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Chapter 1

Introduction

It is the principle of spectral geometry to infer information about a geometric ob-
ject from spectral data of operators associated to it; one may think of a Riemannian
(spin-)manifold and the Laplace or Dirac operator. This principle is foundational for
the field of noncommutative geometry which may be considered as a geometry of
quantum systems where there is no notion of phase space and points, but rather
measurement outcomes that present themselves as spectral data. In this thesis, we
focus on the metric aspect of noncommutative geometry; it emerges from Connes’
observation that the metric space structure of a compact Riemannian spin-manifold
(M, g) is recovered by the C*-algebra of continuous functions together with the
spin-Dirac operator D [29]. More precise/l}i)y the Gelfand-Naimark theorem, M
is homeomorphic to the set of characters C(M) equipped with the weak™*-topology,
and Connes’ distance formula holds:

dg(p,q) = sup{|f(p) — f(g)| | f € C(M),[[[Dwm, flIl <1}, (1.1)

for all p,q € M, where the geodesic distance d is defined as the infimum of the
lengths of all paths connecting p and q. The key observation establishing this for-
mula is that the extended seminorm ||[ Dy, -]|| applied to a smooth function on M
coincides with the supremum over all points in M of the euclidean norm of the gradi-
ent, i.e. the Lipschitz constant; exploiting the duality of the distance between points
of M and the Lipschitz constant of functions on M yields the equality (L.1).
Connes’ distance formula gives rise to a distance function on the set of prob-
ability measures on M by viewing f(z) and f(y) as the evaluations of the Dirac
measures 0, and J, at f and allowing for general probability measures ;1 and v in
place of §, and d,. This distance function may be considered as a version of Kan-
torovich’s dual formulation [[79,[80] of Monge’s optimal transport cost function [[101]],
and it is instructive to interpret it as the optimal cost of transporting the measure
to the measure v. See [141] for background on optimal transport. More generally,
the C*-algebra of continuous functions C(M) may be replaced by any (unital) C*-
algebra A, faithfully represented on a Hilbert space H, and the key properties of the
spin-Dirac operator D, are captured by the general requirements that there is an
essentially self-adjoint operator D on H, with ||[D, a]|| € B(H), for all a in a dense

3



4 CHAPTER 1. INTRODUCTION

*_subalgebra of A, and (D —i)~! a compact operator. A triple (A, H, D) with these
properties is called a spectral triple. This formalism generalizes many geometric ob-
jects including Riemannian spin-manifolds, finite metric spaces and discrete groups
with length functions. See [31] for a conceptual discussion. The operator D has dis-
crete spectrum which besides 0 consists of real eigenvalues only. The Hilbert space
H and the operator D are, up to unitary equivalence, characterized by the list of
eigenvalues of D with multiplicities. We refer to the distance function on the state
space S(A) given by

d(p,v) := sup{|u(a) —v(a)| | a€ A, ||[D,a]|| < 1}, (1.2)

as the Connes distance.

When considering potential manifestations of the spectral triple formalism in
physical practice, one is always confronted with constraints on the spectral data
of D; after all, any measurement device — as exact as one might wish for — will
only detect a finite part of the infinite list of eigenvalues of D. This issue was no-
ticed by Connes—van Suijlekom [33]] and it was suggested to consider spectral trunca-
tions as introduced by D’Andrea-Lizzi—Martinetti [36] instead, i.e. compressed ver-
sions (PAP, PH, PDP) of spectral triples, where P is a spectral projection for D.
Note that PAP is not a C*-algebra in general, as P is generally not an element of
A; instead a spectral truncation is an instance of an operator system spectral triple
(X,H,D), with X an operator system, i.e. a *-closed unital subspace of B(H) (a
“C*-algebra without multiplication”), but the remaining spectral triple axioms are
the same. Operator systems come with a notion of positivity and together with the
unit this allows to define states, i.e. positive unital functionals. Moreover, for an op-
erator system spectral triple (X, H, D), the Connes distance on the state space of X,
defined as in , still makes sense. Connes—van Suijlekom then asked how much
geometric information of a spectral triple (A, H, D) is captured by a spectral trun-
cation (PAP, PH, PDP), and it seems natural to expect that spectral truncations
(PAP, PH, PDP) approximate a spectral triple (A, H, D), as more spectral data is
taken into account, i.e. as P — I**.

The question about convergence of spectral truncations requires more mathe-
matical precision. A way to approach this is to try to compare the state spaces
S(PAP) and S(A) with their respective Connes distances using tools from the clas-
sical theory of metric spaces. However, without any additional assumptions not
much can be said about these metric spaces; the key requirement, put forward by
Rieffel [115], is that the topology induced by the Connes distance should coincide
with the weak®-topology on the state space, thus yielding a compact metric space.
Rieffel subsequently developed a theory of compact quantum metric spaces more gen-
erally for archimedean order-unit spaces with a Lip-norm [116]. He also proposed a
way to compare compact quantum metric spaces quantitatively in terms of quantum
Gromov—Hausdorff distance [119]. With these tools he gave mathematically precise
meaning to a folklore statement in physics that “matrix algebras converge to the
sphere”.

For a seminorm L on X, the distance function

d"(¢,v) := sup{|¢(z) — ¥(x)| | L(z) < 1}



on the state space S(X) is called the Monge—Kantorovich distance. If the seminorm
L is densely defined, *-invariant, and its kernel contains the scalar multiples of the
unit of X, with the Monge-Kantorovich distance metrizing the weak*-topology, the
pair (X, L) is called a compact quantum metric space.

Various ways to compare compact quantum metric spaces (X, Lx) and (Y, Ly)
have been proposed. Probably the most accessible is to compare the state spaces
S(X) and S(Y), which are compact metric spaces when equipped with their re-
spective Monge-Kantorovich distances, in Gromov—-Hausdorff distance [33]. How-
ever, as this does not take into account that the metrics on the state spaces arise
from Lip-norms, Rieffel proposed the notion of quantum Gromov—Hausdorff distance
[118]. Quantum Gromov-Hausdorff distance of the compact quantum metric spaces
(X,Lx) and (Y, Ly) is an upper bound for the classical Gromov-Hausdorff dis-
tance of the state spaces S(X) and S(Y"). In fact, both are computed by the smallest
Hausdorff distance of S(X) and S(Y") in the disjoint union S(X) u S(Y), but for
quantum Gromov-Hausdorff distance only metrics on S(X) 1 S(Y) are considered
which arise as the Monge-Kantorovich distance of an appropriate Lip-norm on the
direct sum X @Y. One may thus think of quantum Gromov-Hausdorff distance as
being finer in the sense that it is harder to be similar as (the state spaces of) compact
quantum metric spaces than as classical compact metric spaces. And indeed, it was
shown in [76]] that quantum and classical Gromov-Hausdorff distance are in fact not
equivalent.

For the purposes of this thesis, given the above motivation, operator system ver-
sions of compact quantum metric spaces and quantum Gromov-Hausdorff distance
seem most appropriate. An operator system X < B(H) comes with a matrix-order
structure; i.e. an n x n matrix with entries in X is positive if it is positive as an
operator on H". This matrix-order structure is compatible under conjugation by
rectangular matrices and the identity operator on H™ is an archimedean order-unit
for the cone of positive n x n matrices over X. By the Choi-Effros theorem [27]],
the matrix-order structure together with the archimedean matrix order-unit char-
acterizes operator systems abstractly — analogous to the Gelfand-Naimark-Segal
characterization of C*-algebras. Thus it is appropriate to consider morphisms in the
operator system category to be linear maps which preserve the unit and positive
matrices, i.e. unital completely positive (ucp) maps.

As we want to take an operator system point of view in this thesis, it seems
appropriate to consider a Gromov-Hausdorff type distance which takes the whole
matrix-order structure into account; throughout this thesis we will therefore work in
the setting of Kerr and Li’s complete and operator Gromov—Hausdorff distance [851/86]].
A criterion for controlling operator Gromov-Hausdorff distance of quantum metric
spaces (X, Lx) and (Y, Ly) is to find Lip-norm bounded ucp maps 7 : X — Y
and 0 : Y — X whose compositions are close to the respective identity maps on
X and Y, uniformly on the Lip-norm unit-balls; we give a proof in [Subsection 2.3.2]
building on [[77, [137], but the fundamental idea really goes back to Rieffel’s bridges
[118]. Recall that the Gromov-Hausdorff distance of two compact metric spaces M
and N is the infimum over Hausdorff distances for all metrics on the disjoint union
M 1 N which restrict to the respective metrics on M and N. Thus any such metric
on M u N gives an upper bound for Gromov-Hausdorff distance. Dually, a bridge
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between compact quantum metric spaces (X, Lx) and (Y, Ly) gives rise to a Lip-
norm on X @Y, which induces Lx and Ly, and thereby yields an upper bound for
quantum/operator Gromov-Hausdorff distance.

Within the framework of compact quantum metric spaces and operator Gromov-
Hausdorff distance, the question about convergence of spectral truncations can now
be rigorously posed. For this purpose, assume that (A, H, D) is a spectral triple such
that (A, ||[D, -]|]) is a compact quantum metric space; such a spectral triple is called
a spectral metric space, as coined in [13]. As a consequence of [115, Theorem 1.8], if P
is a finite-rank spectral projection for D, the spectral truncation (PAP, PH, PDP)
is automatically a spectral metric space as well. One may hence ask whether spec-
tral truncations of spectral metric spaces converge in operator Gromov-Hausdorff
distance, as P — I, This question was the initial motivation for this thesis and
we now give a brief overview over the main contributions and related aspects we
investigate.

Overview of results

Chapter 2 In a preliminary chapter we give some background and an overview of
the basic facts about spectral triples, operator systems, and compact quantum metric
spaces, which the subsequent chapters are based on.

Chapter3 We begin by studying spectral truncations of the d-torus T¢ = R?/277Z4,
for the Dirac operator associated to the trivial spin-structure. Our general strategy
to prove convergence of the compact quantum metric spaces

(PC(TY)P,||[PDP,|)) — (C(T4), I[D,]]1))

is to apply the above-mentioned criterion, i.e. to find Lip-norm bounded ucp maps
7: C(T%) — PC(T%)P and o : PC(T4)P — C(T%) whose compositions approx-
imate the respective identity maps on C(T¢) and PC(T¢)P in norm controlled by
Lip-norm. The canonical candidate for 7 is the compression map f +— P f P which is
Lip-norm contractive and ucp. It is generally less obvious what a good candidate for
the map o might be. Inspired by the use of Berezin quantization in [[120}[128], we let
o be the formal adjoint of T after equipping C(T¢) with the L2- and PC(T%) P with
the Hilbert—Schmidt inner product, as was done in the case of the circle [136]. The
compositions o o 7 and 7 o ¢ turn out to be Fourier and Schur multiplication respec-
tively with a symbol, which is the Fourier transform of the square of the spherical
Dirichlet kernel; we dub this convolution kernel the spectral Fejér kernel. The fact
that the spectral Fejér kernel is a square (and hence positive) allows us to establish
it is a good kernel. Together with a transference result relating the norms of Fourier
and Schur multiplication, this allows us to conclude the Lip-norm estimates which
are sufficient to show that spectral truncations of the d-torus converge in operator

Gromov-Hausdorff distance

Chapter 4 In dealing with spectral truncations of tori, it is apparent that a major
role is played by methods from harmonic analysis. These were conceptualized in



[56] investigating truncations of compact groups; there, no Dirac operator is con-
sidered, but rather the function algebra is compressed by a projection associated to
the Peter-Weyl decomposition. The group is assumed to be equipped with a met-
ric which is crucially required to be bi-invariant. The fact that (dual versions of)
all of these notions are available in the setting of coamenable compact quantum
groups (a la Woronowicz [[145]), allows us to investigate their Peter-Weyl trunca-
tions; given such a quantum group (C(G), A), its GNS space admits a Peter-Weyl
decomposition L?(G) =~ @, s Hx ® H} and as a “spectral” projection P we con-

sider the projection onto the subspace @, ., Hr ® H, for some family A < G of
irreducible unitary corepresentations. The comultiplication A and the compression
map C(G) 3 a — PaP together induce right and left coactions on the operator sys-
tem PC(G) P, which are moreover ergodic. Invariant metrics for groups correspond
to invariant Lip-norms for quantum groups which were introduced and studied in
[97]. Ergodicity of the coactions on the operator system PC(G)P allows to induce
a bi-invariant Lip-norm on it by slightly adapting one of the main results of loc.cit.
to coactions on operator systems (rather than C*-algebras).

In order to apply the criterion for operator Gromov-Hausdorff convergence,
the canonical candidate for the map 7 : C(G) — PC(G)P is again the com-
pression map. The reverse map ¢ : PC(G)P — C(G) will be a slice map x —
(¢ @ IC(©))a(x), for an appropriate state ¢ € S(C(G)) and « the right coaction on
PC(G)P; it turns out that one can indeed find a state ¢ which allows to obtain the
required Lip-norm estimates of the compositions o o7 and 7 oo, [Theorem 4.3.13] This
uses the well-behaved interplay of the weak™®-topology and the Monge-Kantorovich
distance on C(G), as well as of Lip-norm invariance and slice maps.

We also review the complementary result for convergence of Fourier trunca-
tions obtained by Rieffel in [123]); in this case, one deals with operator subsystems of
C(G) rather than compressions, and the maps for applying the criterion for operator
Gromov-Hausdorff convergence are a slice map a — (I ® p)A(a) for 7, for a state
u € S(C(G)) with an appropriate support condition, and the inclusion map for o.
For convergence of Peter—-Weyl truncations, it is crucial that there is a state ¢ on the
compression PC(G) P such that its pullback by the compression map approximates
the counit € on C(G), and similarly for convergence of Fourier truncations the state
1 should satisfy an appropriate support condition and approximate the counit; this
is the main place where the coamenability assumption is used.

