard deviation through error bars.

Discussion

We investigate two variables for each machine and data type: input size, and
input structure. This is graphed in Figure 3.5, where we use a logarithmic scale
on the z-axis with each point a factor two apart. We investigate data types float,
double, and struct { int x; int y; }. We construct an input that gets within pb
of the worst case of Theorem 1 by setting X(®) to pred for even s, and to — pred
for odd s. As we have chosen p even, the local partition will place n/2 elements
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incorrectly. For random input we generate values such that P(pred(X[i])) = 0.5.
We also generate a structured input that is already partitioned, and one that is
reversed partitioned, e.g. partitioned according to —pred. For CUB the results
are within a standard deviation for all input structures, so we only graph one.

We do all our measurements on a range of sizes. Our algorithm uses arrays
of 8 GB, 24 GB, 80 GB respectively, or about 93 % of the available VRAM. CUB
can partition arrays half as large. There is also a maximum of 23! — 1 elements
because CUB uses an int type internally for offsets.
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Figure 3.5: Bandwidth partition algorithms

There are three types of overhead that explain why our algorithm does not
attain the performance of STREAM.

First, the local partition and index arithmetic of block-cyclic arrays increase
the latency between load and stores. This limits the performance of our algorithm
to 89 %-99 % of STREAM on large, non-adversarial arrays. There is no significant
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difference between the reverse partitioned and uniform input structures, indicating
that the local partition placed most points correctly. This agrees with Theorem 2.
CUB also needs to do local partitioning, but does not need index arithmetic,
yielding slightly better performance on float and double: 92 %99 % of STREAM.
For the struct of int the performance drops to as little as 76 % of our performance.
We were unable to pinpoint the exact cause, but believe the more complicated data
type inhibits optimising one of the many C++ abstractions CUB uses.

Second, our algorithm has significant constant overhead. We perform ten kernel
calls as opposed to CUB’s one, and the cleanup phase also has large constants. This
causes a noticeable drop in performance for small arrays, but the performance is
still at least 79 % of STREAM’s for arrays of non-adversarial input. It is interesting
that CUB is slightly faster than STREAM on the 3070 Ti, and that the already
partitioned input is slightly faster than the reverse partitioned input. This suggests
that writing back identical memory is slightly faster for small arrays.

Third, the cleanup phase moves a significant amount of data for adversarial
arrays. We expect the performance for the worst-case input to be roughly linear in
data movement, so this bandwidth should be a fraction 2n/(3n) ~ 0.67 of random
input. This is also observed in practice, where the bandwidth of worst-case input
is 0.63 %—0.67 % of the bandwidth of random input.

3.6 Related and Future Work

The main structure of a local partition and a cleanup phase resembles an algorithm
by Francis et al. [79]. The difference is that we use a block-cyclic distribution
instead of a cyclic distribution, and have a parallel cleanup phase, instead of
partitioning [ming ms, max, ms) sequentially.

The local partition can be seen as the GPU analogue of an AVX-512 partition
algorithm [38]. A thread-block replaces the CPU core, and a scan-based partition
algorithm [32] within that thread block replaces the AVX-512 partition instruction.

Gu et al. use a more abstract model of parallel in-place algorithms [98] based
on the work-span model [215]. This algorithm is work-efficient and makes a trade-
off based on a parameter € between O(n¢log(n)) span and O(n!~¢) auxilary space.
Their implementation targets multicore machines instead of GPUs.

Partitioning is usually not used on its own, so we will mention some motivat-
ing applications. A classification algorithm such as the Support Vector Machine
(SVM) [57] finds a hyperplane separating points in R™. To compute efficiently on
these two sets, it can be useful to partition them in memory, where pred is their
position relative to the hyperplane. The same predicate is used in computational
geometry, where the Quickhull [37] algorithm recursively partitions points based
on their orientation to a hyperplanes. Not all algorithms have fixed predicates.
The sorting algorithm Quicksort [110] can choose any element as pivot.

These applications suggest opportunities for future work. The SVM algorithm
can be extended to multiclass SVM which partitions data in more than two classes.
Similarly, sorting algorithms aim to reduce the number of passes over the input
by partitioning in multiple classes as well. One of these algorithms, IPS4o [12],
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is parallel and in-place. It maps well to CPUs, but to map well to GPUs a
SIMD/SIMT approach to filling the bins is needed.

3.7 Conclusion

We have designed an in-place partition algorithm and implemented it for GPUs.
This algorithm can handle cases that are twice as large as that of the state-of-
the-art CUB implementation. For the cases we expect users to be most interested
in — large, non-adversarial arrays — we obtain 97 %—100 % of CUB'’s performance
and 89 %—99 % of the hardware’s peak. The limitations of our work are small arrays
or arrays with an adversarial structure, where the performance may drop to 53 %.
We have proven a worst-case bound on data movement, and a probabilistic bound
for random input.

We viewed the GPU as a distributed computer by looking at thread blocks as
nodes and threads within a block as SIMD lanes. This allows algorithms from the
literature to be reinterpreted, serving as starting point for this algorithm. It also
simplifies the description and analysis.






Chapter 4

VQhull: a Fast Planar
Quickhull

4.1 Introduction

The convex hull of a set of points is the smallest superset closed under taking
convex combinations, a type of weighted average. The convex hull of a finite set
in 2D is a polygon, which can be described by its vertices. Finding these vertices
and listing them in clockwise order is a fundamental algorithm in computational
geometry. Some problems make use of the convex hull construction directly, while
others use a convex hull algorithm as subroutine. Applications can be found in a
wide range of domains, such as collision detection [227], path planning [171], and
urban planning [131].

There exists a multitude of algorithms for finding the convex hull [92, 125, 70,
196, 42, 4, 10, 53, 37, 48]. An implementation of Quickhull is faster than other
algorithms on most data sets, but relating the runtime performance to the peak
performance of the hardware shows there is still significant room for improvement.
In this chapter we aim to close this gap by providing a novel parallelisation of the
Quickhull algorithm called VQhull.

Obtaining good performance on a multicore machine is a matter of exposing
sufficient parallelism and minimising data movement. VQhull uses parallelism
by both vector instructions and multiple CPU cores. We need to make minor
algorithmic adjustments to make effective use of the memory subsystem.

The ICT sector is currently estimated to account for 2.1 %-3.9% of global
emissions — more than the aviation industry [80]. While performance analyses
usually focus only on runtime, it is clear that reducing the energy consumption of
software is crucial for reducing greenhouse gas emissions of ICT. We describe our
method for measuring energy consumption, using which we evaluate the energy-
efficiency of our approach.

We make the following contributions.

e We present a vectorized algorithm for extracting two disjoint subsets in-
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place. (Section 4.3)

e We implement VQhull with a parallelized subset extraction over multiple
cores in a bandwidth-friendly manner. (Section 4.4)

o We provide an extensive runtime performance and energy consumption anal-
ysis of our approach compared to the state of the art, on three platforms.
(Section 4.5)

4.2 Background

Quickhull Algorithm

The Quickhull algorithm [37] is a widely used technique for finding the convex
hull of a finite point set. It operates similarly to the QuickSort algorithm, as both
apply a divide and conquer approach to recursively partition a set.

Figure 4.1 illustrates the basic idea behind Quickhull—Algorithm 9. If we have
three points p, r, ¢ on the convex hull of P, then the points inside that triangle
are not in the convex hull and can be discarded. The points S; to the left of 17,
and the points S5 to the left of @ may be on the convex hull, and are recursively
inspected.

To find three points on the convex hull, we can start with the leftmost and
rightmost points p and q. We use the degenerate triangle Apgp to bootstrap the
algorithm. The arguments of the recursive function Hull give two points on the
convex hulls of S, S3. To find the third point we use the following observation.
If x, y is on CH(P), then a point z € P with maximum distance to Z{ must also
be on the convex hull.

p
Figure 4.1: An example of the first partitioning step of the Quickhull algorithm.
We can efficiently and accurately tell whether w is to the left of P4 by testing
(pz - Um) : (Qy - uy) > (py - uy) : (Qz - ug,;),
and check whether u is farther than ' from pg by testing

(qy = Py) (U — ) < (o — Pa)(uy — u;)
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Algorithm 9 Quickhull algorithm.

Input: The set of points P C R?.

Output: The vertices H C P of the convex hull in clockwise order.
Let p € P be the leftmost point.

Let ¢ € P be the rightmost point.

Sy :={u € P | u to the left of pg}

r1 = argmax d(u,ﬁ)
u€S,
. Sy :={u € P | u to the right of pj}
6: 19 := argmax d(u, pj)
u€Ss
7 H:= {p} U {q} U HULL(SL b, T1, q) U HULL(527 q, T2, p)

8: function HULL(P, p, r, q)

t

9: if |P| <1 then
10: return P
11: else
12: S1:={u € P | u to the left of pF}
13: r1 := argmax d(u, pf)
u€eSy
14: Sy :={u € P | u to the left of 7}
15: ro 1= argmax d(u, 74)
u€ Sy
16: return {r} U HULL(Sy, p, r1, ) U HULL(Ss, r, 12, q)

The partitioning step is then recursively applied in Algorithm 9 on the remain-
ing subsets S; and Sy. Each call adds the element of its subset with maximum
distance to ﬁ/ to the convex hull.

Performance on Central Processing Units

Implementation-related performance improvement comes mainly from exposing
parallelism and reducing data movement. We review what this looks like on the
hardware we target, a Central Processing Unit (CPU), so we can design the parallel
algorithm with this in mind.

Branch Prediction

A CPU has multiple execution units per core. If there are no dependencies between
instructions, these units can execute instructions in parallel (instruction level par-
allelism), benefiting the performance. To keep a steady flow of instructions, the
CPU will make a guess when encountering a conditional jump—generated by if
statements and loops in high level languages. This is called branch prediction and
improves performance when guessed correctly. If the guess is incorrect, the CPU
must make an expensive recovery.
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Vectorisation

A wector or SIMD instruction is one that operates on multiple primitive types
(such as integers or floating point numbers) at the same time. The number of
elements is called the vector width, and is typically between 2 and 8 elements.

These instructions can be used to do multiple arithmetic operations such
as a[0] = b[0] + c[0]; a[l] = b[l] + ¢[1]; in one instruction, but also data-
movement such as a[0] = flag[0] ? b[0] : c[0]; a[l] = flag[l] ? b[1] : c[1];.
This reduces the number of instructions necessary, and instructions that permute
data can also be used instead of branches.

Data Movement and Multithreading

This parallelism increases the number of computations we can do in a given in-
terval, but that is not the only limiting factor. After all, we also need to load
and store data fast enough. We call applications limited by the number of com-
putations we can do compute-bound, and applications limited by data movement
memory-bound.

Branch prediction and vectorisation happens on each core. Similarly, each core
also has some fast local memory called a cache. These resources scale with using
more cores. The main memory however, shares a common data bus with all cores.
For this reason problems are more likely to become memory-bound when using
more cores.

4.3 Subset Extraction

The main computation of Algorithm 9 is to extract subsets Sy, So from P. This
resembles the partition step in QuickSort, except that we discard more points.
This makes it more like a Dutch National Flag (DNF) problem, where we want
to extract three sets: S1, So, and P\(S; U S3). We can implement this DNF-like
problem more efficiently by exploiting that we do not need to preserve the last
set. We first describe a vectorized algorithm for a single core, and then parallelise
it over multiple cores. Though the algorithm on one core is parallel in its use
of SIMD instructions and out-of-order execution, we follow convention and call it
sequential.

Sequential Extraction

The main idea behind the extraction on a single CPU core is to classify multi-
ple points simultaneously by using vector instructions. These registers can hold
multiple elements, and corresponding instructions can operate on all of them si-
multaneously.

The main instruction used is a compression, vcompresspd, from the Intel AVX-
512 instruction set, illustrated in Figure 4.2. This instruction takes a vector reg-
ister of doubles and an integer whose bits encode which elements in the vector
should be compressed. It then stores these elements contiguously in memory.
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We can emulate vcompresspd on CPUs with different instruction sets [28]. The
compression can be used to extract the subsets from a single vector register. We
can use this instruction twice to extract the elements of S; and Sy from a vector
register.

mask

vector

memory

Figure 4.2: The vcompresspd instruction

To extend the extraction to an entire array, we repeatedly use the compres-
sion instruction while maintaining an invariant illustrated in Figure 4.3. This is
Algorithm 10, which maintains—for d the number of elements per register—that

1. we have P[0,w;) C Sy,
2. we have Plw,, |P|) C Sa,
3. either rj —w; > d or w, — 7. > d,

4. the unclassified points are in P[r;,r,) or buffered.

Algorithm 10 Subset extraction.

Input: A set of n points P C R2.
Output: Pointers w;, w, and a permutation of P such that P[0,w;) = S and
Plw,,|P|) = Ss.

Low =0;r=d;r =|P|—d; w, =|P|;
2: bufl = P[0,d); bufR = P[n — d, n);

3: while r; < r,. do

4: if w; —r; > r. — w, then

5: reg = P[’I"l,’l“l +d)

6: r=r+d

7 else

8: re =7, —d

9: reg = Plry,r, + d)

10: extract S; from reg, write to w;, increase w;

11: extract Sy from reg, decrease w,, write to w,
12: extract S1, So from bufL and bufR

We establish the invariant with step 1 and 2 of Algorithm 10. These buffered
elements can be safely overwritten. Our writes respect assertions 1 and 2. We
read d elements from the side of the array where the distance between read and
write pointer is smallest, ensuring that on that side no points are overwritten.
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Assertion 3 ensures there are no points overwritten on the other side either, which
implies 4. Therefore, we only have to show that assertion 3 holds. For this reason,
we ensure at the initialisation of the algorithm that (r; — w;) + (r, —w;) > 2d.
As we read d elements at each step, and write less than or equal to d elements,
this inequality is maintained. The sum (r; — w;) 4 (r — w;) is at least 2d, so the
minimum min(r; — wy, v — w;) is at least d.

wy 1 Ty W,
! !

‘ S1 ‘ undefined ‘ unclassified ‘ undefined

s |

Figure 4.3: Invariant for extracting the subsets S and Sy from a set of points P.

Parallel Extraction

Extracting S; and S has linear complexity, so it is very likely to be limited by
bandwidth. For this reason, minimizing data movement is the primary design
goal of the parallel algorithm. The algorithm consists of two conceptual steps: a
parallel step where each thread independently works on their local part of P, and
a cleanup step that merges the subsets of each thread.

Parallel step We first divide the points P over all threads. As we would like
to have most points be in the correct position after the partitioning step, each
thread should have points on the left and right side of the array. This makes the
block-cyclic distribution, illustrated in Figure 4.4a suitable. To be more precise,
the block-cyclic distribution over T' threads with block parameter b partitions an
index set [0,n) into T index sets

IO ={(pk+s)b+j|0<j<b, 0<(pk+s)b+j<n}

Thread ¢ can then independently extract the subsets of P®*) := {P; | i € 1"},
Figure 4.4b illustrates the resulting array and write pointers.
The key observation is that for

w™™ = min wf
t

wt ™ = max w)

wtt = mtin wi

max .__ t

= max w,

min max

all points in P[0, w™") are in S7, all points in P[0, w™®*) are in S, and all points

in Plw® w™n) are undefined. This means only the points in Plw™®, w"®) and

PlwM™» wh?*) are potentially incorrect.
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(a) Block-cyclic distribution. Each square represents blocksize b elements, except the last
one that may contain less.
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(b) Result of the parallel step. The horizontal lines indicate S1, the vertical lines Sz, and
the blank space is undefined. The superscript indicates which thread the write pointers
belong to.

[, &

Figure 4.4: Parallel partition step for 3 threads tg, t1, to

Cleanup For random input, or input that is already a convex hull, the write
pointers of different threads will be close to each other. This means only few
points are incorrect, so it is acceptable to classify the points in Plw™®, wmx) U
Plw™in wmax) sequentially. We use the Dutch National Flag algorithm for this
problem. A challenge for this algorithm is that we need to test whether a point
does not belong to S; or Ss. We overwrite points, so the actual values of those
points is undefined. The only way to test this is by finding out to which thread the
point belongs, and then checking whether the index is between the write pointers
of that thread. To make this easier, each thread sets their undefined points to
NaN.

4.4 Implementation

We implement the algorithm using the Highway library [28] for vectorisation, and
OpenMP for multithreading. Our library is available with Fortran and C inter-
faces under a GPLv3 licence [146]. The basic idea is faithful to Algorithm 9 and
the subset extraction, but several small changes are necessary to obtain good per-
formance, which we document here.

Parallelisation We parallelize both the recursion and the subset extraction. We
divide the available threads over the recursive calls in the same ratio as |Sy| : |Sa|.
When we have only one thread left, we switch to the sequential implementation.

Bandwidth considerations To reduce the number of passes over the data, we
compute the farthest points r1, ro in the same pass as the subset extraction.
Writes to and from main memory are done in aligned chunks, typically 64 B,
called cachelines. This has two consequences we need to mitigate. First, false
sharing: two processors cannot write concurrently to the same cacheline, as one
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processor would overwrite the result of the other. This causes an expensive cache-
line invalidation. Second, partial writes to a cacheline still incur the full cost of
writing to an entire cacheline.

To ensure each processor works on a disjoint cacheline, we pick the block size
b equal to a multiple of the cacheline. We also align P to cacheline boundaries by
processing a small number of elements at the start and end of the array that do
not fill an entire cacheline sequentially.

CPUs try to mitigate partial transactions to main memory by accumulating
writes to the same cacheline in a limited number of buffers. Writes to main memory
are delayed as long as possible, so more data can be sent to main memory in a
single transaction over the bus. On some of our test systems these buffers are
overwhelmed because we write in an irregular pattern to four different memory
regions (2- and y-coordinates from both the left and right side), and because we
do many writes of irregular length that may cross cacheline boundaries. To give
the CPU a better chance of combining bus traffic, we first write to small circular
buffers that fit in the first-level data cache. These writes do not cause traffic to
main memory. Once full, we can efficiently empty the buffers to main memory by
using vectorized stores to aligned addresses.

4.5 Performance Evaluation

Comparing performance is only useful against the fastest available algorithm and
implementation. The original authors of Quickhull, the Computational Geometry
Algorithms Library [228], and the Problem Based Benchmark Suite [7] provide im-
plementations of Quickhull, called Qhull, CGAL, PBBS respectively. CGAL also
provides implementations for some of the other algorithms. Preliminary testing on
a laptop (Table 4.1), shows that PBBS’s implementation of Quickhull outperforms
its closest competitor by a factor 2, so that is what we use as baseline.

Implementation Runtime
PBBS 0.31
CGAL Quickhull 0.61
CGAL Akl-Toussaint 0.60
CGAL Bykat 0.73
CGAL Eddy 0.98
Qhull 1.1
CGAL Graham 1.3
CGAL Jarvis 208

Table 4.1: Runtime in seconds for a disk of 107 points, sequential implementation.

The Problem Based Benchmark Suite also describes three datasets which we
use for our evaluation. Each of these consists of 108 points drawn from different
distributions.
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Evaluation Platforms

We evaluate our implementation on three machines. The first, cn125, has powerful
vector instructions, a modest amount of cores and memory, and a simple memory
architecture. The second, cn132, has less powerful vector instructions and needs to
implement the compression instruction in software. It has two CPUs which gives
it more cores and memory bandwidth. One of these CPUs can access the other’s
memory, but at a performance penalty. This is called non-uniform memory access
(NUMA). For this reason, we ensure allocations are equally distributed between
the two CPUs by using numactl ——interleaved all. The third system, laptop has
the same instruction set as cn132, but is a single consumer CPU. This CPU is a
heterogeneous system with performance and efficiency cores, but we only use the
former by running the experiments under numactl —C 0—7.

We summarize the systems in Table 4.2. There can be a significant gap between
the bandwidth the RAM is capable off, and what is achievable in practice. The
STREAM benchmark [168] is a collection of simple functions that can be used to
measure what memory bandwidth is achievable in practice. To most accurately
mirror the access pattern of VQhull, we report the Scale benchmark function,
which reads and writes to the same array.

cnl25 cnl32 laptop
CPU Xeon E-2378 Epyc 7313 (x2) i7-12700H
Cores 8 16 (x2) 8
Vector extension AVX-512 AVX2 AVX2
Base—Boost frequency (GHz) 2.6-4.8 3.0-3.7 2.3-4.7
Theoretic bandwidth (GB/s) 51.2 204.8 76.8
STREAM (GB/s) 41 140 52

Table 4.2: Theoretical and practical capabilities of test systems

The Datasets

The performance of the Quickhull algorithm depends on the input distribution,
so we briefly describe what makes the three datasets of PBBS interesting. This
includes the structure of the recursion, and the number of bytes that must be
moved. We compute the number of bytes as follows. Assuming a double is 8
bytes, this is 8n bytes for finding the left-most and right-most points. At each
recursive call, we have 8(n + |S1| + |S2|) bytes for the partition, and 8|CH(S2)]
bytes to place CH(S7) and C'H(S3) next to each other in memory. This is 5.6 GB,
73 GB, 7.2 GB for Kuzmin, Circle, and Disk respectively.

The first data set is drawn according to a Kuzmin distribution, which we
illustrate in Figure 4.5. We only have one recursive call, and the recursion is very
unbalanced.

The second data set consists of points sampled uniformly from a circle, so
points of the form (cos(f),sin(f)). A true circle is convex, so all its points lie



78 CHAPTER 4. VQHULL: A FAST PLANAR QUICKHULL

p

Figure 4.5: The Kuzmin dataset of 10% points. The first partition only moves r;.
The second partition eliminates all remaining points.

on the convex hull. However, the algorithm finds only 10985400 points (~11%).
This is not a mistake or a problem because a sampled circle locally resembles a
line up to the square root of the unit roundoff, and points on a line can be rejected
from the convex hull. To be more precise, at (cos(6),sin(0)), the tangent line has
equation

cos(f)x + sin(f)y = 1

The distance between (cos(6 + 0),sin(f + ¢)) and this line is
| cos() cos(f + &) + sin(f + &) sin(f) — 1| = cos(5) — 1 = O(6%)

The unit round-off v is 27°3 for double precision, so points on a circle that are
approximately /u ~ 10~ apart, are indistinguishable from a line and even slight
round-off errors create concave points. Regardless, the recursion is deep and bal-
anced.

The last data set consists of points sampled uniformly on a disk, the interior
of a circle. The recursion is also balanced, but because we discard more points the
deeper recursion levels are less expensive compared to Circle.

Metrics

Presenting performance results of an algorithm and its implementation in a mean-
ingful way requires more than the runtime. The runtime alone tells us little about
the quality of the implementation, as we cannot relate it to the capabilities of the
machine. For this reason, we present our results using two statistics.

First—to evaluate how close the wallclock time gets to the hardware’s peak—
we compute the bandwidth, or the amount of data moved divided by time. We
split the z- and y-coordinates into two separate arrays. Assuming 64-bit floating-
point numbers are used, this is 8| P| bytes for finding the left-most and right-most
points. At each recursive call, we have 8(|P| + |S1| 4 |S2|) bytes for the partition,
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and 8|C'H (S2)| bytes to place CH(S1) and CH (S2) next to each other in memory.
This results in 5.6 GB, 73 GB and 7.2 GB for Kuzmin, Circle, and Disk respectively.
Second—we measure the energy consumption in Joules.

Methodology

We use GCC 14.1.1. All experiments are run 10 times, and we plot the standard
deviation with error bars.

In an attempt to generalize the energy consumption results across different
machines, we subtract the ‘idle’ power draw of the system under test from the
observed energy consumption. We define idle power draw as the baseline power
that is required to keep the hardware operational, as well as the power required
for the operating system and additional background tasks. After a five-minute
measurement period, where both systems were fully reserved to ensure that no
other tasks are running, the idle power draw of cnl25 was found to be 3.7W,
and the idle power draw of ¢n132 was found to be 53.0 W for the first of the two
CPUs, and 50.8 W for the second. The difference in power draw between these
two nominally identical CPUs is expected, as silicon quality varies greatly even
between CPUs of the same model [136]. laptop has an idle power draw of 5.4 W.

Intel and AMD both provide hardware counters that track the accumulated en-
ergy consumption of their processors. Although initially based on estimation mod-
els, these interfaces nowadays provide precise energy consumption statistics [134].
Intel CPUs provide these counters since their Sandy Bridge architecture (2011),
whereas AMD started providing them with their Zen architecture (2017). These
counters track the energy consumption of the entire CPU, including the uncore and
DRAM controller. Although ideally we would also measure the energy consump-
tion of the memory bus and the DRAM itself, these capabilities are not available
to us.

Differences with PBBS

The PBBS implementation partitions an array of indices, instead of the points
themselves. Their parallelisation strategy is to spawn threads on the recursive call
until a base case of 400 points is reached. The points 71, 9 are found in a separate
pass.

The partition algorithm applies Hoare’s algorithm [110] sequentially, and is
scan-based [32] in parallel. Because of this, runtime speedup and energy-efficiency
improvements of PBBS are much greater when comparing the parallel case against
the sequential case than for VQhull, which applies the same approach in both the
sequential and parallel case.

Finally, VQhull uses separate arrays for - and y-coordinates, whereas PBBS
uses a single array of data type:

struct {
double x;
double y;

}s
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Computational Performance Analysis

Branching For the Kuzmin dataset almost all points belong in either S7 or in
S9, so the branches of Hoare’s partition algorithm are easy to predict. VQhull on
the other hand only has one difficult branch every 4 or 8 elements. This is reflected
in Figure 4.7, where the sequential PBBS implementations differs as much as a
factor 6 between different inputs, while VQhull differs by at most 20 %.

Vectorisation Even if branch misprediction and memory bandwidth are not
an issue, so for sequential Kuzmin, the VQhull implementation is still 1.5 x—3.2 x
faster than the PBBS implementation, as SIMD instructions can compute the tests
4or 8points at a time. We do not get a speedup this large as the compression
instruction is not 4 x-8 x faster than the non-vectorized counterpart, and because
some SIMD instructions can be used within a single test as well.
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Figure 4.6: VQhull and PBBS runtime in seconds.

Memory Subsystem Analysis

The weaker parallel performance of PBBS can be explained by the actual amount
of traffic over the bus being higher than the minimum amount we use for our
calculations. Finding r; and r5 each take an additional extra pass over the data,
which explains why VQhull is faster. As the points are not permuted, only part of
the cacheline is used effectively at deeper recursion levels of Disk and Circle. This
explains why they get lower bandwidth than Kuzmin for PBBS.

For VQhull we obtain 98 %100 % of STREAM’s bandwidth for Kuzmin on
non-NUMA systems, and 85 %—90% for Disk. Disk’s performance may be lower
because it is unpredictable from which side of the array we read, making prefetch-
ing less effective. For Circle, we exceed the RAM’s bandwidth because significant
work is done on subsets fitting in cache.

On ¢nl132, a dual socket system with a NUMA architecture, we only obtain
66 %-80 % of STREAM. Profiling shows the first subset extraction is done at
100 % of STREAM, but deeper recursions are significantly slower. This can be
explained by suboptimal locality of threads spawned in recursive calls, which we
do not control.
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Figure 4.7: VQhull and PBBS bandwidth in GB/s.

Energy Consumption Analysis

Usually, going from the sequential implementation to the corresponding parallel
implementation decreases the total energy consumption. At first sight this seems
counter-intuitive, as in the end the same amount of work is being done by both
implementations, albeit with the work being distributed over multiple threads in
the parallel case. If anything, one might expect the additional energy overhead re-
lated to scheduling to result in an increase in energy consumption. However, CPUs
typically run at a higher frequency for single-threaded workloads than for parallel
workloads. Because power draw is roughly proportional to cubic frequency [135],
this explains why parallelizing a workload, and consequently computing at a lower
frequency, can decrease total energy consumption.

The only two exceptions to this observation occur on ¢nl25, for the Disk and
Kuzmin datasets. For these two cases, even though the runtime decreases going
from sequential VQhull to the parallel implementation, the energy consumption
slightly increases. This highlights a case where an increase in energy consumption,
due to increased complexity of the implementation, as well as additional operating
system overhead, is not overcome by hardware efficiency improvements resulting
from a parallelized approach.

Furthermore, we see that even within a single implementation, a decrease in
runtime does not correlate to a decrease in energy consumption. Although se-
quential PBBS is faster on ¢nl132 than on cnl25 for every dataset, it conversely
consumes more energy. Compared to laptop, this is only the case for the Kuzmin
dataset. Whereas for Circle and Disk, laptop is both faster and more energy-
efficient. This highlights that observing runtime performance alone does not give
the whole picture. And that selecting the optimal implementation of an algorithm
is highly context-dependent, depending not only on the implementation itself but
also on the hardware.

Finally, our experiments show that optimizing an implementation has gains
beyond improving runtime performance. Although parallel PBBS on average has
a shorter runtime than VQhull, in all but one case sequential VQhull results in sig-
nificantly lower energy consumption. This observation shows that decreasing the
overall amount of branch-misses and computational work, as well as making more
effective use of the available hardware and instruction set, allows for substantial
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gains in energy-efficiency, even when runtime speedups are minimal.
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Figure 4.8: VQhull and PBBS energy consumption in Joules.

4.6 Related and Future Work

Finding planar convex hulls is a well-studied problem, there exist at least ten
algorithms for solving it [92, 125, 70, 196, 42, 4, 10, 53, 37, 48]. Putting our work
in context also suggests several opportunities for future work.

The sequential subset extraction is a straightforward adaptation of the vector-
ized partition algorithm used in QuickSort [38].

Our analysis shows the implementation VQhull is limited by bandwidth, and
that it gets close to the theoretic maximum any implementation of Quickhull can
obtain. For this reason, significant speedups can only be obtained by implementing
an algorithm with less data movement than Quickhull. With this in mind, the Akl-
Toussaint heuristic [4] would be an interesting opportunity for future work. In the
case of Disk, this heuristic lets us identify pq, - - - , pg of Figure 4.9 in one pass. This
octagon has area 21/2, which is approximately 90 % of the disk, and these points
can be eliminated. Points w satisfy orient(p;, u, pi+1mods) > 0 for precisely one 4
if they are between the circle and line segment p;p; 1 mods, or none if u is inside
the octagon. If we can partition the input into these eight areas in one pass as
well, we need only 1.6 + 1.6 +0.16 = 3.36 GB to eliminate 90 % of points. VQhull
gets to the same points in 3levels of recursion, which takes 6.5 GB. So a better
algorithm can cut the required bandwidth almost in half.

There is some work on computing convex hulls on Graphic Processor Units
(GPUs) [224]. They report a 16x speedup compared to Qhull, which is not com-
petitive with VQhull. However, single-threaded performance has not increased
nearly at the rate of GPU performance, so this may have changed. Their imple-
mentation is not publicly available.

4.7 Conclusion

We present VQhull, a parallel algorithm for Quickhull Our implementation shows
an improvement of up to 16 x compared to the state-of-the-art sequential im-
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Figure 4.9: Points py, - - - , pg can be found by minimum / maximum z-coordinates,

y-coordinates, differences / sums of z and y coordinates. Points within this octagon
are not in the convex hull.

plementation. By focussing on the memory subsystem instead of computational
parallelism, also the multithreaded implementation shows an improvement of up
to 11 x improvement over the state-of-the-art parallel implementation.

Our implementations achieve 66 %—100 % of the architecture’s peak bandwidth,
showing the potential for further improvements is 0 %50 %. VQhull does best on
systems with a single CPU, and an instruction set that supports a compression
instruction. A system with multiple CPUs and a non-uniform memory architec-
ture shows significant performance degradation for nested OpenMP parallelism,
providing an opportunity for future work.

This algorithm also serves as a case study on engineering algorithms for energy-
efficiency. We show that parallelizing programs is beneficial to energy-efficiency,
resulting from a decrease in clock frequency. Energy savings on specific archi-
tectures are mostly in line with runtime improvements, but even when runtime
savings are minimal, a well-thought-out implementation can still result in signifi-
cant energy savings.
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Chapter 5

Shray: An Owner-Compute
Distributed Shared-Memory
System

5.1 Introduction

Orchestrating parallel programs for clusters of computers is known to be a chal-
lenging task. This is despite clusters being relatively simple on a hardware level:
we essentially have a collection of computers that can send data between two com-
puters. The difficulty is that the hardware does not reflect our computations very
well.

Many approaches towards closing this gap have been developed. These ap-
proaches range from programs mirroring the hardware closely, making all data
placement and all communication explicit, to approaches that hide the hardware
behind a virtual shared-memory machine, where all decisions about data place-
ment and communication are hidden from the programmer. MPI (Message Passing
Interface) is one of the best known examples of the former, whereas Distributed
Shared Memory Systems (DSMs) aim at the latter.

In practice, a hybrid approach named PGAS (for partitioned global address
spaces) [63] has gained a lot of traction as it seems to strike a good balance between
programmability of DSM systems, and efficiency of explicit approaches. PGAS
introduces the notion of ownership of partitions of data by individual compute
nodes. Reads and writes to locally owned memory can be done without any
communication whereas reads and writes to remote parts require communication
which is issued and orchestrated by compilers and run-time systems.

Within the many PGAS-based systems, we see a wide range on how explicit
the notion of the data distribution is. Some systems require the programmer to
explicitly distinguish between local and non-local reads and writes, other systems
allow users to shift this distinction into the compilation process or even the run-
time system. In particular the latter typically gives rise to rather sophisticated
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implementations (typically tens of thousands of lines of code) in order to achieve
good levels of parallel performance.

In this chapter, we propose a different point in the design space. It is based
on the following observation: in scientific computing there are many parts of algo-
rithms that we can make efficient without intricate control over the hardware. For
example point-wise operations and low-dimensional stencils are easy to adapt to
a distributed system. For these parts of the algorithm, a DSM-like approach will
give us easy to maintain and debug code, at no performance cost. For other algo-
rithms, it is vital to have exact control over communication and synchronisation,
which we do not have in DSM or PGAS systems.