Chapter 5 The close connection between Peter-Weyl and Fourier truncations as
well as of the respective methods of their proofs of convergence require more clar-
ification. It was shown in [33}[50] that the Toeplitz operator system C(S!){0:N})
and Fejér-Riesz operator system C(Sl)({_N_,__”N}) (for notation see be-
low) arising respectively as spectral and Fourier truncations of the circle are dual
operator systems. It might seem reasonable to expect that this is true for Peter-Weyl
and Fourier truncations in general. However, the operator systems in question are in
general not dual, as we explore in[Chapter 5| In fact, the crucial point in the proof of
the duality of the Toeplitz and Fejér-Riesz system in [33]/50] is the operator-valued
Fejér-Riesz lemma; however, failure of an analogous result already in the case of
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the 2-torus has long been known [[127]. Moreover, this was used in loc.cit. to show
that positive semi-definite functions on (large enough) rectangles in Z? cannot be
extended to positive semi-definite functions on Z2. Such kinds of factorization and
extension problems have been heavily researched with connections to many areas
of mathematics, see e.g. [130l 131 [10]. In[Chapter 5 we provide an operator system
perspective at these problems and clarify their relation to the problem of duality of
the operator systems arising from spectral/Peter-Weyl and Fourier truncations.

To this end, we work in the setting of a discrete group I' (assumed amenable
whenever necessary). We then analyze for which such discrete groups I' and finite
subsets ¥ C T it is true that the Toeplitz system C*(I')(*) < My consisting of
Toeplitz matrices (Ts;—1)s e is dual to the Fourier system, i.e. operator subsystem

C*(D)(zx-1) := span{dy—1 | s,t € B} = C*(T).

Note that, for I' amenable, this is a special case of the question about duality of
the operator systems arising from Peter-Weyl and Fourier truncations in [Chapter 4]
since C*(T") is a coamenable compact quantum group. In[Theorem 5.3.18] we show

that the following three statements are equivalent:

(1) the Toeplitz system C*(T")*) and the Fourier system C*(I')(xx 1) are each
other’s operator system duals;

(2) for every positive semi-definite Toeplitz matrix (Ts;-1)sex € Mx(M,)™,
there is a positive semi-definite function  : I' — M,, such that u(st™1) =
Tg—1,foralls,te 3, neN;

(3) every positive element zz € M,,(C*(I')(g5-1))" admits a sum-of-squares de-
composition, i.e. there are y1,...,y, € M,, ® span{d; | s € X} such that

T =3 vy

The crucial observation which facilitates the proof is that the Toeplitz system is dual
to the operator system spanned by sums of squares. The duality between sums of
squares and Toeplitz matrices has long been known and exploited in the study of pos-
itive semi-definite extension problems. However, we contribute in rephrasing Fejér—
Riesz type lemmas and their equivalence with extension properties in an operator
system way; that is, a Fejér—Riesz lemma holds if and only if the canonical inclusion
map from the sums-of-squares operator system to the group C*-algebra is a com-
plete order embedding. Equivalently the dual map, which is restriction of functions
in the Fourier-Stieltjes algebra, is a quotient map (in the category of matrix-ordered
vector spaces); this in turn can be rephrased as an extension property for positive
semi-definite functions. As an immediate consequence, which one might now actu-
ally consider a corollary of [127], the minimal and maximal tensor products of the
operator system of n x n Toeplitz matrices, n > 3, with itself are distinct, giving a
more conceptual proof than the one in [50].

Our sums-of-squares operator systems serve as building blocks for operator sys-
tems related to the general problem of extending partially defined positive semi-
definite functions on discrete groups. This allows us, for instance, to show that there
must be matrix-valued positive semi-definite functions on the set {(—1,0), (0, —1),



(0,0),(0,1),(1,0)} which do not admit positive semi-definite extensions to all of
72; we achieve this by using the tools of amalgamated free products and minimal
C*-covers of operator systems.

Literature

Spectral truncations, i.e. compressions of spectral triples (A, H, D) by a spectral
projection P for D, were already studied in [36]. However, there the state space
S(PAP) was equipped with the metric arising as the pullback by the compression
map A 3 a — PaP of the Monge-Kantorovich distance on the state space S(A).
A similar approach was taken in [60]. One might argue that this approach is not
intrinsic to the spectral truncation problem, as the quantum metric structure of the
truncation requires knowledge of the original quantum metric structure. Instead, the
paradigm of the spectral truncation formalism is to approximate noncommutative
geometry when lacking full spectral (and hence metric) information; in fact when
spectral truncations are treated as in [36] [60], one might think of them as quantum
metric subspaces of spectral triples. However, the ucp compression map A — PAP
may in general not be a quotient map of operator systems (which one might want to
require for a compact quantum metric subspace).

Our results on spectral truncations of tori in[Chapter 3|extend and build on previ-
ous work for the circle [136]], an analysis for pure states of the truncated circle [65],
and a first approach to truncations of tori in terms of products of circles (yet, not
spectral for the spin-Dirac operator) [[14]. We also mention the approach to spec-
tral truncations using computer simulations [59]. Further results on convergence
of spectral truncations can be found in [135 [17]. Besides convergence as compact
quantum metric spaces other aspects of truncated noncommutative geometry have
been studied, including K-theory [[138] [139], noncommutative integration [66]], and
an approach in terms of tolerance relations [34} 35 57].

For compact quantum metric spaces modeled on C*-algebras rather than oper-
ator systems, it seems appropriate to consider Lip-norms which take the additional
algebraic structure into account in that they satisfy a Leibniz condition. Various adap-
tations of quantum Gromov-Hausdorff distance respecting this additional property
(and extra structure) have been developed by Latrémoliére; in particular, the quantum
Gromov-Hausdorff propinquity [91] and the spectral Gromov-Hausdorff propinquity
[92] shall be mentioned at this point. These define respectively metrics on the collec-
tion of all C*-algebras with Leibniz Lip-norms and on the collection of all spectral
metric spaces, (i.e. spectral triples for which the Monge-Kantorovich distance on
states induced by the Connes distance metrizes the weak*-topology). Remarkably it
is shown in [911[92] that if two C*-algebras with Leibniz Lip-norms are at quantum
Gromov-Hausdorff propinquity 0 they must be *-isomorphic, and similarly if two
spectral triples are at spectral Gromov-Hausdorff propinquity 0 they must be uni-
tarily equivalent. These results are in line with the fact that if two operator systems
with Lip-norms are at operator Gromov-Hausdorff distance 0, they are completely
order isomorphic [86]].

The question about convergence of additional structure on compact quantum
metric spaces was considered by Rieffel. Enhancing his convergence result for matrix
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algebras to the sphere [[120] he also showed convergence of cotangent bundles [121]],
vector bundles [122]] and Dirac operators [124].

We point out that an arbitrary spectral triple is far from being automatically
a spectral metric space, see instead, it has taken significant effort
to establish the quantum metric structure of some of the spectral triples which are
particularly relevant in noncommutative geometry [1} [77, [100]. See also [74] for a
characterization of compact quantum metric spaces in terms of finite-dimensional
approximations.

Another approach to quantum metric spaces is due to Kuperberg-Weaver [89]]; in
their sense, a quantum metric space (or W*-metric space) is a von Neumann algebra
together with an appropriate filtration by operator systems, mimicking the classical
metric axioms. Spectral triples give rise to W*-metric spaces and conversely W*-
metric space structures induce Leibniz Lipschitz seminorms in the sense of Rieffel.
This approach appears to be suitable for certain applications in quantum information
theory, in particular quantum graphs; however, due to its von Neumann algebraic
flavor it seems less appropriate for dealing with compact quantum metric spaces
and thus to approach questions about (quantum Gromov-Hausdorff distance type)
convergence of spectral truncations. Moreover, as pointed out in [89], W*-metric
spaces disregard spin-geometric aspects of spectral triples.

A candidate object for a compact quantum metric spaces is a discrete group I
with a proper length function /; we discuss in[Example 2.1.6/how such a length func-
tion induces a Lipschitz seminorm on the reduced group C*-algebra of I' and even
a spectral triple. The main classes of discrete groups for which it is known to date
that they are compact quantum metric spaces in the sense of Rieffel include Z< [117],
groups of rapid decay [2], groups with a Haagerup-type property [[103], and nilpo-
tent groups [28]]. See also [[7] for a discussion of this matter for length functions on
discrete quantum groups. These are classes of examples to which Rieffel’s results
on Fourier truncations of compact quantum groups apply [123]. For our Peter-Weyl
truncations studied in we have to additionally require a bi-invariant Lip-
norm; if such a Lip-norm is induced by a length function, the bi-invariance condition
corresponds to invariance of the length function for the action by inner automor-
phisms.

All the operator systems we deal with in this thesis are unital; for the relevant
theory we refer to the monographs [106} 111} [19] 48] 23]]. Davidson-Kennedy built
a noncommutative Choquet theory around them [40] 41} [37]]. In another approach
to noncommutative geometry aiming at incorporating constraints on spatial resolu-
tion, nonunital operator systems [142] play a central role [33][34]]; a noncommutative
Choquet theory point of view at these was given in [84]].

Outlook

Let us end this introduction with some remarks on potential extensions of the results
obtained in this thesis. To date convergence of spectral truncations for the canonical
spectral triples arising from spin-manifolds has only been proven for tori with trivial
spin-structure, and even this has taken significant effort [136] [14] [94].
Towards a generalization for a non-abelian Lie group G we point out that the Peter-
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Weyl decomposition

L*(S)= P H- ®H:QV,

ne@

of the Hilbert space of L2-spinors on G is generally not a spectral decomposition for
the Dirac operator. Rather L2(S) =~ L2(G)®V carries a tensor product of represen-
tations of GG, where the one on V arises from the extension of the coadjoint action of
G on g* to Cl(g*), with g* the dual of the Lie algebra of G, cf. [124]]; to obtain the
spectral decomposition of the Dirac operator on G one then has to decompose this
tensor product of representations into its irreducible components. See [[70, 11} [71] for
some computations of the spectral decomposition of Dirac operators in the setting of
homogeneous spaces. This obstructs the potential for relating spectral truncations
(for a Dirac operator) of a compact Lie group to Peter-Weyl truncations as in [56]]
and[Chapter 4] Instead, other methods and possibly case-by-case analyses taking into
account the particular representation theory of the Lie group in question, appear to
be required.

Similarly as for Fourier truncations [123] it would be desirable to treat Peter-
Weyl truncations of coactions, rather than just of compact quantum groups as in
the obstruction to this is that the maps - compression and slice maps
— which we use for the operator Gromov-Hausdorff distance estimate, necessitate
both a left and a right coaction as well as a bi-invariant Lip-norm. Similar choices
of maps have played an important role in the study of many problems of compact
quantum metric spaces, but new ideas — potentially more geometric and depending
less on (co-)actions — are called for.

The problems of extending partially defined positive semi-definite functions and
matrices have appeared in many contexts and have long been studied from different
points of view. Rather than providing a survey here, we refer to [1311[1301[10] as well
as [8,9)] and references therein. The operator system point of view which we present
in[Chapter 5|gives a new perspective on arguments which have been similarly applied
before; this facilitates the import of techniques related to the tensor product theory
and C*-covers of operator systems. We expect that generalizations to a setting of
locally compact groupoids will be possible. At a technical level this would involve
nonunital operator systems. It might allow to put extension problems such as those
for groups and matrices on a common footing.






Chapter 2

Preliminaries

In this thesis all Hilbert spaces are complex and separable with inner products anti-
linear in the first component. The sets of m x n and n x n matrices over the complex
numbers will be denoted M,,, ,, and M,, respectively. We denote the unit in M,, by
1,, and the unit in a unital C*-algebra A by 1 4. For a vector space V the identity
map V — V will be denoted I" .

2.1 Spectral triples

The concept of a spectral triple was popularized by Connes [29] 30 31]] as a way to
capture (noncommutative) geometric properties by means of functional analytic, i.e.
spectral, data; below, we exemplify this by discussing spin®-manifolds and discrete
groups with length functions, preparing for later chapters. See [31]] for motivation
on spectral triples and the textbooks [[61} [140]] for more detail.

Definition 2.1.1. A spectral triple (A, H, D) consists of a unital *-algebra A, a
Hilbert space H with A < B(H), and an essentially self-adjoint operator D on H,
such that the following two properties hold:

(1) The commutators [D, a] extend to bounded operators on H, for all a € A.
(2) The resolvent (D — i)~! is a compact operator on H.

Equivalently, one may require the *-algebra A in the above definition to be a C*-
algebra (by taking the closure) in which case condition (1) is only required to hold
for all elements in a given dense *-subalgebra.

Condition (1) gives rise to a metric on the state space of A defined by the op-
erator D, see The compact resolvent condition (2) ensures that the
operator D has discrete spectrum o (D) consisting of eigenvalues only; in fact, the
resolvent (D — i)_1 is a compact normal operator, so its non-zero spectrum con-
sists of eigenvalues only and one checks that 0 # \ € o((D —4)~!) if and only if
1 +i € o(D). Moreover, as pointed out in [31], the Hilbert space H together with the
operator D is characterized up to unitary equivalence by o(D) and the dimensions
of the associated eigenspaces.

13
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Example 2.1.2. We recall the example of a Riemannian spin®-manifold. We mainly
follow [61} [140]], see also [68] and the standard references 73} (54} [16] for a principal
bundle point of view.

Let (M, g) be an oriented closed (i.e. compact without boundary) d-dimensional
Riemannian manifold. Using the musical isomorphism induced by g, the tangent and
cotangent bundle are identified whenever convenient. For d even, consider the com-
plex Clifford algebra bundle C/(TM) — M with fibers C¢(TM), = C{(T,M, Q,),
p € M, isomorphic to the complex Clifford algebra for the quadratic form @, (v) :=
g(v,v). For d odd, consider instead the even part C/°(TM) — M of the complex
Clifford algebra bundle with fibers C/°(TM), =~ C¢°(T,M,Q,), p € M, isomor-
phic to the even part of the complex Clifford algebra for the quadratic form Q,. We
use the notation C/(9)(TM) to refer to C/(TM) and C¢°(TM) respectively, de-
pending on whether d is even or odd.