Instead of picking one level of abstraction, we embed a high-level DSM system
inside a low-level system. The programmer can then choose for each data-structure
what approach is most appropriate. No longer needing to support all programming
patterns, we consider possible restrictions, provided they allow for simplicity in
the specification of most parallel algorithms, while enabling a leaner and possibly
more performant implementation of the runtime system. To this end, we propose
a new form of DSM, named owner-compute DSM or oc-DSM for short. Similar
to PGAS, the key idea is to introduce a notion of ownership of data. However,
there is no need to consider ownership when it comes to reading data. On reads,
oc-DSM behaves like pure DSM systems. When it comes to writes, we impose
a strict restriction: each node can only write to data it owns. Write operations
anywhere else lead to undetermined behaviour.

The motivation of this approach is mainly based on three observations: Firstly,
the restriction to owner-compute enables consistency of our DSM through syn-
chronisations only, without requiring any sophisticated data exchanges between
nodes. This alleviates many performance and scalability problems of classical
DSM systems. Secondly, many parallel applications are or at least can be struc-
tured around systematic computations of new values while read accesses tend to
be more irregular. This should render the owner-compute rule a minor restriction,
be it for a manual use of oc-DSM or for a use as target of code generators from
higher-level languages. Finally, uniform global reads can be achieved by lever-
aging the hardware-capability of the memory management unit (MMU). Using
MMU features jointly with a communication layer such as GASNet allows for an
implementation of the locality-check on data as well as all necessary communica-
tion without any user code other than a normal selection at all. We allow this
oc-DSM to operate on a per-array basis, and integrate it with our explicit host
system.

This chapter makes the following contributions:

e It introduces the oc-DSM model that is simple to use and understand, both
by a programmer and by code generators.

o It sketches an implementation of oc-DSM in the form of a C library named
Shray (for Shared Arrays) of as little as 800 lines of code. It builds on the
mmap system interface for controlling the MMU behaviour and on GASNet
as communication conduit.
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¢ We demonstrate how the oc-DSM model enables the seamless use of many
external libraries and tools, even if these are totally unaware of the dis-
tributed memory context they are to be used in. This includes the use of
OpenMP for generating an additional level of local parallelisations.

o By implementing Shray as a library, it can be used alongside the host system
for parts of the application not suitable for array programming.

e Finally, we provide an initial performance evaluation, comparing Shray-
performance with several state of the art PGAS tools.

In Section 5.2 we describe the core design principles of oc-DSM. Then, in
Section 5.3 we explain some key ideas behind our implementation Shray.

In Section 5.4 we show that in several example applications parallel formu-
lations in C using the Shray-interface are surprisingly close to their sequential
counterparts when comparing them with their counterparts in PGAS languages
such as Global Arrays [185], Chapel [43] and UPC [86].

Finally, we also present some performance comparisons on a small cluster in
Section 5.5, looking at some initial indications of the performance potential of the
proposed approach. They show that a level of performance can be achieved, that
is competitive and in some cases even superior to that of the PGAS counterparts.

5.2 Design Principles of Oc-DSM

64-bit architectures can operate on a virtual address space of 264 = 16 Exa-Byte
which even today is more than the total amount of memory available in the largest
supercomputers (9.2%2% bytes for Frontier [188]). ! Although individual machines
typically have much less physical memory attached to them, the MMUs of cluster
nodes enables operating systems to freely map memory regions of the huge virtual
address space to the smaller physically available memory. This hardware capability
enables allocations of virtual memory without the necessity to map all of it to
physical memory. If the software tries to access non-physically-allocated portions,
an exception (SEGFAULT) is being raised by the MMU which subsequently can
be dealt with in software.

Like in classical DSMs, one key idea of oc-DSM is to leverage this readily
available mechanism for a simple yet effective implementation: we allocate shared
data-structures on all participating cluster nodes in their full size in virtual mem-
ory. Building on the idea of partitioned data in an SPMD-style program, we divide
the total allocated memory up into as many blocks as we have participating cluster
nodes. Each of the nodes then attaches physical memory to the block of memory
that it “owns”.

Since we allocate distributed data fully in virtual memory, from the software
perspective, all elements, including those that are located in physically remote
memory, can be accessed by any of the CPUs by performing a normal read oper-
ation. If a read into a locally not available address range occurs, a SEGFAULT

Hntel’s X-86 architecture only supports 248 bytes which still equates 256 TB.
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is issued by the MMU which can be used to fetch remote data, and put it into
physical memory that is attached to the corresponding portion of virtual memory.
Any subsequent reads into such fetched-from-remote data will come without any
further overhead.

A second key design decision of oc-DSM is the owner-compute rule. We demand
all write operations to be restricted to the local portion of any distributed data
structure. That way, we can obtain consistency without the need to exchange any
data between nodes. All we need to do is to invalidate any possibly fetched remote
data that has been updated in a write-phase to a shared data structure. We can
identify the end of such write-phases through explicit synchronisations.

These two design principles allow for rather straight-forward implementations;
mainly providing a new version of malloc for allocating distributed data structures
and a signal-handler that handles SEGFAULTS whenever a program tries to access
remote data. This DSM implementation is done purely in user-space software, and
no explicit communication needs to be inserted in executed code. This is especially
useful when working with external libraries or code generators.

The key challenges in such an implementation are memory scalability and
multi-threading. Memory scalability here relates to the observation that when the
number of participating nodes increases, we risk running out of physical memory
on individual nodes when reading from too many other nodes. Consequently, we
need to handle physical memory like a cache and put some eviction policy in place
which frees up memory that is not “owned” and deemed to be no longer needed.

Multi-threading also requires additional attention as this can lead to several
concurrent reads into the same non-local memory. In such situations, we need to
avoid multiple loads of the same pages and we also need to make sure we never
read from pages that are not yet fully initialised.

5.3 Shray, an Implementation of Oc-DSM

We have created a free open-source implementation of oc-DSM named Shray [216],
which stands for Shared Arrays, emphasising its primary intended use for large
distributed array-like data-structures.

The Programming Interface of Shray

The key challenge in the design of the application programming interface of Shray
is to find a way to create an abstraction that makes it easy for programmers to
adhere to the owner-compute restriction without being required to perform major
program refactoring when trying to parallelise an existing sequential algorithm.
We use a trivial example to expose our key idea: In Listing 5.1 we show a C
program that allocates an array and then adds one to every value. For the sake
of the example, we assume that the array is two dimensional and that the actual
value-modifying code in arr_inc is structured accordingly, i.e., as two nested for-
loops.
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If we were to parallelise such a code manually, we would aim to schedule the
computation by distributing the outer loop across the nodes as this creates good
spatial locality and coarse granularity of tasks. This observation shows that we
can easily adhere to the owner-compute rule if we make sure that our partitioning
does have a granularity of multiples of the size of our rows, n elements in the
example. If we ensure the partitioning happens between rows, this code can be
parallelised by restricting the outer for-loop to those rows that are local to any
given node, and by running the entire code in SPMD fashion.

void arr_inc(size_t m, size_t n, double (xx)[n]) {
for (size_t i = 0; i <m; i++) {
for (size_t j = 0; j < mn; j++) {
} x[E][J]++;

}

int main(int argc, char sxargv) {

double (*x)[n] = malloc(m * n * sizeof(double));
. arr_inc(m, n, x);
free(x);

}

Listing 5.1: Sequentially incrementing a 2d array

This simple insight guides the design of the interface of Shray, whose key func-
tions are shown in Listing 5.2.

/* initialise Shray x/

void ShraylInit(int xargc, char ssxargv)

/#* allocate a distributed array =/
void xShrayMalloc(size_t firstDimension , size_t totalSize)

/* deallocate a distributed array =/
void ShrayFree(void xarray);

/% request first owned index x/
size__t ShrayStart(void xarray)

/* request upper bound (exzclusive)
* for owned indices */

size_t ShrayEnd(void xarray)

/* perform a global synchronisation x*/
void ShraySync(void xarray, ...)

/#* finalise the use of Shray =/
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void ShrayFinalize (int exit_code)

Listing 5.2: Shray API

We can see that besides some initialisation and finalisation code in ShrayInit and
ShrayFinalize, the main interface functions are a shared allocation and deallocation
ShrayMalloc and ShrayFree, as well as the three functions ShrayStart, ShrayEnd,
and ShraySync. To accommodate our need to express a minimum granularity, we
provide an additional parameter firstDimension to ShrayMalloc. It specifies how
many chunks the array is to be distributed over. For our running example, we can
simply use the number of rows m.

Once a distributed array has been allocated, we can query Shray as to which
rows (or hyperplanes for
higher-dimensional arrays) are owned by the current node. This happens through
the functions ShrayStart and
ShrayEnd. Finally, we have to synchronise whenever we finish writing into an
array to make sure that we establish consistency for the given array. Applying
this technique to our running example leads to the code in Listing 5.3.

void arr_inc(size_t m, size_t n, double (xx)[n]) {
for (size t i = ShrayStart(x); i < ShrayEnd(x); i++) {
for (size_t j = 0; j < mn; j++) {
x[E] 3]+
}
}

ShraySync(x);

}

int main(int argc, char sxargv) {
ShraylInit(&arge, &argv);
double (*x)[n] = ShrayMalloc(m, m * n * sizeof(double));
. arr_inc(m, n, x);
ShrayFree (x);
ShrayFinalize (0);

Listing 5.3: Incrementing a 2d array with Shray

Note here that the synchronisation is specific to the array in question. It formally
guarantees that all nodes have finished writing their share of that array. That way
read-operations into remotely located parts of a shared array can be guaranteed
to return the values written before the last ShraySync, and write operations can
be guaranteed not to overwrite data that is still needed by some remote node.
Another aspect to notice here is that we do not make any assumptions about the
number of participating nodes. All this is hidden inside of Shray allowing for runs
on different node configurations without any recompilation or code adaptation.
The use of ShrayStart and ShrayEnd implicitly takes this aspect into account.
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Figure 5.1: Distribution of an array of doubles over two nodes, depicted in yellow
and blue. On the left-hand side we show the rows, on the right-hand side the
pages. As the middle page contains rows from both nodes, it is shared.

The Implementation of Shray

MMUs handle memory in indivisible chunks of memory referred-to as pages. These
are typically 4 KiB large but can differ from system to system. Any memory pro-
tection and consequently any SEGFAULT can only be issued at that granularity.
This is at odds with the liberty of Shray to declare arbitrarily sized granularities
for the address space partitioning, which potentially may not be a divisor of a
given page size. To deal with this issue, Shray under the hood has a notion of
pages that have a shared ownership. Such shared pages can only occur at the
boundary between two (or more) nodes. We visualize this in Figure 5.1. Both
nodes own part of the middle page, so they will not SEGFAULT even on parts of
the page they do not own.

If a distributed array has co-owned pages then any synchronisation through
ShraySync requires an exchange of updated data between the two nodes that own
such a shared page. Fortunately, this requires only a maximum of two one-page
communications for each node, irrespective of the overall size of the cluster. It also
requires an invalidation of non-owned memory, but this is practically a constant-
time operation.

Dealing with memory scalability is needed to ensure that individual nodes do
not run out of physical memory beyond the operating systems ability to perform
swapping or, preferably, to not engage with swapping at all. In Shray, we enable
the programmer to restrict the amount of physical memory that Shray is allowed
to allocate per shared array on a given node. This limit enforces Shray to dis-
card memory that has been fetched earlier when too many remote reads occur.
The data structures necessary to keep track of this are presented with a concrete
example in Figure 5.2. We use two core data structures per distributed array.
We keep a bitmap PageFetched where each bit keeps track of whether we have
a page locally or not. This is necessary to check whether another thread is al-
ready fetching a page. At first glance this may not seem memory-scalable, but
we abuse the fact that mmap is a lazy allocator to make sure unset bits are not
actually stored. To keep track of the order in which pages have been fetched,
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Figure 5.2: Data structures to track information about a distributed array, from
the perspective of the blue node where page 0 and page 2 have been fetched from
the yellow node and stored in the cache.

we have a FIFO queue implemented as a ringbuffer. The current implementation
discards individual memory pages in a FIFO manner, effectively implementing a
cache. Consequently, the size of the ringbuffer controls the total amount of phys-
ical memory that can be used for any given array. We choose this size to be a
multiple of the locally owned memory portion and allow the user to control this
factor through an environment variable named SHRAY_CACHEFACTOR which
defaults to one.

Depending on the access pattern this can lead to higher-than-expected access
times to remote data that has been accessed earlier but whose page has been
discarded in the meantime. Fortunately, this form of run-time penalty for lacking
spatial and temporal locality is well-known from the behaviour of hardware caches.
Consequently, many algorithms employ techniques such as blocking to improve
locality.

Likewise, many compiler optimisation techniques such as loop interchange [5],
loop skewing [244], data reordering, etc. improve the locality of memory accesses
further. All these techniques immediately benefit the effectiveness of Shray as well.

An unexpected challenge of this approach is that most mmap implementations
have an upper limit on the number of virtual memory mappings. To avoid reaching
this limit, for example by fragmentation due to multiple non-consecutive mappings,
we introduce a customisable internal notion of page size within Shray, which can
be set to a fixed multiple of the system’s page size. This can be configured through
an environment variable SHRAY CACHELINE.
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Multithreading Interoperability

Shray is fully thread-safe and can be combined with OpenMP and pthreads as long
as the owner-computes principle is observed. In the context of virtual memory and
the MMU, thread-safety poses some challenges. There are two main issues, namely
ensuring that we do not read garbage values due to modified page permissions and
ensuring we do not fetch the same page multiple times.

For the former, when a SEGFAULT occurs Shray must mark the specific page
as writeable before being able to copy remote data. However, on some architectures
like x86 a writeable page is automatically readable as well. This introduces a race
condition where thread one triggers a SEFGFAULT and while copying the data,
thread two reads from the same page. To avoid this problem, we copy remote data
to a shadow page first, leaving the original page attributes intact. Once copying
is finished we then remap from the shadow array to the original address.

Thread 0 Thread 1
PF-bitmap
Lo [ -] |
CacheRegistry
(polP2| [ [ |
Segfault in P1
Lock PF and CR Segfault in P1
Update PF and CR Spin on lock
PF-bitmap
BN
CacheRegistry
| po | P2 P1 | | |
Release lock Lock PF and CR
Fetch P1 into fresh memory Release lock
Return and try again
mremap memory into array
Time Time

Figure 5.3: Handling of SEGFAULT in a multi-threaded context. Both threads
access an address in page 1 which has not been fetched. Thread 0 triggers the
fetch, Thread 1 tries again until the data is present.

To avoid multiple remote fetches of the same page, we use the PageFetched
structure which, jointly with the cache registry, is manipulated within a critical
section. As shown in Figure 5.3, within this section we check if we have already
fetched the page, and if not, we trigger the remote load using a shadow page.
We use a spinlock to guard the critical section. Other types of locks, such as a
standard pthread mutex, can not be used as they are not safe to use inside a signal
handler.



96 CHAPTER 5. SHRAY

5.4 Programmability Comparison

We compare the ease of implementation of Shray with other PGAS languages by
looking at possible ways to parallelise matrix multiplication.

One of the key driving factors in the design of oc-DSM is to use normal
selections for all reads, local and remote. This does not only help in developing
parallel versions of existing sequential implementations, but it also enables a direct
utilisation of pre-existing libraries. As an example, consider a matrix multiply
implemented through the BLAS [30] routine DGEMM as shown in Listing 5.4.
The function multiplies two square matrices of size n x n and stores the result in C'.

The first three arguments n to the call of cblas_dgemm define the number of
rows of A and C, the number of rows of B (which is the number of columns of A)
and the number of columns in C. The other occurrences of n as argument denote
the row lengths of the array arguments which they follow.

void matmul(double *A, double B, double *C, size t n) {
cblas__ dgemm (CblasRowMajor, CblasNoTrans, CblasNoTrans,

n7
n, n, 1.0, A, n, B, n, 0.0,
C, n);

Listing 5.4: Wrapper around DGEMM

All that is needed to run this in parallel using Shray, is to allocate the arrays
through the Shray-layer using the row-length n as granularity, and to change the
arguments to cblas__dgemm. Each node calculates the local part of C using the
local part of A only. This means we have to adjust the addresses of A and C
as well as the first parameter n that we pass in, resulting in the code shown in
Listing 5.5.

void matmul(double *A, double *B, double %C, size_ t n) {

cblas__dgemm ( CblasRowMajor, CblasNoTrans, CblasNoTrans,
ShrayEnd (A) — ShrayStart(A),

n, n, 1.0, A+ (ShrayStart(A)

* 1)
n, 0.0, C+ (ShrayStart(C) * n), n

) ;
Listing 5.5: Parallelising DGEMM with Shray

As we can see, we can conveniently obtain the start and end indices from Shray
using calls to the functions ShrayStart and ShrayEnd, respectively. Some basic
address arithmetic then enables us to restrict the computation to the local section
of C.

Performing the same modification is not as trivial in other languages and li-
braries such as UPC, Chapel and Global Arrays. None can call DGEMM directly
on distributed arrays, so we need to copy out the arrays to non-distributed mem-
ory. Doing this naively would necessitate creating a local buffer the size of B



5.4. PROGRAMMABILITY COMPARISON 97

and explicitly fetch the remote data. Such a solution is not memory scalable. To
avoid this problem we must undergo a non-trivial modification of the algorithm.
One possible approach is to use a blocked algorithm based on the following way
of writing matrix multiplication.

Ao - Aop— By Z?:_ol A By

. p—1
AO,p—l Ap—l,p—l Bp—l leo Ap—l,lBl

We evaluate the sum Zf;ol A; 1 B; one term at a time, copying out only B;
from shared memory to local memory. The UPC implementation of this is given
in Listing 5.6.

First we allocate a buffer large enough to hold B;. We then introduce a loop
over all processing elements where in each iteration we fetch B; and store it into
the local buffer. With this we can call DGEMM on the submatrix.

Chapel is a higher-level language, having constructs such as localSubdomain in
order to specify local parts of distributed arrays. It also does not use the SPMD
paradigm, meaning we need to explicitly specify what to do in a distributed man-
ner with coforall (but no if (myRank == 0) type construct common in SPMD
programs).

void matmul(double %A, shared double xB,
double *C, size_t n) {
int p = THREADS;
double xBl = malloc(n / p * n * sizeof(double));
for (int 1 = 0; 1 < p; t++) {
upc_memget (Bl, &B[l], n / p * n * sizeof(double));
cblas__ dgemm (CblasRowMajor, CblasNoTrans, CblasNoTrans,
n/p,n, n/p, 1.0,
&A[1 * n / p], n, Bl, n, 1.0,
C, n);

free (Bl);

Listing 5.6: Parallelising DGEMM with UPC

const Space = {1..n, 1..n};
const BlockSpace = Space dmapped Block (boundingBox=Space,
targetLocales=MyLocales);
var A: [BlockSpace] real = 1;
var B: [BlockSpace] real = 1;
var C: [BlockSpace] real;
coforall loc in Locales do on loc {
for 1 in 0..numLocales — 1 {
var As: [l1..n / numLocales, 1..n / numLocales] real =
A[A.localSubdomain ()] (..,
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14+ 1 % n / numLocales..(l + 1) * n / numLocales);
var Bl: [1..n / numLocales,1..n] real =

B[B.localSubdomain (Locales[1])];
C[C.localSubdomain ()] += dot(As, Bl);

}
}

Listing 5.7: Parallelising DGEMM with Chapel

Distributions and Array Layouts

All our examples so far make two implicit assumptions: higher-dimensional arrays
are stored row-major in memory and we do have a block distribution on the first
axis.

However, a block distribution over the first axis is not always desirable. To
illustrate this, let us consider two ways of distributing a 2d array over four nodes.
The left-hand side of Figure 5.4 shows a block distribution over the first axis, while
the right-hand side shows a block distribution over both axes.

No

No Ny
Ny
Ny

No N3
N3

Figure 5.4: Two ways to distribute a 2d array over four nodes Ny, N1, N3, N3. On
the left-hand side a block distribution over the rows, on the right-hand side a 2d
distribution over both rows and columns.

Though the left-hand side distribution is fine for some applications, others pre-
fer the right-hand side distribution. One example of this is matrix-multiplication.

Suppose we want to compute C = AB where A, B, C are n X n matrices on g2
nodes. In order to compute a row of C, we need all of B. So the communication
is O(n?) for each node regardless of how many nodes we use.

If we compute a g X % block however, we only need 1 in every ¢ rows and 1 in

every ¢ columns, which gives asymptotically superior O(%Z) communication.

If we wanted to extend Shray to support such distributions natively, we would
not only have to extend the interface of Shray significantly, but we would also face a
technical problem: The owned part of an array is a memory region with different
protections from the non-owned parts. The kernel does some book-keeping for
each contiguous block of memory with the same protections. That means that a
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scalable implementation of oc-DSM must ensure that the owned part of an array
is one (or a small fixed number) of contiguous blocks of memory.

While this observation might seem to be rather limiting, it actually is not. The
key insight is that we can achieve arbitrary distributions as long as we change the
data layout accordingly, i.e., we need to make sure that the individual blocks are
located in consecutive address ranges. In our example from above, this means that
we need to use a blocked data layout as indicated by the curve of Figure 5.5. Note
here, that this is similar to the blocked layouts that are being used in optimised
CPU versions [91].

Figure 5.5: The curve represents the flattening in memory. FEach of the four
submatrices are stored contiguously.

A helpful way of thinking about this layout, is to see the array as conceptually
three-dimensional. The shape would become [¢?, %, %]7 where x[t, i, j] would
index the (7,7)th element of node ¢’s submatrix. The allocation would be done
with ShrayMalloc(q * ¢, n * n * sizeof (double)). If two-dimensional labelling of
the nodes, (so Noo, No,1, N1,0, N1,1) is preferred, one can split up the loop of ¢?
iterations into two nested loops of ¢ iterations each by writing

for (size t i = ShrayStart(x); i < ShrayEnd(x); i++)
{

size_t i0 = 1 / q;

size_t il = i % q;

and then using i0, il as loop variables.

If for some data structures a technique like this is not so straightforward,
or desirable for performance reasons, the programmer can choose to trade off
programmability for performance, and implement that part of the program in the
host system.

5.5 Performance Evaluation

To evaluate the performance of Shray we look two types of benchmarks. The
first type, consisting of micro-benchmarks, provides insights into the overhead of
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Table 5.1: Versions of the tested software

Language/Library version
GASNet 2023.3.0
Global Arrays 5.8.2 on MPICH
UPC 2022.10.0
Chapel 1.31.0
OpenBLAS 0.3.20
OpenMPI 4.1.2
MPICH 4.0

our DSM layer. For the second type we look at some algorithms in numerical
computing and compare these to alternative solutions. Performance of parallel
systems can differ significantly between algorithms, so we have chosen the following
two for initial performance measurements.

o Dense Matrix Multiplication (DGEMM) [161]: An algorithm requiring sig-
nificant communication.

o Conjugate Gradient [16]: An algorithm with an unpredictable access pattern.

We compare Shray with implementations in UPC, Global Arrays, and Chapel.
These languages and libraries are commonly used, are based on a lot of per-
formance tuning research, and provide different approaches compared to Shray.
Global Arrays is similar to Shray in that it is a library but it uses PGAS instead
of a DSM. UPC on the other hand is an extension to C and has its own compiler.
Chapel represents a high-level language approach with a completely different lan-
guage and compiler.

Setup

We perform experiments on a small cluster of 8 nodes. Each node contains an
8-core Intel Xeon E-2378 running at 2.60 GHz and 16 GB of RAM. They are
connected via a single 1 Gbit/s NetXtreme BCM5720 Gigabit Ethernet PCle in-
terconnect. All programs that use BLAS routines use the OpenBLAS [242] library
under the hood. Our cluster does not have RDMA hardware, so we use the MPI
conduit with GASNet. A full overview of the software versions is given in Table 5.1.

For the DGEMM and Conjugate Gradient benchmarks we maximise the re-
sources of a single node first. This means that results up to and including 8
processors run on a single node. With 64 processors we run 8 processors per node
on 8 nodes. We use the term processor to refer to a processing element in a
particular system. This could be either a thread or a standard process.

For parallelism within the nodes, we use OpenMP for Shray and Global Arrays.
For Chapel we use the task parallelism it provides. UPC does not provide explicit
multithreading, and recommends the user to start one task for each core, instead
of one task for each node. Inter-node communication will then automatically use
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shared memory for communication. For DGEMM we use one process per node
anyway, and use the multithreaded version of our BLAS implementation. As the
total communication volume scales with the number of processes used, this is the
only way to do a fair comparison.

The large benchmarks have been run five times, the micro-benchmarks ten.
The graphs show error bars of one standard deviation.

Micro-Benchmarks

We benchmark two important parts of our DSM layer: the overhead of fetching a
remote page through a SEGFAULT handler and the overhead in synchronisations.

Page-Fetch Overhead To benchmark how long it takes to fetch a remote page,
we have one rank sum up the remote elements of a distributed array, as in List-
ing 5.8. This function is executed only by the first rank, so ShrayEnd(arr) marks
the start of the remote data. We know that every #fﬁoible) accesses, a SEG-
FAULT is going to be triggered, and Shray will load in that page. So for reference,
we also implement this directly in GASNet, as in Listing 5.6. In that version we
use a local buffer the size of a page to store the equivalent amount of data. The
outer loop iterates over non-local ranks, the middle loop iterates over the pages,
and finally the inner loop sums up the values on that page.

As the communication and local computation pattern is exactly the same, this
should show the overhead we get from our SEGFAULT handler. To make sure we
test the communication network and not the shared memory copy behaviour, we
run this with one rank per node.

To put the results into perspective, we compute the achieved bandwidth. For
reference: the OSU version 7.0 [179] point to point bandwidth test shows our
system has a peak bandwidth of about 117 MB/s.

double reduce(double *xarr, size t n) {
double sum = 0.0;
for (size t i = ShrayEnd(arr); i < n; i++) {
sum += arr [i];
}

return sum;

Listing 5.8: Reducing the non-local part of an array in Shray

The physical page size on our system is 4096 bytes, but Shray allows us to
use a virtual page size that is a multiple of this using the SHRAY_CACHELINE
environment variable. We perform experiments for 1x, 10x, and 100x the system
page size. From 10 runs on an 80 MB array we compute the sample variance o.
The results are presented in Table 5.2.

When comparing the GASNet and Shray figures, we see that the overhead of
the SEGFAULT handling is between 1% and 7%, with the overhead getting smaller
as we increase the virtual page size. We can also observe that the effectiveness of
the transfers increases as the virtual page size increases. Using individual system
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double reduce(double *A, size t n) {
double result = 0.0;
int p = gasnet_nodes ();
size_t db_per_page = pagesz / sizeof(double);
size_t blocksize = (n +p — 1) / p;
double xbuffer = malloc(pagesz);

for (size_t j = blocksize; j < n;
j += db_per_page) {
int processor = j / blocksize;

gasnet__get (buffer , processor,
A+ j, pagesz);
for (size_t i = 0; i < db_per_page; i++) {
result += buffer[i];
}

free (buffer);
return result;

Figure 5.6: Reducing the non-local part of an array in GASNet, using Shray’s
communication pattern

Table 5.2: Achieved bandwidth in MB/s of reducing an array with page sizes 4
KiB, 40 KiB, 400 KiB, including the observed standard deviation

Nodes | GASNet | Shray GASNet Shray GASNet Shray
(4 KiB) | (4 KiB) | (40 KiB) | (40 KiB) | (400 KiB) | (400 KiB)
2 254+0.10 | 2340.25 | 8340.50 | 79+0.15 110+£0.32 111+£0.05
4 2440.05 | 234£0.07 | 82+0.43 | 79+0.06 | 110£0.37 | 110+£0.04

8 24+0.03 | 23£0.05 | 82+0.37 | 79£0.07 | 110+0.31 | 110+£0.09

pages, we only achieve 20% of the machine’s peak bandwidth; increasing it to 40
KiB already pushes this to 68% and with 400 KiB we get to 95%.

This shows clearly that larger virtual page sizes are preferable, implying that
the overhead of Shray’s
SEGFAULT-triggered page fetches is rendered negligible.

Synchronisation Overhead To benchmark our synchronisation system, we
create an 8 GiB array, and then repeatedly synchronise. The average time per
synchronisation in microseconds is shown in Table 5.3. We use one rank per node.
For comparison the time of a GASNet barrier is given. The synchronisation cost
is about 2x-3x the cost of a barrier. Note here that the owner-compute rule
guarantees that no data exchange beyond two pages is needed during these syn-
chronisations, making the cost constant in the size of the array. This is in stark
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Table 5.3: Time to synchronise an array in microseconds for various number of
nodes

Nodes ‘ GASNet barrier ‘ o ‘ ShraySync ‘ o

2 83.1 0.11 246 0.10
4 125 0.26 308 0.20
8 177 0.25 376 0.35

contrast to unrestricted DSM systems which inflict overhead in order to keep track
of non-local changes, and which need to communicate non-local changes during
such synchronisations.

Dense Matrix Multiplication (DGEMM)

In this experiment we investigate weak scaling instead of strong scaling. The
reason for this is that we evenly distribute the computation, but we need to access
the entire matrix B, as defined in Subsection 5.4, regardless of the number of
nodes. If we have p nodes, that means each node has a computational load of
O(n3/p) and a communication load of O(n?). So the algorithm is weakly scalable,
but not strongly. For Shray we use the single BLAS call from Listing 5.5 with a
page size such that each node has 100 pages of local data. UPC and Global Arrays
use the blocked version given in Listing 5.6 while Chapel uses Listing 5.7. The
initial size of the matrix is 21462 elements. As we double the number of processors
we also double the size of the matrix in bytes. For 64 processors we have value
of 17280, which means we have 172802 - 3 - 8 ~ 6.67 GiB of data. This value
allows for reasonable benchmarking times with our setup. The results are shown
in Figure 5.7. Both axis are logarithmic and the x axis displays the configuration
it was run with.

Up to 8 processors all programs use the same optimised BLAS implementation,
but except for Shray the matrices need to be copied out from distributed struc-
tures to non-distributed ones. This can lead to slightly worse performance. It is
surprising that Chapel does not scale well going from 4 to 8 cores. We observed the
same behaviour when stripping the program down to a single locale C = dot(A, B)
operation, and verified that the correct BLAS library was indeed called. When
going out of node, we are hampered by the slow 1 Gb/s interconnect as this a
communication heavy benchmark. This explains the slowdown when going from
8 to 16 processors. Shray, UPC, and Chapel show the same scaling behaviour.
Global Arrays scales more poorly. The remote fetch NGA_ Get of Global Arrays
shows similar performance to other remote fetches, so this is likely related to the
access consistency. The results show that, for this limited setup, Shray is able to
get equivalent performance characteristics compared to other frameworks.

Conjugate Gradient

Conjugate gradient descent is an iterative method that approximates the solution
of a linear system [106]. The computational heart of this algorithm is a matrix-
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Figure 5.7: Dense matrix multiplication, weak scaling

vector multiplication. In practice, many matrices contain a lot of zeroes. Storing
these increases the memory consumption, which may lead to scalability problems.
It also introduces redundant computation in matrix-vector multiplication. A ma-
trix containing a lot of zeroes (‘a lot’ is subjective) is called sparse. The Conjugate
Gradient benchmark of [16] uses such a sparse matrix-vector multiplication. There
are a variety of storage formats, this benchmark uses Compressed Row Storage
(CRS) [41].
Using this storage format, the multiplication looks like Algorithm 11.

Algorithm 11 Sequential sparse matrix-vector multiplication for the CRS data
structure.

Input: z : dense vector of length n.

Input: A : sparse matrix of size m x n.

Output: y : dense vector of length m such that y = Ax.
1: fort:=0tom—1do

2: Yi = 0
3: for j := row_ptr[i] to row_ptr[i + 1] - 1 do
4: Yi = Yi+ values[j] * Lcol_ind[j)

A challenging aspect of sparse matrix-vector multiplication is that we can not
statically predict the access pattern. Indexing into the vector depends on the
column index in the compressed matrix. As such, the PGAS implementations have
to perform explicit checks on every access. The NAS benchmark of [16] provides
multiple problem sizes. Class S is the smallest while class F is the largest.

Chapel’s distribution contains a sequential implementation for this benchmark,



5.6. RELATED WORK 105

which we adapt to use multiple cores within a node with forall constructs, and
on multiple nodes by using a block distribution on the dense space containing
the sparse matrix. For the other versions we adapt a C version [198] that is
an adaptation of the reference implementation of [16]. We keep their OpenMP
parallelisation for intra-node communication for Shray and Global Arrays.

Figure 5.8 shows a comparison between implementations for problem size S.
We have no figures for higher classes as they timed out for the alternatives to
Shray. The axis are logarithmic for this example as well, meaning Shray is around
140 times faster than the second best at 64 processors. We see that Shray has
the highest performance for all processor numbers. As was mentioned, the PGAS
alternatives have to perform explicit checks on each access while Shray is free of
this burden. Furthermore, as Shray fetches a page instead of a single element we
paradoxically communicate less. This is because we get multiple cache-hits on one
page. Fetching one element does not actually lead to 8 bytes of communication
as Ethernet frames are between 64 and 1536 bytes. Profiling measurements show
that for class S, Shray communicates 13 MB from node 2 to node 1 for 2 nodes /
16 processors total. Chapel in contrast performs 3810008 unblocking fetches, and
3043670 blocking ones. This adds up to a communication load between 438 MB
and 10.5 GB, depending on the size of the ethernet frames. Global Arrays shows
roughly similar characteristics to UPC and Chapel when going out of node and
does 8010912 remote gets which is 0.512 - 12 GB, and we suspect that something
similar happens with UPC.

Figure 5.9 shows the performance of Shray for all problem sizes up to class D.
Larger sizes were not feasible on our cluster as each of the 8 nodes only comes with
16 GB of memory. Class C is around 700 MB, D around 11 GB and E around
113 GB.

We see that smaller problem sizes do better within a node, and larger ones do
better when using multiple nodes. The irregular access pattern hurts performance
for our cache-like Shray system, but also for the actual hardware caches. Smaller
problem sizes need smaller caches, which is why they do better within a node.
The number of synchronisations per iteration are fixed, though the number of flops
increase with larger problem sizes. Therefore the performance hit when using more
than one node is smaller for the larger problems. For class S, we communicate
only 26 MB in total, but have 1270 barriers.