A spin®-structure on M is a vector bundle S — M such that the (even part of
the) complex Clifford algebra bundle C¢(%) (T M) is isomorphic to the endomorphism
bundle End(.S). The vector bundle S is called the spinor bundle and sections of it are
called spinors. The action of the algebra of sections I'(C¢(?) (T M)) on spinors I'(S)
is called Clifford multiplication and denoted ¢. The Clifford algebra C/(T,M, Q)
is isomorphic to standard complex Clifford algebra C¢; which has exactly one irre-

d
ducible representation on C2* if d is even, and exactly two irreducible representa-
d—1

tions on C? * if d is odd; hence dim(S),) = 2l2]. The manifold M is called spin®
if it admits a spin®-structure. There is a topological obstruction to being spin® and
generally spin®-structures are not unique.

The Levi-Civita connection on the cotangent bundle of M lifts to a family of con-
nections on the spinor bundle suitably compatible with Clifford multiplication and
parametrized by purely imaginary one-forms; these connections are called Clifford
connections and we fix one of them which we call the spin®-connection and which we
denote V5 : T®(S) — QY(M)®@T*®(S). If M is spin, i.e. it admits a spin°-structure
together with a charge conjugation operator J : T'°(S) — I'°(S), then there is a
unique spin®-connection commuting with J, called the spin-connection, and we work
with this connection on the spinor bundle in this case.

Whenever one has a homomorphism ¢ : T'(C/(TM)) — T'(End(S)) and a Clif-
ford connection on S (i.e. a connection which is suitably compatible with the Clifford
multiplication ¢) one can define a (generalized) Dirac operator by

D :T%(S) Y5 QU (M) @ T*(5) =S T*(S). (2.1)

Here we view Q! (M) < T'®°(C¢(TM)) using the musical isomorphism arising from
the Riemannian metric. In our situation, where M is spin® with ¢ an isomorphism
and where a spin®-connection V¥ is fixed, we call D the spin®-Dirac operator and
denote it Dyy.

One checks that a Dirac operator D as in (2.1) is a symmetric elliptic first-order
differential operator. A symmetric first-order differential operator on a closed man-
ifold is shown to be essentially self-adjoint by using Friedrich’s mollifiers. A first-
order differential operator has bounded commutators with smooth functions acting
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by pointwise multiplication on L2-spinors. Moreover, applying Garding’s inequal-
ity and Rellich’s lemma one obtains that a symmetric elliptic first-order differential
operator has compact resolvent. See e.g. [68| Chapter 10] for details. Altogether, we
obtain the canonical spectral triple

(C(M),L*(S), D)
associated to a spin®-manifold M with spinor bundle S — M.

Remark 2.1.3. A spin-structure on an oriented closed Riemannian manifold M is a
spin®-structure S — M together with a certain anti-unitary operator J on I'(.5)
called charge conjugation. The manifold M is called spin if it admits a spin-structure.
Again there is a topological obstruction to being spin and generally spin-structures
are not unique. However, once a spin-structure is fixed there is a unique spin®-
connection, called the spin-connection, on the spinor bundle which commutes with
the charge conjugation operator. The associated Dirac operator is called the spin-
Dirac operator. A spin-structure gives rise to a chirality operator v on I'°(S) and a
KO-dimension.

Spin-manifolds are generalized in noncommutative geometry as real spectral
triples, i.e. spectral triples with additional operators .J and ~y satisfying axioms anal-
ogous to the properties of charge conjugation and chirality. For our purposes, spin®-
manifolds will be sufficient, so we only refer once again to [68} (61 [140]] for details. It
should be mentioned though that Connes showed how to reconstruct a spin-manifold
from a real spectral triple (A, H, D; J, v), with the C*-algebra A commutative and
under (five) appropriate extra assumptions [32]].

Next, we treat the case of the trivial spin®-structure on the d-torus which is the
spin®-structure we will consider in

Example 2.1.4. Consider the flat d-dimensional torus T := R?/277Z. By flatness
we have C/(0) (T M) = T% x (Cét(io) and a spinor bundle S — T is given by the trivial

bundle S = T% x (CQL%J, where the fibers are irreducible representations of the (even
part of the) standard complex Clifford algebra; this is the trivial spin®-structure on
T?. As the spin®-connection we choose the flat spin-connection yielding the spin(®)-
Dirac operator

D’H‘d = —Z@H ® ’Yg
d
on L2(S) =~ L*(T%) ® c2'?! (with domain the smooth spinors). Here v/ are the

generators of the standard complex Clifford algebra C/;. The Dirac operator Dra
squares to A ® 12l 4, where Aqa is the Laplace operator. With this one readily

checks that the spectrum of Dy is given by the eigenvalues A := +||n||, forn € Z¢,
with ||-|| the euclidean norm on Z¢ < R, so the eigenspinors of Dra are indexed by
7. The non-zero eigenvalues A* have multiplicity A'(||n||)2l2!~, where N'(||n|)
is the number of lattice points m € Z? with ||m|| = ||n||. The eigenvalue 0 has

d
2

multiplicity 2121,
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The spectrum of the spin-Dirac operator for the non-trivial spin-structures on
flat tori is computed in [53]]. See also [58] for an overview of explicit computations
of some spectra of spin-Dirac operators.

In this thesis, we mainly deal with the metric aspect of noncommutative geome-
try. For this, the following observation due to Connes [29] [30]] is foundational.

Proposition 2.1.5. Let (A, H, D) be a spectral triple.
(1) The following defines a metric on the state space S(A) of A:
d(p,v) := sup{|u(a) —v(a)| | a € A, [|[Da]| < 1}, (2.2)
forall u,v e S(A).

(2) Let(A, H,D) = (C(M),L%(S), D) be the canonical spectral triple of a spin®-
manifold M with fixed spinor bundle S — M, a choice of spin®-connection and

the associated spin®-Dirac operator Dy as in[Example 2.1.2, Then the metric d
from coincides with the Riemannian distance on M =~ P(C(M)), i.e.

d((sp’ 511) = dg (pv q)v (23)

forall p,q € M. Here §, € P(C(M)) denotes the evaluation functional at
pe M.

Note that the homeomorphism M = P(C(M)) is to be understood in terms of
the subspace topology on the pure state space of C(M) inherited from the weak*-
topology on the state space. The metric is called the Connes distance and
is known as the Connes distance formula. For a (noncommutative) spectral triple, the
topology on S(A) induced by the metric does in general not coincide with the
weak™*-topology. However, when it does one may speak of a compact quantum metric

space, to which we come back in|Section 2.3

Proof (sketch). (1) Let i, v € S(A) be states. Assume d(p, v) = 0. Then, by rescaling
w(a) = v(a), for all @ € A with ||[D,al|| < 0. Since Dom(||[D,-]||) := {a € A |
I[D,a]|| < oo} is a dense *-subalgebra of A, we have that 4 = v. Assuming now
that p # v, it follows from norm-density of Dom(||[D,-]||) in A that there is an
element a € A with ||[D,a]|| < 1 and p(a) # v(a), so d(u,v) > 0. Symmetry and
the triangle inequality follow directly from the definition of the Connes distance.
(2) This is sketched in [29 Proposition 1] and more details are given in [140]
Proposition 4.23]; we only outline the main steps. Using the local formula for Dy,
one checks that [Dyy, f](v)) = —ic(df ® ¢), for all ¢ € T'*(S), which yields
I[Dar, £l = suppepsllgrad, (f)|, for all f € C*(M). Now we have the iden-

tity supyerllgrad, (£)| = || Fllips with | £]lip = sup ., L2 the Lipschitz
constant of f, and the resulting identity

1D, £ = 11 f leip (2.4)
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is in fact valid for all Lipschitz continuous functions f € C(M). With this one obtains
d(6p,0q) < dg(p,q), forall p,qge M.

Conversely, the functions fy,(q) := dy(p, q), for all p,q € M, are Lipschitz con-
tinuous with Lipschitz constant 1, so implies d(d,,04) = |fp(p) — fp(@)| =
dg(p; @) O

Example 2.1.6 ([29]). Let I" be a discrete group equipped with a length function
0:T — [0,00),ie £(e) = 0,4(t1) = £(t), and £(st) < {(s) + £(t), for all 5,¢ € T..
Define the operator D, : Dom(D;) — ¢*(T') with Dom(D,) := C[I'] < £*(T) as
the operator given by pointwise multiplication with /, i.e.
Dy((¥t)ter) := (€(t)Yt)er,

for all finitely supported functions (¢ — ;) € C[I']. Then

I[De, A(@)]|| = > arl(t), (2.5)

tel

for all a = ), a0y € C[I'], where X is the left regular representation G —
B(£3(T)). In fact, observe that

ILDe, A = [INE) DeAt) ™" = D

= || D1y — Dol

= sup|l(t™"s) — £(s)]|
sel’

= (1),

for all ¢ € I', which readily implies (2.5).

Moreover, if the length function ¢ is proper the triple (C¥(I'), #2(T), D;) is a
spectral triple. Indeed, one checks that Dy is a symmetric operator with dense range
and C[I'] is a core. Properness of ¢ implies the resolvent (D, — i)~!, given by
(Dy — i) 19(t) = ﬁl[/(t), is approximated by the finite rank operators

2(0) 54 (t . {aww, 0t < N ) |

0, otherwise

for N € N, so (D; —i)~! is a compact operator on ¢?(I"). The spectrum of Dy is the
image of the length function ¢(I') € RZ which is point spectrum only and accumu-
lates at o0 by properness of £. The eigenspace V) associated to an eigenvalue A € Rt
is spanned by §; with t € £=*({\}), and V), is finite-dimensional by properness of /.

Length functions are of interest inducing candidates for Lip-norms. See
[tion 2.3] and [Chapter 4] below, and recall the examples where it is known that they
indeed induce Lip-norms from [[117, 2} [105] [28] mentioned in the introduction. For a
more spin-geometric version of length functions see the Clifford length functions in
[64,3].

As put forward in [33]], the spectral triples axioms make sense if the C*-algebra
is replaced by an operator system, i.e. a unital subspace X < B(H) which is closed
under taking adjoints.
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Definition 2.1.7. An operator system spectral triple (X, H, D) consists of an oper-
ator system X, a Hilbert space H with X < B(H), and an essentially self-adjoint
operator D on H, such that the following two properties hold:

(1) The commutators [D, z] extend to bounded operators on H, for all elements

rzeX.
(2) The resolvent (D — i)~! is a compact operator on H.

The following example from [33] is the key example for an operator system spec-
tral triple in this thesis.

Example 2.1.8. Let (A, H, D) be a spectral triple. Assume the operator D is self-
adjoint (by passing to its unique self-adjoint extension). Let 2 < R be a Borel set
and let P € B(H) be the associated spectral projection for D. Note that the operator
PDP coincides with the operator g(D) given by Borel functional calculus for the
function g given by g(\) := Axq(A), for all A € R, and with yq the indicator
function for ). Hence PDP is self-adjoint by the spectral theorem [114] Theorem
VIIL6]. If © is bounded, it is clear that the resolvent of PDP is compact. If ) is
unbounded, we have (PDP — i)~! = h(D) with h € Co(R) given by h()) :=
(Axa(A) — i)~ 1. Since D has compact resolvent it follows by the spectral theorem
that h(D) is compact.

Hence the triple (PAP, PH, PDP) is an operator system spectral triple, called
the spectral truncation of (A, H, D) for P. Note that the spectral projection P com-
mutes with the operator D, so PDP = DP. We emphasize that generally P ¢ A,
so PAP is generally not a corner in A.

Definition 2.1.9. Let G be a compact group. We say that an (operator system) spec-
tral triple (X, H, D) is an (operator system) G-spectral triple if there is a strongly con-
tinuous unitary representation U of G on H such that Uy XUy = X and U, DU =
D, forallge G.

Since UyD = DU, implies that U, P = PU,, for all spectral projections P for
D, we have the following fact.

Proposition 2.1.10. Let G be a compact group, (A, H, D) a G-spectral triple and
P a spectral projection for D. Then the spectral truncation (PAP, PH, PDP) is an
operator system G-spectral triple.

2.2 Operator systems
We collect some facts about operator systems. Much of this will not be needed until

We first focus exclusively on the positivity structure and will only discuss
matrix-norms towards the end of this subsection.
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2.2.1 Order-unit spaces

Let V be a complex *-vector space and denote by 14, its hermitian part. A convex
cone in V is any subset C  V}, satisfying [0,00) - C + C < C. A convex cone C in V
is called spanning if C — C = V4, and proper if C n (—C) = {0}. A complex *-vector
space V' together with a proper spanning convex cone C is called an ordered vector
space. We often write V' := C and call it the positive cone of (the ordered vector
space) V. The positive cone V' induces a partial order on V by defining v < w if
and only ifw —v e VT,

Given a complex *-vector space V' with a proper convex cone C, we say that an
element e € C is an order-unit if, for every hermitian element v € V4, there is a
positive real number 7 > 0 such that re — v € C. Note that if e is an order-unit then,
for every v € V4, there is a positive real number 7 > 0 such that v = re — (re —v) €
C — C, so the cone C is spanning. A *-vector space V' together with a proper convex
cone V' and an order-unit ey is called an order-unit space.

For an order-unit space (V, VT ey ), the following defines a seminorm on Vj,
called the order seminorm:

pv(v) :==1inf{r > 0| —rey <v <rey}

There are many extensions of the order seminorm to V, but all of them induce the
same topology on V [108]], called the order topology.

An order-unit space (V, VT, ey) as well as its order-unit ey are called archime-
dean if, for all v € V},, we have that reyy + v > 0, for all r > 0, implies that v € V.
If V is an archimedean order-unit space, the order seminorm py is a norm and the
positive cone VT is closed in V for the order topology [108].

A linear map ¢ : V. — W between ordered vector spaces V, W is called self-
adjoint if ¢p(v*) = ¢(v)*, for all v € V. If the map ¢ furthermore satisfies (V) <
W, it is called positive. We denote the cone of all positive maps V. — W by
P(V,W). If V,W are order-unit spaces, ¢ is called unital if ¢(ey) = ew. In this
case (V) < W implies that ¢ is self-adjoint.