5.6 Related Work

A large body of related work exists. In the context of MPI, quite some work has
been dedicated towards creating support for expressing re-occurring communica-
tion pattern on a higher-level of abstraction. Most notably, the work on collective
operations in MPI [77, 112] tries to help programmers of distributed applications
to more easily write more efficient code. While such approaches substantially
ease MPI program development, they still require programmers to carefully de-
cide about data distributions and to make communication explicit, albeit on a
higher level of abstraction.
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Figure 5.8: Conjugate Gradient class S

More closely to the work presented here is the classical work on DSM [75].
Several highly sophisticated DSM systems exist ranging from hardware systems
(e.g. [166, 64, 154, 150]), over hybrid systems such as [148, 34] to pure software
solutions [156, 133, 69, 163]. In contrast to oc-DSM, all these systems aim at
non-restricted write operations. While this makes programming potentially easier
than with the owner-compute restriction of Shray, it comes with the burden to
statically or dynamically identify where write-operations have to be sent to, leading
to various different memory consistency models. The most convenient consistency
model from a programmer perspective is strict sequential consistency [151], where
“the result of any execution is the same as if the operations of all the ranks were
executed in some sequential order, and the operations of each individual processor
appear in this sequence in the order specified by its programmers”. This is used
by systems such as IVY [156]. The strict requirements of sequential consistency,
however, render performance optimisations very challenging. Consequently, many
ways to relax this consistency have been proposed, see [218] for a survey and
comparison of some. All relaxed consistency models indirectly bring back some
user attention towards the fact that data is physically distributed, and, more
importantly, they pose a non-trivial overhead on the existing implementations.

More recently, novel interest in DSM has emerged, motivated by the observa-
tion that the gap between remote processor accesses and main RAM accesses has
closed significantly [202]. While this promises better performance with as little as
possible programmer restrictions, the need to establish memory consistency in a
generic way still requires non-trivial machinery, increasing the complexity of the
implementation alongside the need to dedicate a non-trivial amount of compute
resources to this task.
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Figure 5.9: Conjugate Gradient up to class C for Shray

The performance challenges involved in establishing memory consistency have
driven a lot of related work in the context of languages and libraries based on the
idea of PGAS.

Dart [249], software for data assimilation research, and UPC [86], use global
pointers for distributed structures. On read and write operations, the run-time
calculates where to get the data from, and uses MPI’s or GASNet’s RMA functions
for the actual communication. The UPC compiler contains several optimisations to
resolve multiple references with a single communication operation [51]. As shown
in Section 5.4, the choice in UPC to distinguish the distributed structures from
normal ones can inhibit the use of library functions that are not PGAS-aware.
Memory consistency in UPC is established through synchronisation barriers and
through explicit locks. While Shray also requires synchronisation barriers, the
distributions are completely orthogonal to external libraries as long as these are
used in a way that ensures that all write operations are local. Here, Shray’s ability
to enforce a granularity for partitioning comes in handy as demonstrated at the
example of matrix multiply in Section 5.4.

Similarly, Global Arrays [185] provides global synchronisations for ensuring
consistency.

Futhark [104] is a functional array programming language that compiles to par-
allel architectures. Recently, a backend for distributed memory with MPI has been
proposed [72]. This implementation stores all data on all nodes, does computation
on a chunk of the data, and then gathers all the data again. This approach is not
memory-scalable and incurs significant communication overhead. Shray may be a
viable alternative as a compilation target.
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5.7 Conclusion

This chapter presents a new point in the design spectrum between sequentially
consistent DSMs and explicit PGAS systems with a strict separation of local and
remote reads and writes. The new design, named oc-DSM, treats reads and writes
differently. While reads can be used as if all data is stored locally, writes are re-
stricted to purely local writes, hence the notion of ownership. As it turns out, this
design has several interesting properties: Firstly, the restriction to purely local
writes poses surprisingly little programming burden for several frequently used al-
gorithms. Transforming a sequential program into a parallel one using Shray often
boils down to replacing the memory allocation and to restricting loop ranges. In
the chapter we show this in detail for matrix multiply and conjugate gradient. Sec-
ondly, an MMU-based implementation allows for a very elegant and lean thread-
safe implementation. Our open-source implementation [216] comprises about 800
lines of code. Thirdly, the oc-DSM design allows for synchronisations that impose
minimal overhead. The potential data-exchange that can arise from shared pages
involves communication between each node and a maximum of the two neighbour-
ing nodes, irrespective of how many nodes participate in total. Fourthly, using the
MMU enables "normal“ read operations. In combination with being thread-safe,
this opens the door for using many libraries that have been developed with a se-
quential system in mind. Examples are the use of highly optimised BLAS libraries
or multi-threading libraries / tools such as openMP. Finally, our evaluations of
matrix multiply and conjugate gradient show that, despite of the lean implemen-
tation, surprisingly competitive performance can be achieved. In particular in the
case of unpredictable access pattern such as in conjugate gradient, we see up to
two orders of magnitude better performance in Shray than the performance we
measured when using Global Arrays, UPC, or Chapel.

Given these very encouraging observations, we see several avenues to further
improve on the idea of oc-DSM. The original idea for oc-DSM was based on the ob-
servation that several high-level array languages such as Futhark [104] or SaC [207]
have a tight control over write operations in order to guarantee a correct parallel
semantics. Code generators for these languages such as [162] should be able to
target a Shray-based runtime system guaranteeing the absence of writes to non-
owned addresses while liberating the programmer entirely from the necessity to
think about how memory is being handled.

Besides targeting Shray with code generators, there are many opportunities
to improve Shray itself. GASNet requires RDMA regions (the “owned” part of
the array) to be registered at the start of the program, unless dynamic pinning
is used. This does not support the type of memory management we do. MPI
has a similar issue. So in order to support RDMA hardware, we would need
to implement Shray in a lower level library that allows for dynamic registering
of RDMA regions, such as ucz or libibverbs. Dynamic load balancing could be
supported by shifting ownership boundaries dynamically. This would benefit many
applications, in particular in the context of sparse linear algebra with unpredictable
sparsity patterns. Further improvements could be achieved by experimenting with
more sophisticated cache replacement strategies for Shray. The conceptual view of
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a 2d block distribution as a higher-dimensional array is very similar to the approach
of implementing multi-threaded matrix multiplication in the array language SaC.
It would be interesting to see if a Shray backend can extend this technique to
distributed memory.






Chapter 6

Generating Distributed
Code from Array Languages

6.1 Introduction

Many kernels for solving numerical problems, such as the FFT [56], MultiGrid
Methods [39], (preconditioned) BiCGSTAB [239] have a practical time-complexity
of O(n) or O(nlogn). This means that the bottleneck for getting sufficiently
large or accurate solutions is not time, but memory. This necessitates the use of a
collection of connected computers, to not only make more computational resources
available, but more memory as well. Such a system is usually called a cluster, and
one of these computers a node.

For an algorithm to take full advantage of such a system, the total memory
requirements must not increase too much in the number of nodes. We say a
parallelisation of a sequential algorithm is memory scalable if the memory usage on

each node is O ( % + p), where n is the memory usage of the sequential algorithm,

and p is the number of nodes.

Usually programs for clusters are implemented in MPI [174], which is a library
that allows the user to send messages between nodes. There is a large semantic
gap between an MPI program and the mathematical description of functions, as
we need to explicitly break-up objects into pieces to distribute over the nodes, and
explicitly communicate.

Even for simpler hardware such as shared memory machines, this gap exists.
For example, multiplying matrix A € R™** by matrix B € R¥*" yields matrix
C € R™*™ defined by C;; = 2221 A;ip-Bpj. To implement this, we need to allocate
memory, specify a traversal order, and specify how we would like to parallelise the
computation.

This semantic gap makes it difficult for scientists to write and maintain their
code: in addition to their domain, they need advanced knowledge of the hardware
they write code for. In an effort to close this gap, functional array languages have
been proposed. These abstract away low-level details such as memory, explicit
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parallelism and explicit communication. For example matrix multiplication in
Single Assignment C (SaC) becomes as follows.

C={[i, j] = sum({[p] = A[i, p] = Blp, jl})};
Listing 6.1: Matrix Multiplication in SaC

This allows the compiler to generate code for a variety of hardware, from a
single source. These languages have proven to be able to generate code that is
as efficient as handwritten code in a number of benchmarks, for CPU and GPU
architectures [18].

Generating code for clusters is currently underdeveloped. To the best of our
knowledge, automatic parallelisation for clusters in a memory-scalable way is not
yet possible. In this chapter we show how we redesign the distributed backend
of SaC to target the external library Shray. This gives us memory-scalability,
performance improvements, and simplifies the compiler. We believe most of these
ideas are applicable to any data-parallel language.

This chapter makes the following contributions:

¢ We show how to generate memory-scalable Shray code from SaC, integrated
with multithreaded code generation.

o We provide a tentative performance evaluation using up to 1024 cores.

6.2 Background

Shray

Shray [212] is a C-library that provides an easy way to rewrite a shared memory
program to a distributed program. This is perhaps best explained by an exam-
ple. Suppose we have a function that computes an array X and that we want to
distribute this because X does not fit into a single machine.

double #init (size_t n, size_ t m) {

double *X = malloc(m * n x sizeof(double));
#pragma omp parallel for
for (size_t i = 0; i <m; i++) {

for (size_t j = 0; j < mn; j++) {

X[« n+j] =0, j);

}

}

return X;

Listing 6.2: Single-node array computation

We would change the allocation function to ShrayMalloc, which takes the ex-
tent of the first dimension as an argument. After this function returns, we can
use X as if it were allocated in shared memory. That means that the program
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outside of initP does not need to be modified, except for changing free(X) to
ShrayFree(X).

double *initP (size_t n, size_t m) {
double %X = ShrayMalloc(m, m * n % sizeof(double));

Listing 6.3: Distributed allocation with Shray

Shray uses the SPMD paradigm, meaning that all p processors will execute the
same program, but on different data. The parallelism comes from each processor
computing a part of X. Shray gives access to functions ShrayStart and ShrayEnd.
These will return different size\_t values between 0 and n, depending on the
processor. Denoting start;q and end;q for the returned values at processor id,
these form a partition

p—1
| | [startia, endia) = [0,m).
id=0

That means that a parallelisation only has to restrict the first loop to the part of
this partition that is associated with the processor.

double #initP (size t n, size t m) {
#pragma omp parallel for
for (size_t i = ShrayStart(X); i <
for (size_t j = 0; j < n; j++) {
X[i+n i) =£(i, j);
}

}

ShrayEnd (X); i++) {

Listing 6.4: Restricting a loop-nest with Shray

In fact, this is the only way of parallelising that is allowed: we say that an index
(i1, -+ ,iq) of some array X is owned by a processor, if ShrayStart(X) < i1 <
ShrayEnd(X). We require the owner of an index to compute the corresponding
value. Non-owned values are only visible after ShraySync has been called, which
cumulates in the final parallelisation of Listing 6.5.

For this chapter, we have reimplemented Shray on the low-level library
UCX [214] to address the performance concerns outlined in Chapter 5. We will
refer to this implementation as SHRAYonUCX [217]. As UCX is also used in
common MPI implementations such as OpenMPI and MPICH, the new Shray
version is MPI-compatible, and the generated code can be run as normal MPI
program.
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double *initP (size_t n, size_t m) {
double *X = ShrayMalloc(m, m * n % sizeof(double));
#pragma omp parallel for
for (size_t i = ShrayStart (X);
i < ShrayEnd(X); i++) {
for (size_t j = 0; j < n; j++) {
X[+ 0k j] =, §);
}
}

ShraySync (X);
return X;

Listing 6.5: Full parallelisation with Shray

SaC

Single Assignment C (SaC) is a functional array language suitable for numeric
computations. It allows for high-level specifications close to the mathematics,
and the compiler can automatically parallelise code that has been expressed using
concurrent constructs.

Arrays and Reductions

SaC has one constructs for expressing concurrency. For example, in matrix multi-
plication, C = {[i, j| —> sum({[p] —> Ali, p] * Blp, j]})}, there are two compu-
tations that could be done in parallel: each value of C can be computed indepen-
dently from each other, and the sum can be computed in parallel by computing
subsums and then combining them.

Both of these constructions are cases of a with-loop hidden under a thin layer
of syntactic sugar [210]. SaC only allows rectangular arrays without gaps, so we
need a rectangular index set containing these generators, and a way to fill up the
gaps. A genarray takes a d-dimensional shape shp which determines the index
set as [0, shp[0]) x --- x [0, shp[d - 1]), and a default value to put at the holes. A
modarray takes a different array, which determines the index set and the values at
the gaps. The sum is an instance of a fold-with-loop: the expression is combined
over the index set using some binary function, addition in the case of sum.

Multithreaded Code Generation

SaC never generates nested parallelism. This requires us to know at any with-loop
whether we are already executing in parallel. Rather than keeping a global state,
the multithreaded backend generates two versions of each function: a sequential
(ST) version, and a multithreaded (MT) version. Any with-loop in a MT-function
is never parallelised. Parallel with-loops are lifted in their own functions (SPMD),
and function calls within such an SPMD-function are done to the MT-variant.
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x = with {
(Ibl <= iv < ubl step sl width wl): expr_1(iv);

(Ibn <= iv < ubn step sn width wn): expr d(iv);
}: genarray(shp, default);
y = with {

(Ibl <= iv < ubl step sl width wl): expr_1(iv);

(Ibn <= iv < ubn step sn width wn): expr d(iv);
}: modarray(x);

Listing 6.6: The two ways of creating an array in SaC: a genarray with-loop and
a modarray with-loop.

Listing 6.7 shows how Listing 6.2 is expressed in SaC, and Listing 6.8 illustrates
the generated code.

init (int m, int n) {
X=A{[i, j] = (i, j) | [i, j] < [m, n]};
return X;

Listing 6.7: Array Computation in SaC

The parallel code generation partitions the index space over the available
threads. In the case of fold with-loops, the thread-local results are accumulated
before returning from the SPMD function. For this chapter, we have extended the
multithreaded backend to partition over the first two dimensions.

State and Foreign Function Interface

The majority of a SaC program consists of the constructs described so far, however,
these constructs do not suffice for tasks such as I/0.

Purely functional languages like SaC do not allow functions to have side-effects.
Yet they still need to interact with the outside world. SaC uses uniqueness typ-
ing [3]. A unique object is an object that can only be used once. In the case of
printing this may look like

new_stdout = print(stdout, “hello world!”);

Here stdout, new__stdout are unique objects, and new__stdout represents the stan-
dard output after "hello world!” has been printed to it.

Furthermore, if an optimised library is available, we would like to use it. SaC
allows this through a Foreign Function Interface (FFI). The data structures such
a function uses may not be (straightforwardly) representable as arrays, such as a
linked list. For this reason the FFI requires the user to provide a function to free
and copy the data. The type of such an object is then denoted as HIDDEN.
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double lift ::SPMD(int i, int j) {
X ={ /x parallel x/
(i, ] = MG, §) [ (i, ] < [m, n]};
}

init::ST(int m, int n) {
if (m * n > threshold) {
X = lift ::SPMD();
} oelse {
X = { /+ sequential x/
[i’ J] - f::ST(iv .]) ‘ [i7 .]] < [mv n]};

return X;

}

init ::MT(int m, int n) {
X ={ /+ sequential x/
[la .]}7> er(la J) | [la J]<[ma Il}},
return X;

Listing 6.8: Multithreaded Code Generation

6.3 Design and Implementation

The SaC compiler generates a C program using Shray and MPI in SPMD style.
That means each node executes the same program, and in principle replicates the
computations. The only exceptions to these are with-loops and functions dealing
with state. Here each node still executes the same program, but they execute it
on different parts of the index sets.

With-Loops

The basic idea is simple: we extend the multithreaded backend, and reuse its
machinery to decide on what to parallelize. We restrict the range of a with-loop
using ShrayStart, ShrayEnd before passing it into the multithreaded scheduler. We
know that parallel with-loops happen in ST functions for with-loops of a certain
size.

Data-parallel with-loops must operate on memory allocated by ShrayMalloc.
To this end, we replace the allocations in ST-functions by a different allocator that
decides whether to use ShrayMalloc or malloc depending on the size of the array.
We store this decision in the descriptor of the array. In the majority of cases,
this gives the correct memory to SPMD functions. However, there are some edge-
cases. For example, some builtin function may not support a distributed memory
implementation, and the resulting non-distributed memory may be reused for a
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with-loop that should be parallelised. For that reason we insert a builtin function
distmemify that reallocates using ShrayMalloc if the allocation was not already
distributed before SPMD-function calls. We do the opposite before sequential
with-loops. This results in Listing 6.9.

double lift ::SPMD(X_mem) {
X ={ /x parallel x/
} [13 .]}_>er(17 J) | [17 j]<[ma n]};

init ::ST(int m, int n) {
X mem = allocd (m * n);

if (m * n > threshold) {
X mem = distmemify (X _mem);
X = lift ::SPMD(X_mem);
ShraySync (X_mem);
} else {
X mem = undistmemify (X mem);
X ={ /x sequential x/
} i) §] = £:STG, §) | (i, §] < [m, n]};

return X;

}

init ::MT(int m, int n) {
X = { /* sequential x/
return X;

Listing 6.9: Distributed Code Generation

In case of fold-loops, the result is replicated on all nodes, so we do not insert
(un)distmemify functions. Instead, we generate a fold_nodes built-in function
after SPMD function calls, that does the reduction across nodes, similar to an
MPI Allreduce.

Dealing with the External World

An external function can only produce observable effects if it takes a unique object.
For this reason, we only execute those calls on node 0. The return values of this
function are then broadcast to all other nodes with one exception: an external
function may return a hidden type, which we cannot straightforwardly broadcast
as we do not know the size, and because it may not be contiguous in memory. For
that reason, hidden objects are also only valid on node 0, and we treat functions
that take a hidden object the same way we treat functions that take a unique
object.
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6.4 Experimental Evaluation

To evaluate the effectiveness of our approach, we have benchmarked three appli-
cations. The first, Full Multigrid (FMG), can be considered a typical application.
The runtime complexity is linear, and the application is bottlenecked by memory
usage. FMG exposes several interesting features: grids varying in size, recursion,
data-parallel operations, and reductions. The second, an N-Body simulation, has
quadratic runtime complexity and is therefore not bottlenecked by memory us-
age. We use this to measure how well we use the computational power of multiple
nodes. Finally, we look at matrix multiplication, a benchmark with significant
data movement.

Full Multigrid The purpose of FMG is to solve the differential equation
Vu=f

on [0,27)? for f: R? — R a periodic function, i.e. f(0,y) = f(2m,y), f(x,0) =
f(z,2m). We approximate f with discretisations F,, = {f(i-h,j-h) |0 <4,j < n},
where h = % We implement an algorithm very close to the textbook [155] version,
with as only modification that we use red-black ordering.

N-Body Simulation An N-Body simulation models the gravitational forces
between n bodies in R?. Such a body can be described by its mass m, position p,
velocity v, and acceleration a. The update after a time dt is described by

«  mi(p; —pi)
J\j — Pi
a; = ,
= L oy - T+ P
v; = v; + a; - dt,
pi = pi +v; - dt,

where € is a small softening value.

Matrix Multiplication We use the implementation of [219] with a minor mod-
ification: we do not (un)block as SaC does not support a distributed reshape yet.
We set SHRAY__CACHELINE to 10000, such that every segfault requests 40 MB
of data.

Methodology

We do our experiments on the thin Rome partition of supercomputer Snellius.
Each node is equipped with two 64-core AMD Rome 7H12 CPUs and 224 GiB
of DRAM. Each node has one HDR100 ConnectX-6 interconnect, providing
12.5GB/s of bandwidth between nodes. We use SHRAYonUCX at commit
27bth4a861, GCC version 13.3.0, OpenMPI version 5.0.3, UCX version 1.16.0,
and SaC at commit 1cd7110c6b. A copy of the benchmark and all used software
is permanently available at [139].
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The speed of FMG is limited by memory bandwidth, so we report performance
in effective GB/s, e.g. total memory requirement in GB divided by time in sec-
onds. The maximum bandwidth of DRAM is 215 GB/s per node. As the N-body
benchmark is limited by compute, we report this performance in Gflops. The max-
imum for a sequential implementation is 19 Gflops. We also use Gflops for Matrix
Multiplication.

We repeat each experiment 10 times, and we report both mean and standard
deviation through error bars. We measure strong scaling for both applications, or
in other words keep the work constant while increasing the number of compute
nodes.

Results

We see in Figure 6.1a that our implementation does very well on problems that
are limited by computation power, obtaining 82 % efficiency compared to a mul-
tithreaded baseline. There is no overhead on local computations because Shray
exploits the MMU for checking locality, and the cost of communication and Shray
function calls is insignificant compared to the total computation required.

In Figure 6.1b, we report the effective bandwidth: required memory divided
by time. The effective bandwidth on 8nodes is 7.7 GB/s, so solving the largest
Poisson problem that fits in the 2 TB of available memory takes 2048/7.7/60 ~ 4.4
minutes. This is a reasonable runtime, so we can consider our goal of handling
large problem sizes achieved.

Unfortunately, Figure 6.1b also shows a disappointing slowdown of 6.4 x when
using one node. There are no segfaults or communication in this case, so the
slowdown must be caused by ShraySync, ShrayMalloc, and ShrayFree. Profiling
shows ShraySync and ShrayFree are responsible for less than 0.1 % of the total
runtime. The calls to ShrayMalloc are significant, taking up a third of the total
runtime. Over 99.9 % of this runtime is in registering memory with the coprocessor
responsible for RDMA. The remaining slowdown must be caused by ShrayMalloc’d
memory being slower to access. The mlx5 driver for the coprocessor uses Linux’s
Contiguous Memory Allocator through the DMA subsystem, so a possible expla-
nation is that this memory is slower to use. Though we observe speedups when
using more resources, the efficiencies are limited: 40 %-83 %.

We have excellent scaling for the communication-heavy benchmark of Matrix
Multiplication up to four nodes, with an efficiency of 93 %. At 8 nodes the efficiency
drops to 69 %. This makes good on the promise of Chapter 5, where we blamed
the poor performance of matrix multiplication on the limited bandwidth of the
system, and the implementations’ inability to make use of RDMA hardware. This
has been addressed by using Snellius and the new SHRAYonUCX implementation.
The limited scaling for 8 nodes is caused by 2.2s of Shray overhead out of 9.6 s total
runtime. Subtracting this gives a similar figure of 90 % efficiency. The 1D block
distribution we use leads to a communication volume that is not asymptotically
scalable [84], but it is not a practical problem at the scale of our experiments.
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Figure 6.1: Strong scaling experiments for three benchmarks on 1-8 nodes, with
each node consisting of 128 CPU cores.

6.5 Related Work

The original distributed memory backend [162] uses a special memory allocator for
distributed arrays, and translates indices to the corresponding distributed mem-
ory. This approach is not memory scalable, and the index translation comes with
performance overhead and complexity in the compiler. We have also integrated
the distributed memory backend with the multithreaded backend, reusing much of
its infrastructure. As such, we need no global state to keep track of the execution
mode.

Futhark makes the compiler instead of the runtime responsible for moving
data [72]. In the fully general case it is unfeasible to statically decide what data
is needed, so they duplicate the data structures across nodes, and synchronize by
gathering the data. This is not memory scalable and incurs data movement linear
in the size of the array for maps, Futhark’s version of a genarray.

6.6 Conclusion

We have implemented a Shray-based backend for SaC. The basic idea behind the
implementation is to restrict the computation of large enough data-parallel arrays.
This achieves our goal of creating a memory scalable implementation.

In the hardware and software configuration we tested, there is a constant factor
slowdown to accessing random access memory that is remotely accessible. This can
be amortized in applications with a significant number of operations per memory
access. The overhead of Shray-primitives we generate is significant, but constant
in the problem size. These two factors explain why we obtained limited strong
scaling in some benchmarks, but they should not affect weak scaling. In this
chapter, we were unable to perform weak scaling experiments because SaC does
not yet support 8 B indices. Nonetheless, SaC can now compute tasks that are too
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large to fit in the memory of a single computer, and the design is scalable.

Future Work

Most importantly, we need to increase the size of array shapes and internal indexing
from the default 4B int to an 8 B so that we can index large arrays.

The slowdown on ShrayMalloc’d memory is disappointing, but outside of a
Shray’s scope to fix. Improvements on the side of UCX and RDMA hardware will
carry over to better results for Shray.

To use SaC in larger applications, we should make the FFI aware of distributed
memory. This is feasible as SHRAYonUCX is compatible with MPI.






Chapter 7

Multi-GPU Code
Generation for Out-Of-Core
Problems

7.1 Introduction

Graphics processing units (GPUs) are processors that have higher peak compute
rate and bandwidth compared to CPUs of comparable price and power consump-
tion. This makes them attractive for a range of domains requiring extensive com-
putation, such as physics simulations, financial applications and deep learning [88,
195, 126].

Obtaining the theoretic peak performance is challenging. The reason for this
is that GPUs are not stand-alone systems but accelerators that are specialized to
specific workloads. They need to be programmed differently, and have their own
memory which needs to be coordinated with the CPU and RAM (also called the
host). A straightforward way to increase the theoretic computational power of a
system is to add multiple GPUs. However, realising this performance becomes
difficult as the different GPUs need to be coordinated. An especially complicated
class of problems are those that do not fit in the memory of a single GPU. We
refer to these problems as being out-of-core. For an out-of-core problem we need to
coordinate memories of different GPUs as well, making this a form of distributed
computing, with all its associated challenges.

Making effective use of multiple GPUs requires the programmer to have ex-
tensive knowledge of the hardware in addition to the problem domain. A large
body of research tries to shift this burden from the application programmer to
compiler writers by generating low-level GPU code from a high-level language.
In particular, functional approaches through languages such as Accelerate [45],
Futhark [104] or SaC [207] or other array languages such as APL [122] show GPU
performance that is competitive with hand-written counterparts [169, 9, 99, 115].
The related work uses extensive static analysis, sometimes in combination with
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language extensions, to coordinate the GPUs.

The main idea behind this chapter is that we can shift the burden even further,
by making the runtime instead of the compiler responsible for data-movement.
This way only minimal changes to the compiler are necessary to support using
multiple GPUs on out-of-core problems.

The mechanism that makes this possible is unified memory: one virtual address
space that can be accessed by all GPUs and the CPU. The GPU driver and
hardware are then responsible for maintaining a coherent view of memory between
GPUs and the host. This approach is typically associated with bad performance.
A reason for this is that the runtime needs to be advised on access patterns to
work efficiently. In many languages this is hard to do, but by working with a
functional language we have the strong semantic guarantees necessary to generate
this advice.

This chapter makes the following contributions.

e We propose a code generation scheme that can use multiple GPUs and handle
out-of-core problems. It constitutes a light-weight extension of a pre-existing
code generation scheme for unified memory [238];

e We show the effectiveness of our approach by implementing this scheme in
the language Single-Assignment C;

¢ We show how memory advice can overcome performance challenges typically
associated with unified memory.

7.2 Background

Single-Assignment C (SaC) [208] generates CUDA code, a language for program-
ming GPUs. We use this language to explain some GPU programming concepts,
and briefly explain how SaC generates code.

GPU Programming

Computations are done through special functions called kernels. These contain a
small computation such as “compute ¢ + 1 and store it in index t”, similar to a
loop-body in C (Listing 7.1

)-
n)
t

void f(int #x, int {
for (int ¢ = 0; t < n; t++) {
x[t] =t + 1;

}

Listing 7.1: Array initalisation in C

The programmer specifies for which ¢ this is computed at the call site. For
example, to compute the set X = {t +1 | 0 < ¢ < n}, the kernel could be as
follows.
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__global __ wvoid f(int xx) {
int t = blockldx.x * blockDim.x +
threadldx .x;
x[t] =t + 1;

The initalisation of t (the thread) is complicated because there is not one
canonical way to map computations to the hardware. Instructions are always
executed in groups of threads, typically 32, similar to SIMD instructions on a
CPU. Execution units on a GPU are grouped into streaming multiprocessors (SMs),
which also includes cache and control logic. The threads are divided into groups
called blocks of blockDim.x threads, and then divided over the SMs. The index
local to one such block is stored in threadldx.x, and the block index by blockIdx.x.
Increasing the number of threads per block may help to hide latency, similar to
hyperthreading in CPUs. However, it also decreases the number of blocks which
can have a negative effect on scaling and load balancing. There is no choice that
is optimal for all problems. The number of threads per block is limited by the
hardware, typically 1024.

We can specify the mapping to hardware—so the number of threads per block
blockDim.x and the total number of threads—between triple angular brackets at
the call site. As a concrete example, suppose we want to use 1024 threads per
block. Then we need n/1024 blocks, and call f as follows

f<<<n / 1024, 1024>>>(x);

We use thread space for referring to the shape [n/1024,1024].

The variables end with .x because they are actually three-dimensional structs
with also .y and .z members. In this case all .y and .z members are 1, but for
indexing higher-dimensional arrays it may be convenient to arrange the threads in
a higher-dimensional grid. For example, 1024 threads may also be arranged in a
32 x 32 or 16 x 16 x 4 grid.

Unified Memory

Managing multiple address spaces requires extra work for the application pro-
grammer. Systems from personal computers to the world’s largest supercomputer
(Frontier, as of 2024) support abstractions that provide the programmer with a
single virtual address space that can be accessed by the CPU and GPU. Depending
on the vendor and exact implementation, these systems are called unified memory,
managed memory, or unified virtual addressing. We will be using the term unified
memory.

The implementation of unified memory in CUDA is not publicly accessible, but
it seems that by default a page of memory can be accessed by only one processor —
either a GPU or the CPU — at a time, and if a page is accessed that is not present
in the respective processor’s memory, a page fault occurs [52]. These page faults
result in on-demand page migration, which can lead to mixed results [152, 137,
238]. This behaviour can be changed by giving the runtime memory advice on how
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the memory is used. For example the CUDA option cudaMemAdviseSetReadMostly
has the device create a local copy.

Single-Assignment C

SaC is a functional array language for numeric programming. It tries to be as
close to the mathematics as possible. For example, the array X = {t+ 1|0 <
t < n} is specified as X = \string{[t] —>t + 1 [0] <= [t] < [n]}|. These array
specifications, called tensor comprehensions, expose concurrency: each element can
be computed independently from the others. The user can specify a compilation
target, which the compiler sac2c will use to generate parallel code. For a GPU
target, sac2c will generate a kernel from this specification. This kernel associates
the index set [n] to the thread space [n / 1024, 1024], in some way we can view
as a black box for the purpose of this chapter [123].

We can specify different expressions on different subsets of this index set, as
illustrated in Fig. 7.1 and Listing 7.2. In the related work such a subset is also
called a partition. In Section 7.3 we will talk about a different mathematical notion
of a partition, so to avoid confusion we will use subset in this chapter.

The compiler has two GPU related targets. The first, cuda, explicitly defines
arrays on the GPU and host. The necessary transfers between the two are then
done explicitly. The second, cuda_ man, uses unified memory instead (also called
managed memory). This makes memory transfers implicit: pages will be migrated
over when they are touched. The cuda target has been observed to be more
performant [238].

FO) | F) 1 9(2) | 9@) | f(4) | £(5) | 9(6) | 9(7)

Figure 7.1: Array specified by Listing 7.2

{li] = (i) | [0] <= [i] < [8]
width [2] step [4];

[i] = g(1) | [2] <= [i] < [8]
width [2] step [4]}

Listing 7.2: Array specified by two index sets

7.3 Design

To keep the implementation lean, we only make minor modifications to the existing
target using unified memory and one GPU [238]. We need to implement a way
to divide the work, and appropriately instruct the CUDA runtime on the memory
access patterns.
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Work Distribution

In SaC, the index subsets may overlap, which requires us to process them sequen-
tially. For this reason we do not distribute the subsets over the GPUs, but split
up each subset individually.

We need to split up such an index set into non-overlapping pieces that together
make up the original set (also called a partition). We do this by splitting along
the first dimension, as illustrated in Fig. 7.2. To be more precise, for the simple
case where the index set is of the form [n], we give GPU g rows ¢ - b (inclusive)
to max((g + 1) - b,n) (exclusive), where b = [Z], the smallest integer b such that
n < Gb. This choice minimizes the maximum number of rows per GPU, so for
regular computations this gives optimal load balance.

GPU 0 GPU 1

0 1 2 3 1 5 6 7 8 9

(a) 1D distribution

GPU 0 0 1 2 3 4 5 6 7 3 9

GPU 1 10 11 12 13 14 15 16 17 18 19

(b) 2D distribution

Figure 7.2: Distribution of arrays over two GPUs.

General Index Subsets

The most general way of specifying an index set in SaC is with a step and width.
We need only minor modifications to the previous scheme. In set notation, an
index set [1] <= [i] < [u] step [s] width [w] is equal to [, u) NS, where Sg =
{l+is+j|i€Z, 0<j<w}

By distributing the intersection over the union, it becomes clear that a partition
without strides over G GPUs, say

G
[l u) = U [lg,ug),

g=1
also gives a strided partition

G
[1,u) N Saw = | ([lg> g) N Sstaw)-

g=1
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For I, =l mod s, we have Sg,, = Ss1w. So under this restriction the strides and
widths are the same. '

In a similar vein to the simple case [l,u) = [0,n), we set l; = | + gb, uy =
min(l + (g + 1)b,u) for some b. To satisfy I, = | mod s, we must take b of the
form sk. The best load balance is now obtained by finding the smallest b such

that bG > u — I, which is [%Z] - s.

Example 2. For index set [2] <= [i] < [1000] step [6] width [2] and two GPUs,
we have b =504. This results in index sets [2] <= [i] < [506] step [6] width [2]
for the first GPU, and [506] <= [i] < [1000] step [6] width [2] for the second.

Implementation of Work Distribution

The partition of Fig. 7.2a corresponds to rewriting the SaC code
{[i] = i | [0] <= [i] < [10]}

to

{[1] = i | [0] <= [i] < [5];
[i] =i [ [5] <= [i] < [10]}

It is therefore tempting to also do this in the implementation. However, this
leads to unnecessary code duplication as one kernel per GPU would be generated.
Furthermore, the number of GPUs would need to be known at compile-time.

To avoid this, we reuse the thread space mechanism. This mechanism must
know what the index subset is, so parameters describing the subset must be passed
into the kernel (at the very least for cases where these parameters are not known
at compile-time). This means we can restrict the execution of the kernel to the
subsets defined above by only manipulating the call site, which allows us to treat
the kernel generation, thread space mechanism included, as a black box.