For ordered vector spaces V, W, a positive map ¢ : V' — W is called an order
isomorphism if it is bijective with ¢~! : W — V positive. An injective positive map
¢ is an order embedding if ¢ is an order isomorphism onto its image.

For an ordered vector space V, denote by (V*)T := P(V, C) the set of positive
linear functionals V' — C and by V* its complex linear span. Then (V*, (V*)") is
an ordered vector space. If V' is an order-unit space, unital positive linear functionals
on V are called states. Define the state space as the set S(V) := {¢ € (V*)* |
¢(ey) = 1} of all states. The state space is equipped with the weak*-topology
(induced by the order-topology on V), for which it is a compact convex set by the
Banach-Alaoglu theorem.

2.2.2 Matrix-order unit spaces and operator systems

A matrix-ordering on a complex *-vector space V is a family of positive cones C,, <
M,,(V)n such that (M,,(V),C,,) is an ordered vector space, for every n € N, and
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which is compatible, i.e. AC,, A* < C,,, for all A € M,, ,,, m,n € N. Given a matrix-
ordered vector space (V, (M,,(V)")nen), an element e € V is called a matrix order-
unit if the element

en 1= e M, (V)

e

is an order-unit for the ordered vector space (M,,(V),M,,(V)"), foralln € N. A
matrix order-unit space is a matrix-ordered vector space together with a matrix order-
unit. A matrix order-unit e is called archimedean if e,, is archimedean, for all n € N.
An operator system is a matrix-ordered vector space together with an archimedean
matrix order-unit.

For a linear map ¢ : X — Y between matrix-ordered vector spaces X,Y,
we define its matrix amplification ¢(™ : M, (X) — M, (Y) by ¢(™((z;;)i ;) =
(¢(zi5):5), for all (z;);; € M,(X). The map ¢ is called completely positive if
#™ : M, (X) — M, (Y) is a positive map, for all n € N. We denote the cone
of all completely positive maps X — Y by CP(X,Y’). We sometimes use the abbre-
viations “cp” and “ucp” for “completely positive” and “unital and completely positive”
respectively. We denote the categories of matrix-ordered vector spaces with cp maps
by MV, of matrix order-unit spaces with ucp maps by MOU and of operator sys-
tems with ucp maps by OSy.

If A is a unital C*-algebra and X < A an operator subsystem, every positive
linear functional ¢ : X — C can be extended to a positive linear functional on A by
Krein’s theorem. More generally, every cp map ® : X — B(H) can be extended to a
cp map A — B(H) by Arveson’s extension theorem [4].

For matrix-ordered vector spaces X, Y, a complete order isomorphism is a com-
pletely positive map ¢ € CP(X,Y) such that (™) € P(M,,(X), M, (Y)) is an order
isomorphism, for every n € N. We say that X and Y are completely order isomorphic
if there is a complete order isomorphism X — Y, and write X = Y. A completely
positive map ¢ is a complete order embedding if ¢ is a complete order isomorphism
onto its image.

Let H be a Hilbert space. Then every unital self-adjoint subspace X < B(H)
is an operator system with positive matrix-cones M,,(X)" := M,,(X) n B(H™)™,
for all n € N, and archimedean matrix-order unitey := 1 B(H)- Sometimes operator
systems defined as archimedean matrix-order unit spaces are called abstract oper-
ator systems (cf. [106]), whereas self-adjoint unital spaces of operators acting on a
Hilbert space are called concrete operator systems. [27, Theorem 4.4] states that these
definitions coincide:

Theorem 2.2.1 (Choi-Effros theorem). Let X be an operator system. Then there is a
Hilbert space H and a complete order embedding ¢ : X — B(H) such that ¢(ex) =
1B(H) .

When dealing with a concrete operator system X < B(H) we may write X,
instead of X}, to denote the real subspace of self-adjoint operators in X.



2.2. OPERATOR SYSTEMS 21

In we will make use of idempotent ucp maps onto an operator sub-
system: given operator systems ¥ < X we say thatamap £ : X — Y is a ucp
conditional expectation if E(y) = y,forally € Y.

For convenience, we record the following well-known consequence of the Kadi-
son function representation.

Lemma 2.2.2. For every element x € X of an operator system X, the following holds:

sup [o(z)] < [lz]l <2 sup [¢(x)]
$eS(X) $eS(X)

Proof. The first inequality is immediate since states are positive functionals of norm

1. Indeed, we have x = Re(x) + ilm(z), where Re(z) = # and Im(z) = ’(gg*%w)
are self-adjoint, so that [[Re(z)|| = supyes(x)|¢(Re(x))| and similarly for Im(z) [78

Theorem 4.3.9]. The claim then follows by triangle inequality. O

Let X < B(H) be an operator system and, for a directed set £, let (Py)acr be
a net of orthogonal projections in B(H). For every A € L, set Hy := PyH. As-
sume that the net (Pp)aec is a join semilattice for the relation of containment of
ranges, ie. for all Aj, Ay € L, the orthogonal projection Py, A, onto the closed
subspace Hp, + Hj, is in the net. Assume furthermore that the net (Pa)aes con-
verges strongly to the identity 17 € B(H). Let 75 : B(H) — B(H}) be the com-
pression map, i.e. TA(T) := PATP,, for all bounded operators T € B(H), and
denote by X := 75(X) the operator subsystem of B(H,) given by the image of
the operator system X under 75. We set Sg := (Jpop TAS(XA) © S(X), where
T+ S(XA) — S(X) is the pullback of the map 74.

Lemma 2.2.3 ([56, Proposition 16]). The set Sy is dense in the state space S(X) for
the weak™ -topology.

Proof. Observe that the set Sy is convex. Indeed, every subset TYS(X)) < S; is
convex, since the pullback map 75 : S(Xa) — S(X) is affine. Now, observe that for
closed subspaces Hy, < Hj, we have that Py, Py, = Py, Py, = Pha,, so that we
can consider the restriction 7, ‘XAz (T') := Pp,aPy,, for all elements T € X, and

a € X with 75, (a) = T. In particular, since 7 is onto, for all closed subspaces Hj,

A € L, we have that 7§ : S(X3) — S(X) and (TA1’XA )* o S(Xa,) — S(Xa,)

are injections. Therefore, if ¢ € 7 S(Xy,), 9 € 7 S(Xa,) are states, any convex
combination t¢ + (1 — )y (for 0 < ¢ < 1) is a state
* *
t(TAl ’XAIVAZ) ¢+ (1 - t)(TA2|XA1vA2) ()
in TXI VAz‘S(XA1 v A, ), which establishes convexity of Sg.

Now, since the subspace . ;; - [ is dense in H by strong convergence Py —
17, the set Sy contains a dense subset Se vec of the vector states on X, so that an
element © € X is positive if the complex number p(x) is positive, for all vector states
P € S¢ vec, and thus for all states p € Si. Therefore, by [78] Theorem 4.3.9], the set
co(Sz) = S is weak*-dense in S(X) as claimed. O
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For a matrix-ordered vector space X with ordered vector space dual X*, set
M, (X*)* := CP(X,M,,), foralln € N. If X is a matrix order-unit space define the
matrix state spaces as S, (X) := {¢ € M, (X*)* | ¢(ex) = 1, }. If X is an operator
system, we have the identification

M, (X*)* =CP(X,M,,) = P(M,(X),C) = (M, (X)*)*

by [106] Theorem 6.1]. If X is a finite-dimensional operator system, by [27, Corol-
lary 4.5], one can (non-canonically) choose an archimedean matrix order-unit for the
matrix-ordered vector space X *, giving it the structure of an operator system which
we then denote by X9, For (matrix-)ordered vector spaces V, W, every (completely)
positive map ¢ : V' — W induces a (completely) positive map ¢* : W* — V*,

Archimedeanization

Matrix order-unit spaces can be turned into operator systems in the following
way [[107]. Let X be a matrix order-unit space. Set N := ﬂ¢€S(X) ker(¢). One
checks that identifying M,,(X/N) = M,,(X)/M,(N) induces a matrix order-unit
space structure on the quotient X /N. Define

Cor™ i= {(wi)i; + Mp(N) € My, (X)/Mp(N) |
rlex)n + (zij)ij + Mp(N) € My (X)) + M, (N), forall r > 0},

for all n € N. We sometimes write Arch(M,,(X)*) := C2*} if explicit reference to
X is required. Then the triple (X /N, (C2"),.en, ex + N) is an operator system,
called the archimedeanization of the matrix order-unit space X, and we denote it by
Arch(X). Ucp maps from the matrix order-unit space X to any operator system
Y uniquely factor through the archimedeanization. More precisely, the following
universal property holds: There is a unique surjective ucp map ¢ : X — Arch(X)
such that, for every ucp map ¢ : X — Y with Y an operator system, there is a
unique ucp map b : Arch(X) — Y such that $oq = ¢. If the subspace N < X

X —?% Ly

| 4

Arch(X)

Figure 2.1: The universal property of the archimedeanization.

is {0}, the cone C2™! is the closure of the cone M,,(X)™ in the order topology. The
universal property of the archimedeanization implies functoriality:

Lemma 2.2.4. The archimedeanization is a functor from MOU to OSy, denoted
Arch.

Proof. Let ¢ : X — Y be a ucp map in MOU. Then there are canonical ucp maps
gx : X — Arch(X), ¢y : Y — Arch(Y). Since gy o ¢ is a ucp map from X to
the operator system Arch(Y'), by the universal property of the archimedeanization
there is a unique map ¢ : Arch(X) — Arch(Y) such that ¢ o gx = gy © ¢. O



2.2. OPERATOR SYSTEMS 23

Quotients

From [[83] Section 3] we extract how to define quotients in the M'VS category.
To this end, let X be a matrix-ordered vector space and let J < X be a *-invariant
subspace. Assume moreover that J is a complete order-ideal, i.e. if z € M,,(.J) and
0 <y <xzthenye M,(J). Set

M, (X/J)*" :={(zi; + J)i; | there exists y € M,,(J) such that z + y € M,,(X)*}.

One readily checks that M,,(X/J)* is a convex spanning cone for the *-vector

space M,, (X /J) and that this family of cones is compatible. To see note properness,
note that as in the proof of [108 Proposition 2.41], any element of the intersection
M, (X/J)* n (=M, (X/J)") can be written as x + M, (J) = —y + M, (J) with
z,y € M,(X)*. Then there is an element j € M, (J) such that j = =z + y €
M, (X)*. Hence 0 < z < j which implies that x € M,(J), since J is a com-
plete order-ideal by assumption. So z + M,,(J) = 0 + M,,(J), i.e. the intersection
M, (X/J)* A (=M, (X /J)7) is trivial, whence the cone M,, (X /J)™ is proper. This
shows that (X /J, (M,,(X/J)" ).en) is a matrix-ordered vector space again, and we
say it is a quotient of X. Note that the canonical quotient map ¢ : X — X/J is cp.

If X and Y are matrix-ordered vector spaces and ¢ : X — Y is a cp map,
then ker(¢) is clearly *-invariant and moreover it is a complete order-ideal, since
z € ker(¢™) and 0 < y < x implies 0 < ¢ (y) < ¢ () = 0. It follows that
complete order-ideals in matrix-ordered vector spaces are precisely the kernels of
cp maps to matrix-ordered vector spaces. We say that the cpmap ¢ : X — Y is
an MVS-quotient map if it is onto and the induced map ¢ : X/ker(¢) — Y isa
complete order isomorphism (i.e. inverse map ¢! : Y — X/ ker(¢) is cp).

We now discuss quotients in the OSy category [83]. A quotient of an operator
system by a complete order-ideal (even if it does not contain the matrix order-unit) is
not necessarily an operator system again, but one rather needs to consider quotients
by kernels of ucp maps to operator systems. To this end, let X be an operator system.
A subspace J © X is a kernel if there is an operator system Y and a ucp map
¢ : X — Y such that J = ker(¢). Equivalently, J is a kernel if and only if there is
a family of states {¢, },e; S S(X) such that J =) _; ker(¢, ). Setting

el
M, (X/T)* o= {(@ij + J)ij € M (X/T) | (2ig)i; € Mu(X) T}

and ex,; := ex + J, the quotient X/.J inherits the structure of a matrix order-
unit space from X. Then Arch(X/J) is called an operator system quotient and it
has the universal property of a quotient in the category OSy as one expects: i.e.
every ucp map from X to an operator system factors uniquely through the quo-
tient Arch(X/J). A kernel J € X is called completely proximinal if M, (X /J)* =
Arch(M,,(X/J)*), for all n € N, in which case X /J = Arch(X/J).

Tensor products

We recall some elements of the theory of tensor products for operator systems
from [82]. Let X and Y be operator systems and denote by X ® Y the algebraic
tensor product. An operator system structure on X ® Y is a family of matrix cones
7 := (Cn)nen over X ® Y which satisfies the following properties:
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(T1) The triple (X ®Y, (Cp.)nen, ex ®ey ) is an operator system, denoted X ®, Y
(T2) We have My (X)T @ M;(Y)t < Cyy, forall k,l € N;

(T3) Forallucp maps ¢: X — My, : Y — M, themap ¢ ®¢ : X ®, Y — My
is ucp.

An operator system structure 7 is functorial if it satisfies

(T4) For all operator systems S, T and ucp maps ¢ : X — S, : Y — T, the map
PpR®yYisaucpmap X ®, Y - S®,T.

There is a compatible family of positive cones over X ® Y, given by
DX (X)Y) = {A(z@y)A* | x € Mp(X) T,y e My(Y)*, A e My, 11},

for all n € N. Its archimedeanization defines a functorial operator system structure
on X ®Y, called the maximal tensor product and denoted by max. It is maximal in
the sense that, for every compatible family (C,,)nen of positive cones over X ® Y,
we have D***(X,Y') < C,, for all n € N. In particular, if 7 is any operator system
structureon X ® Y and ¢ : X ®; Y — Z is a ucp map with Z an operator system,
then the induced map (by archimedeanization) ¢ : X ®max ¥ — Z is ucp.