We manipulate the call site by inserting some code around the kernel call at the
very end of the compilation process, when we generate the CUDA code, which we
sketch in Fig. 7.3. The variables 10, u0 correspond to the lower and upper bound
in the first dimension. In the loop we replace these by [, and u,. To execute a
kernel on a different GPU, we first call cudaSetDevice(g) where g is an index for
that GPU. Then we call the kernel the same way as if we had one GPU. While the
CPU will immediately continue after calling the kernel, the GPU has only finished
computing after a call to cudaDeviceSynchronize().

Memory Advice

An initial implementation of this code generation scheme gave poor results. For
example, distributing the work of Listing 7.3 over two GPUs naively leads to a 6x
slowdown compared to using a single GPU.

double [m, k] matmul(double [m, k] A,
double [k, n] B)
{
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int old_10 = 10;
int old_u0 = u0;

for (int g = 0; g < NUM_GPUS; g++) {

/% Set 10, u0 to lg and ug =*/

10 =

ud = ...

cudaSetDevice (g);

/* The following three lines are
unmodified from the
cuda_man target. x/

grid =

block =

kernel<<<grid , block>>>(10, u0, ...);

}

for (int g = 0; g < NUM_GPUS; g++) {
cudaSetDevice (g);
cudaDeviceSynchronize ();

}

10 = old_10;
u0 old_u0;

Figure 7.3: Kernel call distributed over NUM__ GPUS GPUs

i

]
p, i)}

[p
B

Listing 7.3: Matrix Multiplication in SaC

The entire jth column of B is needed to compute the jth element of a row of
C. As discussed in Section 7.2, the memory of B can only be on one GPU at a
time by default. Whatever GPU accesses the memory first will get the memory
page, and the other GPU will have to wait until it can be migrated back. This
serializes the computation between the two GPUs. Instead, it would be better
if both GPUs created a copy of this page. This eliminates contention on reads,
at the cost of making writes to the same page by multiple GPUs more expen-
sive. This never happens in the code we generate because we only read from
B. We can instruct the runtime to use this copy-on-read scheme by giving the
cudaMemAdviseSetReadMostly memory advice.

This is not necessary for A. To compute row i of C, only row i of A is needed.
As both C and A have m rows, the distribution over GPUs is the same. The data
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that has to be accessed is already present on that GPU, so there is no contention
between accesses.

Unfortunately, adding memory-advice has overhead, so we cannot insert it ev-
erywhere. In the example Nine-Point Stencil, whose most important computation
is in Listing 7.4, adding memory-advice leads to a 2 — 5x slowdown compared to
not inserting the memory advice.

wl[l, 0] * x[i , ] = 1] +
w[2, 0] * x[i + 1, j— 1] +

wl2, 2] * x[i+ 1, + 1];
| [1a1}<: [17J]<[m_17n_1]1
-}
Listing 7.4: Sketch of the most computationally intensive part of a nine-point
stencil.

This case is slightly more complicated than the access of A in Listing 7.3. The
last row of GPU 0, which is the first row of GPU 1 is accessed by both GPUs.
By GPU 0 as x[i + 1, ...] and by GPU 1 as x[i — 1, ...] . Except for the first
and last row, all required data is already present on that GPU. We call this a local
selection. The contention on these two rows is not enough to offset the cost of
inserting the memory advice.

We can generalize this by looking at how the selection vector (for instance
[p, j] in the case of B in Listing 7.3) relates to the index vector of the parallel
tensor comprehension ([i, j] in both examples).

Let us write [ivl, ..., ivd] for the selection vector, and [jvl, ..., jvd] for
the index vector. If jv1 is equal to ivl, the selections are all local, and we do not
have to insert the advice. Suppose our GPU has rows [ to u. If ivl is equal to
jvl + c for some constant c, then the accesses are local for rows [+ ¢ to u—c. This
is most accesses for small c. For this reason, we mark accesses for which ivl is of
the form jvl + c. Given the functional nature of SaC we can then check for all
relatively-free variables of tensor comprehensions whether all accesses are marked.
If that is the case, we do not give memory advice. Otherwise, we mark them as
read-mostly.

7.4 Performance Evaluation

We evaluate our approach in the style of distributed computing: we look at how
much faster our code gets when adding more GPUs. The runtime of using one
GPU divided by the runtime of using multiple GPUs is called the speedup. We
expect at most a G'x speedup when using G GPUs. To measure how close we get
to this, we also compute the efficiency: speedup divided by the number of GPUs.
The closer this is to one, the better our system scales.
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Evaluation Platform

Scientific computations typically use double precision, but this is poorly supported
in consumer-grade GPUs. To capture this, we use two different evaluation plat-
forms. The first node (écis) has a similar double precision to bandwidth ratio as a
consumer-grade GPU. The second node (snellius) has first-rate support for double
precision. The hardware and software specifications are given in Table 7.1.
We use the SaC compiler at commit f5890fa with flags

-gpu__mapping _strategy jings _method__ext for all benchmarks. Additional flags for
a specific benchmarks are mentioned in their description. We used the standard
library at commit 78c74b2.

| icis | snellius
GPU RTX A6000 (2x) | A100 (4x)
VRAM (GB) 48 40
Peak Bandwidth (GB/s) 768 1560
Peak FP64 (GFLOP/s) 604.8 9746
C compiler gee 11.3.0 gee 12.3.0
NVCC 12.0.14 12.1.105
NVLink bandwidth (GB/s) 14 25
Number of NVLinks 4 4

Table 7.1: Overview of the test systems, hardware and software.

Methodology

We consider three benchmarks, two with a high ratio of computations to array size
(Matrix Multiplication and N-Body Simulation), and one with a low ratio (Nine-
Point Stencil). We use floating point operations per second (flops) as a measure of
performance for those with a high ratio, and bandwidth for the benchmark with
a low ratio.

We evaluate the performance on a range of problem sizes, shown in Table 7.2.
Class D of Matrix-Multiplication is out-of-core on both systems, the rest of the
experiments are in-core. The reason for the small number of out-of-core examples
is that SaC uses 32-bit integers for shapes, which limits the problem sizes.

‘We measure the costs inherent to the computation, that is the kernel-execution
time, allocation of the result, and any inter-GPU communication. We do not
measure any CPU-GPU transfer time of input and output because this may not
be needed, for instance when the data is created and consumed on the GPU.
The exact implementation and instructions for reproducibility are available [24].
We have used pragmas to manually reduce the number of threads per block for
N-Body.

We compute and efficiency compared to the performance of our fastest, man-
ually orchestrated target cuda. The efficiency for an out-of-core run is compared
to the performance of the cuda target of the closest in-core class.
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Class | Matrix Multiplication | N-Body | Stencil
A 10.1 0.010 4.29
B 19.7 0.021 9.66
C 38.3 0.042 17.2
D 51.0 0.084 34.0

Table 7.2: Overview of the memory footprints in GB.

Matrix Multiplication

A matrix multiplication computes the composition of linear maps, making it a
fundamental operation in linear algebra with applications in many areas. A few
examples are linear programming, cryptography and deep learning [55, 50]. The
implementation, Listing 7.3, is straightforwardly translated from the mathematical
definition

k
Cij =Y Aip- By
p=1

for m x k matrix A and k x n matrix B.

Data from A and B are reused k times. It is well-known that algorithmic
changes that improve the temporal locality of accessing A and B can speed up the
computation, but we refer this to future work.

This computation takes 2mn(k — 1) flops. The matrices A and C' are perfectly
distributed over the GPUs, but all GPUs need to access B. That means we
need O(n?) data-movement and O(n®/G) computation for multiplying two n x n
matrices on G GPUs. The communication does not scale, but for large n this term
is dominated by the computation. So we expect better efficiencies for large n.

T T
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1 2 3 4 1 2 3 4
- A = B e C —D ——A-=B
—— A (seq) -o-B (seq) -=-C (seq) —-C—D

a) Compute rate (b) Efficiency

Figure 7.4: Matrix Multiplication on Snellius.
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Figure 7.5: Matrix Multiplication on Icis.

This is supported by the results of Fig. 7.4, where we see efficiencies ranging
from 84% for classes A and B, to 91% for class D on four GPUs. The efficiencies
are even higher in Fig. 7.5, where they range from 95% to 98%. The A6000
has a much higher bandwidth to FP64 ratio than the A100, so data-movement
contributes even less to the compute rate.

It is interesting that class D does not seem to suffer from being out-of-core.
This is likely caused by the unified memory overlapping this extra communication
with computation [25].

N-Body Simulation

The all-pairs N-body algorithm computes how the position and velocities of a
system of bodies affect each other through gravity. In larger applications this
exact algorithm is typically used to compute the forces between bodies that are
near each other, and is combined with an approximate algorithm for bodies further
away [20].

The main structure of this algorithm is described in Fig. 7.6. We have [N, 3]
arrays pos, accel, and velocity to represent vectors in three-dimensional space,
and an array of shape [N] for the masses.

accel = {[i] = sum{[j] —
acc(pos[i], pos[j], mass[j]}};

velocity = velocity + accel x dt;

pos = pos + velocity;

Figure 7.6: Structure of nbody-simulation in SaC. The function acc computes the
acceleration caused by the force of particle j on particle 1.

0
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Most time is spent in the O(N?) computation of accel. The total cost is
20N? + 12N flops per iteration.

The performance characteristics are very similar to Matrix Multiplication, but
even more pronounced. The computation is evenly distributed: for G in total, each
GPU does O(N?/G) computation per iteration. All bodies need to be replicated
on each GPU, so that is O(N) communication per iteration. In contrast to matrix-
multiplication, this computation is typically in-core.

As expected, we see high efficiencies in Fig. 7.8, from 95% to 103%. This is
the only benchmark where we see the efficiency exceeding 100%. This cannot be
explained by variability in the measurements as the standard deviation is about
0.3%. The A6000 has 6 MB of L2 cache. Class A does not fit in the L2 cache
of one GPU, but does fit in the combined cache of both. We suspect this is the
cause.

In Fig. 7.7 we have a high efficiency of 95% for the largest problem class D.
For the smallest problem class A this drops sharply for four GPUs, to 77%. The
A100 has 6912 execution units per GPU, so 24768 in total. As problem class A
has 20480 bodies, we can keep only 83% of these units busy.
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Figure 7.7: N-Body simulation on Snellius.

Nine-Point Stencil

The final algorithm we benchmark is a 2D iterative nine-point stencil computa-
tion. This updates each point in a 2D grid with a weighted averages of its nine
neighbours, where we wrap around the edges. This is a common pattern in finite-
difference methods for solving partial differential equations [19].

More recently, it has found application in convolutional neural networks [236,
223]. In contrast to the other two algorithms, each iteration does a small number
of computations on each input element.
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Figure 7.8: N-Body simulation on Icis.

double [d:shp]| relax (double[d:shp] x, double[d:wshp] w)
{
return {iv —> sum({jv — w[jv]*x[mod(iv+jv—wshp/2,shp)]})
| iv < shp};

Listing 7.5: Stencil computation in SaC.

This tensor comprehension has nine index subsets because of the wrapping
around the edges. In Listing 7.4 we have shown the generated code for the most
computationally expensive one. Specifying these nine subsets is cumbersome, so
we have used the more generic code of Listing 7.5. This can handle analogues in
any dimension d, and also any shape wshp of weights. For example, if we want to
take a weighted average of points at most two removed (Manhattan-distance) in
three dimensions, we would have d = 3 and wshp = [5, 5, 5] [1]. The compiler is
able to recognize the mod operator and generate the index subsets [237].

We use the flag —maxwlur 9 to ensure the weighted average of nine points
in the inner computation is unrolled. This takes 17n? flops per iteration for an
n X n array, but it is more common to measure bandwidth as data-movement is
the limiting factor. This is 16n? bytes per iteration.

For G GPUs, we need to do O(n?/G) data-movement within a GPU, and
O(n) data movement between GPUs. Therefore, we expect good results, similar
to Matrix Multiplication and N-Body. However, Fig. 7.9 and Fig. 7.10 show no
improvements over the cuda-baseline.

This is caused by a high cost for the first write to unified memory. When
increasing the number of iterations, in Fig. 7.11 and Fig. 7.12, we do see speedups.

We can model the execution time for T iterations as T'x + ¢, where x is the cost
per iteration, and ¢ the cost for allocation, deallocation and constant overheads.
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Figure 7.9: Stencil on Snellius, 10 iterations

From the measurements for T = 100 and T = 10, we can solve for x. The
bandwidth based on this number is graphed in Fig. 7.13 and Fig. 7.14. Here we
have efficiencies between 48% and 81%. The efficiencies are lower than the other
two benchmarks, especially for the smaller problem classes. This is because the
synchronisation cost is not negligible in this benchmark. Each iteration takes 0.009
seconds for problem class D on Snellius. For comparison, in Matrix Multiplication
we have one synchronisation every 35 seconds, and in N-Body one synchronisation
every 96 seconds.

Effect of Memory Advice

We can only investigate the result of memory advice on small problems and few
GPUs because we quickly run into time limits. We have done measurements on
Snellius for two GPUs. For Matrix Multiplication we take three 1024 x 1024
matrices, for N-Body we take 32768 bodies and 10 iterations, for Stencil we take
a grid of size 1024 x 1024 and 100 iterations. We divide the performance of either
always inserting memory advice or never inserting memory advice by the runtime
of our optimisation in Table 7.3.

Matrix Multiplication | N-Body | Stencil
Always 0.93 0.94 0.20
Never 0.09 0.72 1.00

Table 7.3: Speedup of always giving advice, never giving advice compared to our
memory advice optimisation.

We see that always inserting advice gives good results for Matrix Multiplication
and N-Body, but poor results for Stencil. If we never insert advice, the situation
is reversed. Our optimisation makes the best choice in all three benchmarks. It
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Figure 7.10: Stencil on Icis, 10 iterations

is even a little bit faster in Matrix Multiplication and N-Body because we do not
insert the advice for arrays where we do not need to.

7.5 Related Work

Several studies have investigated compiling high-level specifications in functional
array languages to multi-GPU code with manually-allocated data. One work
presents envisioned compiler and runtime systems extensions for SaC for lever-
aging multiple multi-core CPUs and multiple GPUs without requiring additional
programmer effort [67]. A new distributed-variable type is proposed to enable
partial transfers of manually-allocated arrays between host and device. Further-
more, control structures are suggested to keep track of which parts of an array are
present where, essentially implementing a cache coherency protocol. The authors
evaluate a hand-coded prototype on a two-dimensional five-point stencil computa-
tions with two different combinations of parameters using GTX 580 GPUs. Their
experimental results find that assigning almost all the workload to the GPU leads
to the best results, and achieve a nearly two-fold speedup with two GPUs, but run
into significantly less improvement with three or more GPUs.

The next study extends the Futhark compiler with a new internal streaming
operator called the husk operator [113]. The author introduces a new type and
semantics to further present transformations for the map and reduce second order
array combinators of Futhark, essentially allowing an intermediate Futhark pro-
gram to expose opportunities for distributable data and operations. The study
then also extends Futhark’s CUDA C backend, leveraging the husk operator for
multi-GPU execution and introducing a worker-thread runtime environment for
concatenation or reduction of the results on multiple devices. Next, the entire im-
plementation is tested on Futhark’s benchmark suite, investigating both the effect
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Figure 7.11: Stencil on Snellius, 100 iterations

of the husk operator in single and double GPU scenarios. In the multi-GPU case,
their results vary from near-linear speedups to limited improvements, depending
on the amount of data that has to be transferred between the two GPUs. In single
GPU scenarios the overhead of the husk operator is generally negligible, except
for some outlier applications — ranging from an improvement of roughly 1.7x to
significant slowdowns of 2.5x.

Accelerate [226] adds multi-GPU support by adding a fissioning program trans-
formation during the compilation process, essentially converting intra-kernel data
parallelism to inter-kernel task parallelism. Furthermore, a runtime multi-GPU
scheduler is added, which decides what task is executed on which device. This
scheduler resembles a typical approach, introducing a worker thread for each
CUDA device. These worker threads are handling both kernel launches and copy-
ing dependencies to the GPU they represent. The authors evaluate their imple-
mentation against three benchmarks on a two-GPU system, where two of those
three benchmarks are Matrix Multiplication and N-Body. For the N-Body, they
achieve linear speedups and even a 2.4x speedup when the bodies fit in the cache
of a single GPU. Their matrix multiplication benchmark achieves more modest
speedups (around 1.3x), which the authors attribute to needing to communicate
larger partial results and more expensive combination steps compared to their
other benchmarks.

Another class of related work consists of more specialised transpilers and frame-
works that tend to either implement a custom unified-memory protocol or extend
CUDA'’s unified-memory driver [167, 129]. One such example is the framework
SnuRHAC, which automatically and transparently distributes workloads to multi-
ple GPUs across multiple nodes [129]. The authors extend CUDA unified memory
with an additional Linux kernel module to achieve scaling beyond a single node
of multiple GPUs. Within a node, kernel workloads are distributed by dividing
the thread blocks in CUDA grids among multiple GPUs. Page faulting is also re-
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Figure 7.12: Stencil on Icis, 100 iterations

duced by implementing both static and dynamic page-prefetching techniques. The
implementation also includes heuristics to decide whether to execute on a single
GPU instead if the workload e.g. contains too many shared-write accesses.

Finally, we take a look at related work that conducts manual experimentation
with CUDA unified memory. One study evaluated the effect of CUDA performance
hints for both in-core and out-of-core single-GPU scenarios on two platforms across
six different applications [52]. On one platform, they find that memory advice only
lead to benefits in in-core scenarios, whereas on the other platform exclusively in
out-of-core situations. When it comes to page prefetching, they find that it leads
to significant improvements for one system, but no benefits on the other. Overall,
the authors conclude that unified memory is a promising technology and point
out that more research into optimal advice placement would benefit programmer
productivity.

Another study investigates a manual multi-GPU implementation using uni-
fied memory [90]. The authors analyse both programmability and performance,
focussing on the effect of performance hints. Their study considers two types
of memory advice: access patterns and placement of memory, and experiments
are also conducted with prefetching. The authors observe speedups ranging from
1.10x to 1.85x on their selected benchmarks. They find that programmability
is generally much improved due to not needing to do manual allocations nor add
explicit memory transfers, but at the same time performance hints are necessary
to achieve good performance. When it comes to performance, unified memory can
introduce communication optimisations due to only initiating transfers that are
strictly necessary for a given computation.
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Figure 7.13: Stencil on Snellius, without allocation and deallocation

7.6 Conclusions and Future Work

We have implemented multi-GPU support for the language SaC extending its
existing unified memory compilation target. This extension is light-weight as we
can reuse the existing mechanism of specifying subsets. Inserting memory advice is
crucial to obtain good performance on multiple GPUs. We can generate accurate
advice due to the functional semantics of SaC.

Our benchmarks show promising results for both the N-Body and Matrix Mul-
tiply algorithms. With large enough problem sizes, we see efficiencies above 90%
with respect to SaC’s manually-allocated cuda target. For a nine-point stencil we
can obtain efficiencies in excess of 80%, but only when we do not count allocation
time. If the compiler cannot sufficiently reuse allocations, our approach yields
efficiencies as low as 12%, even for large problem sizes.

Future work is needed to address the efficient support of reductions or fold on
multiple GPUs. We use a basic device-wide synchronisation with expensive context
switches between GPUs. This does not stop us from obtaining high efficiency on
large problem sets, but fine-tuning this with event-based synchronisation may lead
to performance benefits on smaller problem sizes.
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Chapter 8

Category Theory for
Supercomputing

8.1 Introduction

Category theory is usually applied to other areas of abstract algebra, or theoretical
computer science. In this chapter, we look at a more applied area: supercomputing
(also called high-performance computing). It turns out that category theory is also
useful in the very practical problem of implementing a fast algorithm for computing
the Discrete Fourier Transform (DFT) on a supercomputer. This algorithm—
called the Fast Fourier Transform (FFT)—implements the DFT in O(nlogn) time
for n data points and is considered one of the top 10 algorithms of the 20th
century [68].

Today, the ‘super’ in the word ‘supercomputer’ does not refer to a single pro-
cessor that can compute very quickly, but rather to the number of processors.
In fact, a supercomputer is a cluster of many connected processors, each with
their own memory. Accessing data on a different processor requires explicit data
movement and minimising this while maintaining load balance is the essence of
making programs on supercomputers faster. We can reason about this by sepa-
rating computation from data movement with a computational model called the
Bulk Synchronous Parallel model [232], or BSP for short.

More specifically, the contribution of this chapter is Theorem 3, a recipe for
taking the tensor product of certain BSP algorithms, formulated without category
theory. The key idea behind the proof, however, is to use category theory as a
tool to transfer knowledge from one area of mathematics to another, in this case
from linear algebra to parallel algorithms. We can connect a certain class of BSP
algorithms to constructs in linear algebra. This uncovers structure that is well-
understood in the category Vect, and we use this theory to derive the core of our
algorithm, namely distributing the tensor product over the direct sum. The result
can then be translated back to the category Set, giving a fast BSP algorithm for
higher-dimensional arrays. The application of Theorem 3 to the one-dimensional

145



146 CHAPTER 8. CATEGORY THEORY FOR SUPERCOMPUTING

algorithm of [120] gives the algorithm of Chapter 9, which shows improvements
over the state-of-the-art. Though that chapter provides an elementary proof, the
algorithm was derived using the theory from this chapter.

8.2 Background

The Discrete Fourier Transform

The discrete Fourier Transform F;, of length n is a linear function C* — C™.
Writing w,, for the nth root of unity e~27/" it is given explicitly by

n—1
Yk = Fn(x)k = Zl‘jwﬁbk.
7=0

There is also a multidimensional variant of the DF'T that operates on ny X --- X ng

arrays:
ni —1 ndfl

— E E . C ik Jaka
Yky, o kg = T x]l,"',]dwnll ! wn(d : (81)

J1=0 Jja=0

We will call an ny X - - - X ng array, an array of rank d rather than dimension d from
now on in the tradition of the programming language APL [122]. For notational
convenience, we will define [n] := {0,--- ,n — 1} and abbreviate (k1,---,kq) €
[n1] X -+ X [ng] as k.

The original motivation behind this work is to find an efficient parallel algo-
rithm for the multidimensional DFT. To this end, it is important to understand
what Eq. (8.1) means algebraically. The central concept behind generalizing the
DFT from rank-1 to higher ranks is multilinearity: functions f: Vi3 x---xVy; = W
that are linear in each argument. We may ask ourselves: what is the vector space
that best captures multilinearity from Vi x --- x V4? The answer is the tensor
product V; ® - - - ® Vg, which together with a multilinear map ® : V3 x --- x Vg —
V1®---®Vy can be characterised by the universal property that for any multilinear
map f: Vi x---x Vy — W, there exists a unique linear map f : Vi ®---@Vy — W
such that fo® = f.

Vixox Vg %ﬁ W
® ~
T F
Vi -V
We can use this to turn a product of functions (f1, -, fq) : Vi X -+ x Vg —

Wi x --- x Wy into a tensor product f1 Q- R fg: Vi® - QVy > W1 ®--- Wy
by traversing the following commutative diagram from bottom left to top right to
bottom right. Working out the tensor product of rank-1 DFTs yields the higher-
ranked DFT of Eq. (8.1).
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for j =0tondo for k=0 ton/p do
XUl =1() XK = (s + k)
(a) Sequential initialisation (b) Distributed initialisation on P(s)

Figure 8.1: Initialisation of z; = f(j) sequentially, and in parallel.

(a) Global view (b) Local view

Figure 8.2: Graphical representation of cyclically distributed initialisation over
three processors, indicated in red, yellow, and green.

(f1,ee 5 fa)
—

Vix---xVy Wi x---x Wy

® ®

Vg eV Wi® @ Wy

Distributed Computing

In programming, there is usually little difference between data structures and
the mathematical objects they represent. In the programming language FOR-
TRAN, we would write X(k) for z; or X(k1, k2) for x, p,. The programming
language can then easily compute the address in memory from such an expression.
This approach fails when the data structures are so large that they do not fit in
the memory of a single machine. Programming a supercomputer is also called
distributed-memory parallel computing because we have to distribute the data
structure over different processors with their own memory. If we have p proces-
sors, we will identify processors with an index 0 < s < p. Each processor P(s)
has its local data structure X ). These local data structures then implicitly de-
fine the global data structure X through a correspondence called the distribution.
Figure 8.1 gives an example, called the cyclic distribution. In this chapter, the to
in algorithms is always exclusive. We can view X as one data structure, called
the global view, or as a collection of local data structures (X (S))s, called the local
view, as illustrated in Fig. 8.2. The distribution can be interpreted as a bijection
between the two views.
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The Bulk Synchronous Parallel Model

The Bulk Synchronous Parallel (BSP) model is often used, either implicitly or
explicitly, for parallel computing. It comprises a parallel computer architecture, a
class of parallel algorithms, and a function for charging costs to algorithms [232].
We employ the variant extensively used in [27] and focus on the algorithmic part.
A BSP algorithm consists of a sequence of supersteps. We have two kinds of
supersteps. The first, a computation superstep, performs a sequence of operations
on local data structures X(®). In the second, a communication superstep, each
processor sends and receives a number of messages. At the end of a superstep, all
processors synchronise as follows. Each processor checks whether it has finished
all its tasks of that superstep. Processors wait until all others have finished.
When this has happened, they all proceed to the next superstep. This form of
synchronisation is called bulk synchronisation, hence the name of the model.

8.3 A BSP Algorithm for the Rank-1 DFT

To get a feel for BSP algorithms, we will derive a BSP algorithm for the four-step
FFT framework, which can be found in a slightly different formulation in [233].
We use different variable names and notation to make it easier to understand the
parallel algorithm. To that end, suppose z is an array of length n, that p | n and
p| 3 (or equivalently that p? | n), and that we want to calculate y := F,,(z). We
write v(a : b : ¢) to mean the strided subarray of v which starts at index a and has
stride b. The last variable ¢ is the length of v. If we write v(a : b) we mean the
subarray that starts at ¢ and ends at b (exclusive). This lets us write the four-step
framework as the sequential Algorithm 12.

Algorithm 12 Sequential four-step FFT framework

Input: z : array of length n, number p such that p? | n.
Output: y : array of length n, such that y = F,(x).
1: for s € [p] do > Step 1

for k € [n/p] do
y(k : % in)s = ng);

10: for k € [n/p] do > Step 4
11: y(k: 3 in) = Fpy(k: 3 :n));

2: ) =x(s:p:n);

3: z(® = Fn/p(x(s));

4: for s € [p] do > Step 2
5: for k € [n/p] do

6: x,(f) = wﬁsx,(:);

7. for s € [p] do > Step 3
8:

9:

We use the parallelisation strategy of [120]. The notation we chose in Algo-
rithm 12 already suggests using the cyclic distribution. This gives us the first two
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steps of parallel Algorithm 13. A BSP algorithm in Single Program, Multiple Data
(SPMD) style is written from the perspective of a processor, so the loop over s is
removed and s becomes the processor index.

Algorithm 13 Parallel four-step FFT framework for P(s)

Input: x : array of length n, distr(z) = cyclic over p processors such that p? | n.
Output: y : array of length n, distr(y) = cyclic, such that y = F, ().

1: x(s) = Fn/p(:c(s)); > Step 1
2: for k € [n/p| do > Step 2
3: a:,(f) = w,’fbsx,(:);

4: for k € [p| do > Step 3
5: Put ) (k: p: %) in P(k) as y(k)(sz% S(s+ 1)1%);

6: for t € [n/p?] do > Step 4
mo O ) = BWOE g R

In the BSP framework we view Step 1 and Step 2 together as one computation
superstep, Step 3 as a communication superstep, and Step 4 as a computation
superstep as well. Steps 3 and 4 are derived as follows.

To parallelize Step 3, we decompose k as k = k' +cp, 0 <k <p, 0<
¢ < n/p? so we can consider the kth element of #(*) to be the cth element of
the strided subarray z(®)(k’ : p : n/p). The following index chase shows that this
strided subarray becomes the sth contiguous subarray on P(k').

y(k : n/p : n)s = Yk+sn/p

= Yk'+(sn/p>+c)p

_ (k)

- ysn/p2+c

=y") (sn/p* : (s + n/p?)e.

Finally, we drop the prime from %’ to obtain Step 3 of the parallel algorithm.

To parallelize Step 4, we first decompose k as k =tp+s, 0<s<p, 0<
t < n/p®. We then use our assumption that p? | n to rewrite the cth index of
yk:n/p:n)ask+cy =s+(t+ en/p?)p. We conclude that the cth element
of y(k : n/p : n) is the (t + cn/p?)th element of (%), which means it is the cth
element of y)(t : n/p? : n/p).

As a result, we have obtained a complete BSP algorithm for the fast compu-
tation of a rank-1 DFT.

8.4 Linear BSP Algorithms

To apply theory from linear algebra, we must first translate the structure of a
BSP algorithm to Vect. We restrict the class of BSP algorithms to those that
compute linear functions using supersteps that respect linearity in a way that we
define more precisely in Definition 1. The BSP model does not explicitly mention



150 CHAPTER 8. CATEGORY THEORY FOR SUPERCOMPUTING

distributions because they do not incur computation or data movement, but they
are algebraically important. We discuss distributions, computation supersteps,
and communication supersteps.

Arrays as Vectors

A computer program for a linear function f, is not bound by linear structure. So
writing U for the forgetful functor, we compute U f.

The forgetful functor U : Vect — Set is accompanied by a free functor V :
Set — Vect that adds structure. This functor is used whenever we work with
arrays: an array X corresponds to the vector Zje[n] X[j]bj, where (b;)jcin) is
a basis of C". The free functor applied to a set B returns a vector space VB
consisting of all formal linear combinations of elements in B (so B is a basis of
VB). This means that we can interpret the set of arrays over an index set I as
UVI. We can use this view to explain why we represent the tensor product of
DFTs as an operation on ny X - -+ X ng arrays in Eq. (8.1). We can form a basis of
the tensor product VB; ® ---® V By by taking the product of bases By X -+ - X By,
0 VB ® - ®VBg 2 V(B; X -+ X Bg). Given rank-1 index sets of the form
I = [n], this gives a d-dimensional index set of the form [n;] X -+ X [ng], which
indexes a rank-d array.

Distributions

In the BSP setting we have a collection of index sets (I(S))Se[p] for the processors,
rather than one global index set I. A distribution is then a collection of functions
¢° : I®) — T that links these through X®)[k] = X[¢*(k)]. In other words, we
have a disjoint union [] ., I®) and an induced function ¢ = [¢° | s € [p]] :

Hse[p] I) — T that is bijective. The free functor turns this into the bijection
between the local and global view of Fig. 8.2.

Viewing distributions as bijections between index sets allows for an algebraic
interpretation of parallelism: the disjoint union is the coproduct in Set, and as
V 4 U, the free functor preserves this colimit and maps it to the coproduct in Vect,
the direct sum. The direct sum is also the product in Vect, which is preserved by
the forgetful functor. This gives the commutative diagram of Fig. 8.3, where we
use the square braces for the unique morphism out of coproducts in both Set and
Vect.

The left side of Fig. 8.3, shows that a distributed array is really just an array
with index set J] . s () and that the distribution is an isomorphism between
this array and X. In Fortran, this is how we think about distributed computing
when using coarrays: we can declare a distributed array of rank two as X(:, :) [*],
and then refer to X(*) by X(:,:) [s]. The top right side, Hse[p] UVI®), views a
distributed array as a collection of local data structures. This is how we usually
think about distributed computing in the BSP model. The top middle part exposes
the algebraic meaning of parallelism: the direct sum.
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v [ I =5 U @ vI® =5 [ UVI®

s€lp] s€|[p] s€[p]
UV[¢®|s€(p]] UV *|s€lp]]
Uvi — Uvi — Uvi

Figure 8.3: Distributions correspond to the direct sum in Vect. Local view at the
top, global view at the bottom.

Computation Superstep

A computation superstep is a collection of functions between these data structures,
so a product. If these functions are linear, the product is preserved under the
forgetful functor, so they correspond to a direct sum as illustrated in Fig. 8.4.
Note that this holds for Algorithm 13 as F,/,, F), and ac,(:) — w,klsx,(:) are all
linear.

[1UvIi® =5U @ VI

s€lp] s€|[p]

I Uf(b’) U @ f(S)

s€[p] s€[p]

[1UVI®) =50 @ VI

s€lp] s€|[p]

Figure 8.4: A BSP computation superstep of linear functions

Communication Superstep

The communication superstep of Algorithm 13 permutes the local arrays, meaning
it can be described as an isomorphism on the index set [[ ., (s). In our experi-
ence, many communication supersteps in parallel algorithms can be described this
way, so we restrict ourselves to communication supersteps of this type.

As functions out of a coproduct are determined uniquely by their components,
we can write such an isomorphism as r = [rs | s € [p]]. Concretely, we have
rs(k) = (kmodp,sn/p* + kdivp) in Step 3 of Algorithm 13 because we put the
kth element of P(s) in the (sn/p? + kdiv p)th position on P(kmod p).

A permutation on basis elements is lifted to an isomorphism between vector
spaces by the free functor, so we consider isomorphisms as in Fig. 8.5.
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uv I 1

s€[p]

UV([rs|selp]]

uv I[ 1

s€|[p]

Figure 8.5: A BSP communication superstep that redistributes data is a bijection
on the index set under the free functor

Definition

To conclude, the type of BSP algorithm that we consider factorises a linear function
f in direct sums of functions and index permutations under the free functor. We
then forget the linear structure by using the forgetful functor. More precisely:

Definition 1 (Linear BSP algorithm). Interpret arrays X and Y over index sets
I, I, as Uz, Uy for vectors ¢ € VI,, y € VI,. A linear BSP algorithm has
an array X as input, an array Y as output, and computes y = f(x) for a linear
function f such that the following conditions hold:

1. all computation supersteps are of the form Y(*) = U f()(X(®)) for linear

functions f(%);

2. all communication supersteps are of the form UVr where r permutes the
index set J[ ¢, 1),

8.5 The Tensor Product of Linear BSP Algo-
rithms

We can now state Theorem 3, which shows that if we have linear BSP algorithms
for functions fi,--- , fq, we can straightforwardly derive a BSP algorithm of the
same structure for their tensor product f; ® -+ ® fq.