The minimal tensor product of two operator systems X and Y, which are by the
Choi-Effros theorem unitally completely order embedded in C*-algebras A and B
respectively, is the operator system structure inherited from the inclusion of X @ Y’
in the spatial tensor product A @i, B. This tensor product is independent of the
choice of inclusions X € A and Y € B. Moreover it is a functorial tensor product
and it is minimal in the sense that, for every compatible family (C,,)en of positive
cones over X ® Y, we have that C,, € M,,(X ®uin Y) ", foralln € N. If X, Y are
finite-dimensional operator systems, we have that (X ®max Y)? = X9 ®puin Y and
(X ®min Y)d = Xd ®max Yd-

For two operator systems X, Y and two functorial operator system structures
o,7on X ®Y, we say that the pair (X,Y) is (o, 7)-nuclear if the operator systems
X ®c Y and X ®, Y are canonically unitally completely order isomorphic. We say
that an operator system X is (o, 7)-nuclear if the pair (X,Y) is (o, 7)-nuclear, for
every operator system Y.

C*-covers

A C*-cover of an operator system X is a unital C*-algebra A together with a
unital complete order embedding ¢ : X — A such that A is generated by the im-
age (X). Every operator system X admits a maximal and a minimal C*-cover,
denoted respectively by (C% .. (X)), tmax) and (C¥. (X)), tmin); they are character-

ized by the fact that, for any C*-cover (A, ) there are unique *-homomorphisms

Chax(X) = A — C#, (X) such that the diagram in [Figure 2.2 commutes. The

max
maximal C*-cover is sometimes called the universal C*-cover, denoted by C¥ (X),

and its existence was shown in [87, Proposition 8]. The minimal C*-cover is of-
ten called the C*-envelope and denoted C¥(X); its existence was first shown by
Hamana [[63]], see also [106]. Its construction in terms of boundary representations
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max

=1

X ——— A

=, |

mm

(X)

Figure 2.2: The universal properties of the maximal and minimal C*-cover.

was a 45-years long program initiated by Arveson [4], with important contributions
by Muhly-Solel [102], Dritschel-McCullough [46]], Arveson [5], and its final resolu-
tion by Davidson-Kennedy [39].

Propagation number

The propagation number prop(X) of an operator system X is the smallest pos-
itive integer n € N (if it exists) such that the subspace X°" := span{z;...xz, |
xz; € X} < Cf, (X) spanned by products of at most n elements of X inside
the minimal C*-cover is equal to the minimal C*-cover; if no such n € N ex-
ists, the propagation number is set to be c0. The propagation number was intro-
duced by Connes—van Suijlekom [33] and it is an invariant for stable equivalence, i.e.
prop(X ®min K) = prop(X), where K is the C*-algebra of compact operators on a
separable Hilbert space, (essentially since C¥ . (X Qumin £) = C¥ . (X) ®K). More-
over, since stable equivalence is a characterization of (various notions of) Morita
equivalence for operator systems [49] the propagation number is a Morita invariant.

Amalgamated direct sums
Let X and Y be operator systems and let V' be an operator system together with
unital complete order embeddings X < V % Y. The amalgamated direct sum (of
X andY overV ) [86] is the unique operator system X @y Y which comes with ucp
maps
X3 Xy &y
and which satisﬁes the following universal property: for every operator system Z

and ucp maps X ¥x Z Y Y with Yx oLx = Yy oLy, there is a unique ucp map
Y : X@®y Y — Zsuchthat ¢ o ox = ¥y and ¢ o ¢y = Yy. In other words, the

amalgamated direct sum is the pushout of the diagram
X&EV Sy

in the category OSy, see The existence of the amalgamated direct sum
follows from the existence of the amalgamated free product of C*-algebras and by
realizing X@®y 'Y as an operator subsystem of C7., (X)*cx (1) Chiax(Y'). From the
universal property of the amalgamated direct sum one obtams the fact that the ucp
maps ¢x, ¢y are complete order embeddings, and using the universal property of
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Figure 2.3: The universal property of the amalgamated direct sum.

the amalgamated free product of C*-algebras, one readily checks by diagram chasing
that C}, .« (X ®v V) = Chau(X) #cx (1) Chax(Y), of [86l Proposition 2.6], see
also [99, Theorem 4.24].

More concretely, if V' is finite-dimensional, we have X @&y Y = X—?Y where
J = {(tx(),—ty(v)) | v € V}. In fact, in this case J is the kernel of a ucp map
onto an operator system and it is furthermore completely proximinal [81] Proposition
2.4], so that Arch(ﬁjl) = &iy One readily checks the universal property of the
amalgamated direct sum for &iy If we do not specify the operator subsystem V/,
we usually assume V' =~ Ceyx =~ Cey and just speak of the amalgamated direct
sum or coproduct of X and Y, which we then denote by X @, Y/, see also [81] [55]
26]]. An operator system X is hyperrigid inside its minimal C*-cover if for every
non-degenerate representation m of C¥*. (X) on a Hilbert space H, the only ucp
extension of the map 7| x : X — B(H) is  itself [[6]]. If two operator systems X and
Y are hyperrigid in their respective minimal C*-covers, we have C¥, (X @1 Y) =
C*. (X) %1 C*. (V) [26] Theorem 4.11]. In particular, this is the case if X and ¥
contain enough unitaries in their respective minimal C*-covers in the sense of [81]];
in this case C¥, (X @1 Y) = C}, (X) #1 CE, (V) is already shown in [51].

min min

2.2.3 Operator spaces

We now recall some basic operator space notions. See the standard references [[106]
1111 [19, 48] for details. An operator space is a complex vector space X together with
a family of matrix-norms |||, on M,,(X), n € N, which is compatible in the sense
that ||AzB||, < ||A||||z||.]|B||, for all elements z € M,,(X) and scalar matrices
A, B € M,,, and such that ||z ®y|| 4+ = max{||z||n, ||y[|m}, forallz € M, (X),y €
M,,(X). A linear map ¢ : X — Y between operator spaces is called completely
bounded (cb) if there exists a positive real number R > 0 such that ||¢(™ (z)]|,, < R,
forallm € N, and z € M,,(X) with ||z||, < 1; in this case the number ||¢||cp :=
SUD,en supHmHn@Hqﬁ(”) (2)||n is called the cb-norm of ¢. We denote the set of all
cbmaps ¢ : X — Y by CB(X,Y). Acbmap ¢ € CB(X,Y) is called completely
contractive (cc) if ||¢[|c, < 1 and completely isometric if ||¢™ (z)||,, = ||2]|,, for
alln € N, x € M,,(X). We denote the category of operator spaces with cc maps by
OSp.

Let X < B(H) be a closed subspace. Then X is an operator space by isomet-
rically identifying the space of matrices M,,(X) as a subspace of B(H™). Every cb
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map ¢ : X — B(K) extends to a cb map ¢ : B(H) — B(K) with ||¢[lcr = ||¢]leb
by Wittstock’s extension theorem [[144]. Sometimes operator spaces defined as matrix-
normed vector spaces as above are called abstract operator spaces (cf. [106])), whereas
spaces of operators acting on a Hilbert space are called concrete operator spaces. [126]
Theorem 3.1] states that these definitions coincide:

Theorem 2.2.5 (Ruan’s theorem). Let X be an operator space. Then there is a Hilbert
space H and a complete isometry ¢ : X — B(H).

Note that this implies that every operator system is (unitally completely order
isomorphic) to an operator space, and in fact, for an operator system X one can
recover the matrix-norms from the matrix-order structure as ||z||, = inf{r > 0 |

( r(ex)n z
z*  rlex)n
cp if and only if it is cc, and it is a complete order embedding if and only if it is com-
pletely isometric. By Wittstock’s decomposition theorem [[143]], see also [106] Theo-
rem 8.5], every cb map on an operator system is a linear combination of four cp maps.
Given an operator space X, its dual X™* is an operator space when equipped with
the matrix norms inherited by declaring the identification M,,(X*) =~ CB(X,M,)
completely isometric [19, 1.2.20]. Moreover, the matrix-ordered vector space and
operator space structures on X* are compatible in the sense that the proper con-
vex cones CP(X,M,,) span CB(X, M,,) and are closed (for the cb-norm); this shows
that X* is a (positively generated) matrix-ordered operator space. See [72] for more
on these.
Recall from [[19] 1.2.14] that if X is an operator space and Y < X a closed sub-
space, the quotient X /Y is an operator space, for the matrix-norms given by

) > 0}. For a cp map ¢ we have ¢(1) = ||¢||cb. A unital linear map is

1(@ij +Y)ijlln = inf{[lz + ylln | y € Mn(Y)}.

For operator spaces X and Z, a ccmap ¢ : X — Z is called an OSp-quotient map
if it is onto and the induced map ¢ : X /ker(¢) — Z is a complete isometry (i.e. the
inverse map ¢~ : Z — X/ ker(¢) is cc).

Amap ¢ : X — Y between operator spaces is cb if and only if p Q17 : X® Z —
Y ® Z is cb, for every operator space Z [42]], see also [111} Proposition 2.1.1]. It
follows that amap ¢ : X — Y between operator systems is cp if and only if @I :
X®Z —Y ® Z is cp, for every operator system Z.

Below, for Hilbert spaces H, K and subspaces X € B(H),Y < B(K), we denote
by X ®min Y the spatial tensor product, i.e. the completion of the algebraic tensor
product of X, and Y in B(H ® K'), where H ® K is the Hilbert space tensor product.
We will refer to the following result as the Fubini theorem for cb maps. In the special
case that the maps ¢1, ¢2 below are linear functionals, we refer to it as the Fubini
theorem for slice maps which was proven in [134].

Lemma 2.2.6. Let X; € B(H1), X2 € B(Hz) be operator spaces and let ¢1 : X1 —
B(K1), ¢2 : Xo — B(K3) be cb maps. Then the map ¢1 ® ¢2 : X1 ® Xo —
B(K; ® K») extends uniquely to a cb map ¢1 ® ¢2 : X1 Qmin X2 — B(K1 ® Ka) on
the spatial tensor product such that ||¢p1 ® d2lcb < |1l ||d2llcb- In particular, the
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following commutativity property holds:
(1 @I (N @ go) = (I @ o) (91 ®T™2) = 91 @62 (26)

Proof. For the unique extension of the map ¢; ® ¢ to the spatial tensor product and
the norm estimate see [[106] Theorem 12.3]. The equation (2.6) holds for the algebraic
tensor product and thus extends uniquely to the spatial tensor product. O

2.2.4 Complete order embeddings and quotient maps

The following proposition is central to our investigation of the extension problem
for positive semi-definite functions, see [Theorem 5.3.18|and [Theorem 5.4.16| below.
We give a full proof of the equivalence of (1) and (3) for which we could not find a
reference in the infinite dimensional case. Note that this is in line with [52 Propo-
sition 1.8] which implies the equivalence of (1) and (3) in the case that the operator
systems X and Y are finite-dimensional.

Proposition 2.2.7. Let X and Y be operator systems and let ¢ : X — Y be a ucp
map. We view the dual spaces X* and Y* both as operator spaces and as matrix-
ordered vector spaces, for the matrix-norms inherited from declaring the identification
M, (X*) =~ CB(X,M,,) completely isometric and for the positive matrix-cones given
by M, (X*)* := CP(X,M,,), and analogously for Y. Then the following statements
are equivalent:

(1) The map ¢ : X — Y is a complete order embedding.
(2) The map ¢ : X — Y is a complete isometry.

(3) The map ¢* : Y* — X* is an M'VS-quotient map.
(4) The map ¢* : Y* — X* is an OSp-quotient map.

Proof. The equivalence (1)<(2) was already mentioned above and is well-known,
see e.g. [19] 1.3.3].

For the equivalence (2)<(4) see [19, 1.4.3]; note that the implication (2)=>(4) re-
quires (the matrix-valued version of) Wittstock’s extension theorem to extend cb
maps X — M,, to cb maps Y — M,, (if X is completely isometrically identified
with its image ¢(X) € Y)). The converse implication uses the completely isometric
inclusion of an operator space in its bidual.

For the equivalence (1)<>(3), assume first (1) that ¢ : X — Y is a complete order
embedding. In particular ¢ is one-to-one, so ¢* is cp onto. Denote by ¢ : Y* —
Y*/ker(¢*) the canonical cp quotient map and by * Y*/ker(¢p*) — X* the
induced cp map such that é)\’; o q = ¢*. In order to show (3), we need to show that
the inverse (é;’;)_1 is cp. To this end, let z* € M,,(X*)*. We view =* as a cp map
x* : X — M,,. By assumption, the map ¢! : ¢(X) — X is well-defined and
ucp, so we may push z* forward by ¢ to a cp map on the image ¢(X) € Y, ie.
psx* = 2% 0 ¢! € CP(#(X),M,,). By (the matrix-valued version of) Arveson’s
extension theorem (i.e. Krein’s theorem together with the identification of cp maps
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Y — M,, with positive functionals on M, (Y") [106} Theorem 6.2]), there is a cp map
y* € CP(Y,M,,) extending ¢,z*, i.e.

y*(9(2)) = ds2*(g(2)) = 2™ 0 67 (¢(x)) = 2*(x) (2.7)

for all z € X. Now, viewing 2* and y* as elements of M,,(X*)* and M, (Y*)*
respectively, the equation yields

(%)) (y*) = 2%,
With this we obtain
(697 (*) = (697 (@)™ ("))

= (%)™ H)™ o (%)™ 0 ¢ (y¥)
= ¢ (y*) € My (Y*/ ker(¢*)) ™.

This shows the map ((E’E )~1 is cp, as claimed.

Conversely, assume (3) that ¢* : Y* — X* is an MV S-quotient map. In par-
ticular ¢* is onto, so ¢ is one-to-one with inverse map ¢! : #(X) — X. Iden-
tifying the dual ¢(X)* of the image ¢(X) S Y with the quotient Y*/¢(X)*+ =
Y*/ker(¢*) we may view the dual map (¢~1)* : X* — ¢(X)* of the inverse of ¢
as the inverse of the dual map of ¢ (modulo ¢(X)1), i.e.

(671)* = (6%) 71t X* — Y*/ker(¢*).

Note that the map (&;)’1 is cp by the assumption that ¢* is an MV S-quotient map.
Moreover, the dual map

((6%)"1)* + (Y*/ker(¢*))* = ¢(X)** — X**

is cp. Recall from [83] Proposition 6.2] that an operator system is canonically uni-
tally completely order embedded into its bidual. So we may consider the restriction

of (((E’E)_l)* to the operator subsystem ¢(X) S ¢(X)** and want to show that

~

((¢*)_1)*\¢(X) = ¢~ L. Indeed, for z € X, we may view ¢(x) as an element of
¢(X)** and we have

(@) ™)*((¢(x)) = d(x) 0 (6%) 7 = ¢(a) 0 ($71)* = ¢~ o ¢(a) = .

It follows that ¢p—1 = (((}S\’g)’l)* lo(x) : #(X) — X is cp, and hence ¢ is a complete
order embedding as claimed. O

Remark 2.2.8. We point out that the above statements are equivalent to ¢* being a
quotient map in the category MOS of matrix-ordered operator spaces with cp cc
maps [72]]. In fact, this is implied by (3) and (4) together, and conversely, an M OS-
quotient map is in particular an OSp-quotient map. In our applications in[Chapter 5|
we will mainly focus on the equivalence (1) and (3). The equivalence of (3) and (4)
allows us to avoid discussing the category MOS in more detail.
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2.3 Compact quantum metric spaces

This small survey on compact quantum metric spaces is an expansion of the one
in [93| Section 5]. The notions of Lip-norms and compact quantum metric spaces
are due to Rieffel [115] 116} [119] who developed them for order-unit spaces. We
work exclusively in the setting of operator systems, which we usually be consider to
be unitally completely order embedded in B(H), for some Hilbert space H. When
modeled on operator systems, compact quantum metric spaces can be compared in
terms of complete or equivalently operator Gromov—-Hausdorff distance [85} [86]].

2.3.1 Lip-normed operator systems

By a seminorm we mean an extended seminorm, i.e. it may take value co.

Definition 2.3.1. Let X be an operator system. A seminorm L : X — [0,00] is
called a Lipschitz seminorm if it satisfies the following properties:

(1) Its domain Dom(L) := {x € X | L(z) < o} is dense in X
(2) it satisfies L(z*) = L(x), for all z € X;
(3) we have Clx < ker(L).

A Lipschitz seminorm L is called a Lip-norm if additionally the following property
holds:

(4) The induced Monge—Kantorovich distance

d*(¢,¥) = sup{|¢(z) — ¥()| | L(z) <1}
metrizes the weak*-topology on the state space S(X).

Remark 2.3.2. This operator system version of compact quantum metric spaces is
compatible with Rieffel’s order-unit space formulation, as shown in [77, Proposition
2.1.8]. In fact, setting Dom(Ly,) := Dom(L) n Xy, and L, := Ll|x,, defines
a Lip-norm in the sense of Rieffel [116] on the real archimedean order-unit space
Dom(Lg,), and one checks that the Monge-Kantorovich distance dLsa | defined on
S(Xs.) = S(X) in the obvious way, is equal to d”. Conversely, if L° is a Lip-norm
on X, in the sense of [116] one readily shows that

Ldsy(z) := sup L%(cos(#)Re(x) + sin(f)Im(x))
0€[0,27]

defines a Lip-norm on X. Moreover, (L%Sy)Sa =L°.

Lemma 2.3.3 ([115| Proposition 1.4]). Let X be an operator system and L : X —
[0, 0] be a Lipschitz seminorm. Then the topology on the state space S(X) induced by
the Monge—Kantorovich distance d” is finer than the weak™ -topology.
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Proof. Let (¢ )nen be a sequence in S(X) and assume that d¥(¢,,$) — 0, for
some ¢ € S(X). We show that ¢,, — ¢ weak®. Note that by assumption for every

e > 0 and large enough n we have sup,cpom(r,) W = dX(¢n, ¢) < e
Hence Z(¢y,) := ¢n(x) — ¢(x) =: Z(¢), for all z € Dom(L). By the identification
X 3z — & wehave Dom(L) € C(S(X)) — the C*-algebra of continuous functions
on §(X) with the weak*-topology — and since Dom(L) is a dense subspace of X
and contains scalar multiples of the unit, we have that Dom(L) € C(S(X)) is a
strictly separating subspace containing the constant functions. This is enough to see

that ¢,, — ¢ in the weak*-topology on S(X). O

Remark 2.3.4. Let X be an operator system with connected state space S(X). Then
the kernel of any Lip-norm L on X is actually equal to C1x [75, Lemma 2.2]. To
this end note that any two states ¢, € S(X) must be at finite distance from each
other, since d* metrizes the weak*-topology, for which S(X) is compact (and thus
has finite diameter as a metric space). Recall that states on X separate points (in
the sense that if ¢(z) = 0, for all ¢ € S(X), it follows that z = 0 [78, Theorem
4.3.4(i)]). Hence, for every z € X\Clyx, there must be two states ¢,9 € S(X)
such that ¢(x) # 1 (z). If we now assume that L(x) = 0 we have that d*(¢,v) >
|p(Axz) — ¢ (Ax)|, for all A € C, by definition of the Monge-Kantorovich distance.
Hence we have d”(¢,v) = o contradicting the assumption that d” metrizes the
compact set S(X).

Definition 2.3.5. A compact quantum metric space is an operator system together
with a Lip-norm.

Definition 2.3.6. Let (X, H, D) be an (operator system) spectral triple. If the tu-
ple (X, ||[D,-]|]) is a compact quantum metric space, we say that (X, H, D) is an
(operator system) spectral metric space.

The notion of spectral metric space was coined in [13].

Definition 2.3.7. A morphismbetween two compact quantum metric spaces (X, Lx)
and (Y, Ly ) isaucp map ® : X — Y, for which there is a constant C' > 0 such that
Ly (®(z)) < CLx(x), for all z € X. A morphism ® is called Lip-norm contractive
if the constant C' can be chosen to be 1.

Definition 2.3.8. Let X be an operator system andlet L : X — [0, 0] be a Lipschitz
seminorm. Denote by ||-||x,c and Lx ¢ the induced norm and seminorm on the
quotient X /C1 x respectively. The radius of X is the number

rx i=inf{r € [0,00] [ |[-|lx/c <rLx/c}
Notation 2.3.9. For a vector space V/, seminorms p and ¢ on V' and any positive real
number r > 0, we set
B :={veV|p) <r},
B = fve V| p(v) <1},

T

BP9 := BP n BY, and

79

»Pq HP »d
BY? .= Bl A B
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The following characterization of Lip-norms appears in [115, Theorem 1.8], see
also [109] Theorem 6.3] for an even earlier version in a C*-algebraic context. Recall
that a subset .S of a normed space (V, ||-||) is totally bounded if, for every € > 0, there

existvy,..., v, € S such that S < | I, Bl

Proposition 2.3.10. Let X be an operator system and L : X — [0,00] a Lipschitz

seminorm. Then L is a Lip-norm if and only if X has finite radius and the set B” IhE
totally bounded.

We only show that L is a Lip-norm if X has finite radius and BH bE i totally
bounded, as this is how we usually use this proposition. We follow the argument
from [[115] where also the converse can be found.

Proof (that the condition is sufficient for L to be a Lip-norm). Assume X has finite ra-
dius and EHIH’L is totally bounded. Denote by ¢ : X — X /C1x the canonical quo-
tient map We first show that total boundedness of B” e implies total boundedness

of B, TXE for the quotient norm |[|-|| x /c. By the assumption that X has finite radius,
there is a real number r > 0 such that, for all z € X with L(z) < 1, we have

lg(z)|lx/c < rlxclq(x)) <rL(x) <r

In other words we have q(Ef) c q(Eﬂ'H N Ef) where the latter set is contained in
q(EﬂA”’L). Since EL‘IH’L is totally bounded by assumption, this implies that EILX/ ¢ =
q(ElL) is totally bounded for the norm ||| xc.

We now show that total boundedness of Efx/ © implies that the d”-topology on
the state space S(X) is coarser than the weak*-topology. Fix ¢ > 0. We need

to show that for every state ¢ € S(X) the e-d”-ball BgL (¢) around ¢ contains a
weak*-neighborhood of ¢. To this end fix ¢ € S(X) and set

U(P) :={yeSX) | |p(x) — ()| < %, forall z € X}.

Note that U(¢) is a weak*-open neighborhood of ¢ in S(X). We show that, for
every 1 € U(p), we have d*(¢,1) < e. By total boundedness of §1LX/C there are
T1yeen, Ty € ElL such that ElLX/C c U, ng/c(q(xi)). Let x € X with L(x) < 1
It follows that there is an index i = 1,...,n such that ||g(z) — q(z;)[|x,c < 5.
Hence, there is an element y € C1x such that ||z — z; — y|| < 5. It follows that

|6(2) — ()]
= |¢>( ) O(@i +y)| + |o(zi +y) — V(@i + )| + oz +y) — ¢(2)|
€
Hence d*(¢,1) < &, so BgL (¢) 2 U(¢), ie. the dl-topology on S(X) is coarser

than the weak*-topology. Since the d”-topology is always finer than the weak™-
topology by [Lemma 2.3.3|they must coincide, so L is a Lip-norm as claimed. O
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Note that if X is a finite-dimensional operator system, every Lipschitz seminorm

L on X with ker(L) = Clx is a Lip-norm. Indeed, the condition on the kernel of
L guarantees that X has finite radius and by compactness the set E!'H’L is totally

bounded.

Example 2.3.11. An example for a Lipschitz seminorm which is not a Lip-norm is
given in [115]], of which we give an operator system version: Let X be an infinite-
dimensional operator system, denote by ¢ : X — X /Clx the canonical (normed

space) quotient map and set L(x) := [|q(x)| x/c, for all z € X. Then L is a Lip-
schitz seminorm, but the set E!“I’L is dense in the norm-unit ball E!'H which is non-
compact; thus E!'H’L cannot be totally bounded. By |Proposition 2.3.10[ the Lipschitz

seminorm L is not a Lip-norm.

In our operator system setting the following notion of Monge-Kantorovich dis-
tance on matrix state spaces is natural.

Definition 2.3.12. Let X be an operator system and n € N a positive integer. Recall
the matrix state space S,,(X) := UCP(X,M,,) of X. If L is a Lipschitz seminorm
on X, we set

e s 0@ V@I

zeX\ ker(Lx) L(z)
and call it the induced Monge—Kantorovich distance on S,,(X).

If L is a Lip-norm the Monge—Kantorovich distances metrize the point-norm
topologies on all matrix-state spaces. Indeed, 85, Proposition 2.12] shows that this
is the case for d"s»™ and a matrix-state version of the argument sketched in
shows d°" = dl==", for all n € N, to arrive at our claim.

A Lipschitz seminorm L on an operator system X is called lower semicontinuous
if, for every sequence (2, )nen in X with ||z, — z|| — 0, for some = € X, we have
L(z) < liminf, L(z,). Equivalently, the Lipschitz seminorm L is lower semicon-

tinuous if the Lipschitz seminorm unit-ball Ef is norm-closed in X. Denote by L,z
the Lipschitz seminorm on X given by the Lipschitz constant induced by the metric
d* on S(X) when viewing X < C(S(X)). Then Ly is a lower semicontinuous
Lipschitz seminorm on X and we have Ly < L. Moreover, equality L. = L holds
if L was lower semicontinuous to begin with. The Monge-Kantorovich distances in-
duced by L and L4z on S(X) coincide, and the Lipschitz seminorm Lz is the largest
lower semicontinuous seminorm smaller than L with the property that dat = d*.
See Sections 3 and 4 in [116] for these results in the order-unit space setting. They
pass to our operator system setting by Remark 2.3.2] Note that this discussion can be
adapted to matrix-state spaces as well. In particular, when referring to matrix-state
spaces we may always assume our Lipschitz seminorms to be lower semicontinuous
without loss of generality.

A Lipschitz seminorm L on an operator system X is called closed if the Lipschitz

seminorm unit-ball Ef is closed in the completion X of X. The Minkowski func-
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tional L : X — [0, 0] is defined by
L(z) == inf{r > 0|z er B},

where Cl(ElL) denotes the closure of ElL in X. If L is lower semicontinuous, then
L|x = Land dX™ = db" foralln € N.

Definition 2.3.13. For a Lipschitz seminorm L on an operator system X we define
its closure by L® := Lyv.

Note that passing to the closure of a Lipschitz seminorm does not change the
Monge-Kantorovich distances on the matrix-state spaces, ie. d*°" = dlar-m =
d™™, for alln € N. See [116] Section 4] for a discussion on closed Lip-norms. For the
above definition of the closure as the “closure of the lower semicontinuous version
of L” we followed [85], silently applying [Remark 2.3.2]

In the next subsection we will discuss Gromov—-Hausdorff type distances of com-
pact quantum metric spaces. It will follow from the above two remarks that for these
distances we may replace Lip-norms by their closures. In fact, this technicality is
already taken care of automatically when passing to isometry classes of compact
quantum metric spaces.

Definition 2.3.14 ([86]). Let (X, Lx) and (Y, Ly) be compact quantum metric
spaces. An isometry is a unital complete order isomorphism & : X — Y such
that LS, o ® = L on Xg,.

2.3.2 Complete Gromov-Hausdorff distance

Let (X, Lx) and (Y, Ly) be compact quantum metric spaces. Different general-
izations of Gromov-Hausdorff distance for compact metric spaces to the quantum
setting have been proposed. The notion of classical Gromov-Hausdorff distance be-
tween the state spaces of compact quantum metric spaces was used e.g. in [36} 33
136].