Theorem 3 (The tensor product of linear BSP algorithms). Linear BSP algo-
rithms Ay, --- Aq for fi,---, fa with the same number and structure of supersteps
can be combined into a linear BSP algorithm for fi ® --- ® fq by combining the
supersteps and distributions as follows.

o If Ay uses p; processors indexed between 0 and p;, the higher-dimensional
algorithm uses a d-dimensional processor grid p := [p1] X -+ X [pa]-

o If Ay has distribution
(60 | s € [pi]],

the higher-dimensional algorithm has distribution

6% > - x ¢ [ s € pl.
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o Computation supersteps that compute Ugy, - - ,Ugq are combined into a com-
putation superstep that computes U(g1 ® -+ ® ga).-

o Communication supersteps that perform a permutation
200D oy (s, )] = XD [
are combined into a communication superstep that performs the permutation

Z (W xba) () () - x pa)(s, k)] = X [K].

(Note that we can always add identity functions to make the number and
structure of supersteps match.)

The proof relies on two facts. First, the tensor product and direct sum
distribute over each other in the same way the product and sum of numbers do:

@ VIG) | @...® @ VG %’@(Vﬂsl)@n-@‘/[(sd)). (8.2)

s1€[p1] sa€[pdl s€p

This isomorphism is a natural transformation and allows us to pull the direct
sum (encoding parallelism) out of the tensor product. Second, the tensor prod-
uct is functorial, so we can study the distribution, computation superstep, and
communication superstep in isolation.

Distributions

Equation (8.2) is the intuition behind the tensor product turning a collection of
distributed rank-1 arrays into a distribution of a rank-d array, with also a rank-d
processor grid. We work this out in more detail in Fig. 8.6, where we also use that
the tensor product is the image of the Cartesian product in Set under the free
functor. We can tell that the ¢;, are combined dimension-wise by comparing the
right side of Fig. 8.6 with the left side of Fig. 8.3.

d ~ d o
® Vi) = fan) ®V[(Sl — P VHI(S . VH HIl(S)
1=1s,€[p] s€pl=1 s€lp] =1 l 1
d d d d
‘/@ Vo©i] [;81 Vsl \% ll_[ @] V[lnl ¢°1]
=1 p et =

d
® Il—>®V114>VHIl—>VHIl
=1 =1 =1 =1

Figure 8.6: The tensor product of a distribution is again a distribution, where we
take the Cartesian product of index sets and distribution functions
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Computation Superstep

Equation (8.2) directly gives the diagram of Fig. 8.7. We conclude that we can
simply apply the tensor product locally.

d o

® O VI S dRVISY

=1 s;€[p;] sepl=1
® @© s ® 7o
1=1s;€[p;] sepl=1

d N d
® & VI = VI
I=1s,€[pi] sepl=1

Figure 8.7: The tensor product of a BSP computation superstep of linear functions

Communication Superstep

The right side of Figure 8.8 shows that the tensor product of a communication
superstep is the product of the underlying permutations composed with an iso-
morphism.

d N d N d
QXV I 1) ——— V][ ] I®) ——— V] ] I®V
=1 s€p] =1 s;€[pi] sepl=1

d d

& Virs lsi€lpil] V I [rslsi€lp]] B

=1 =1

V[ll;ll T(s;)|SEP]

d d d
RV I 160 —V T 11 16V —V IT 1T 160

l

1 s1€pi) I=1s,€[pi] seEpl=1

Figure 8.8: The tensor product of a redistribution is done dimension-wise

To show how this corresponds to Theorem 3, we chase through the right side of
the diagram. We write 7, (k) = (1(s1, k), pi(si, k)), which is interpreted as: Put
XG0[k] into P(4y(s1,k)) at local index p;(sy, k). Starting at the top right corner,
and ignoring the free functor V', we get
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(51, 1 8a), (k1y -+ L ka)) =
(rsy (k1) (rsu(ka)) =

(Y1(s1, k1), p1(s1, k1)), -+ (Ya(Sas ka), pa(sas ka)) —
((V1(s1,k1), -+ Ya(sa, ka))s (pr(s1, k1), 5 pa(sa, ka))-

8.6 Applications

Discrete Fourier Transform

Theorem 3 can be used to directly derive Algorithm 14 from Algorithm 13, without
the tedious proof of [142].

Algorithm 14 Parallel four-step FFT framework for processor P(s) =
P(s1,--+,84), rank-d

Input: X : array of size ny X - -+ X ng, distr(X) = rank-d cyclic over p; X -+ X pqg
processors such that p12|nl, forl=1,---,d.

Output: Y : array of size ny x -+ X ng, distr(Y) = rank-d cyclic, such that
YV = (Fp, @@ Fy, )(X).

LX) = (Fy p @@ Fpy ) (XO); > Superstep 0
2: for k € [ny1/p1] X -+ X [na/pa] do

3 XK = (T, when) X O [k];

4: for k € [p1] x -+ X [pg] do > Superstep 1
5: Put X)(k:p: 2) in P(k) as Y (*) [soz = (s +1)35];

6: for t € [n1/p}] x -+ x [nq/p?] do > Superstep 2
7 Y(S)(t:p%:%) = (Fp, ® - Q@ Fp,) (Y(S)(t:]%:%));

Discrete Cosine Transform

We can also apply Theorem 3 to the Discrete Cosine Transform (DCT-II), see
e.g. [233, 197]:

n—1 .
(27 + 1)kn
Yp = jz:;) T cos o (8.3)

The most efficient sequential rank-1 DCT-II algorithms pack the n real input
points into n/2 complex data points, apply the DFT, and then extract the result.
Our approach is not applicable to these algorithms because the extraction is linear
with respect to R, but not C. This mix of ground fields breaks the theory we have
developed. We discuss this further in Section 8.9. Instead we use a less efficient
algorithm that views the DCT-II as a complex function, that we happen to apply
to real input only.
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We can implement the DCT-II by extending the signal, applying a DFT, and
then extracting the result [164]. Given an input z of length n, we define w of

length 2n as
{xj 0<ji<n
w; =

Top—1—5 N <j < 2n.
After transforming z = DFT (w), the DCT-II y can be extracted by

1
Y = iw;/lzzk, 0<k<n.

Linear BSP Algorithm

To derive a linear BSP algorithm, we first decompose this algorithm into functions.
We write 7 for the reversal function z; — y,_1—;, (f,g) for the function V" —
Wi @ Wy induced by f:V — Wy, g: V — Ws, m for the projection to the first
component, and C"* @ C™ = C?" for putting the bases after each other. This gives
the following decomposition.

cn 4D o g on 1487 on gy on Fan

(C2n

1 k/2

2 = CrgCn s cn 2%n cn

To ensure a cyclic distribution for the DFT, we take a cyclic distribution of C™.
Local index k on P(s) corresponds to global index s+ kp. If we embed this in the
second component of C*@C" = C2", we get global index n+s+kp = s+(n/p+k)p,
which shows it is the kth local index in the second component of C*/? @ C™/? on
P(s). So the duplication (id,id) becomes a local duplication under the cyclic
distribution. As this is a local linear computation, it fits in our framework as a
computation superstep.

The function id @r is not local under the cyclic distribution, so we model it
as a communication superstep. Local index k on P(s) has global index s + kp,
and r(s+kp)=n—1—(s+kp)=p—1—s+ (n/p—1—k)p. So the reverse is
stored on P(p — 1 — s) in local index n/p — 1 — k. To deal with the embedding
C"/P @ C™/P = C?"/P we first subtract n/p from k to obtain k' = k — n/p, then
reverse to give the index n/p — k' — 1, and finally add n/p back to the result,
which gives local index 3n/p — 1 — k. In the notation of Theorem 3, this gives the
following communication step.

k 0<k<n/p
p(s, k) =
3n/p—1—k n/p<k<2n/p

S 0<k<n
(s, k) = shenp
p—1—s n/p<k<2n/p
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Tensor Product
To apply Theorem 3, we must form the tensor product of computation supersteps

con/p 1919 (id,id) cn/P g /P = 20/

and
1 ky/2
2n;

c2n/p =~ cn/p g /P I cn/p 220, o0/,

The tensor product respects the product in the obvious way, e.g.

®&

(id, | r € [2]) = (ide, ®---Qide, | c€[2] x -+ X [2]).
=1

The projections are similarly combined dimension-wise. To compose with C2"/P =
C™P @ C™/?, we can add en/p to the local index. The pointwise product is mul-
tiplied across dimensions. This yields Algorithm 15.

Algorithm 15 Parallel DCT-II for processor P(s) = P(s1,- - ,Sq4), rank-d

Input: X : array of size ny X - X ng, distr(X) = rank-d cyclic over p; X +-+ X pqg
processors such that pl2|2nl, forl=1,---,d.
Output: Y : array of size ny x --- X ng, distr(Y) = rank-d cyclic, such that
Y =(C, ® - ®Cp,)(X).
force 2] x---x [2] do
for k € [n1/p1] x -+ X [ng/pa] do
W en/p + k] = X [k];
for k € [2n1/p1] X -+ X [2n4/p4] do
W/ xpa) (kD [(p) - x pg) (k)] = W]
Compute Z = DFT (W’ ) with the parallel four-step FFT framework;
for k € [n1/p1] x -+ [nd/pd] do
Y O] =TT, wyy "2 [K;

8.7 Related Work

Johnson [128] has paved the way towards a common framework for many DFT
algorithms by using matrix decomposition. This is also the fundamental unify-
ing approach in the book by Van Loan [233]. The main difference with our work
is that a matrix representation requires bases to be ordered linearly, losing the
higher-ranked structure of the DFT. This has led to a more mechanical approach,
deriving matrix-decompositions that are technically correct, but can be concep-
tually misleading. For example, Johnson uses F;,/, ® I, for a cyclic distribution
and [, ® F,,/, for a block distribution, while we would consider both operations
as @ F,/, with a different isomorphism & C™/P =~ C". The multiple F, /p i
s€lp] s€[p]
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Algorithm 12 arise from recursively applying the Discrete Fourier Transform on
subarrays, not from multilinearity, which is why we believe the direct sum is a
better choice than the ®-notation.

Designing and implementing algorithms often goes hand-in-hand. We specu-
late that previous work has sacrificed the higher-ranked structure because arrays
of arbitrary rank are challenging to work with in programming languages com-
monly used for supercomputing, such as Fortran, C, or C++. This is unfortunate,
as the structure of Algorithm 14 does not depend on rank, so we would prefer
to have one subroutine that can take an array of any rank as argument. This
is called rank-polymorphism and is supported by languages like APL [122] and
Single-assignment C [208]. We show that rank-polymorphism can be used to de-
scribe tensor products of functions, but it has also found applications in controlling
concurrency and data movement [209].

8.8 Conclusion

We introduced the notion of linear BSP algorithms: a class of parallel algorithms
that respects linearity and that follows the Bulk Synchronous Parallel model for
designing algorithms. This model distributes data structures over multiple proces-
sors with their own memory. Computation is done on these local data structures,
and separated from communication by global barrier synchronisation. The split of
computation and communication makes it possible to view algorithms as a form
of function decomposition into distributions, computation supersteps, and com-
munication supersteps. Investigating what the distributions, computation, and
communication look like in the category Vect led to the main result of this chap-
ter: that linear BSP algorithms for a collection of functions fi,- -, fq give a
linear BSP algorithm of the same structure for their tensor product f; ® --- ® fg
(Theorem 3).

8.9 Future Work

Future work could investigate what parallelism looks like in other categories, and if
it interacts with universal constructions in interesting ways. For example, there are
many algorithms that use complex conjugation, which is not a linear function as
(A-z) = X-Z. The concept of conjugation is captured and generalized in so-called
x-algebras. Functions that respect addition, but conjugate scalar multiplication
are called anti-linear. These functions are ubiquitous in the study of Hilbert
spaces, making related categories of practical interest.

More efficient parallel algorithms for the DCT-II exist, based on using the DFT
and functions that are linear with respect to R, but not C [181, 119]. This mix
of ground fields keeps us from applying Theorem 3, as we deal with ®g and ®c,
which live in different categories. Future work could find a more efficient algorithm
by parallelising Feig and Winograd’s algorithm [73] using the BSP model. This
algorithm uses only real numbers, making it suitable for our approach.
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Other interesting applications that connect algebraic structures with applica-
tions can be found in cryptography and topological data analysis.

The tensor product also describes the combination of Hadamard gates, making
it fundamental in quantum computing [184]. As the performance of quantum
computers relies on parallelism, it may also be a good candidate for the higher
level of abstraction that category theory can provide.






Chapter 9

Minimizing Communication
in the Multidimensional FFT

9.1 Introduction

The one-dimensional discrete Fourier transform (1D DFT) of length n is a function
F,, that takes an array x of n complex numbers, and returns an array y = F,(z)

of n complex numbers. We write w,, for the nth root of unity e=27"/" and [n] for
{0,...,n —1}. The DFT is given by
Yk = Z zjwik  for k € [n]. (9.1)
j€ln]

The fast Fourier transform [56] is a fast implementation of the DFT that can per-
form the computation in O(nlogn) time instead of the O(n?) time of a straight-
forward implementation of Eqn 9.1; see [233] for a detailed exposition.

We also have a multidimensional variant of the DFT, which takes ny x --- X ng
multidimensional arrays of complex numbers as both input and output, and is
given by

Yiky,ookal = D o0 Y X[jn,. s dawFwith, (9.2)
J1€[na] Ja€[ndl
for (k1,...,kq) € [n1] X -+ X [ng].

We find it convenient in our notations to number the dimensions of the FFT
starting at 1, but to have all other numberings start at 0. Without loss of gener-
ality, we assume that ny > ng > -+ > ng. We write N = nq ---ng for the total
number of array elements.

The multidimensional FFT is the main computational kernel in many applica-
tions. An example is the solution of the time-dependent Schrédinger equation by
wave packet propagation [147, 153], where the FFT is used in a spectral method

161
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to compute the kinetic-energy operation efficiently, and where the dimension in-
creases rapidly with the number of atoms (three per additional atom), see [36] for
a 6D calculation. Other examples are classical molecular dynamics (MD), where
a 3D FFT is used to compute long-range interactions efficiently based on Ewald
sums, for instance in the LAMMPS package [193], and 3D computed tomogra-
phy [199]. These are just a few examples; there are numerous other applications
ranging from image processing, fluid flow simulation, to weather and climate pre-
diction.

Distributions

Informally, a data distribution, or distribution is a specification on how to store
a data structure divided over a set of processors. Suppose we have a global data
structure X indexed by some set J, e.g. J = [n] if X is a 1D array of size n, or
J = [n1] x -+ x [ng] for X a d-dimensional array of size n; in dimension {. Let
{P(s) | s € S} be a set of processors. We denote the local data structure on P(s)
by X () and assume it is indexed by a set J,. A distribution is then more formally
a bijection ¢ : UsesJs — J from the disjoint union of local index sets to the global
index set, where ¢ is defined by X (®)[k] corresponding to X [é(s, k).

The cyclic distribution of a 1D array of length n over a set of processors indexed
by [p], is given by ¢(s, k) = s + kp. We generalize this to a d-dimensional cyclic
distribution over a set of processors indexed by [p1] X - -+ X [pa] for d-dimensional
arrays. The distribution is then given by ¢((s1,...,54), (k1,-..,kq)) = (s1 +
k1p1,...,84 + kapa). When the dimension is clear, we will abbreviate this to
(s, k) = s + kp. The cyclic distribution has been shown to be advantageous for
the 1D parallel FFT [120], because it can be used as both the input and output
distribution for the FFT while requiring only one data redistribution during the
computation; see also [27] for an extensive discussion. The cyclic distribution can
be used for up to p = y/n processors. It has been shown to achieve state-of-the-
art performance in a 1D implementation that uses FFTW for sequential FFTs
and MulticoreBSP for C for communication [245]. The 1D, 2D, and 3D cyclic
distributions for 1D, 2D, and 3D arrays, respectively, are illustrated in 9.1.

The slab distribution (or 1D distribution) distributes a multidimensional array
by blocks along one dimension. If we have p processors and distribute along the first
dimension, the distribution is given by &(s, (k1,...,kq)) = (k1 + s %, kay ... k).
Distribution along another dimension can be done analogously. This is illustrated
in 9.2.

The pencil distribution (or 2D distribution) is similar to the slab distribution,
but it distributes along two dimensions. If the processor indexing set is [p1] X [pa]
with p = p1po, the pencil distribution is given by ¢((s1, s2), (k1,...,kq)) = (k1 +
s1 - %, ko + s9 - %7 ks,...,kq). This is illustrated in 9.3. The pencil distribution
can easily be generalized to a higher-dimensional distribution.
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(a) An array of length 8 (b) An 8 x 8 array dis- (c) An 8 x 8 x 8 array
distributed over 4 proces- tributed over 4 processors distributed over 8 pro-
sors in a cyclic distribu- in a 2 x 2-cyclic distribu-  cessors in a 2 X 2 X 2-
tion. tion. cyclic distribution.

Figure 9.1: Cyclic distribution in several dimensions, indicated by colors.

Figure 9.2: An 8 x 8 x 8 array distributed over 8 processors in a slab distribution
along different dimensions. (a) A slab distribution along the z-direction; (b) along
the y-direction; (c) along the z-direction.

Related work

Many state-of-the-art parallel FFT libraries, including the packages FFTW [81],
PFFT [191], and HeFFTe [13] that we will use in our comparisons, exploit that
the sum describing the FFT factorizes as follows

Z Z X1, JalwitFt o wlthe =

J1€[ni]  ja€[nal

SSU DD DD Xl dawizt e withe | wiiF (9.3)

Jj1€[n1] \j2€[n2]  ja€[ndl

We see that the d-dimensional Fourier transform can be calculated in two steps:
first, we apply a (d — 1)-dimensional FFT to X[ji,*,...,*] for all j;, calling the
result Y (usually this is done in place, so with the same data structure for X and
Y). Then we transform Y[, ko,..., kg] by a 1D FFT for all tuples (ka,...,kq).
This can be applied recursively to calculate a d-dimensional FFT by performing
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(b)

Figure 9.3: An 8 x 8 x 8 array distributed over 2 x 4 processors in a pencil dis-
tribution along different dimensions. (a) Distribution along z and y; (b) along z
and y; (¢) along = and z.

1D transforms along each dimension. This can be done in parallel using sequential
1D FFTs. See [78] for alternative parallel methods such as the binary exchange
method and a comparison between these methods.

The approach that parallel FFTW [81] takes to parallelizing the multidimen-
sional computation is as follows: it starts with a slab distribution, and performs
a sequential FFT in all directions that are local. In 9.2(a), this is along the
y-axis and the z-axis. Then it performs a communication step to move to a dis-
tribution such that the remaining direction becomes local, for instance the slab
distribution of 9.2(b). Performing the final step in the slab distribution is not
always possible. For example, for a parallel FFT on an array of size 8 x 4 x 2
that starts with a slab distribution for 8 processors along the first dimension, the
final step of FFTW uses a 4 x 2 pencil distribution. If needed, the final distri-
bution will have an even higher dimension r > 2. Therefore, starting in a slab
distribution along the first direction, With the largest size, FF'TW can use at most
Prmax = min(ni, ny - --ng) = min(ny, - ) processors. This implies that in the most

favorable case, when n; = /N, FFTW can use pmax = VN processors, but in all
other cases it must use fewer processors.

If we want to use more processors, we can choose to start in a pencil distribu-
tion instead of a slab distribution. This approach has first been proposed by Ding,
Ferraro, and Gennery [66]. It has been implemented in 3D packages by Plimp-
ton [193], see also [192], 2DECOMP&FFT by Li and Laizet [158] and P3DFFT
by Pekurovsky [190]. PFEFT [191] is also based on using a pencil distribution, but
generalized to arbitrary d > 3.

Having a 2D processor distribution gives us d — 2 directions that are locally
available. This means we have to switch pencil distributions [2%5] — 1 = [525]
times to transform along all d directions. For d = 3, this would mean switching
twice, as illustrated by 9.3, and for d > 4, this would be only once. For d = 3, we
can use Pmax = Min(ning, nong, ning) = neng = nﬂl processors, by our assumption
on the decreasing sizes of the different dimensions. In the most favorable case,
when all sizes are equal, puax = N?/3; e.g., in 9.3, we could have used up to 64
Processors.

PFFT generalizes earlier work by enabling the use of an r-dimensional data
distribution with 1 < r < d, not just r = 1,2, at the expense of [dfr] —-1=[=]
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data redistributions. For d < 3, the slab and pencil distributions suffice; here, we
discuss the remaining case d > 4. In general, distributing along r dimensions makes
the other d — r dimensions locally available. Assume that the dimensions chosen
for distribution have sizes mi,...,m, and the others have sizes m,41,...,mg;
thus the m; are a permutation of the n;. As a consequence, there are my ---m,.
FFTs, which gives an upper bound on the number of processors we can use. We
are left with m,y1---myg FFTs to perform, which reduces the upper bound to
min(my - -+ My, Mypq - - Mg) processors. If we limit ourselves to requiring a single
redistribution, this number equals py.x, and in that case we must choose r < d—r,
ie., r <d/2. We can maximize pyax by choosing the dimensions to be distributed
initially such that my - --m, is as close as possible to m,41 - - - my. For even d, and
in case all n; are the same, this means that pp.x = N 1/2 processors. For all other
Cases, Pmax < N2 s an upper bound. For odd d, and in case all n; are the same,
we can maximize ppyax by taking r = (d—1)/2, giving ppax = N(@~D/Cd) < N1/2,
e.g., for d =5, pmax = N?/5. Thus, if all sizes are equal, having an odd number of
dimensions is less favorable.

Both FFTW and PFFT finish their computation in a different distribution
than the input distribution. If this is undesirable, an extra communication step is
necessary. This may be avoided for instance when the FFT is followed by a local
element-wise computation (such as happens in a convolution), an element-wise
multiplication, and an inverse FFT. If this inverse FFT can start in the output
distribution of the forward FFT and can finish in the original input distribution,
then the extra communication step can be avoided.

Jung et al. [130] present a 3D FFT with a volumetric (3D) data distribution
for use in an MD application. In one of their schemes, 1D all-to-all, they perform
parallel 1D FFTs within every direction, with five all-to-all communication steps
within one dimension. In an alternative scheme, 2D all-to-all, they require three
all-to-all communication steps, each within one or two dimensions. Because of the
requirements of the MD application of which the FFT is a part, the 3D distribution
is by blocks.

Dalcin, Mortensen, and Keyes [59] provide new methods for accelerating the
all-to-all communication step of multidimensional FFTs, where they make use of
advanced features of MPI-2.

Popovici et al. [194] generalize the 1D FFT based on the cyclic distribution
to a multidimensional FFT based on a cyclic distribution in all dimensions with
the advantage that the input and output distribution are the same. They argue
that to scale up to the large numbers of processors that are available in today’s
supercomputers, it it necessary to use parallelism both across 1D FFTs and within
1D FFTs. In each dimension [, their algorithm can then use p; < /n; processors
because of the cyclic distribution. This implies that if all n; are squares, the max-
imum number of processors used equals pmax = N'/2 . Their algorithm performs
a communication step that moves all data, once for every dimension, so the al-
gorithm has d communication steps in total. In their implementation, they use
FFTW for the local computations, MPI for distributed-memory parallelism and
OpenMP for shared-memory parallelism. They present results for 3D arrays of
size up to 10243.
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Contributions

This chapter provides the following contributions:

e We present a parallel multidimensional FFT algorithm based on the cyclic
distribution that (i) has only a single all-to-all communication step; (ii) works
for up to pmax = VN processors, where N is the total number of array
elements; (iii) starts and finishes in the same distribution.

e We present the program FFTU which is an implementation of this algo-
rithm for an arbitrary dimension d and present timing results for d = 2, 3, 5,
demonstrating state-of-the-art performance by comparing to FFTW, PFFT,
HeFFTe, and showing scalability for higher dimensions.

Starting and ending in the same distribution has the following advantages.
First, the same program can be used for the forward and the inverse FFT, just
with the weights conjugated and the outcome scaled by 1/N, instead of reversing
all the steps of the FFT. Furthermore, the inverse FFT can be performed directly
after the FFT, possibly with an element-wise local operation interspersed, without
the need for data reordering.

9.2 Generalized four-step framework

In this section, we first present the sequential four-step framework for the 1D
FFT and derive from this a parallel cyclic-to-cyclic 1D FFT algorithm. We then
generalize this algorithm to the multidimensional case, and prove that the resulting
parallel multidimensional FFT algorithm does what it is supposed to do.

One-dimensional algorithms

Suppose that x is an array of length n, that p|n and p|% (or equivalently p?|n),
and that we want to calculate y = F,,(x). We write v(a : b : ¢) to mean the strided
subarray of v which starts at index a and has stride b. The last variable ¢ is the
length of the whole array v. If we write v(a : b) we mean the subarray that starts
at a and ends at b (inclusive).

To establish our notations and lay the basis for generalisation to the parallel
and multidimensional case, we will first derive our basic sequential algorithm, the
so-called four-step framework.

Sequential algorithm

As any 0 < j < n can be written uniquely in the form kp + s with 0 < k < %,
0 < s < p, we have
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n—1 2_1

T S D) MR EC Y
j=0 5=0 k=0

n_q 2_q

p

g wh® E Thpts ( wp E ws? E mkp+swn.

Write 2(*) for z(s : p : n) and 2(*) for Fa(x(s : p : n)). We have the corre-

spondence x,(c) = Tppts and z; = xgjdﬁos P) and likewise for z, (). Here, the div
operator is defined by jdivp = [j/p|. By periodicity we have w’m = wl%(a mod %).
Armed with this knowledge we can state

i B .

Z J;kp+sw’%a = Z x,(f)w%(a med ), (9.5)

k=0 k=0

But this is the definition of the (amod 7)-th entry of the DF'T of (%), so we
can write Eqn 9.4 as

Zwsa t(zn)aod %7 (96)

which looks suspiciously much like an FFT of length p. In order to massage this
equation into that form, we write a = t% +kfor0<k< %, 0<t<p,

p—1
st +sk s s
Yem gk = E Wn ( E wt (zl(c )wflk) . (9.7)

s=0

Fixing k, we see that y(k : 3 :n) = F,(w®), where w) = z,(cs) ‘wik for 0 < s < p.

We can summarize this as 16, which is known as the four-step framework and
can be found with a different proof and formulation in [233]. Step 1 is called
twiddling in [233] and elsewhere. We can easily avoid using extra arrays z and w
by reusing x,y. The only step where it is not immediately obvious how to do this,
is Step 3. Here, we note that {y(k : % : n) | 0 < k < 3} splits y into 3 strided
subarrays of length p each, so we can use those to store the 2 arrays w*) of length
p. Therefore, 16 can be executed mostly in place, where only in Step 2 special care
has to be taken to limit the amount of extra memory needed to permute z into w.

Parallel algorithm

We use the Bulk Synchronous Parallel (BSP) model [232] as our approach to the
parallelisation of the FFT. BSP algorithms comprise a sequence of supersteps, each
performing a computation stage or a communication stage, where each superstep
is terminated by a global synchronisation. Following the BSP approach in [27], we
express our parallel algorithms in Single Program Multiple Data (SPMD) style,
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Algorithm 16 Sequential four-step framework

Input: z : array of length n, number p such that p?|n.
Output: y : array of length n, such that y = F,,(x).

1: for s:=0 to p—1do > Step 0
2: ) = 2(s:p:n);

3: 2(8) = Fu (z(2);

4: for s:=0 to p—1do > Step 1
5: for k:=0 to %—1do

6: zl(f) = wﬁszl(f);

7. for s:=0 to p—1do > Step 2
8: for k:=0 to %—1do

9: wi) = z,(f);

10: for k:=0 to %—ldo > Step 3
11: y(k: 2 n) = F,(w®);

by giving the program text for processor P(s) with s € [p]. This means that
although the executed program depends on s, we do not have to write different
texts for different processors. We express the communication in our algorithm by
the one-sided primitive ‘Put’, which completely defines the transferral of data by
an action from the sender. The sender P(s) states to which destination processor
the data has to be sent, and to which memory address on that processor. The
data can then be used in the next superstep.

We will analyse the time complexity of parallel algorithms within the BSP
framework. The cost of a computation superstep in the BSP model depends on the
maximum number of floating-point operations (flops) that a processor carries out,
and we will measure these in real flops, as is usual. The cost of a communication
superstep depends on the maximum number of data words each processor sends or
receives, here complex numbers, and we will take g (for gap) as the cost per data
word. The cost of the synchronisation at the end of a superstep is taken as [ (for
latency), but we will charge this cost only for communication supersteps. (The
reason is that we only use Put operations in our program, not Get operations,
and this means that in an actual implementation the synchronisation at the end
of a computation superstep can be removed.) For more details on BSP, and an
extensive treatment of the BSP 1D FFT with the cyclic distribution, see [27].

We will now derive a parallel version of the four-step framework. Step 0 and 1
of 16 are trivial to parallelize, and they determine the distribution: namely cyclic
over p processors. Here, processor P(s) simply performs iteration s of the outer
loops. This yields Superstep 0 of the parallel 1D algorithm, 17. We would like to
end in the same cyclic distribution in which we started. Let y(®) := y(s :p:n)
be the part of the output vector y stored by the cyclic distribution on P(s).
Component ¢ of this part is then denoted by y®)[c] := y(s : p: n)[c].

We will first parallelize the final step of the sequential algorithm, Step 3,
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aiming at a completely local operation in the cyclic distribution. Note that in
the cyclic distribution over p processors, global component y; is stored on pro-
cessor P(jmodp) in position jdivp. Consider component ¢ of y(k : % 1 n),
the output of the final step. Because p\%, we have that component y(k : % :
n)lc] = yezyi is stored on P((cy + k)modp) = P(kmodp) in local position
(¢ +k)divp = cjz + kdivp. So y(k : 2 : n) is stored in its entirety on
P(kmodp). Taking c = 0, we see that y(k : 3 : n)[0] is stored in local position
k div p. Furthermore, incrementing ¢ increases the local position by p%. Therefore,
ylk: 2 :n) = yFrmodp) (f divp 55+ %), which is local on P(s) for kmodp = s.
As k ranges from 0 to 2 — 1, we have that t = kdivp ranges from 0 to % — 1.
This determines the k-values for which the output of Step 3 is local, and we re-
quire the input also to be local. This yields Superstep 2, a local transformation of
Yyt L 2) by Fp for 0 <t < 2.

Finally, we parallelize Step 2 of the four-step framework, which is a permutation
of the data, and is usually called the transposition step. This step translates into
a communication superstep that should transfer the components of the vector w
to their desired destination, so that the following superstep becomes local. Taking
¢ = s in the above, we obtain y(k : % : n)[s] = y(’“m"d”)(sp% + kdivp). This

means that we need to send the z\* produced in Superstep 0 to P(kmodp) in
local position s + kdivp. So as(sk)(k :p: ) ends up in P(k) for 0 < k < p.
The first element corresponds to y(k)(sp%), and every time we increase k by p, we

n

increment k div p, so 2 (k : p : %) corresponds to y(k)(sp t(s+1);z —1). This
is achieved by the Put-statement of Superstep 1. This completes our algorithm.
If desired, we can make the algorithm completely in-place by taking y = x.

Algorithm 17 Parallel four-step framework for P(s)

Input: x : array of length n, distr(x) = cyclic over p processors such that p?|n.
Output: y : array of length n, distr(y) = cyclic, such that y = F,(z).

1z .= Fu (z(®)); > Superstep 0
2: for k:=0 to %fldo

3: x,(:) = w,’jsx,(j);

4: for k:=0 to p—1do > Superstep 1
5: Put 2()(k : p: 2) in P(k) as y(k)(sl% t(s+ 1)z —1);

6: fort:=0 to p% —1do > Superstep 2
7: y(s)(t : 1% : %) = Fp(y(s)(t : p% : %));

Parallel multidimensional algorithm

We will generalize 17 directly to a parallel multidimensional algorithm, 18, which
we prove correct by showing that it computes the multidimensional DFT of Eqn
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9.2. This equation can concisely be formulated in tensor notation, see [233], as
Y=(F, ® - ®F,)(X). (9.8)

We use vector notation to abbreviate dimension-wise strides, subarrays, etc. So
we define for instance X (¢ : 5 : 2) = X(t1 : n1/pf : na/pus- . ta : na /PG  na/pa)-
The algorithm can be performed in-place using only an array X, but we have used
different variables X, Y, Z, W,V to facilitate the proof.

It is no coincidence that 18 combines instances of 17 dimension-wise. This
happens because the multidimensional Fourier transform is the tensor product of
1D Fourier transforms and because we can combine BSP algorithms for linear
functions into a BSP algorithm for the tensor product, as shown in [141]. The
proof of this powerful observation involves category theory. Our correctness proof
of 18, however, requires no such category theory, and is based on basic algebraic
manipulations and concise notations.

Algorithm 18 Parallel four-step framework for processor P(s) = P(sy,...,54) in
d dimensions
Input: X : multidimensional array of size ny X - - X ng, distr(X) = d-dimensional
cyclic over py X - -+ X pg processors such that p?|ny, for I =1,...,d.
Output: V : multidimensional array of size ny X - - - X ng, distr(V') = d-dimensional
cyclic, such that V = (F,, ® --- ® F,,)(X).
1L Y® .= (Fri/p, ® -+ ® Fnd/pd)(X(S)); > Superstep 0
2: for k € [n1/p1] X -+ X [ng/pag] do
3 ZOK] = (I, wh) Y @ [k];
4
5

: for k € [p1] x -+ X [pg] do > Superstep 1
Put Z)(k:p: %) in P(k) as W(k)[sz% t(s+ 15— 1
6: for t € [n1/p?] x -+ x [na/p?] do > Superstep 2
TVO B n) = (B @ 0 By) (WO 5 2));

Theorem 4. Algorithm 18 computes the multidimensional DFT expressed in Eqn
9.2.