Definition 2.3.15. The Gromov-Hausdor{f distance of (X, Lx ) and (Y, Ly) is the
classical Gromov-Hausdorff distance of their state spaces, i.e.

distau((X, Lx), (Y, Ly)) := distau ((S(X), d**), (S(Y), d )

— inf dist?; (S(X), S(Y)), 9

where the infimum runs over all metrics p on the disjoint union S(X) U S(Y) which
restrict to the respective Monge-Kantorovich distances on the summands. Here
distf; is the usual Hausdorff distance [24] Definition 7.3.1] on the set of compact
subsets of the space S(X) u S(Y') equipped with such a metric p.

The following notion of quantum Gromov-Hausdorff distance goes back to [118]
where it is phrased in terms of the order-unit space version of compact quantum
metric spaces. We follow here the treatment in [77, Section 2.2]. For a Lipschitz
seminorm L on an operator system X we denote by Ly, the restriction to the self-
adjoint part Xg,.
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Definition 2.3.16. A Lip-norm L on the direct sum X @ Y is called admissible if
Dom(L) = Dom(Lx) @ Dom(Ly ) and if the induced seminorms on X, and Yz,
under the respective coordinate projections px : Dom(L)s, — Dom(Lx)s, and
py : Dom(L)sa — Dom(Ly )s, coincide with (L x )sa and (Ly )sa respectively.

Definition 2.3.17. The quantum Gromov-Hausdorff distance of (X, Lx ) and (Y, Ly)
is given by

distd (X, Lx), (Y, Ly)) := inf distf; (S(X),S(Y)),

where the infimum runs over all admissible Lip-norms L on X @ Y with dr the in-

duced Monge-Kantorovich distance on S(X @Y") and where dist%L is the Hausdorft
distance on the set of compact subsets of S(X @ Y).

Note that if L is an admissible Lip-norm on X @ Y, the metric d¥ metrizes the
weak*-topology on S(X @Y) =~ S(X) uS(Y). Thus d” is an element of the set of
metrics p over which the infimum in the definition of distgy is taken, so that
we always have

distgn < dist%H. (2.9)

However, in general Gromov-Hausdorff distance distgy and quantum Gromov-
Hausdorff distance dist(,j; are inequivalent metrics on the set of compact quantum
metric spaces [[76]].

Gromov-Hausdorff distance can equivalently be computed by taking the infi-
mum of the Hausdorff distances of the state spaces over over all isometric embed-
dings ts(x) : S(X) — T and ts(y) : S(Y) < T into compact metric spaces
(T, p) [24, Definition 7.3.10, Remark 7.3.12]. Similarly, [77, Lemma 2.2.2] and [[96]
Proposition 4.7] imply the following:

= diSt%H((Dom(LX>sa> (LX)Sa)’ (Dom(LY>sa> (LY)SB-)) (2,10)
— inf dist)] (EiL")“,EﬁL”“) ,

where the infimum is taken over all archimedean order-unit spaces V' which contain
Dom(Lx)s. and Dom(Ly )s, as order-unit subspaces. Equivalently, one can take
the infimum over all normed spaces V' which contain Dom(L x )s, and Dom(Ly )s,
as subspaces such that their order-units coincide.

It is apparent that quantum Gromov-Hausdorff distance does not capture the
complete order structure of the involved operator systems. To overcome this, the
notions of complete [85] and operator Gromov—Hausdorff distance [86] were intro-
duced by Kerr and Li, building also on [95][96].

Definition 2.3.18. The complete Gromov—-Hausdor({f distance is given by

dist*((X, Lx), (Y, Ly)) := inf sup dist;, " (Sn(X), Sn(Y)),

neN

where the infimum is taken over all admissible Lip-norms Lon X @Y.
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Remark 2.3.19. For the definition of quantum and complete Gromov-Hausdorff dis-
tance it is equivalent to consider admissible Lip-norms on X @ Y (in the operator

system sense of[Definition 2.3.16) and admissible Lip-norms on (X @Y )s, (in Rieffel’s

order-unit sense [118]]), as explained in [77, Lemma 2.2.2].

In [[85] Definition 3.2], the n-distance is defined as
dists (X, Lx), (Y, Ly)) := inf dist? " (S, (X), Sp(Y)),

where, again, the infimum is taken over all admissible Lip-norms L on X @Y. More-
over we have

disty, < dist], < dist®,
for all m,n € N with m < n. In particular it follows that
distd,y = dist] < dist®. (2.11)

The following example from [85]] shows that quantum and complete Gromov—
Hausdorff distance are inequivalent. Let A be a separable unital C*-algebra. By
[117] we can choose a Lip-norm L on A. Then the canonical map from (A, L) to its
opposite algebra (A°P, L) is a Lip-isometric isomorphism of archimedean order-unit
spaces implying that dist¢,; ((4, L), (A°P, L)) = 0 by [118]. However, if A and A°P
are not *-isomorphic, they are not isometric as compact quantum metric spaces by
(85 Corollary 4.11], whence dist®((A, L), (A°P, L)) > 0.

We summarize some basic properties of complete Gromov-Hausdorff distance.
Given any two compact quantum metric spaces (X, Lx) and (Y, Ly) their com-
plete Gromov-Hausdorff distance is finite [85] Proposition 3.7]. Moreover, complete
Gromov-Hausdorff distance satisfies the triangle inequality [85] Proposition 3.4]. We
give a sketch of the proof which is analogous to [118| Theorem 4.3]. Given compact
quantum metric spaces (X, Lx), (Y, Ly), and (Z, Lz), and a real number ¢ > 0, let
Lxy and Ly z be admissible Lip-norms for (X, Lx), (Y, Ly ),and (Y, Ly ), (Z, L)
respectively, such that

y.m

sup distf[LX (Sn(X), 8, (Y)) < dist®(X,Y) +¢,

neN

and similarly for Y and Z. Set Lxy z(z,y, ) := max{Lxy (z,v), Ly z(y, z)}. One
checks that the quotient seminorm Lx z(z, z) := inf ey Lxy z(z,y, #) is an admis-
sible Lip-norm for (X, Lx ), (Z, Lz). Upon verifying that
. aLxgzm
distyy " (Sa(X), Sa(Y)

dLxym

< disth " (Sp(X), Sa(Y)) + distl 7" (Sn(Y), Sn(2)),

the triangle inequality readily follows.
It turns out that the complete Gromov-Hausdorff distance of two compact quan-
tum metric spaces (X, Lx) and (Y, Ly ) is 0 if and only if they are isometric. Indeed,
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the fact that isometric compact quantum metric spaces are at complete Gromov-
Hausdorff distance 0 follows from our criterion below [Proposition 2.3.21} The con-
verse is shown in [85] Theorem 4.10]. It follows that the set of isometry classes of
compact quantum metric spaces together with complete Gromov-Hausdorff distance
is a metric space. Many desirable properties of this metric space were established by
Kerr, including a quantum analogue of Gromov’s compactness theorem [[85, Theorem
6.3].

We will need a criterion to control complete Gromov-Hausdorff distance. Before
proceeding to it, we record the following estimate of Hausdorff distance of compact
subsets of a metric space.

Lemma 2.3.20. Let M, N be compact subsets of a metric space (Z,d) and let f : M —
N, g: N — M be set maps. Then the following holds:

dist$ (M, N) < max { sup d(m, f(m)), sup d(g(n), n)}
meM neN
Proof. This follows from the definition of Hausdorff distance [24] Definition 7.3.1].
Indeed, for a subset S < Z and a positive real number > 0, set U%(S) := {z € Z |
infses d(z, s) < r}. Then we have:

dist$ (M, N)
=inf{r >0| M C U¥(N)and N € U%(M)}

= inf{r >0] (inf d(m,n) <r,¥Yme M) and ( inf d(m,n) <r,¥Yne N)}
neN meM
<inf{r > 0| (d(m, f(m)) <r,Yme M) and (d(g(n),n) <r,Vne N)}

= maxc{ sup dm, (). sup dlg(m). ) |

O

The following sufficient condition for estimating complete Gromov-Hausdorff
distance is analogous to the criteria [137, Proposition 4] and [77, Proposition 2.2.4].
They rely on the methods already used in [115][116] and formalized in terms of the
notion of bridge in Section 5 of [118]]. Since we will not use bridges explicitly, we
refer to loc.cit. for details and further intuition. For a compact quantum metric space
(X, Lx), denote by diam(X) := diam(S(X), d¥) the diameter of the state space
of X.

Proposition 2.3.21. Let (X, Lx) and (Y, Ly ) be compact quantum metric spaces and
letex,ey,Co,Cy > 0 be positive real numbers. Suppose that there are morphisms
®: X > Y,V :Y — X of compact quantum metric spaces with Ly (®(x)) <
CoLx(z) and Lx(¥(y)) < CyLy(y), forallx € X,y € Y. Assume furthermore
that

[We(z) —zf| <exLx(z) and [[®W(y) —y[ <eyLy(y)
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Then the following estimate holds:

1

dist®(X,Y) < max {diam(X) ’1 - !

+ 22X diam(Y) ‘1 .

Co| Co Cy

€y

Proof. We set r := max {diam(X) ‘1 - C%)‘ + &5, diam(Y) ’1 - CIT,‘ + %\;} and
define a seminorm L on X @Y by

Do) i= max { Lx(a). Ly (o) £l = #@)] e = ¥}

It is shown in the proof of [77, Proposition 2.2.4] that L is an admissible Lip-norm.
Denoteby 15, (x) : Sp(X) = Sp(X)uSn(Y), ts, (v) : Sn(Y) = Sp(X)uS,(Y)

the respective inclusion maps of matrix state spaces into the disjoint union of ma-

trix state spaces. Observe that, for every positive integer n € N and matrix state

¢ € Sy (X), we have

d=" (¢, U* )

_ les, (x) (@) (2, y) = ts, (v)(P*0)(z, )|

= sup
(z,9)eX®Y\Clxgy L(:C, y)

_ sup [p(z) — (¥ (y))|l
(2,9)eX@Y\Clxay Max {Lx (z), Ly (y), |y — ®(2)|, L[|z — ¥ (y)||}

<7

Similarly, for every positive integer n € N and matrix state ¢ € S, (Y'), we have
dbr (@, ) < 7.

Now, using the Lipschitz maps ¥* : §,,(X) — S, (Y), @* : S, (Y) — S, (X)
on the subsets S,,(X), S, (Y) of the metric space (S, (X) uS, (Y),d"™), we obtain
from [Lemma 2.3.20] that

dL.n

disty (Sn(X)7Sn(Y))<maX{ sup d“" (¢, U*¢), sup dL’”(<I>*¢,¢)}~

PeS, (X) PeS, (Y)

Together with the previous observation that each of these two suprema is bounded
by r, the claim follows:

dist*(X,Y) < supdistds " (Sp(X), Sa(Y)) <7

neN

O

The following distance is an operator system analogue of the order-unit space
version given in [96]. Other than complete Gromov-Hausdorff distance it is de-
fined directly at the operator system level of compact quantum metric spaces without
passing to matrix state spaces. This is analogous to the equality for quantum
Gromov-Hausdorff distance.



2.3. COMPACT QUANTUM METRIC SPACES 39

Definition 2.3.22 ([86])). Let (X, Lx), (Y, Ly ) be compact quantum metric spaces.
The operator Gromov—Hausdor{f distance is given by

dist® (X, Lx), (Y, Ly)) := inf distg (ex (BT ), oy (BYY)),

where the infimum is taken over all unital complete order embeddings tx : X — Z,
ty : Y — Z into an operator system Z.

Let (X, Lx), (Y, Ly), and (Z, Lz) be compact quantum metric spaces and as-
sume that V' and W are operator systems such that there are complete order embed-
dings X — V «— Y — W « Z. Then it follows that X and Z are completely order
embedded in the amalgamated direct sum V @y W. The triangle inequality for dist°?
follows [86] Lemma 3.2]. The fact that two compact quantum metric spaces have op-
erator Gromov-Hausdorff distance 0 if and only if they are isometric is established in
[95] Theorem 3.15] and [86] Theorem 3.15], showing that the set of isometry classes
of compact quantum metric spaces with operator Gromov-Hausdorff distance is a
metric space.

Theorem 2.3.23 ([86] Theorem 3.7]). Complete and operator Gromov—Hausdorff dis-
tance coincide. Le. for all compact quantum metric spaces (X, Lx) and (Y, Ly ), we
have

dist®((X, Lx), (Y, Ly)) = dist®®((X, Lx), (Y, Ly)).

The equality of complete and operator Gromov-Hausdorff distance allows to es-
tablish important properties of both of these distances. For instance, the set of isome-
try classes of compact quantum metric spaces with operator (equivalently complete)
Gromov-Hausdorff distance is a complete metric space [86, Theorem 4.1], which
furthermore contains a homeomorphic image of the set of isometry classes of clas-
sical compact metric spaces with Gromov—-Hausdorff distance as a closed subset [86]
Theorem 3.10].

From (2.9), (2.11) and[Theorem 2.3.23| we obtain the following corollary:
Corollary 2.3.24. Under the hypothesis of |Proposition 2.3.21} the distances distcm,

distdyy, dist},, for alln € N, dist® and dist®® are all bounded above by the number r

Sfrom (the proof of)[Proposition 2.3.21






Chapter 3

Spectral truncations of tori

This chapter is based on the published article [94]]. The results were obtained in
collaboration with Walter D. van Suijlekom.

3.1 Introduction

In this chapter, we discuss convergence of spectral truncations of the d-torus T¢ =
R9/27Z¢ with its canonical Riemannian metric and trivial spin-structure. To this
end, consider the associated canonical spectral triple (C(T?), L2(Sta), Dpa) from

where we identify the Hilbert space L%(Sta) of L?-spinors with the
tensor product L?(T%) ® (Czl%J. We abbreviate S := Spa and D := Dqa. Recall
fromthat the spectrum of the spin-Dirac operator is given by o (D) =
{+(n? +--- +n2)? | n; € Z}. Recall furthermore from [Proposition 2.1.5|that the
spin-Dirac operator gives rise to the Monge—Kantorovich distance dl”1l on the
state space S(C(T?)), i.e. the set of probability measures on T¢. The Connes distance
dIP-1Il metrizes the weak*-topology and recovers the Riemannian distance when
restricted to pure states, i.e. the Dirac measures on ']Td; we denote the Riemannian
distance on T¢ as well as the Monge-Kantorovich distance on S(C(T%)) by dra.