Proof. Applying the definition 9.2 of the multidimensional DF'T for the local array
of P(s) gives

y(S)[k]: Z Z X(S)[j]will};}l"‘wﬁ%d' (9.9)
j1€[n1/p1] ja€[na/pa)

By using walk/lp | = whikfPt and twiddling Y (®) we obtain

Z@[k] = Z . Z X () [j]wfbi(jwﬁrm) oo whaliapatsa) (9.10)

ng
J1€[n1/p1] Jja€lna/pdl

which is the output of Superstep 0.
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Now consider component s’ of the input array W) (¢ (t: ; C
This component corresponds to W[t + s'25] = W) (s ' (s + 1)z — D],
which has been obtained by communication in Superstep 1 of component Z (s’ )(5
p:)lt]= Z$)[s +tp]. This means that for P(s) in the role of receiver of a block
of data, P(s’) is the sender. Therefore,

) of Superstep 2.

w

W(S)(t . % : ﬁ)[s’] = Z(s’)[s + tp)

pe p
_ Z L Z X(s’)[j] o‘17(1811-&-151171)(j1p1-‘rs’1) B 'w’giid"l‘tdpd)(jdpd"'sii).
J1€[n1/p1]  ja€[na/pal

The final output V) (¢ : ]% : %) of 18 is computed in Superstep 2. Consider
component k of the output array V() (¢ : z% : %), which can be written as V()[t +
kp%] and is computed by a local DFT,

s n n shk syk
VO kG = 30 o 3 WO G e

P e shelpal
Z . Z Z ... X(s’)[j] ol ttp) (Jipats)
ni
sy €[p1] s!€[pa) j1€[ni/p1] Jja€lna/pdl

+t japd+s, 1k uk
w£Zd apa)(japd Sd)WIS)i 1 w;; 7 (9.11)

To work towards the definition of the multidimensional DFT, we rewrite the

sik k iprs))k
powers of the roots of unity using wi ™ = wit™™/P = PrtskmU/Pe Noge that

k Jiki
]zpz mi/pr _ (wnl)

! = 1. This gives the expression

the extra factor ws,

Z Z Z Z X(S)[} (Sl+t1171+k1711/171)(]1p1+sl) -

si€lp]  sh€lpal i€lm/m]  ja€lna/pal
w’gsjd.l,_tdpd-‘,-kdnd/pd)(jdpd""s:l). (9_12)

Because we can write any number j; € [ny] uniquely as j; = s;+j;p; for 0 < s; < py,
0 < ji < ny/p; and because of the local-global relations X ¢)[j] = X[s' 4 jp] and
VOt + k2] = Vs + tp + k], we obtain

Visi +tip1 + k1* ,8d + tapa + kd:]

Z Z wirthptkim /et (attapatkana/paia (g 13)
1

ji1€lml €[nal

This proves that the corresponding global array V is precisely the image of the
global array X under the d-dimensional DFT. O
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Complexity analysis

We analyse the time complexity of our parallel multidimensional FFT algorithm
within the BSP model [232]. Assume we have an array of size nq X --- X ngq. Let
N = ny ---ng be the total number of array elements and p = p; - - - pg be the total
number of processors. (Note that we slightly abuse the notation, since we have
used the variable p in the previous section in a different meaning, namely as a
tuple.) The sequential multidimensional FFT performs about 5N log N flops for
N array elements, regardless of dimension or shape of the array. As the number
of operations per array element is small, CPU-RAM bandwidth and cache archi-
tecture matter more than the precise number of flops, but we will disregard this
in our theoretical analysis, and consider it part of the implementation concerns.

Let us first look at the computation supersteps of 18. The first part of Su-
perstep 0 takes 5% log % flops, and Superstep 2 takes pﬂg - bplogp. With proper
implementation, the twiddling takes about two complex multiplications per ele-
ment, as we will see in 19 in the next section. So this adds 12% real flops, giving
a total number of flops of

N, N _N N _N N
Teomp,FFT = 5—log — +5—logp + 12— = 5—log N + 12—. (9.14)
p p P p p P

Except for the additional 12% flops from the twiddling, the original sequential
workload is perfectly divided into p parts.

Looking at the communication superstep, Superstep 1, we note that each array
element is communicated at most once, with each processor sending and receiving
at most ¥ elements, at a cost of % g. This is a balanced all-to-all communication
step. Since we have only one communication superstep for which we charge the
synchronisation, the total synchronisation cost of the algorithm is . Therefore,
the total BSP cost of our parallel multidimensional algorithm is

N N N
Typr =5—1log N +12— + —g +1. (9.15)
p p p

Our algorithm has a scalability limit for the maximum number of processors
Pmax that can be used, because in dimension [ we can use up to ,/n; processors;
this is in the ideal case that pl2|nl. If all n; are squares, this limit equals

Prnax = (n1 -+ -ng)'/* = VN. (9.16)

If not all n; are squares, the maximum is a bit lower. In case the n; and p; are
powers of two, pmax is then lowered by a factor of 2 for every n; that is not a power
of four. For a 3D array of size 10243, our algorithm can use up to 323 =32,768
processors. For 3D arrays of size 256% and 5123, our algorithm can use up to
163 =4096 processors. For a 2D array of size 224 x 64, with the same number of
elements as the array of size 10243 but with a very high aspect ratio, we can still
use the same number of processors, pmax = 32,768.

It is possible to scale beyond pmax = VN, but in that case more than one
communication superstep is needed and a generalisation of the cyclic distribution
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must be used, called the group-cyclic distribution [120], see also [27] for an expla-
nation and an implementation for the 1D FFT. The group-cyclic distribution with
cycle ¢ splits an array of size n into £ blocks of size <. It assigns each block to a
group of ¢ processors and it uses the cyclic distribution within each block. In this
distribution, array element x; is assigned to processor P((jdiv <)c + jmodc).
This is a different generalisation of the cyclic distribution than the well-known
block-cyclic distribution, which is used in certain parallel numerical linear algebra
packages, for instance in Scal.aPack [29)].

9.3 Implementation

In this section, we present the implementation of our multidimensional FFT algo-
rithm, which we humbly call FFTU, the fastest FFT in Utrecht. The implementa-
tion can be found at https://gitlab.com/Thomas637/FFT and it contains both
an MPI implementation and a BSPlib implementation. FFTU has been released
under the GNU GPL license. We discuss only the MPI implementation since the
BSPlib version is very similar. The only difference is that in the BSPlib version
we unpack the data packets manually instead of letting the communication library
do this.

We use FFTW for the local computations and MPI for communication. We
move the data into a buffer so that the data to be sent to a single processor is
stored contiguously; this is called packing. We have implemented a method where
we send the packets using MPI_ alltoall, and then locally rearrange the data,
moving them into the correct positions (called unpacking), and also a method
using MPI_ alltoallv, where we specify how the packet is to be stored on the
remote processor using derived data types. This allows (but does not require) the
MPI implementation to perform the communication without local data movement.

We combine the packing with the twiddling to minimize the consumption of
CPU-RAM bandwidth. This gives 19, which can be applied to the local array
X ) [k]. Note that we perform only two complex multiplications per data element
in the innermost loop of the algorithm, so that the time complexity is about 12N/p
real flops.

The twiddle weights wf;’l'S’ used in the FFT algorithm can be precomputed and
stored in a weight table, which requires a local memory of

d
ny
Miwidale = ) —, (9.17)
=1 P
which is much less than the H?Zl % = % memory needed to store the local array

X,

For the sequential multidimensional FFTs that we use in 18, numerous opti-
mized libraries are available, such as FFTW [81] and SPIRAL [200]. We have
chosen for FFTW as it has the most flexible interface, which we exploit for the
interleaved strided arrays, but our algorithm can also easily be adapted to use SPI-
RAL or other libraries. The row-major format of the input and output means that
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Algorithm 19 Packing and twiddling
Input: a d-dimensional array X of size ni/p1 X -+ X ng/pq in row-major format,

5= (817"'78d) € [p]
Output: d-dimensional arrays packetj containing the twiddled X (k : p : %) in
row-major format.

1: fort; :=0 to ny/py —1do

2: factor; := w}*1;

3: for t5:=0 to ng/ps—1do

4: factory := factor; - wf2%

5: .

6: for t;: =0 to ng/ps—1do

7: factory := factorg_y - wlis;

8: packety moa p[t div p] := X[t] - factory;

the last dimension is consecutive in memory, like in the programming language C.

9.4 Numerical experiments

Setup

We performed strong scaling experiments for three different programs: our pro-
gram FFTU, FFTW, PFFT, HeFFTe. All are compiled with Intel 2021.2.0,
which includes Intel MPI, and flags -O3 -march=native unless otherwise spec-
ified. The FFTW version is 3.3.9. Finally we use PFFT commit edcfcf9 on
https://github.com/mpip/pfft (no version number available). For p = 1,2
the derived data type version of FFTU with Intel MPI does not terminate. For
this reason, we used the manual unpacking method for p = 1,2. We use HeFFTe
version 2.2 with Intel’s Math Kernel Library version 2022.1.0.

FFTW can generate faster FFT functions at the cost of some setup time. This

is controlled by a flag, offering choices FFTW__ESTIMATE, FFTW__ MEASURE,
FFTW__ PATIENT. We tested these locally on an array of size 256 x 256 x 256 and
the execution (setup) time took 2.331 (0.03), 0.176 (2.735), 0.170 (239) seconds re-
spectively.
As FFTW_ PATIENT only pays off after about 40, 000 executions, we chose to use
FFTW_MEASURE. In HeFFTe the use of FFTW__ESTIMATE is hard coded,
and replacing this by FFTW__MEASURE leads to runtime errors. For this reason
we use Intel’s Math Kernel Library, which is also the sequential time reported for
HeFFTe.

We ran our timing experiments on arrays with a total number of N = 230
elements, in shapes 10243, 64° for all three programs, and in shape 16,777,216 x 64
for FFTU and FFTW. We obtained timings on the thin node partition of the
supercomputer Snellius at SURFsara in Amsterdam. A thin node consists of two
64-core AMD Rome 7H12 processors in a dual socket configuration, running at 2.6
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GHz. There is 2 GiB of RAM available per core. The interconnect is Infiniband
HDR100 (100 Gbps) with a fat tree topology. The job scheduler used is SLURM,
and we do not share nodes. The operating system is CentOS7. We have used
a single switch in our experiments and bound the MPI processes to cores with
——cpu__bind=cores.

Ideally, we would write down the time at the start of the FFT, at the end,
and subtract the two values to obtain a timing result. The problem with this
method is that the synchronizing function MPI_ Barrier of the MPI library only
guarantees that no processor leaves the barrier before all processors have entered.
So there is no guarantee that every processor starts the FFT function at the same
time. That is why we apply the FFT 100 times, so that the small difference in
leaving the barrier becomes negligible. For HeFFTe we use the benchmark program
speed3d__c2c provided by them.

For FFTW and PFFT, we measure both the time it takes when we de-
mand to end in the same distribution that we started in (default for FFTW
and with flag PFFT_ TRANSPOSED_ NONE for PFFT), and when we allow
to end in a different distribution (flags FFTW_TRANSPOSED_ OUT and
PFFT_TRANSPOSED_OUT, respectively). HeFFTe does not provide an
option to end in the same distribution.

Results

Table 9.1 presents the timing results for an FFT of an array of size 1024> for
different numbers of processors p. This represents the 3D problem, which is likely
the most common application of a multidimensional FFT, used in modeling our 3D
physical space. If we require the input and output to be in the same distribution,
we see that FFTU performs better than PFFT in all cases, and better than FFTW
for p > 128. For smaller p, FFTW outperforms both PFFT and FFTU, which
invoke FFTW but entail additional overhead. This is particularly clear from the
large parallel overhead for p = 1 when compared to the sequential case, which
represents a slowdown of a factor 2.3 for FF'TU and 2.9 for PFFT. Once we exceed
the number of cores in a socket, i.e. for p > 64, communication becomes more
costly and the advantage of fewer communication supersteps becomes clear. The
highest speedup achieved for FFTU compared to sequential FFTW is 149 x on 4096
processors, and for PFFT it is 98.5x. FFTW can use only 1024 processors, with
a speedup of 32.1x. HeFFTe achieves a speedup of 84 relative to Intel’s Math
Kernel Library. Counting 5N log N flops to transform an array of N elements,
FFTU reaches a top computing rate of 0.94 Tflop/s for this problem.

If we allow the input and output distribution to be different, both PFFT and
FFTW can save the final communication superstep. For this 3D problem, all three
programs perform a single communication superstep for p < 1024, and FFTU does
this for all given p, because it could go up to p =32,768 with a single commu-
nication superstep. For p > 1024, PFFT needs [3%} — 1 = 2 communication
supersteps, because it then uses a 2D decomposition, putting as many proces-
sors along the first dimension as possible. For FFTW, the maximum number of
processors that can be used is 1024.
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PFFT with output allowed in a different distribution is about equally fast as
FFTU. It is surprising that this also holds for p = 2048,4096, given the extra
superstep PFFT needs. When inspecting the instance p = 4096 for the case
with the same distribution imposed, we noticed that the final communication
superstep performing the redistribution takes as long as the entire calculation,
where we would expect it to be less than half. This means that PFFT performs
its internal two communication supersteps very efficiently. It does this by using
the global transposes of FFTW instead of directly calling MPI, and optimizing
these by precomputing several FFTW plans, see [191, Section 3.3]. Furthermore,
we observe a superlinear speedup of PFFT for p = 4096 compared with p = 2048.

In 9.1, we see that FFTW with output allowed in a different distribution is
faster than FFTU. This can be explained by FFTW doing a better job at commu-
nicating in its communication superstep, perhaps by better exploiting the shared
memory available. We performed an additional experiment to see whether we
could improve the performance of FFTU. Using OpenMPI version 4.1.1 instead of
Intel MPI, the time needed decreased from 0.664 s to 0.515 s for p = 512, actually
even beating FFTW. So there is room for improvement in the MPI implementation
and it might be possible to attain the same performance as FFTW.

Although we cannot compare the absolute running times of HeFFTe to FFTU
due to the different sequential library, we can compare the way it scales. We
see good scaling even when going to 2048, where an extra communication step is
needed. Like PFFT, HeFFTe can hide this communication well. However, we do
not see superlinear speedup when going to 4096 processors for HeFFTe, instead
showing similar speedup to FFTU going from 2048 to 4096 processors.

Table 9.2 shows the results for an array of size 64°. Here, FFTW can only
use up to 64 processors, so there are no timings for FFTW beyond this number.
Comparing the 5D timings of this table with the 3D timings of 9.1, we see that
higher-dimensional FFTs run faster for the same total number of array elements.
The highest speedup achieved by FFTU is 176 x and that of PFFT is 225x.

In 9.2, we see that FFTU performs about as well as PFFT when we do not
require the output to be in the same distribution as the input. This makes sense,
as a 2D processor distribution suffices, meaning we need [z25] — 1 = 1 commu-
nication superstep. For p = 128,512,1024,2048 FFTU is a bit faster, but for
p = 256,4096 this is the other way round. These differences can be explained by
the implementation of the communication step. We simply describe to MPI what
we want by use of MPI__Alltoallv and derived data types, and let the black box
MPI library handle the exact algorithm for communication. FFTW and PFFT
experiment with several algorithms during the planning phase and then choose the
fastest option. Apparently, sometimes MPI chooses the superior algorithm, and
sometimes FFTW/PFFT does. We again observe superlinear speedup for PFFT
when going from 2048 to 4096 processors. The same happens when doubling the
array size to 128 x 64, so we presume that this phenomenon is not due to cache
size.

Table 9.3 shows timing results for an array of size 16,777,216 x 64. This prob-
lem with a high aspect ratio failed for PFFT, because of an integer division-by-zero
error. We did not investigate this case further and just present timings for FFTU
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Table 9.1: Time (in s) of a multidimensional FFT for a 10243 array using three
programs: FFTU, PFFT, and FFTW. The program FFTU yields the same data
distribution for the output as for the input. For PFFT and FFTW, this can be
imposed (“same”) or not (“different”). For comparison, the time for running the
sequential FFTW is also given.

P FFTU PFFT FFTW HeFFTe
same same  different same  different different
seq 17.541 32.834

1 40.065 51.334 21.646 23.025 19.615 -

2 18.058 27.562 12.359 13.650 12.519 18.385

4 8.074 13.179 6.432  6.962 6.236 15.354

8 3999 9.102 4.290  4.024 3.260 8.167

16 2.349  5.552 2,510  2.388 1.803 5.409
32 1.789  3.190 1.417  1.545 1.145 3.589
64 1.802  3.133 1.411 1.670 1.378 2.814
128 1.366  3.330 1.461 1.996 1.475 2.782
256 0.980  1.972 0.918  1.208 0.797 1.905
512 0.664  1.409 0.677  0.991 0.577 1.236
1024  0.317  0.644 0.327  0.546 0.310 0.618
2048  0.163  0.417 0.223 0.393
4096  0.118  0.178 0.088 0.277

and FFTW. Note that both PFFT and FFTU can use at most 64 processors for
this problem, since they need one dimension to be local.

FFTU is slower here than in the 3D and 5D problems with the same N. Our
explanation is as follows. The total size of the twiddle tables is 27:1 %, see Eqn
9.17, so in the case where one of the n; is relatively close to N and the others
are small, this is a relatively large table, which cannot be stored in cache and
hence leads to a performance penalty. The twiddle tables are computed during
the algorithm and then repeatedly used; we found no need for precomputing the
twiddle weights, as is done for the other weights by FFTW.

9.5 Conclusions

We have developed an efficient and scalable multidimensional FFT algorithm that
has a single all-to-all communication superstep, that starts and ends in the same
distribution, and that can use up to v/N processors (or slightly less if the array
size in some dimensions is not a square number). We have implemented this
algorithm in a program FFTU and tested it on a distributed-memory parallel
architecture, comparing it to two state-of-the-art programs, PFFT and FFTW.
Our program FFTU uses FFTW for its local computations and it calls MPI for
its communication. We can view our package FFTU as an extension of FFTW, in
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Table 9.2: Time (in s) of a multidimensional FFT for a 64° array using three
programs: FFTU, PFFT, and FFTW. The program FFTU yields the same data
distribution for the output as for the input. For PFFT and FFTW, this can be
imposed (“same”) or not (“different”). For comparison, the time for running the
sequential FF'TW is also given.

P FFTU PFFT FFTW
same same  different same  different
seq 17.381

1 36.334 23.981 16.134 18.803 19.451

2 17.843 14.548 9.844 12.690 11.738

4 77l 7.630 5.053  6.826 6.130

8 4.111  4.226 2.746  3.538 3.148

16 2372 2.669 1.614  2.119 1.862

32 1.653  2.165 1.125 1.593 1.301

64 1.634  2.259 1.222 1.390 0.997
128  1.315  2.735 1.551
256  0.965 1.650 0.956
512 0.609  1.256 0.667
1024  0.304  0.644 0.357
2048  0.167  0.358 0.190
4096  0.099  0.159 0.077

the same way as PFFT can be considered an extension.

Overall, FFTU performs on par with PFFT and FFTW if the output distribu-
tion need not be the same as the input distribution and FFTU outperforms PFFT
and FFTW if these distributions must be the same. There are some fluctuations
in the behavior of the three programs, which we cannot completely explain, be-
cause of shared-memory effects and highly optimized implementations of PFFT
and FFTW incorporating multiple algorithms for global communication.

The most important application of our algorithm will most likely be the 3D
case, because of the single all-to-all communication superstep where PFFT and
FFTW need two or even three in case the output distribution needs to be the
same as the input distribution. Another important application would be the case
where the input array is very rectangular, with one dimension much larger in size
than the others. Here, the advantage is better scalability, because we can still use
VN processors, where the other methods are limited by the size of the smallest
dimensions.

9.6 Future work

Our package FFTU performs multidimensional complex-to-complex fast Fourier
transforms in the cyclic distribution. For future work, this could be extended
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Table 9.3: Time (in s) of a multidimensional FFT for a 16,777,216 x 64 array
using two programs: FFTU and FFTW. The program FFTU yields the same data
distribution for the output as for the input. For FFTW, this can be imposed
(“same”) or not (“different”). For comparison, the time for running the sequential
FFTW is also given.

D FFTU FFTW
same same  different
seq 24.182

1 43.146 26.984 31.440
2 21950 16.661 17.382
4 9.613  8.649 8.563
8§ 5150  4.577 4.609
16 3.045  2.695 2.699
32 2347 2.023 1.959
64  2.218  1.646 1.442

128  1.615
256  1.264
512 0.841
1024  0.331
2048  0.230
4096  0.204

to related transforms such as the real-to-complex Fourier transform (RFFT), the
discrete sine transform (DST), and the discrete cosine transform (DCT). We can
do this by combining existing 1D algorithms dimension-wise [141]. To exploit the
symmetry of these transforms, the zig-zag cyclic distribution [120, 27] could be
used instead of the cyclic distribution.

All our parallelism is explicit and based on the distributed-memory approach
using MPI, and we do not yet exploit the possible improvements shared-memory
parallelism has to offer. With 128 cores on a processor node, this may yield
significant improvements in our communication superstep. Using OpenMP, or
using some of the communication schemes of FFTW for this purpose could be
beneficial. Another research direction would be to exploit better methods for
performing the single communication superstep in our algorithm, either by letting
the transposition algorithms of FFTW handle this superstep, or by using improved
redistribution methods [59] instead of our vanilla call to MPI.

Some applications perform element-wise multiplications in both domains of the
Fourier transform. In the solution of the time-dependent Schrédinger equation on
a multidimensional grid, a wave function is propagated in time by multiplying
it point-wise by a potential function in the time domain, and by a momentum
operator in the frequency domain. This means that we only need one all-to-all
communication superstep per (forward or inverse) transform. No further commu-
nication is required in the propagation.
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In other applications, however, such as classical molecular dynamics, the data
may have to be stored in a block distribution instead of a cyclic distribution, to
accommodate parts of the application program outside the FFT. This may require
additional data redistribution; further investigation is needed to see how this can
be avoided or mitigated.



Chapter 10

Shape-Guided Matrix
Multiplication

10.1 Introduction

Matrices are representations of linear functions between vector spaces. Much of
scientific computing concerns itself with linear algebra. If A is a matrix that
represents f and B a matrix that represents B, then the matrix product AB
represents f og. This makes matrix multiplication an important building block in
linear algebra. The performance of its straightforward implementation is limited
by moving data from main memory to caches, and caches to registers, rather
than computation. This bandwidth bottleneck can be removed by doing as many
computations as possible on a block of memory that fits in a fast(er) level of the
memory hierarchy, called a blocked algorithm.

The algorithmic idea behind a blocked matrix multiplication can be summa-
rized in one word: recursion. This simple idea is the basis of efficient matrix mul-
tiplication on a range of architectures, from CPUs [91] to distributed systems [84].
As simple the idea, so complicated the implementations. There are two reasons for
this unsatisfying contrast. First, languages such as C and Fortran cannot express
the algorithmic idea. Second, the blocking that optimizes performance requires
deep understanding of the target hardware.

This chapter shows we can eliminate this contrast by raising the abstraction
level of the implementation language. The contribution of this chapter is an el-
egant expression of the recursive idea by using arrays of arbitrary rank, which
specifies the blocking in the shape of the argument, rather than the function im-
plementation itself (Listing 10.4). Though this does not solve the second problem
of understanding the hardware, it does isolate this problem to choosing the shape
of the input arguments, which we demonstrate in Section 10.4.

181
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10.2 Matrix Multiplication

Suppose A is an m X k matrix and B is an k X n matrix. Then the canonical
definition of their product C' is given by the following formula for element at index
(1,5):
Cij =Y Aip-Bp;.
p<k
The product C represents the composition of the linear functions that A and B
represent.

Bandwidth Bottleneck

We can understand the performance bottleneck of a straightforward implementa-
tion by looking at the ratio between computations and data movement. A com-
putation C; ; = C; j + Ai p - Bp,j can be executed in one instruction (called a fused
multiply-add, or fma), and we need mkn of these in total. On our target machine,
various levels of parallelism allow us to do 256 fma operations per clock cycle.
However, we can load less than four elements of B per clock cycle. To compute
one row of C', we need to access all of B, so this results in mkn total data move-
ments. The 1: 1 ratio of computation and data movement makes data movement
the bottleneck when computing C row-by-row, assuming B does not fit in cache.
Computing C' column-by-column gives the same problem for A.

Blocked Matrix Multiplication

We can split A and B into blocks, and define a blocked version of the same algo-
rithm. Given factorisations m = mb,,, k = I%bk and n = nb,,, we can subdivide A
in blocks of size b,, X b,, B into blocks of size b,, x bx and C into blocks of size
bm X by,. In this case, matrix multiplication can be expressed recursively as:

A070 e Ao,fc—l BO,O T BO,fc
Ap-10 - Amfl,icq kal,o Bl%71,ﬁ71
Zp<1; AopBp,o T Zp<i€ AopBp,i
Dopei An—1pBpo 0 2 i An—1,pBpia—1

The interesting observation here is that we can iterate this process by applying
blocking within the inner matrix multiplications. We can do this up to the moment
we get to the matrices of size 1 x 1, in which we can stop and use a regular element
product to compute the result. Putting these observations together we obtain a
fully recursive algorithm where the base case is a regular product, and the recursive
step is the blocked decomposition described above.

The important difference with the non-recursive specification is that the up-
date C;; = C;; + A;pBp; multiplies matrices instead of scalars. The matrix
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double [m, n] matmul(double[m, k] A, double[k, n] B)
{

}

return {[i, j] —> sum({[p] —> A[i, p] = B[p, jl})};

Listing 10.1: Canonical Matrix Multiplication in SaC

double [m, n] sum_2d(double[k, m, n] Cs)

{
}

double [ml, nl, m2, n2] matmul(double[ml, k1, m2, k2] A,
double [kl, nl, k2, n2] B)
{

return {[i, j] — sum({[p] — Cs[p, i, jl})};

return {[i, j] —
sum_2d ({[p] —> matmul(A[i, p], Blp, j])})};

Listing 10.2: One level of blocking in SaC

multiplication has runtime complexity b,,bib,, and a block of B has size by X by,
so the ratio between computation and data movement is now b,,: 1, rather than
1: 1. This eliminates the bandwidth bottleneck if we can choose b, large enough
while keeping B in fast memory.

10.3 Shape Recursion in SaC

We now implement the blocked algorithm in SaC, assuming some familiarity, oth-
erwise consider [210, 221] as an introduction to the language.

Rank Polymorphism

The mathematical definition of matrix multiplication can be straightfor-
wardly translated into the SaC program of Listing 10.1. This function takes
two-dimensional arrays, and the size is described in the types double[m, k],
double[k, n].

We can introduce a level of blocking by adding a matmul function on four-
dimensional arrays, as in Listing 10.2. This is not very satisfying however, as
we would need to keep adding functions for every level of blocking, despite the
versions not being fundamentally different.

To implement any level of blocking elegantly, we need a feature called rank-
polymorphism, or the ability to write one function that can take an array of any
dimension (also called rank). We can describe this with double[d:shp]. In this
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double [d:shp] rsum(double [k, d:shp] Cs)
{

return {iv. — sum({[p] —> Cs[[pl++iv] | [p] < [k]})
| iv < shp};

Listing 10.3: Rank-Polymorphic summation

double matmul(double A, double B)

{
}

double [m, n, d:shpc]
matmul (double [m, k, d:shpa] A, double[k, n, d:shpb] B)

{

return A x B;

return {[i, j] —
rsum ({[p] — matmul(a[i, p], b[p, j])})};

Listing 10.4: Blocked Matrix Multiplication in SaC

case, we would have d equal to two, and shp equal to [M, K] or [K, N]. With
this, we can generalize sum_ 2d to a ranked summation rsum (Listing 10.3). Here
index [i, j] is replaced by an index vector iv, and the concatenation [p, i, j] of
[p] and [i, j] is made explicit by the ++ function.

Recursive Matrix Multiplication

We now have all ingredients to specify a recursive matrix multiplication on blocked
arrays in SaC, Listing 10.4. The function matmul is overloaded, and the recursion
will stop when A and B have rank 0 (are scalars).

The rank-polymorphism of SaC allows us to describe the level of blocking in
the shape of the arguments, rather than in the implementation of the matrix
multiplication. The compiler can then transform this into an equivalent loop nest.
For reference, a three-level blocking in C looks like Listing 10.5.

Blocking

The arguments of the blocked matrix multiplication are assumed to already be in
a higher-dimensional blocked form. This raises the question of how we transform
between arrays of dimension two and higher dimensions. If we have decompositions

m=miy-----Mgq, k:klkd7
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for (int il = 0; il < m; il 4= bml)
for (int jl1 = 0; jl < n; jl 4= bnl)
for (int pl = 0; pl < k; pl 4= bkl)
for (int i2 = il1; i2 < il + bml; i2 4= bm?2)
for (int j2 = jl1; j2 < jl1 + bnl; j2 4= bn2)
for (int p2 = pl; p2 < pl + bkl; p2 += bk2)
for (int i3 = i2; i3 < i2 + bm2; i3++)
for (int j3 = j2; j3 < j2 + bn2; j3++)
for (int p3 = p2; p3 < p2 + bk2; p3++)
C[i3 % n 4+ j3] +=
A[i3 * k + p3] = B[p3 * n + j3];
Listing 10.5: Blocked Matrix Multiplication in C

we can create a d-dimensional array A of shape [ml, ..., md, k1, ..., kd] by
calling reshape([ml, ..., md, k1, ..., kd], A), but this computes the wrong re-
sult. We can repair this by calling the function block of Listing 10.6 after the
reshape (and unblock to get a 2-dimensional array back). These functions look
strange, especially the reshapes to [2, d / 2]. In the original paper [219] we have
shown mechanically that this is correct, so in this subsection we will focus on the
mathematical intuition.

int [d] new_shape(int |
return reshape ([d
}

int [d] old shape(int |
return reshape ([d
}

double [d:shpo]| block (double[d:shpi] A) {
return {iv —> A[old_shape(iv)] | iv < new_shape(shpi)};
}

double [d:shpo] unblock(double[d:shpi] A) {
return {iv —> A[new_shape(iv)] | iv < old shape(shpi)};
}

d] iv) {
], transpose(reshape([2, d/2], iv)));

d] iv) {
I

transpose (reshape ([d/2, 2], iv)));

Listing 10.6: Blocking in SaC

The source of confusion is that we have two different types of mathematical
objects that are represented by arrays: linear functions and vectors. A vector
space over R consists of a basis (e; | ¢ € I) and all formal linear combinations
{Dier Xiei | i € I} If I ={0,---,n — 1}, this defines an array X of shape n,
which is how vectors are usually represented. But we can also take I equal to
{0,---,ny —1} x --- x {0,--+ ,ng — 1}, which defines a d-dimensional array. The
canonical way of transforming an index space from d-dimensional to 1-dimensional
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in C—and therefore also SaC—is row-major order (Fig. 10.1). This is done by the
reshape function.

<€0 = fo,o €1 = fo,l €2 = fo,z)

es=fio es=f1,1 es=fi2

Figure 10.1: Row-major correspondence between basis e with index set {0,--- ,5},
and basis f with index set {0,1} x {0,1,2}

An m X n matrix however, does not represent a vector, but a linear map. Let
V be a vector space with basis (e1, - ,e,) and W a vector space with basis
(f1,++, fn). Then matrix A represents linear map a(e;) = Z?Zl A;; f;. A higher-
dimensional analogue will use higher-dimensional indices for 7 and j. So the goal
of reshape([2, d / 2], iv) is to expose these two indices ¢ and j, belonging to the

domain and codomain of a. As reshaping A to [ml, ..., md, nl, ..., nd] would
give us the indices in order i1, -+ 44,71, - ,Jjd, We transpose the reshaped iv to
end up with the desired order i1, j1,- -+ , %4, jd-

10.4 Runtime Evaluation

In the previous sections we demonstrated generic specifications of the blocked
matrix multiplication. Now, we want to apply these algorithms on a particular
architecture and demonstrate, explain how to chose blocking factors and compare
our results with state of the art implementations: OpenBLAS [242], BLIS [234]
and MKL [121].

Experimental Setup

We use a multicore machine consisting of two 16 core AMD EPYC 7313 CPUs
running at a 3.0 GHz frequency. The machine has private 32KiB L1D and 1MiB
L2 caches. Every four cores share a 16 MiB L3 cache. We use OpenBLAS version
0.3.20, SaC 1.3.3 with GCC version 11.3.0, BLIS 0.9.0 and Intel MKL version
2020.4.304. The peak performance of this machine is 1536 Gflops/s.

Each core can do two 32 byte reads and one 32 byte write per clock cycle. That
means that the L1 read bandwidth is 3-2-32-32 = 6144 GB/s. The L2 bandwidth
is half this, 3072 GB/s. Every clock cycle a L2 cache can load in 32 bytes from
L3, so the L3 bandwidth is 3 -32-(32/4) = 768 GB/s. We have 8 times 16 GB of
RAM, running at 3200 MT/s over 8 channels, resulting in 204.8 GB/s bandwidth
between RAM and CPU.

Bandwidth vs Compute Rate The execution speed is limited by how fast we
can do operations, and by how quickly we can get data from RAM into the CPU
registers. For our machine the latter is:

204.8GB/s

B . 3Ghy ~ 8.5 doubles (8 bytes) per clock cycle
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Our machine can do 32-4-2-2 = 512 flops (cores, SIMD, fma, instructions per clock).
So if we only use each double once, we can expect no more than % ~ 61—0th of the
peak performance. Therefore, in order to achieve peak performance we are forced
to reuse each double we obtain from the memory multiple times. For example, if
we reuse each double 30 times, we get half of the peak performance, etc.

In principle we have an intensity of 2mkn/(mk-+kn) flops per double which tells
us the problem is compute bound. Of course in practice it is hard to achieve this
performance because we cannot store the entire matrix in registers. For this reason
we look at the reuse of elements before they are evicted from their respective level
in the memory hierarchy. So the unblocked implementation will have an effective
intensity of less than ¥ = 2 as each calculation (AB);; = Z];:o A;pB,; will see
the jth column of B being evicted from cache.

Blocking Factors

In order to achieve peak performance, we use the approach from [91, 234] to
find the block sizes that agree with the cache sizes for multiplying A € R™**
by B € R¥*". When choosing block sizes we took measurements ranging from
filling about half of the cache to the entire cache. We then picked the point where
increasing the block size did not further improve runtimes. This way the inner
blocks stay small, and we have some more leeway when choosing the outer blocks.

First Blocking We are going to chose our block sizes in a bottom-up fashion.
We specify the size of a matrix as a superscript. Firstly, we notice that the matrix
of size 6 x 8 can be stored entirely in SIMD registers. Our machine has 16 YMM
registers, 32 bytes (4 doubles) each. Also, this leaves us at least three registers to
do other operations. This means that for a multiplication of a 6 x k and k x 8
matrix, we store only 48 doubles on 2 -6 -8 - k flops. For A** and B**8 we get
a 6-fold reuse of B and an 8-fold reuse of A. Our processor can execute 2 fma
instructions per clock cycle, and the L1, L2 cache can provide these operands in
2 and 4 cycles respectively. As 6 and 8 are larger than 4, it suffices to have our
matrices in either L1 or L2. SHAPES SO FAR: [6,250] for A and [250, 8] for B.

Second Blocking The second blocking level stacks all the A5** (denoted A’

here) into A" %% performing the following operation:
A A\B

AmOxk — AB = :
A, A,B

We chose m and k such that B fits into L1 and A fits into L2. At the same time,
we want to chose m such that B can be streamed into L1 (i.e. m -6 > 60) so that
we can make the next blocking step. We chose m = 15 and k = 250. SHAPES SO
FAR: [15,1,6,250] for A and [1,1,250,8] for B.
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Third Blocking After that, we consider stacking previously defined blocks
A90%x250 and B2°0%8 (denoted A’ and B’) into column and row vectors:

Ay
A
Each of these matrix-multiplications is a smaller

matrix-multiplication described above, and this can be calculated at peak compute
rate whenever A is in L2 cache and B} can be streamed into L1 fast enough. As
each element of B} is reused 90 > 60 times, this should be the case. However,
we cannot guarantee that the entirety of B; 41 will be prefetched while we are
calculating A}B,,. Also, loading in a block of A has some latency. So in practice
we should to stack only as many blocks of A and B as we can fit into L3 cache in
order to accelerate loading these blocks into L1 and L2 cache. We choose to stack
125 such blocks of B and 3 of A. SHAPES SO FAR: [3,1,15,1,6,250] for A and
[1,125,1,1,250, 8] for B.

A270><250 BQSOX 1000

Remainder For matrices larger than and , We compute a
‘normal’ matrix-multiplication in terms of these blocks (denoted A" and B’):

!/
All,l AL% Bl,l BL%
AB = : : : : .
Ay o Ay i J \ Bl | 0 Bl n
2707 270250 2507 250’1000

FINAL SHAPES: [J%, -5 3,1, 15, 1, 6, 250] for A and [5;, 135, 1, 125, 1, 1, 250,
8] for B.
Adjustments

Our initial experiments demonstrated the following two problems. Firstly, when
SaC is making a recursive call with a submatrix, it does not detect read-only access
to the sub-block, and makes a copy. Secondly, neither SaC, nor the underlying C
compilers can generate the matrix multiplication kernel that operates in registers.
Sadly as it can be, we have to introduce the following workarounds.

Good Kernel We use the FFI mechanism of SaC and implement the kernel
using GCC vector extensions [222, 89]. This gives us a nice and easy formulation
of the kernel (Listing 10.7) that is portable across all the architectures supported
by GCC.

Bad Memory The SaC-compiler used in this chapter allocates and copies the
subarrays in Listing 10.4. To avoid this, we pass the main array and the index
into the block. The overloading of this version, Fig. 10.2 happens on the last two
arguments that increase on each recursive step by two elements. We know that



10.4. RUNTIME EVALUATION

// MR = 6; KC = 250; NR = 8
typedef double vect

__attribute__ ((__ vector_size__ (32), aligned (8)));

void matmul(double #xcp, double *a, double x*b,
int offset_a, int offset_b)
{

double xc¢ = malloc (MR * NR x sizeof(double));
xcp = ¢; a = a + offset_a; b =Db + offset_b;

real (xas)[MR][KC ] = (real (x)[MR][KC ])a;
vect (xbv)[KC][NR/4] = (vect (*)[KC][NR/4])b;
vect (xcv)[MR][NR/4] = (vect (*)[MR][NR/4])c;

vect zero = {0.,0.,0.,0.};

vect c00 = zero, c0l = zero;
vect c¢l0 = zero, cll = zero;
vect ¢20 = zero, c21 = zero;
vect ¢30 = zero, c31l = zero;
vect c40 = gzero, c4l = zero;
vect ¢b50 = zero, c¢cbl = zero;
for (size_t k = 0; k < KC; k++) {
vect b0 = (xbv)[k][0];
vect bl = (xbv)[k][1];
real a0 = (xas)[0][k];
real al = (xas)[1][k];
real a2 = (xas)[2][k];
real a3 = (xas)[3][k];
real a4 = (xas)[4][k];
real ab = (xas)[5][k];
c00 += a0 * b0; c01 4= a0 * bl;
cl0 += al * b0; cll 4= al *x bl;
c20 += a2 x b0; c21 4= a2 *x bl;
c30 4= a3 * b0; c31 4= a3 * bl;
c40 += a4 * b0; c4l 4= a4 *x bl;
cb0 += ab x b0; c¢bl 4= ab *x bl;
}
(xcv)[0][0] = ¢c00; (xcv)[0][1] = c01;
(xcv)[1]][0] = c10; (*xcv)[1][1] = cl1;
(xcv)[2]][0] = c20; (*xcv)[2][1] = c21;
(#cv)[3]]0] = ¢30; (*xcv)[3][1] = ¢31;
(#cv)[4]]0] = c40; (xcv)[4][1] = c41;
(xcv)[5][0] = ¢50; (xcv)[5][1] = cbl;

Listing 10.7: Handwritten kernel
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we are dealing with 8-dimensional array, so the base case of our overloading calls
our kernel. We also inline the rsum to avoid the creation of a temporary array.

double [m, n, di:shpei]

matmul (double [dout :shpao, m, k, di:shpai] A, int[dout] ia,
double [dout:shpbo, k, n, di:shpbi] B, int[dout] ib)

{

shpci = {[i] = (i % 2 = 0) ? shpai[i] : shpbi[i]

[1] < [di]};

h { /+ Inlined rsum x*/

[0] <= [p] < [k]):

matmul (A, (ia + [i, p]
B, (ib 4+ [p, J]

}: fold (4, genarray (shpci,
[, J] < [m, o]}

—

),
));
0d))
}

/* Base case for 4—levels of blocking */

double [m, n]

matmul (double [6:shpao, m, k] A, int[6] ia,
double [6:shpbo, k, n] B, int[6] ib)

{

return {[i, j] = with {

([0] <= [p] < [Kk]):
Alia ++ [i, p]] =
B[ib ++ [p, j]];

}: fold(+, 0d)

Figure 10.2: SaC workaround for copying out memory

This problem has been encountered before and studied in [211]. The authors
believe it should be possible to extend this optimisation to be applicable to matrix-
multiplication as well.

Timings

We have measured a multiplication of a 8640 x 10000 matrix by a 10000 x 10000
matrix. We provide two SaC versions. The first one is blocked as described
in Section 10.4, with a handwritten kernel for the two-dimensional computation.
The second one does not use a handwritten kernel. As GCC cannot use blocking
at the register level, we use squarish blocks: 40 x 40 blocks to target L1, and
240 x 200 for A,C and 200 x 200 for B to target L2. We compare it to the
state of the art implementation OpenBLAS. The timings are averaged over 10
runs, and we draw error bars from the slowest to the fastest run. These results
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are summarised on the left-hand side of Fig. 10.3. The axes are log-scaled, so
linear speedup is also linear in the graph. The fastest programs are rather close
to each other, so we also graph the efficiencies for these (on the right-hand side
of Fig. 10.3) compared to the sequential performance to OpenBLAS. The astute
reader may have noticed that OpenBLAS and MKL perform better than the 48
Gflops/s theoretical peak performance on one core. It could be due to Strassen’s
algorithm as explained in [116], but we have not found a confirmation of this in
the literature or OpenBLAS’s codebase. The alternative is that the actual clock
speeds are higher than 3 GHz, even though we have verified that the settings cap
it at 3 GHz.
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90% + B
320 |- h 2
= = 8% .
[
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@ g 80% [ B
© sof 4 0°
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threads threads
—— OpenBLAS —m— SaC with kernel —o— OpenBLAS
—e— SaC without kernel —— MKL —a— SaC with kernel
—— unblocked —— MKL

Figure 10.3: Performance of computing AB for matrix A of size 8640 x 10000 and
B of size 10000 x 10000. On the left-hand side the absolute figures are presented,
on the right hand side we show the efficiencies (per core) compared to OpenBLAS’s
sequential performance. The SaC version uses four-level blocking described above.

OpenBLAS achieves 55 Gflops/s on one core, MKL achieves 53 Gflops/s and
SaC with kernel 48 Gflops/s. A reason that the SaC kernel is slower, is that it
allocates memory for the 6 x 8 block of C instead of directly writing to the memory
of C. MKL and OpenBLAS, opposed to the SaC version, does not have blocks
stored in contiguous memory, so they need to pack these blocks. We see that
this causes the SaC version to scale better and catch up to OpenBLAS higher
core counts: 1305 Gflops/s on 32 cores for SaC, 1218 Gflops/s for OpenBLAS, and
1272 Gflops/s for MKL. The reason this only happens at higher core counts is that
packing takes a little bandwidth, which is more contested the more cores are used.
SaC in contrast does not have to pack, as we have benchmarked the preblocked
version. The SaC version without a kernel is about a factor four slower, and has less
speedup going from 16 to 32 cores. On 32 cores, compared to the fastest sequential
time by OpenBLAS, we have efficiencies of 69%, 72%, 74%, 18% for OpenBLAS,
MKIL, SaC with kernel, SaC without kernel, respectively. The unblocked version
is unsurprisingly very slow, 12 Gflops/s on 32 cores, a factor 100 slower than SaC
with kernel, and 27 times slower than the blocked SaC version without kernel. We
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reuse each element once before it is evicted from cache, so we cannot expect more
than % ~ 26 Gflops/s. Combined with the strided access of B, it gives the poor
result.

For BLIS we use use OpenMP for the backend and thread-binding strategy
OMP_PROC_BIND=close and
OMP_ PLACES=cores as recommended by the authors. It does well up to includ-
ing 8 cores, and then experiences slowdown.

Blocking and Unblocking

The SaC compiler is not required to materialize A, B in memory, block them, and
then run the matrix-multiplication. Instead, it could immediately generate A, B
in blocked form. For this reason we did not include the blocking cost in Fig. 10.3.
In the following table we list those times for cases where the SaC compiler cannot
immediately generate A, B in blocked form. As before we use A8640X104, pBlotx10t
splitting the runtime between blocking, matrix-multiplication, and unblocking in
seconds, averaging the time over 10 runs.

Proc Block o Matmul o Unblock o
1 5.317 0.118 38.78 0.19 2.799 0.081
2 2.675 0.011 19.60 0.06 1.494 0.010
4 1.439  0.208 9.98 0.05 0.770 0.022
8 0.714 0.044 5.00 0.02 0.417 0.055
16 0.464 0.009 2.53 0.01 0.246 0.022
32 0.302  0.007 1.44 0.01 0.124 0.029

10.5 Related Work

The idea to use blocking to improve performance of numerical algorithms dates
back to the 1960s [170], roughly coinciding with the introduction of memory hier-
archies. Since then, a large body of research has investigated [149, 138] ways on
how to implement blocked linear algebra operations efficiently. This work provides
guidelines on how to structure blocked algorithms, assuming manual implementa-
tions. The canonical results in this area are described in [91] which constitutes the
basis for today’s state of the art hand-written libraries such as OpenBLAS [242]
and BLIS [234]. In contrast to our work, the manual encodings in low-level lan-
guages of these approaches raises potential concerns about their correctness and
their maintainability.

Another area of research in the context of blocking aims to enable compilers
to introduce blocking into blocking-free implementations. This work is based on
dependency analyses such as the ones in [5] and the polyhedral model [87] which
provides a mathematical framework for analysing and transforming loop nests.
More recent work in this context [83] includes possible data layout transformations
as well, which, at least in principle, enables compiler-driven transformations into
code very similar to the code that is generated from our shape-generic specification.

One of the key challenges of the compiler-introduced blocking approach is the
need to find suitable parameters. Analytical models have been proposed [160], but
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there are also attempts to tune the parameters based on exhaustive experiments
or by applying some form of machine learning. ATLAS [243] is an implementation
of BLAS that automatically tunes architecture specific parameters. Further ex-
amples of autotuning can be found in [248] and [229]. Lift [225] uses autotuning,
by applying rewrite rules to a high-level functional specification of the algorithm.
While our approach does not solve the parameter finding problem either, it is pos-
sible for the programmer to experiment with different blocking scenarios without
rewriting the rank-polymorphic matrix multiply at all. This is similar in spirit to
approaches such as those of Halide [201] or FLAME [246], which offer the pro-
grammer to specify separately which transformations should be introduced by the
compiler. Here, the key difference is that our approach allows the blocking to be
encoded in the array shapes and, thus, in the source language itself.

Finally, this work relates to earlier work on shape-guided parallel implementa-
tions of scan operations described in [221]. The difference is that here we use the
shape to guide the blocking instead of the parallelism.

10.6 Conclusion

This chapter proposes to implement blocked numerical algorithms through rank-
polymorphic functions on arrays. This allows for a concise formulation of arbi-
trary blocking levels, enabling programmers to encode the desired blocking factors
through array shapes.

When striving for the highest levels of performance, we see that some further
optimisations within the SaC compiler would be desirable. Specifically, the ability
to implement sub-array selections without copying elements seems crucial in this
context. While this mainly constitutes an engineering challenge, the chapter shows
that we can achieve these effects by means of a workaround in the form of a re-write
and a 40-line kernel written in C. Jointly, these tweaks lead to parallel performance
that is competitive with state-of-the-art libraries BLIS, OpenBLAS and MKL.

Further work

The current implementation of the SaC compiler parallelises over the outer-
dimension. When the outer-dimension is small, this limits scalability and can
cause issues in the load-balancing. These problems would be mitigated by
parallelising over more dimensions.

When the blocking sizes do not divide the matrix sizes, a padding scheme must
be used.

Finally, rank polymorphic arrays are a natural fit for tensors. Tensor con-
tractions are an operation very similar to matrix multiplication, so it would be
interesting to see this framework applied to them.






Chapter 11

Quickhull is Usually Forward
Stable

11.1 Introduction

The convex hull CH(P) of a bounded set P C R? is the smallest set that contains
P and is closed under taking convex combinations. On a computer, we can only
deal with finite sets P and the convex hull of a finite set is always a polygon. The
planar convex hull problem is to list the vertices of this polygon in clockwise (or
counter-clockwise) order. By abuse of notation, we will write |CH(P)| for the
number of vertices on the convex hull.

The goal in algorithm design is to compute a good solution quickly. There are
many convex hull algorithms to choose from, differing in worst-case runtime com-
plexity and practical performance. The Quickhull algorithm is most performant on
many data sets, usually running in O(|P|log |CH(P)]), despite a worst-case com-
plexity of O(|P|?). The goal is to compute a good solution and not the solution
because the convex hull is defined on values in R. This introduces uncertainties
arising from measurements and rounding errors. Dealing with these uncertainties
is a well-established field in mathematics, but has not been applied to Quickhull
yet. This paper seeks to close that gap.

Using some jargon—which we explain assuming no prior knowledge in Subsec-
tion 11.2—this paper provides the following contributions.

e We define a measure of inaccuracy for the convex hull problem and do the
corresponding perturbation analysis.

o We show that the Quickhull algorithm has a forward error bound of O(|P|?¢)
for € the machine precision.

e We give a probabilistic argument that in practice the error bound is more
likely to grow proportionally to log(|CH(P)|)e.

195
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e We propose two variations of Quickhull that reduce the worst-case error
bound to O(y/|P|log(|P|)e) or O((log|P|)%€) for cases where the runtime of
Quickhull is O(|P|log | P|).

11.2 Background

Quickhull

The Quickhull algorithm [37] makes use of two geometric observations illustrated
by Figure 11.1. First, if p, g are in the convex hull, then any point r with maximum
distance to the line through p and ¢ is in the convex hull as well. Second, any
point within the triangle Aprq is not in the convex hull. So if the points prq are
listed in clockwise order, we only need to consider the points to the left of the
oriented line segment pr and to the left of the oriented line segment rq. This idea
can be applied recursively to obtain Algorithm 20.

To {e®

Figure 11.1: The points p and ¢ are the left-most and right-most points, and
therefore in the hull. The points 71, ro are farthest from the line pg, and also in
the hull. Any point within the two triangles Apriq, Agrop cannot be in the convex
hull.

While it is intuitively clear what points are to the left of a line pg, or inside
a triangle prq, we need a quantity called the orientation of three points to define
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Algorithm 20 Quickhull algorithm.

Input: P : set of points in R2.
Output: H : vertices of convex hull of P in clockwise order.
Let p be the left-most point
Let ¢ the right-most point
Sy :=={u € P | u to the left of pq}
r1 := argmax d(u, pq).

u€S;
So = {u € P | u to the right of pq}
6: 1o := argmax d(u, pq).

u€Ss

7. H := {p}U HULL(Sy, p, 1, q¢) U{q}U HULL(Ss, q, 72, ).
8: function HULL(P, p, 1, q)

o

9: if |P| <1 then
10: H:=P.
11: else
12: S1:={u € P | u to the left of pr}
13: ry = argmax d(u, pr).
u€S
14: Sy :={u € P | u to the left of rq}
15: ro 1= argmax d(u, rq).
u€ Sy
16: H = {p}U HULL(S1, p, r1, 7) U{r}U HULL(Ss, 7, 72, q) U{q}.

this precisely. Given three points p,u, ¢ in the plane, we have vectors

— Pz — Uy - Gz — Uy
up = ,UQq =
P (py - uy) K (Qy - “y>
representing oriented line segments between the points, as depicted in Figure 11.2a.

We can view these as vectors in R? by adding a z-coordinate 0. Now the cross
product up X ug is equal to

0
0

(Pe = uz) - (qy —uy) — (Py — uy) - (g — uz)

We write orient(p, u, q) for the z-coordinate (py — uz) - (gy — uy) — (Py — uy) -
(¢s — ug) If the cross-product points up, so if orient(p, u, q) > 0, we make a right
turn going from p to w to ¢, and if this is negative, we make a left turn. If it is
zero, the points p, u, ¢ are collinear. This gives us the precise definition of what it
means for u to be to the left of pg: orient(p,w,q) > 0.

We can also use the orientation to find the point farthest from the line segment
pq [109]. The norm of the outer product |up X ug| = |orient(p,w, q)| is the area
of the parallelogram spanned by up and wug. This is also equal to the length of
pq multiplied by the distance from u to the line through pgq. So | orient(p, u, q)| >
| orient(p, v’, ¢)| if and only if u is farther from pg than u’'.
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U
uq
u -
uq
up \
q
p \
(a) Two vectors induced by three points (b) Parallelogram spanned by up and
in the plane. The path p,u,q makes a ugq. The area of this parallelogram is
right turn. | orient(p, u, q)|.

Figure 11.2: Vectors between points in the plane.

Numerical Robustness

It is unfeasible to compute exact solutions to real-valued functions because the
input is imprecise. This imprecision can arise from the rounding of values in R
to a finite data type double or float, but also from imprecision in measuring
physical quantities, or truncation errors in approximating continuous functions
with discrete versions.

Instead of aiming to compute the correct result, we aim to find bounds on the
error. The error between the true solution f(x) of a problem z, and the computed

solution f/(;) is called the forward error. We may also ask ourselves: for what Z is

our computed solution f(z) the actual solution f(Z)? We call the error between
z and z the backward error. If the backward error is smaller than the uncertainty
in the input, the solution is as good as we can expect.

We can connect these two ideas together with a perturbation analysis: how is
the error between x and Z in the input magnified to an error in the output between
f(z)and f(&)? If the error in the output has the same or smaller magnitude we call
the problem well-conditioned, if the error in the output is substantially larger we
call the problem ill-conditioned. For a well-conditioned problem, a small backward
error also implies a small forward error.

Algorithms whose forward or backward error grows slowly with respect to the
problem size are called numerically stable.

Example 3. Subtraction is a classic example, and will also be useful for our anal-
ysis. For mon-zero numbers in R, we define the relative error of & approximating
x as the quantity | — &|/|x|, or equivalently |6| for & = (14 6)x. The computed
difference fl(a—0) of floating point numbers a, b satisfies fl(a—b) = (1+8)(a—"0),
where § is smaller than the machine precision €, 2~2* for single-precision and 2753
for double-precision. This means we have a forward error bounded by €, and by
rewriting to fl(a —b) = (14 €)a — (1 + €)b, also the backward error is bounded by
€. For the perturbation analysis, we subtract two perturbed values 4 = (1 + d,)a
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and b= (14 8,)b and compute the relative error

(a—b)—(a—b)
(a—1b)

 [8aa + 5|
C Ja—9|

la] + [0]
o — 0] °

< max(|dal, [])

We see that subtraction is ill-conditioned when a = b: small errors 6., O
in the input are magnified by the subtraction. The reader may recognize this as
catastrophic cancellation. Note that this is only problematic if a, b have been
contaminated by error.

11.3 Perturbation Analysis

To bound an error, we first need to define how far a computed solution is from
the true solution. As we work with geometric shapes, it is intuitive to define error
in terms of distance. The standard metric is the Hausdorff distance d(A, B) :=
max (maxge 4 d(a, B), maxpe g d(A,b)). This has as unfortunate property that the
distance is not invariant to scaling: we have d({(1.00, 1.00)}, {(2.00,2.00)}) = v/2,
but d({(100,100)}, {(200,200)}) = 100v/2, while these may very well be the same
data, one expressed in metres, and the other in centimetres. If we have a reference
set—in our case the input—we can divide the Hausdorff distance by the maximum
absolute value of z- and y-coordinates M, yielding dys (A, B) := d(A, B)/M. This
makes the measure of error independent of the chosen unit. The resulting function
djs satisfies the axioms of a distance.

We can now do the perturbation analysis with respect to this error. We write
8 = dy;(P, P) for the error between P and perturbed set P. To bound the Haus-
dorff distance we take a point a € CH(P). We can write this as a convex com-
bination a = Y, Mia; for a; € P and Y. ; A\; = 1, A\; > 0. By definition of
the Hausdorff distance, there exist b; € P such that d(a;,b;) < MJ. This gives a
point b = >""" ;| \;b; that is on the convex hull of P, and close to a. The triangle
inequality bounds the distance

d(a,b) = la—b] <> Nila; — b <Y \M§ =M.
i=1 =1

Therefore d(CH(P),CH(P)) < M, so dy(CH(P),CH(P)) < § = dy(P,P).
As the backward error leads to a forward error of the same magnitude, we can
consider the convex hull problem well-conditioned.

11.4 Geometric Tests

As preparation for the full analysis, we first consider the steps of Algorithm 20
in isolation. Recall from the background section that we can decide whether
pugq makes a right turn by testing orient(p,u,q) > 0. To reduce the number of
floating point operations necessary to evaluate this in a loop over u, we rewrite
the inequality to (pz — uz) - (@y — py) > (Py — uy) - (¢z — pz). The subtractions
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¢y — py and g, — p, can be computed once and reused every iteration. We denote
the true evaluation of this inequality by rt(p,u,q) and the computed evaluation
by rt(p,u, q).

We can test whether u is farther from pq than v’ by comparing orient(p, u, ¢) to
orient(p, ', q¢). This makes it tempting to compute the orientation once for each
point, and then do both the right-turn test and the distance test with this quantity.
However, this can run into precision problems because the middle subtraction in
(U — D2)(qy — uy) — (uy — y)(ge — us) takes arguments that are polluted by error
and this might incur numerical cancellation (Example 3). Instead, we rewrite the
inequality

(Pz — ua)(qy — uy) — (Py — uy)(gz — uz) <

(Pl — wa)(qy — uy) — (P — Uy) (g — uf)

to

(qy — py)(uz — ul,) < (¢u — pa)(uy — u;)

This eliminates any subtractions on computed values. We write frt(p, ¢, u, u’) for
the predicate d(pg,u) > d(pg,u’), and frt(p, ¢, u,u’) for the computed predicate.
Finding the point farthest from pq is a reduction

U1 0P - - - Op Ug

where uj opug returns uq if frt(p, ¢, ui,us) and ug otherwise. Mathematically
this gives a point with maximum distance to pg regardless of how we order the
operations. However, this is not true for the floating point evaluation frt. We
write this reduction as reduce f]r\t(p,q7 —,—)X for some choice evaluation order
over points in X. We will analyse some choices in Subsection 11.4.

Taken together, this gives Algorithm 21.

Right Turn

Lemma 2 shows ft(p,u,q) is accurate for points far from pg. This is a desirable
property because we only misclassify points that have little effect on result.

Lemma 2. If rt(p,u,q) is true, but f\t(p,u,q) is not, or the other way around,

then d(u,pq) < ~v¢M, where vg = f—%e for € the machine precision.

Proof. As orient(p,u, q) is equal to the parallelogram spanned by up and ug, it is
equal to twice the area of triangle pug. This gives an upper bound

| orient(p, u, q)|

d(u, pq) <
2|lp — ¢

so we start by showing that a conflict between rt and 1t implies small
| orient(p, u, q)|.
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Algorithm 21 Floating point Quickhull algorithm
Input: P : set of points in R2.
Output: H : vertices of convex hull of P in clockwise order.
Let p be the left-most point
Let ¢ the right-most point
:S1={ue P/|\7“t(p, u,q)}.
. r1 := reduce frt(p, ¢, —, —)57.

N

1:

2:

3

4

5: Sy :={u € P|rt(q,u,p)}.
) L

7

8

9

: 79 := reduce frt(q, p, —, —)Ss.
 H = {p}uU HULL(Sy, p, 71, ¢) U{q}U HULL(S2, ¢, r2, p).
: function HULL(P, p,r,q)

if |P| <1 then
10: H:=P.
11: else
12: Sy :={ueP|rt(p,u,r)}
13: r1 := reduce f/r\t(p7 r,—, —)S1.
14: Sy ={u€P| rt(r, u, q)}
15: ro := reduce fR(r,q, —,—)Ss.
16: H := {p}U HULL(S1, p, r1, r) U{r}U HULL(S2, r, r2, ¢) U{q}.

Suppose 1t(p,u,q) is true, but rt(p,u,q) is false. We write fI(---) for the
floating point evaluation of a primitive operation. As the IEEE-754 standard
satisfies fl(zoy) = (14 0)(zoy), |6] < e for o € {+,—, -}, the test

rt(p, u, q) = fU(fl(pz — wa) fl(gy — py)) < FUFUDy — uy) fl(dz — D))
implies

(14 01)(1 4 d2)(1 + 03)
(px - Um)(‘]y *py) <(1 n 54)(1 n 55)(1 n (52) (py - Uy)(‘]x *p.r)~

(11.1)

We can simplify this inequality by noting there exists a 6 such that

(14 01)(1 4 02)(1 4 d3)

G000 0+0s 70

and |0| <~ [107, Lemma 3.1]. That yields

(Pe — ua)(ay — py) < (1+0)(py — uy)(dz — Pz) =
—0(py — uy)(gs — px) < orient(p,u, q).

As rt(p,u, q) is false, we have orient(p,u,q) < 0, so |orient(p,u,q)| < v|(py —
Uy)(¢e — pe)|. An analogous argument shows this also holds for rt(p, u, ¢) true but
rt(p, u, q) false.
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We can now compute an upper bound

| orient(p, u, q)|

Pl = o — ]
< %WMWM%*MN
T 2/(gx — p2)? + (qy — py)?
S%wm—%l
< 396(0pul + i)
< 6 M.

Distance Test

Lemma 3 shows that at least the building blocks of the reductions—individual

tests frt—are accurate.

Lemma 3. If f/rjc(p,q,u, u’) is true, but frt(p, q, u,u’) is false, then 0 < d(u',pq) —

d(u, pq) < veM.

Proof. Similarly to Lemma 2 we assume f/rE(p, q,u,u') true, but frt(p, ¢, u, u’) false.

This gives the two inequalities

<@~

(Qy _py)(

u;) (¢e — px)(uy —uy) < 0(q _p:c)(uy - u;),
(ay — py)(uz — uy) — (@2 — pa) (uy — uy) >0,

for some || < ~g, which we can combine to

I(qy — py)(uz — u;) —(qz — pa)(uy — u;)‘ < |0(qe — po)(uy — u;)|

Looking at the left side from a geometric point of view gives

(qy — Py) (U — ul) = (qo — o) (uy — uj,) = orient(p,u, q) — orient(p,u’, q)

(11.2)

= 2d(u, pq)|lp — qll — 2d(v’, pq)llp — ql|

= 2|lp — qll(d(u, pg) — d(u', pq)).

(11.3)

Combining the bound of Equation 11.2 with the geometric view of Equa-

tion 11.3 gives

(g2 — pa) (uy —uy))|
2llp —qll

1

516l — w| < 6.

d(u7pq) - d(u’,pq) < |9‘

A
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The accuracy combining these frt tests depends on the evaluation order. We
analyse three orders inspired by summation. The three algorithms 22, 23, 24 resem-
ble normal summation, blocked summation, and pairwise summation respectively.
Lemma 4 gives bounds for these algorithms.

Algorithm 22 Simple way of finding farthest point from pgq.

Input: P : ordered set of points in R?, p, ¢ € R2.
Output: umay € P farthest from pg with positive orient(p,r, q).
1 Upax = P[O],
2:f0ri:1tO|P|—1do
8. if Bit(p, ¢, Pli], tmax) then
& Umax = Pli];

Algorithm 23 Finding farthest point from pg with blocking.

Input: P : ordered set of points in R?, p,q € R2.
Output: up.x € P farthest from pg with positive orient(p, r, q).

1: Umax = P[0];

2: for I =1 to |P| — 1 step m do

3: bmax = P[I];
fori=1+1tomin(I+m—1,|P|—1)do

if fit(p, ¢, P[i], bmax) then
bmax = P[ZL

if t{rz(p, 4, bmaxs Umax) then

Umax = bmax

Lemma 4. Let r be the farthest point from pq out of n points and 7 a computed
estimate of this point. We write

F o= d(T7pq) B d(?,pq)

for the scaled error. Algorithms 22, 23, 24 have asymptotic error bounds O(ne),
O((m +n/m)e), O(log(n)e) on F,, respectively.

Proof. We first show how the error propagates through chains of incorrect deci-
sions. We then prove the three cases by bounding the length of such a chain.
Suppose ﬁ%(p,q,u,u’) is evaluated correctly. Then d(u,pq) — d(u’,pg) > 0, so
d(r,pq) — d(u,pq) < d(r,pq) — d(v, pq), implying u is a better guess than u'. If
f/rz(p,q7 u,u’) is evaluated incorrectly, then Lemma 3 shows d(v', pq) — d(u, pq) <
Y6 M, or d(r,pq) — d(u,pq) < d(r,pq) — d(v',pq) + v6M. So u' makes the guess at
most v M worse.

The first bound follows directly from doing at most n comparisons and g €
O(e). If we do this within a group of size m, we may end up with an error of
O(me). We then compare the farthest point within each of these n/m groups, so
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Algorithm 24 Finding farthest point from pg with recursion.

Input: P : ordered set of points in R?, p,q € R?.
Output: umax € P farthest from pg with positive orient(p, r, q).
1: function FARTHEST(P, p, q)
if |P| =1 then
Umax = P[O]
else
ul .. = FARTHEST(P(1 : |P|/2 — 1),p,q).
u2,.. = FARTHEST(P(|P|/2 : |P| — 1),p,9).
if frt(p, g, o
Umax = U
else

— 2,2
Umax = umax'

u2,.) then

max*

—
=

the final error may be O((m+n/m)e). The final bound follows from the recursion
having depth [log, n] and an induction. O

Example 4 shows we can get close to the worst-case bound O(ne) even when
assuming the rounding is random, as long as we can construct an adversarial input.

Example 4. Consider the points in Figure 11.8 where d(u;,pq) — d(u;y1,pq) =~
YoM /k for some fized k. We will keep updating our guess of the farthest point
unless we evaluate frt correctly k times in a row. The probability of this happening
is exponential in k, so we do not have to choose k large relative to n to likely end
up with a point u; close to wu,. This point satisfies

d(u1, pq) — d(ui, pq)
M

€ O(ne).

Though the structure of the points is not especially adversarial, the order of
points is. We hypothesize that even Algorithm 22 will be close to optimal, if the
order of points is random.

Hypothesis 1. Under random permutations, Algorithm 22 gives E[Fp|] € O(e).

A further investigation of Fjp| will show this hypothesis is related to the ex-
pected length of subsequences, making it a more complicated variation of Ulam’s
Problem [203] and therefore outside the scope of this paper. Instead, we will
support Hypothesis 1 with a Monte Carlo method.

Let uy, -+, u|p| be ordered by distance from pg. We write u ~ u’ for the
relation |d(u, pq) — d(u', pq)|/M < -6, e.g. we cannot tell at our precision whether
u or u' is farther from pq. If we make the wrong decision every time we evaluate
frt(u,v,p,q), a permutation o will end up with u,(pj_p) for the largest subse-
qUENce Ug(|p|)y ~ Ug(|P|-1) ~ *** ~ Us(|P|—m)- We have an upper bound of m~ys on
F|p‘.

The more points that are pairwise related, the larger the expected length of
such a subsequence. However, for such a subsequence u;yr—_1,- - ,u; satisfying
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Up, /241

Ul

un/Q

Figure 11.3: Adversarial input

Uirk—1 ~ U;, each wrong guess in a subsequence only increases F,, by ~s/k on
average. To capture this effect, we create subsequences for different values of k,
similar to the construction of Example 4. We let | P| range from 256 to 220, k from
1 to 10, take 300 samples and repeat each experiment 10 times, reporting error
bars in Figure 11.4. We see that E[F|p|] appears to be constant in k and |P|. The
code for reproducing this experiment is available at [140].

0.8 -

0.2 B

Ll Lol Lol Lol
10300 104-00 105-00 106-00
1P|

—o—k=1®wk=2-eok=3—+k=4—+Lk=5

-o-k=6--k=T7--k=8-+-k=9-+-k=10

Figure 11.4: Monte-Carlo simulation of F},, using ¢ as unit.
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11.5 Numerical Stability of Quickhull

Now that we understand the accuracy of the building blocks of Algorithm 21,
we are ready to find bounds on the forward error. We can simplify the analysis
by making the following observation. The first step of the convex hull algorithm
finds the left-most and right-most points by using coordinate comparison, which
is exact. After that the structure is the same as HULL. For this reason we restrict
the analysis to the recursive function HULL.

Theorem 5. The forward error of Quickhull is bounded by 2DF\p|, where D is
the depth of the recursion and F|p| is a bound of Lemma 4.

Proof sketch 1. We fix each point where rt or fr\t made an incorrect decision by
moving them a little bit, using Lemma 2 and Lemma 4. This yields Px~P, S ~
Sy, and Sy ~ Sy such that CH(P U {p,q}) = {p} UCH(S,) U{r}UCH(S,)U{q}.
We can push this backward error dp (P, ]5) forward using the perturbation analysis.
Combining this with an inductive argument on the recursion yields the following
chain of approzimations.

H= {p}Uﬁl U{T}UﬁgU{q}
I% (induction hypothesis)
{p} UCH(S1) U {r} UCH(S2) U{q}
Iz (perturbation analysis)
{p} UCH(S1) U{r} UCH(S2) U {q}
I: (construction of P)

CH(PU{p,q})
Im (perturbation analysis)

CH(PU{p,q})

We can make the & rigorous with triangle inequalities, which yields the follow-
ing proof.

Proof. We construct P as follows. By Lemma 2, all points that are classified
incorrectly have a distance of at most y4M to either pr or rq. If u € P has been
incorrectly added S7, we move it %(d(u,pr) + v6M) perpendicular to pr. This
yields a point @ that satisfies r¢(p, i,7) and d(u,d) < M by Lemma 2. We
do the same for points that have been incorrectly added to S3. Points that were
incorrectly discarded are moved to pr (or equivalently rq). If r1 is not actually
farthest from pr, we only have to move it at most F|g,|/M farther from pr to make
it the farthest point. The points p,r,q are not moved as it correctly classifies
them. This gives us 51,5 C P such that dM(gi,Si),dM(ls, P) < Fg,| and
CH(PU{p,q}) ={pt UCH(S1) U{r} UCH(S>) U{q}.



11.6. RELATED AND FUTURE WORK 207

We now do our induction. The base case is trivial. The induction hypothesis
gives us H; such that dy (H;, CH(S;)) < 2(D — 1)F|p|. As Hausdorff distance
takes maxima, this implies that also

dyr({py UHL U{r} UHy U{g}, {p} UCH(S1) U{r} UCH(S2) U{q}) < 2(D 1()F|p)\
11.4
By our perturbation analysis da(CH(S;), CH(S;)) < Fig,, so

dar({p} UCH(S1) U{r} UCH(S2) U{q}),{p} UCH(S1) U{r} UCH(S2) U{q})
< max(Fs,|, Fis,) < Fip|.

T (11.5)
By construction of P, S7, S5, we have
CH(PU{p,q}) = {p} UCH(S,) U{r} UCH(S,) U{q}, (11.6)
and by perturbation analysis
dy(CH(P U {p,q}),CH(PU{p,q})) < max(Fjg,|, Fs,|) < Fp|- (11.7)
The induction step now follows from combining equations 11.4, 11.5, 11.6, 11.7
using the triangle inequality. O
Discussion

The worst-case error bound is poor, O(|P|?¢), if Algorithm 22 is used for the reduc-
tion, and if the recursion has depth O(|P|). However, a recursion depth of O(|P|)
gives Quickhull a runtime complexity of O(|P|?), making it useless on that input
anyway. If the recursion is reasonably balanced, we have D € O(log(|CH(P)|)).
Under Hypothesis 1 we have also have a far tighter expected bound E[F},] € O(e).
Under these assumptions, which we believe reasonable, the forward error bound
will be O(log(|CH(P)|)e).

If we do not want to assume Hypothesis 1 holds, we can choose m = /n in
Algorithm 23 to reduce the bound to O( \/WDG). Algorithm 24 further reduces
the bound to O(log|P|De), but this significantly complicates the implementation.
If the runtime is reasonable, so D € O(log|P|), we get the bounds promised in the
introduction.

We also note that a parallel implementation of Quickhull will lead to Algo-
rithm 23, for m the number of processors, so parallelisation will improve, rather
than worsen, the forward error bound.

11.6 Related and Future Work

Finding planar convex hulls is a well-studied problem, and there exist at least ten
algorithms for solving it [92, 125, 70, 196, 42, 4, 10, 53, 37, 48].

As far as we are aware, robustness work of the convex hull problem has all
been done for variations of Graham Scan. Fortune [76] modifies Graham Scan to
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obtain an algorithm with forward error bound of O(|P|¢). Assuming Quickhull has
a runtime of O(|P|log|P|) we obtain slightly worse error bound O(|P|log(|P|)e)
when using the straightforward reduction algorithm, or a better one when using
more complicated reduction algorithms. In practice, we expect an even tighter
error bound O (log(|P|)|log(|CH(P)|)¢). For Graham-Fortune the bound will not
be much tighter in practice, which we can see as follows. This algorithm first
sorts the points by x-coordinate and adds the points to a stack in that order. The
stack is then popped until the new point makes a right turn with the two points
underneath it. The error is linear in the number of successive pops. There are
|P| — |CH(P)| points are popped in total, so at least
1P|

cHE) !

points must be popped successively which is large for |P| > |CH(P)|.

Jaromczyk et al. [124] modify Fortune’s algorithm further to a variant that is
backward stable with error bound O(|Ple). Our perturbation analysis shows that
this also implies a forward error bound of O(|P|e). Quickhull does not necessarily
have a small backward error because the set we compute may not be convex, and
therefore not the solution to any problem. This may be problematic when the
hull we compute becomes the input of a different algorithm that expects convex
input. In fact, even an output that is truly convex is problematic when we cannot
test this at our level of accuracy. To that end Li et al. [159] propose computing
strongly convex hulls, where we reject points if their adjacent sides are almost
180°. They provide an algorithm that can construct a strongly convex hull from
an approximate one in linear time, which means it can be efficiently combined
with Quickhull.

Jiang et al. [127] provide a perturbation analysis for the convex hull problem.
They do not scale by M and consider solutions to have an infinite error if they
are not a minimal representation. We have chosen to scale because we want to
be invariant to units. If a minimal representation is desired, we believe a strongly
convex hull should be extracted from Quickhull’s output using Li’s algorithm. This
adds minimal O(|CH(P)|) overhead and reduces the representation further.

The analysis of reduction algorithms is similar to that of summation [108],
except in our case some algorithms are uniformly better than others.

11.7 Conclusion

We have defined a distance d,; to measure the error between the convex hull and a
computed approximation. The perturbation analysis with respect to this distance
shows that the convex hull problem is well-conditioned.

We recommend implementing the geometric test d(u, pg) > d(v',pq) as (g, —
Py)(Uz — ) < (¢z — pz)(uy — uy) and show that this test is accurate. Error in
the Quickhull algorithm as a whole is accumulated through recursion and finding
the point 7 that is farthest from a line segment pq. This gives a worst-case bound
on the forward error of O(|P|%¢), where € is the machine precision. However, we
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argue that Quickhull would never be used on data where the recursion is deeper
than O(log |P]), as Fortune-Graham would have superior runtime. Similarly, we
do not expect error to accumulate when finding the farthest point r in practice.
This gives a more realistic forward error of O (log(|CH(P)|)e).

Though we do not believe this is useful in practice, we do provide algorith-
mic variations that reduce the worst-case bound. By using a different reduc-
tion algorithm for finding r, we can reduce the error bound to O(y/|P|De) or
O(Dlog(|P|)e), for D the recursion depth. The depth D is at most |P|, and
O(log|P|) for data where the runtime complexity is competitive to Graham-
Fortune.

11.8 Note on Correctness and Shapes

At first glance, it seems strange to put this chapter in a part on rank-
polymorphism. The paper this chapter is based on, presents Algorithms 22 to 24
as three different algorithms because that is most suitable for that target audi-
ence. However, they were derived as three instances of the same shape-recursive
algorithm, in a way that is very similar to the blocked matrix multiplication of
Listing 10.4. In fact, so similar that some of the reasoning can be carried over
between chapters. The paper [219] that Chapter 10 is based on proves with Agda
that blocking does not change the result given associativity of floating point
addition (this was stripped out as it is work by a different author and not relevant
to the dissertation). Of course, floating point addition is not associative, and the
blocking will change the result. In this chapter we explain why we should not care
that the two solutions are not bitwise-equal. In terms of numerical stability—the
closeness to the Platonic results modelled by floating point numbers—the blocked
algorithm is actually more correct [108].

If we would straightforwardly implement Algorithms 22 to 24 in SaC, we would
model a point in R? as double[2], yielding three functions with signature

double [2]
farthest (double[n, 2] P, double[2] p, double[2] q).

However, by interpreting P as a higher-dimensional array and letting the shape
guide the computation, we can specify one recursive function that implements
them all (Listing 11.5). If we call the function on P without reshaping, we get
Algorithm 22. If we reshape to double[n / m, m, 2] P, it implements Algorithm 23.
And if we raise the rank as high as possible by reshaping to double[2, 2, ..., 2] P,
we get the logarithmic Algorithm 24.

If we replace P by {[p] —> A[i, p] * B[p, j]} and the frt (p, q) with +, we
have the execution order of computing CJ[i, j| for rank-recursive matrix multipli-
cation.

I will briefly explain how the argument of Lemma 4 is similar to the error
analysis of blocked matrix multiplication, assuming familiarity with [108]. Any
summation of elements S := {1, -+ ,z,} can be defined as n — 1 steps of taking
two elements of S, adding them, and returning the result to S. We define T,
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as the computed sum of step 7. In the case of matrix multiplication, we have
Ci; = Zk:() Ap - Bpj, so xp = A - Bpj. The error bound is e Zf:o |T;|. Blocking
[k] into fkl, k2] splits a sum of k;ky elements into a sum of k; subsums of ks in
length, the same way Algorithm 23 splits P into groups of size m. The number
of additions x, participates in, is (k1 — 1) + (k2 — 1), which is no larger than
(ky — 1)(ky — 1). For this reason, blocking makes the 7} smaller, and therefore
reduces the a priori (forward) error bound. This is similar to Quickhull, where it
reduces the number of comparisons a point participates in.
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double [2] frt(double[2] p, double[2] q, double[2] u,
double [2] up)
{

return ((q[1] — 1])[1]

u : up;

}

double [2] recursive_farthest(double[2] P,
double [2] p, double[2] q)
{

}

double [2] recursive_farthest(double[n, d:shp, 2] P,
double [2] p, double[2] q)

return P;

{
return with {
([0] <= [i] < [n]): recursive_farthest(P[i], p, q);
} }: fold(frt(p, q), P);

Figure 11.5: Shape Recursive Reduction
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Chapter 12

Conclusion

This dissertation poses the thesis that it is time to abstract away hardware archi-
tecture in scientific computing. To that end, we program in languages that do not
expose hardware details such as memory and explicit mappings of computations
to execution units. Section 12.1 concludes that to a large extent we can generate
performant code from such a language for different architectures. We investigate
code generation for four types of hardware: CPUs, GPUs, collections of CPUs,
and collections of GPUs. Code generation for the latter two are contributions of
this work, and are implemented for the language Single-assignment C (SaC).

To design algorithms that are easy to specify and perform well in such a lan-
guage, we need higher levels of abstractions, notably rank-polymorphism. In Sec-
tion 12.2, we conclude how rank-polymorphism can help us with controlling local-
ity, numerical error, and with understanding the interplay between multilinearity
and parallelism.

12.1 Performance Portability

To see to what extent we can portably generate performant code from a minimalist
language, we studied a wide range of applications implemented in functional array
languages. We can classify applications from the perspective of the hardware, and
from the perspective of the algorithm. From the hardware perspective, there are
two performance bottlenecks: the speed at which the machine can execute instruc-
tions, or the speed at which it can load data. We call these compute-bound and
memory-bound respectively. Implementing an algorithm in a way that is compute-
bound, or at least less memory-bound, requires minimizing data movement, which
differs between fields. We have looked at dense linear algebra, iterative methods
for solving partial differential equations, and signal processing.

A straightforward implementation of an all-pairs N-body simulation is
compute-bound due to its high time complexity of O(N?). This makes it a good
representative for the class of compute-bound algorithms. For this benchmark, we
have obtained strong evidence in support of the thesis: we can generate code from
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a hardware-agnostic SaC implementation that obtains at least 97 % of a hand-
optimised baseline on all cores of a CPU, and even 100 % on one core (Chapter 2,
Table 2.2). We also obtain near-linear scaling on multiple CPUs (Chapter 6,
Fig. 6.1a), and on multiple GPUs (Chapter 7, Fig. 7.7). The code generation for
a single GPU does not match the baseline, but other hardware-agnostic languages
such as Futhark and DaCe even outperform a handwritten code, without using
esoteric language features. Similarly, the SaC baseline does not use language
features Futhark and DaCe do not have, suggesting that all these languages can
obtain good performance on all these platforms, given enough engineering effort.
Therefore, portable performance is possible for this benchmark that we consider
representative for compute-bound algorithms.

Matrix-multiplication’s time complexity of O(N+v/N) is also high enough to
make it compute-bound, but it does require decomposing the computation to work
on large blocks at a time. This technique is called blocking and is representative
for many algorithms in dense-linear algebra. Blocking is implemented differently
on CPUs, GPUs, and clusters, but the mathematical idea described above remains
the same: a recursive specification that matches the memory hierarchy. It turns
out that we can clearly express this using rank-polymorphism in a hardware-
independent language, and that this can obtain state-of-the-art performance on a
CPU (Chapter 10, Fig. 10.3). We obtain reasonable scaling from the same code on
a cluster of CPUs (Chapter 6, Fig. 6.1c). We also obtain good speedups on multiple
GPUs (Chapter 7, Fig. 7.4), but the performance on one GPU is not competitive
with the state of the art. Table 2.5 shows this is not an inherent problem, as
Futhark can get close to the state of the art on GPUs for FlashAttention, which
uses matrix-multiplication as its main computational kernel.

Partial differential equations are ubiquitous. For systems that are large enough
to necessitate the use of a distributed-memory machine, a time complexity exceed-
ing O(N log N) is considered too high. This renders the methods memory-bound.
A popular method for solving these equations are finite difference or finite ele-
ment methods [155]. These are solved with functions where each point computes
a weighted average of its neighbours. This is called a stencil, and is used in Multi-
Grid (Chapter 2, Table 2.3), and Full MultiGrid (Chapter 6, Fig. 6.1b). We see
good results for MultiGrid on CPUs and GPUs, but run into low-level difficulties
for distributed systems, both of CPUs and GPUs (Chapter 7, Fig. 7.9). Namely,
we obtain less bandwidth for memory that is accessible by multiple processors. For
differential equations with a less regular grid, these linear functions are represented
as sparse matrices. This is a difficult case for our approach, as the Conjugate Gra-
dient benchmark shows (Chapter 5), and future work is needed. Chapter 13 will
discuss this in detail.

Methods to construct irregular grids are usually combinatorial. Combinato-
rial methods focus on constructing data structures and rearranging values, rather
than computing new values. As an example, we take Quickhull, an algorithm for
computing the convex hull. Table 2.4 shows this is a challenging benchmark for
the compilers of hardware-agnostic array languages we have now. In Chapter 13
we discuss some language constructs that may be a better fit than array languages
in this area.
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12.2 Rank-Polymorphic Algorithm Design

To make optimal use of a language that abstracts away hardware architecture,
we should use higher-level constructs to control parallelism and data movement.
This is important for portable performance, and also makes code easier to under-
stand. It turns out rank-polymorphism—available in languages such as SaC—is a
particularly useful feature for these kinds of programming patterns.

Rank polymorphism is useful for designing algorithms for the Fourier trans-
form and related functions. Among many other applications, these functions can
be used as spectral methods for solving partial differential equations. Spectral
methods are similar to the finite difference methods discussed previously, but
whereas finite difference methods and corresponding stencil functions take a local
view, spectral methods and the Fourier transform take a global view. In other
words, we look at how each cell affects each other cell, rather than only its neigh-
bours. This mix of long range and short range effects makes it interesting and
challenging to expose parallelism while minimizing data movement in the Fourier
transform. In higher dimensions, this becomes even more complicated. Chapter 8
shows rank-polymorphism is a powerful tool for understanding how higher dimen-
sions and parallelism interact. The rank-polymorphic algorithm that this chapter
contributes, can be implemented efficiently in C (Chapter 9). An implementation
in a language with support for rank-polymorphism is left for future work.

In the Fourier transform, rank-polymorphism arises from multilinearity, and
is used to derive algorithms in a rank-independent way. We can also use rank-
polymorphism to implement an efficient matrix-multiplication, but here we use
it to model recursion. The basic idea behind optimising matrix-multiplication
on CPUs, GPUs, and distributed systems, is to compute matrix-multiplication
recursively, so that the input and output of recursive calls fit in a level on the
memory hierarchy. However, implementations of this idea vary drastically between
architectures, and the specific recursion (the optimal structure differs between
architectures) is hard coded in the function implementation. Chapter 10 shows
that rank-polymorphism can capture the entire class of recursive algorithms, and
that it is possible to generate multithreaded code with no performance penalty.

Recursive matrix-multiplication changes the order in which we perform float-
ing point operations, which changes the computed result. We see that rank-
polymorphism can help us control these numerical errors as well. We do so
for Quickhull (Chapter 11), and Section 11.8 shows that a core computation
in the Quickhull algorithm is a minor variation on rank-polymorphic matrix-
multiplication. By the same argument, we show that the rank-polymorphic matrix-
multiplication is more accurate.

12.3 Implications

Programming in a hardware-agnostic language lets us take advantage of parallel
processors without needing to understand how they work. This decreases the
runtime of programs, but does not necessarily increase the maximum problem size
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we can solve. For that, we would need a collection of processors that can pool
their memory together to collaboratively compute a task, and code that makes
effective usage of the combined memory. With the contributions of this work, it is
now possible to generate such code for collections of processors from a hardware-
agnostic language as well.

To take advantage of these hardware-agnostic languages, we should learn
how we can leverage its features to optimise the overall program structure
in a hardware-agnostic way as well. We show that rank-polymorphism is a
surprisingly versatile tool for this. We can use it to control data movement in a
hardware-independent way for recursive algorithms, but also to understand how
multilinearity interacts with parallelism, or to control numerical error.



Chapter 13

Future Work

The goal of this dissertation was to abstract over parallel architectures the way
FORTRAN abstracted over instruction sets. We took a minimal approach that
focusses on array languages. A key challenge in abstracting over architectures,
is that the best algorithm may depend on the target hardware, and that this
may require significant domain knowledge. We identified rank-polymorphism as a
powerful tool for tackling this challenge, but it is only applicable to certain classes
of problems. In this chapter, we identify some opportunities for future work in
other problem classes.

13.1 C-Compiler Improvements

Abstracting over parallel architectures makes the compiler responsible for lower-
level optimisations. Chapter 10 shows that the step from generated C to assembly
is not yet good enough to compete with BLAS, so we had to use the foreign
function interface. The reason for this, is that the C compilers at the time did not
use the registers as cache effectively. We had to write Listing 10.7 in C with GCC
compiler extensions to get the assembly we needed.

However, compilers of lower-level languages continuously become better at
auto-vectorisation and register allocation. This is already visible in the few years
since writing the paper [219] Chapter 10 is based on: Clang 16.0.0 (with flags -03
-mavx2 -mfma), generates the same code from Listing 13.1 as from Listing 10.7.
This code is pure C, and similar to what SaC generates, which suggests that it
may soon be unnecessary to use the foreign function interface as workaround.

So we can rely on C-compiler writers to handle the future work that is needed
for generating SIMD instructions and register tiling.

13.2 Algorithmic Variants

Chapters 3 and 4 show that we can obtain state-of-the-art performance on both
CPUs and GPUs with the same algorithmic idea. However, this is not always

219



220 CHAPTER 13. FUTURE WORK

void matmul(double #xcp, double *a, double x*b,
int offset_a, int offset_b)
{

double xc = calloc (MR * NR, sizeof(double));
a += offset_a; b += offset_b;
for (int k = 0; k < KC; k++) {
for (int i = 0; i <MR; i++) {
for (int j = 0; j < NR; j++) {
c[i * NR + j] += a[i * KC + k] * b[k * NR + j];
}
}
}

*Cp = C;

Listing 13.1: Handwritten kernel

possible. For example, on a purely sequential processor (that you would be hard-
pressed to find), Hoare’s algorithm for partitioning an array is simpler and likely
faster. Rank-polymorphism is a tool for expressing algorithmic variations, but it
is no silver bullet.

As a practical example where future work is needed to deal with different algo-
rithms, let us look at the number of iterations needed for the conjugate gradient
method to converge. This is proportional to y/k(A), where Az = b is the lin-
ear system we try to solve, and x(A) = ||A| - ||[A~Y|| is the condition number of
A. As the condition number can get very large (for the system MG solves, the
condition number is quadratic in h), solving Az = b directly is impractical. For
this reason, we typically solve the equivalent system (M ~1A)y = M ~'b such that
M~'A has a better condition number. We want M~! to be easy to compute,
and approximately invert A. This is called preconditioning. The library PETSc
uses incomplete Cholesky decomposition as a preconditioner for sequential execu-
tion by default. For parallel execution, incomplete Cholesky decomposition is not
even implemented because it cannot be effectively parallelised. Instead, parallel
execution uses the blocked Jacobi algorithm by default, which is an M ! of the
form

Myt
Mt

-1
M,
on p processors. This ensures the preconditioner needs no communication, which
outweighs blocked Jacobi being less effective in reducing the condition number.
Any of these algorithms can be specified in a hardware-agnostic way, and the

generated code may be good for that algorithm, but the choice of algorithm cannot
be done in a hardware-agnostic way. It is an open question how to best deal



13.3. DOMAIN SPECIFIC LANGUAGES 221

with this. As a possible approach, a language could allow the programmer to
supply multiple algorithms for the same goal (e.g. multiple preconditioners). The
compiler could then choose which to run with heuristics, profiling, or a mix of the
two.

13.3 Domain Specific Languages

The goal of this dissertation is to abstract over parallel architectures, but the
approach abstracts over something else too: the problem domain. General purpose
languages such as SaC can be used for many fields in scientific computing. A
language that does not make this abstraction, but is specifically designed for a
problem domain is called a domain-specific language or DSL. In such a language,
it is possible to hard code domain-specific knowledge into the compiler, for example
the condition number of the previous section. This may lead to more efficient code,
but also comes at a cost: a new language has to be designed, a compiler has to be
written, and projects using this DSL become more complicated because they mix
languages.

Sparse Linear Algebra

Sparse linear algebra is an interesting area for DSLs. Let us look at an example
that illustrates why we cannot shift algorithmic improvements to the compiler of
a generic language.

The conjugate gradient method from Section 5.5 is iterative and relies on sparse
matrix-vector multiplication (spmv) as main computational kernel. To understand
the poor performance of the conjugate gradient method in Chapter 5, we have to
look at data movement. Figure 13.1 is a sparse matrix corresponding to a partial
differential equation that describes how fluid behaves in a jet engine compres-
sor [62]. The conjugate gradient method repeatedly multiplies this sparse matrix
A with a dense vector. Each non-zero Ali, j] corresponds to a read from position
j of the input vector and a write to position 7 of the output vector. This means
accesses are local if both ¢ and j are between ShrayStart(x) and ShrayEnd(x).
These are the non-zeroes in the squares of Figure 13.1a. We see that many accesses
are non-local, and this explains the limited speedup we observed in Subsection 5.5.

As a possible approach, we can observe that reordering the basis elements does
not lead to a different result, so we can attempt to bring the non-zeroes closer to
the diagonal. The (reverse) Cuthill-McKee algorithm [58] is effective as you can
see in Figure 13.1b, and can be implemented in distributed memory [14]. This
does not only reduce data movement between nodes, but also between RAM and
caches as there is more reuse of the vector. Similarly to how the recursive matrix
multiplication algorithm of Chapter 10 is also used for distributed computers [84],
this optimisation is useful for anything with a memory hierarchy. This makes the
overhead of finding the basis reordering well worth it in this case.

However, the effectiveness depends on the sparsity structure of the matrix:
the bandwidth (maximal distance of non-zeroes to the diagonal) cannot always be
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meaningfully reduced, for example in the case of random matrices. In that case,
it would be a waste of time and energy to reorder the basis elements.

(a) Default order (b) Cuthill-McKee permutation

Figure 13.1: Bandwidth reduction of sparse matrix RMO7R with the reverse
Cuthill-McKee permutation leads to less communication in a distributed setting.

In general it is not possible to statically decide the best choice, but there are
application areas, such as finite-element discretisations, where we can generate
matrices of different sizes with a similar sparsity structure. An opportunity for
future work would be to design a DSL for sparse linear algebra that can take a
small matrix as argument at compile time. The sparsity structure of the small
matrix can be analysed quickly, and be used by the compiler to generate fast code
for larger matrices of similar structure.

Computational Geometry

The MultiGrid method of Chapter 2 solves V2u = v for v some function on a
cubical domain [0,1]3. The discretisation of v takes a regular grid of samples, so
ann x n X n array V defined by V[i,j, k] =v(i-h,j-h,k-h), h= % A discrete
version of V? is a linear function R™"*"X" — R"*"X" and can be described by a
matrix A that has seven non-zero diagonals: one with —6/h?, and six with 1/h2.
MultiGrid then solves the equation AU =V for U. We do not form A explicitly
as this is just a stencil operation. This system is very suitable for array languages
and automatic parallelisation.

To solve the PDE to the same level of accuracy with less memory and compu-
tation, we could take more samples in a region where v varies rapidly. We may
also have a function v that is defined piecewise on a more complicated domain
modelling a physical object as in Figure 13.2. In both cases, the resulting discreti-
sation is not a regular array, but a simplicial complex. These are best described
by data structures such as simplex trees [35] that are hard to implement efficiently



13.4. RANK-POLYMORPHIC ALGORITHM DESIGN 223

in an array language. The algorithms for computing them are combinatorial in
nature, which are harder to parallelise.

(a) Model (b) Grid

Figure 13.2: Model of a metal coil in a tube, and a grid that is used to solve the
partial differential equation describing heat transfer. Generated with gmsh [85].

One of these algorithms is Quickhull, and Chapters 2 and 4 show that it is
not (yet) possible for functional array languages to obtain good performance for
here. However, by using the same idea on GPUs (Chapter 3) with theory from dis-
tributed computing, we show that the main idea is not hardware-specific. For com-
putational geometry, especially in higher dimensions, there is no straightforward
way to represent important data structures as arrays, at least not arrays whose
index sets are Cartesian products. Future work can investigate array languages
that support irregular arrays, but one could also design a DSL where simplicial
complexes are first class citizens. It is an open question whether we need data
parallelism, task parallelism, parallelised higher-order functions, or a combination
in this area.

13.4 Rank-Polymorphic Algorithm Design

Domain specific languages are widely used for the FFT and related transform
processing [81, 176]. However, Chapters 8 and 10 suggest that both the recursion
of the one-dimensional FFT and multilinearity of the higher-dimensional FFT can
be captured using rank-polymorphism. It would be interesting to see if we really
need a DSL here, or if rank-polymorphism can express a performance-portable
specification in a hardware-agnostic language, similar to matrix-multiplication.
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Chapter 10 shows we can match state-of-the-art matrix-multiplication with
rank-polymorphism, but matrix-multiplication is far from the only blocked algo-
rithm. Almost all routines in (Sca)LAPACK [29] are blocked algorithms, so it
would be interesting to see if rank-polymorphism can offer benefits there also.
Some of these algorithms are more challenging because the blocking changes be-
tween phases of the algorithm.

13.5 Non-Academic Future Work

This dissertation shows hardware-agnostic languages can obtain good performance
on a range of benchmarks. We demonstrate advantages of programming at this
higher level of abstraction. Chapter 2 shows that at least one functional array
language can obtain good performance across a wide range of benchmarks, with-
out using esoteric language features that would prevent a different language from
implementing the same optimisations. It also shows that future work is needed
to ensure all languages obtain good performance. However, these software engi-
neering tasks, together with developing an ecosystem, contain little novelty. This
makes it future work for actors outside of academia, and this dissertation makes
an argument that it would be useful for them to do so.
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Summary

Computers are becoming increasingly complex. Clock frequencies no longer in-
crease significantly, which forces hardware designers to design systems where mul-
tiple processors or execution units work together. There are multiple ways to
design these systems, and each come with their strengths and weaknesses. Con-
sequently, we now have many hardware architectures, that each come with their
own programming environment. Maintaining an implementation for different ar-
chitectures is a duplication of effort, and may become obsolete when new hardware
hits the market. Instead, we can specify our implementations in a language that
has no notion of a particular architecture, so that the compiler can generate code
for multiple architectures. If the compiler cannot make a hardware-specific op-
timisation, this may lead to a loss of performance, but this dissertation argues
that in most cases, optimisations can be made hardware independently. For that
reason, the central thesis is that it is time to abstract away hardware architecture
in scientific computing.

This dissertation is divided in two parts. The first part investigates to what
extent hardware-agnostic languages can generate performant code. We first look
at a wide range of applications and programming languages, and the code it gener-
ates for CPUs and GPUs. Overall, we obtain good results, but for a combinatorial
problem called Quickhull, no language can come near the state of the art. We opti-
mize the key component of this benchmark by hand using the same idea for GPUs
and CPUs. This shows the idea is portable across hardware, even though current
technology cannot generate this code automatically. We then contribute to code
generation for distributed-memory machines, which extends portable performance
from CPUs and GPUs, to systems with interconnected collections of them.

The second part develops theory on how to do portable performance engineer-
ing with higher level languages. The increased level of abstraction allows for new
ways of structuring code, notably by using rank-polymorphism. The rank of an ar-
ray is also known as its dimension, or the number of indices required to describe an
element. A function is rank-polymorphic when it can be applied to arrays of any
rank. We describe applications in matrix multiplication, the Fourier transform,
and Quickhull. Interestingly, all three applications are substantially different. For
matrix multiplication, we use rank-polymorphism to describe recursion, for the
Fourier transform, we use it to understand multi-linearity, and for Quickhull we
use it to control numerical error.

We conclude that it is possible to obtain performant code from a hardware-
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agnostic specification for benchmarks in particle simulation and dense linear alge-
bra. We see that irregular sparse linear algebra and combinatorial problems are
challenging for array languages, and identify opportunities for future work in these
areas.



Samenvatting

Computers worden steeds complexer. Klok frequenties worden nauwelijks hoger,
wat hardware ontwerpers dwingt om systemen te ontwerpen waar verschillende
processoren samenwerken. Er zijn meerdere manieren om deze systemen te ontwer-
pen, die elk met hun sterke en zwakke kanten komen. Hierom hebben we nu vele
hardware architecturen, die elk met hun eigen programmeeromgeving komen. Een
implementatie voor elke architectuur onderhouden, is dubbele moeite, en wellicht
snel achterhaald door nieuwe hardware. In plaats hiervan, kunnen we onze im-
plementaties specificeren in een taal die geen besef heeft op welke hardware het
draait. De compiler kan dan code genereren voor verschillende stukken hardware.
Als de compiler geen hardware-specifieke optimalisaties kan maken, kan dit tot een
prestatieverlies leiden. Echter, dit proefschrift beargumenteert dat in de meeste
gevallen optimalisaties onafhankelijk van de hardware gemaakt kunnen worden.
Daarom is de stelling die centraal staat in dit proefschrift dat het is tijd om hard-
ware architectuur weq te abstraheren in wetenschappelijke berekeningen.

Dit proefschrift is in twee delen verdeeld. Het eerste deel onderzoekt in hoeverre
hardware-onwetende talen snelle code kunnen genereren. We bekijken eerst een
breed scala aan toepassingen en programmeertalen, en de code die voor CPUs en
GPUs wordt gegenereerd. Over het algemeen behalen we goede resultaten, maar
voor een combinatorische probleem dat Quickhull heet, kan geen taal in de buurt
komen bij de stand van techniek. We optimaliseren het belangrijkste onderdeel
van deze benchmark handmatig met hetzelfde idee voor zowel GPUs als CPUs. Dit
laat zien dat het idee hardware kan overbruggen, alhoewel huidige technologie deze
code nog niet kan genereren. We dragen daarna bij aan code voor gedistribueerd-
geheugen machines, die overdraagbare prestaties uitbreidt van CPUs en GPUs
naar verbonden verzamelingen daarvan.

Het tweede deel ontwikkelt theorie over hoe we code in abstracte talen kunnen
schrijven die snel is op verscheidene soorten hardware. Het verhoogde abstractie-
gehalte maakt nieuwe manieren om code te structureren mogelijk, in het bijzonder
rang-polymorfisme. De rang van een reeks staat ook bekend als de dimensie, of het
aantal getallen om een index te beschrijven. Een functie is rang-polymorf wan-
neer het toegepast kan worden op reeksen van willekeurige rang. We beschrijven
toepassingen in matrix-vermenigvuldiging, Fourier transformaties, en Quickhull.
Interessant genoeg, zijn alle drie toepassingen wezenlijk verschillend. Voor matrix-
vermenigvuldiging gebruiken we rang-polymorfisme om recursie te beschrijven,
voor de Fourier transformatie om multi-lineariteit te begrijpen, en in Quickhull
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om numerieke fouten te controleren.

We concluderen dat het mogelijk is om snelle code te genereren vanuit een taal
die geen benul heeft van de hardware voor toepassingen in het beschrijven van
deeltjes en lineaire algebra. We zien dat ijle lineaire algebra en combinatorische
problemen een uitdaging zijn voor reeks-talen, en identificeren een aantal mogeli-
jkheden voor verder werk in deze onderzoeksgebieden.
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https://doi.org/10.5281/zenodo. 15879814

e Chapter 7: Multi-GPU Code Generation.
SaC code, permanently available on Zenodo.
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e Chapter 11: Quickhull is Usually Forward Stable.
C code, permanently available on Zenodo.
https://doi.org/10.5281/zenodo.15915305
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