For any real number A > 0, let Py be the spectral projection for D given by the
orthogonal projection onto the subspace of L?(S) which is spanned by the eigen-
spinors ey, of the eigenvalues A with |A| < A. More concretely, we have

d
PAL?(Spa) = spanfe, |neZ (n? + -+ nfl)% < A} ®(C2l2j,

with e, (x) := €7, for all x € T¢. The projection P, gives rise to the following
operator system spectral triple:

(CmhH™,L2(5)x, s ) (.1)
where we use the notations C(T%)(M) := PyC(T%)P,, L?(S)s := PAL?(S) and
Dy := P\DP,. We write dy := dIIIP2-1ll for the Monge-Kantorovich distance in-

duced by the Lipschitz seminorm ||[ Dy, -]|| on the state space of the operator system

41
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C(T4)M), Since the operator system C(T¢)(Y) is finite-dimensional, the set
By M e )™ |7 < 1, I[Da. 7] < 1} < By

is totally bounded. Finite- dlmensmnahty also ensures that C(T%)(") has finite ra-
dius in the sense of [Definition 2.3.8] and moreover it is clear that ker(||[Da,]||) =
Clprz(s)y)- It foHows from [Proposition 2.3.10| that the Monge—Kantorovich dis-
tance d metrizes the weak*-topology on the state space S(C(T%)®")) and hence the
operator system spectral triple in (3.1) is an operator system spectral metric space.

The elements T' of the operator system C(Td) (A) can be represented as matrices
of the form T' = (tj— l)kl Bt where BA := By n Z% < R? is the set of Z9-
lattice points in the closed euchdean ball of radius A, and where t;,_; = (e, Te;).
In particular, C(T')Y) is the operator system of (2|A| + 1) x (2|A] + 1)-Toeplitz
matrices which was investigated at length in [33] and [50].

Our goal is to show convergence in complete Gromov-Hausdorff distance of the
compact quantum metric spaces (C(T%)N) ||[ Dy, -]||) to (C(T%), ||[D, -]||), as A —
00, by employing the criterion in[Proposition 2.3.21} this requires two morphisms of
compact quantum metric spaces

7 : C(T%) — C(T%)™ and
A C(THN — (T,

the compositions of which approximate the respective identity maps on C(T%) and
C(T%) ™ in Lip-norm. Following [[136] we sometimes call such a sequence of pairs
of maps (75,04 )a=0 a Cl-approximate complete order isomorphism. The canonical
candidate for the map 75 : C(T¢) — C(T%)M is the compression map given by
TA(f) := PofPy, for all f € C(T). It is easy to see that this map is ucp and Lip-
norm contractive (Lemma 3.31). Inspired by the choice of the map given in [136] in
the case of the circle, we propose the following map o : C(T%)") — C®(T4) as a
candidate for the map in the converse direction:

1
JA(T) = mT}:‘ (wtwa(T)) ,
for all T € C(T?)N). Here, the symbol « denotes the T?-action (3.4) on the op-

erator system C(T%)), the vector 1 € (2 (BA ) is given by ¢ := >’ et Ens and
neB),

_gd
NB(A) := #B), is the number of Z?-lattice points in the closed euclidean ball of ra-
dius A. Note that the image of an element T = (tk_l)k 157 of the operator system
’ A

C(T%)™) under this map is a function on T as follows:

) = ﬁ(/\)Tr ((1)k1 B (tr—te (kl)'I)k,zeBid>

I#TI' Z e lezm l)-x

,Zd
—gd
meB, k,leBy
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1 .
_ tm_nez(mfn)-m,
NB(A) 2

—gd
m,neB)y

for all x € T?. Berezin quantization as in [120, Section 2] is another instance of
inspiration for our choice of map o by realizing that the map o is the formal adjoint
of the map 75 when the C*-algebra C(T¢) is equipped with the L2-inner product and
the operator system C(T¢)(Y) is equipped with the Hilbert-Schmidt inner product.
Similarly as for 7y, it is easy to see that the map o is ucp and Lip-norm contractive
(Lemma 3.3.2).

In order to show that our choice of maps 74 and o5 gives rise to a C!-approximate
order isomorphism it remains to show that their compositions approximate the re-
spective identities on C(T¢) and C(T¢)™ in Lip-norm. We show by direct compu-
tations that the maps o4 075 and 74 0 o act on C(T%) and C(T%)M)

respectively as follows:

ornoTA(f) = (mAJ?)vzi Fun (f)

TA © O'A(T) = (mA(k’ — l)tk,l) =: SmA(T)

—zd
k,leB)y

The map Fy,, is known as Fourier multiplication and the map Sy, as Schur multipli-
cation, respectively with the symbol

ma(n) i S,

— d — —
where NV, (A, n) := #LIZ\ (n) := #(Ba n Ba(n) n Z?) is the number of Z4-lattice
points in the intersection of the closed ball of radius A with a copy of itself translated

by n (we call this intersection a lense). Here f — f denotes the Fourier transform
on T¢ and a — @ the inverse Fourier transform.

We apply an “antiderivative trick” (Lemma 3.3.4) to see that for obtaining esti-

mates of the maps e Fum, and [erH™ Sm, in Lip-norm, one needs to
estimate the following two maps:

f » @ {7", -} [D,CP(T)] — C*(T7);

ms-

% % ® (0} [0, O™ - o)),

where F,u and S,,» are now respectively Fourier and Schur multiplication with the
symbol

0,ifn=0
p)y=4" 3.2
ma () {(1—mA(n))|:§“|'2, ifn # 0. (3.2)
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The bracket {y*,-} denotes the anti-commutator, i.e. {y#, A} = v*A + Avy*, for
all A e M2L 4. A variation of the classical Bozejko-Fendler transference theorem for
Fourier and Schur multipliers then shows that the cb-norm of S, is
bounded by the cb-norm of F,, . Since the latter map takes values in a commutative
C*-algebra its cb-norm coincides with its norm, so this is what is left to estimate.

It is not hard to see that Fy,, is an approximate identity which is controlled
in Lip-norm, if the convolution kernel Ky, = m, is a good kernel .
We show that this is indeed the case by exploiting the fact that K, is the square
of the spherical Dirichlet kernel, whence positive. Since this is analogous to the 1-
dimensional case, we call K, the spectral Fejér kernel. As outlined above, our main
result that (75, 05 ) is a C*-approximate complete order isomorphism and hence that
spectral truncations of the d-torus converge for all d > 1 is now simply a corollary
of the fact that the spectral Fejér kernel is good.

In the last section, we give a computation of the propagation number of the op-
erator system C(T%)"),

3.2 Preliminaries

3.2.1 Actions and commutators

Recall the usual action of C(T¢) on L2(S):

flg®v) = (fg)@v= 3, ¥, f(n=m)j(m)e, ®v (33)

nezZd meZ

This induces an action of C(T%)(*) on L2(9),:

T Z akek®v = Z Z tk,lalek(@v

keﬁid keﬁid leﬁid
Furthermore, we have the standard T-action on C*(T?) (as a subalgebra of B(L2(5))):

= Z f(n)e e

nezd

This induces an action of T¢ on C(T¢)(*) (as an operator subsystem of B(L?(S)4)):

ag(T) = (tk,lei(’“—”"’)k — (3.4)
’ A

One readily computes the commutator of the Dirac operator with smooth func-
tions acting on L2(S) as in (3.3):

d
=2 Xl e @y
p=1nezd
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Similarly, we have:

d
DA, Z tk l)kl Ezd QK (3.5)

p=1

3.2.2 Good kernels

We follow the convention in [132] and call an approximate identity in the Banach
*-algebra L' (T?) (with convolution) a good kernel:

Definition 3.2.1. Forall A > 0, let K, € L*(T%). The family {K A}~ is called a
good kernel, if the following holds:

(1) We have §., Kj(z)dx = 1, and

(2) for all § > 0, we have that SW\BS(O Kj(z)dr — 0,as A — o0.

)

Good kernels provide a way to approximate the identity on C*(T) not only in
L!- and sup-norm, but also in Lip-norm:

Lemma 3.2.2. If K, is a good kernel, then, for all f € C*(T?), the following holds:

If = Ea = fll < wlllD, £l
where yA — 0 as A — 0.

Proof. The proof is as in [14, Lemma 5.13]. For all x € T¢, we have:
Ky x fla) = f@)l < [ IKa)(7le = 9) = F)ldy
< [ 1@l gy
Td
- [ IEs@llslas D 11,

where the fact that || f||Lip, = ||[D, f]|| is shown in [29) Proposition 1], see also
(30, [140]). We set va := .| Ka(y)|||lylldy. Let e > 0. Let Ay be large enough such
that, for all A > Ag, we have S | KA (y)|dy < e. Then, for A > Ay, we obtain:

llyll=e

= | EA sy + | K@l
llyli=e llyll<e

<d ( f Kn(y)|dy + < j |KA<y>dy>
llyl|=e [lyll<e
<d(e+eC),

since ||y|| < d, for y € [0,1]% and where C = sup ¢ {3 |Ka (y)|dy < . O
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3.2.3 Fourier and Schur multipliers

Let I be a discrete group and let A : I' — B(¢2(T")) be its left-regular representation
given by A; f(t) = f(st). We denote by C¥*(T") the reduced group C*-algebra, i.e.
the completion of the group ring C[I'] in B(¢?(T")) with respect to the norm ||z, :=
A(z)[|3e2(ry)- A function u : I' — C gives rise to a multiplier on the group ring as
follows:

C[r] — C[T]

Z atét = Z u(t)atét

tel tel

If this map extends to a bounded linear map M,, : C¥(I') — C*(T") we call this
extension the multiplier on C¥(T") with symbol u. We record the obvious fact that if
u is finitely supported it always induces a multiplier on C*(T").

Recall that if T is abelian, then C}(T") = C*(T") = C(T), where I is the Pontrya-
gin dual of I'. In this case, we call the multiplier on C(f) the Fourier multiplier with
symbol v and denote it by F,,. The Fourier multiplier takes on the following form:

~

Fulh) = (> u®)f) =1ix f (3.6)

See e.g. [67, Chapter 6] for the relevant Fourier theory of locally compact abelian
groups.

Letk : I'xI' — C be a function, also called a kernel. A kernel k gives rise to a lin-
ear map with domain B(¢%(T")) given by Sy, : (Tst)s.ter — (k(8,t)Ts.t)s ter, Where
Tsi = {85, Td;), for T € B(£*(T')). If this map is bounded with range in B(¢*(T")),
we call it a Schur multiplier. See e.g. [133] for a survey and [110, Chapter 5] as a stan-
dard reference which includes a discussion of the connection with Grothendieck’s
theorem. We collect some well-known facts about Schur multipliers.

Proposition 3.2.3. Letk : I' x I' — C be a kernel. Then the following are equivalent:
(i) Sk is a Schur multiplier of norm ||Sk|| < 1.
(ii) Sk is a completely bounded Schur multiplier of cb-norm ||Sg||cp < 1.

(iii) There exists a Hilbert space H and families of vectors {£s}ser, {1t }ter < H with
1€s1], [Ime]] < 1 such that k(s,t) = (&, ey, forall s,t € T

For an elementary proof of the equivalence of (i) and (ii), we refer to [106] Theo-
rem 8.7 and Corollary 8.8]. A proof of the equivalence of (ii) and (iii) can be found e.g.
in 23, Theorem D.4], which we now sketch: Assuming that || Sk ||, < 1, Wittstock’s
factorization theorem gives a factorization of Sj, through B(H), for some Hilbert
space H, which allows to construct appropriate £, and ;. For the converse implica-
tion, the map S, is factorized through B(¢*(T') ® H) as S,(T) = V*(T @ '),
for the contractions Vis := 05 ® £s and Wd; := d; ® ;. The same works when
tensoring with 1,, for arbitrary n € N, which shows complete contractivity of Sk.
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We are interested in Schur multipliers Sy, induced by functions u : I' — C, i.e.
k(s,t) := u(st~1). We call such a Schur multiplier a Schur multiplier with symbol u
and slightly abuse notation to denote it by S,,. It is easy to see that Su| cEr) = M.,

Indeed, let f € C*(I') and {d,}ser be an orthonormal basis for ¢2(T"). Then the
matrix associated to f (viewed as an element of B(¢?(I"))) is a Toeplitz matrix in the
following sense:

<537 f5t> = <5sa Z fr)\r(af)> = Z<5S7 fr57>t> = fst*1

rel’ rel’

It follows that the matrix associated to M, (f) is the following Toeplitz matrix:

(05, Mu(f)de) = U(St_l)fst—h

which shows that Sy, ((fst—1)ster) = (Mu(f))s,t)s ter-

3.2.4 Some convex geometry

In order to compute the propagation number of the operator system C(T%)®), some
facts from convex geometry are required. Since the natural setting for these is lo-
cally convex spaces we formulate all the required results in this abstract language
even though we only make use of them in the finite-dimensional case. See e.g. [125]
Section 11] and [21} Chapter II] for much of the standard terminology. Note that this
connects to the basic notions about ordered vector spaces in However,
here we focus on real vector spaces and deal with more explicit geometric properties
of convex sets therein.

Throughout this section, let X be a real locally convex vector space with continu-
ous dual X *. Every linear functional / on X and every real number «@ € R give rise to
ahyperplane in X givenby H;_, = {z € X | l[(z) = «}. Clearly, H;_, = ker(I—«)
and the hyperplane H;_,, is closed if and only if [ is continuous which is the only
case we consider. Every hyperplane H;_, gives rise to an open positive and an
open negative half-space denoted by H;~, and H;., respectively and defined by
Hi~o = {z € X | l(z) > o} and similarly for H;.,. Their respective closures are
called the closed positive and the closed negative half-space associated to H;_,, and
denoted by H;>, and H; <, respectively. Of course Hj>, = {v € X | l(x) > a} and
similarly for Hj<,.

If K, L < X are two convex sets, they are said to be separated by the hyperplane
H_,if K € H>,and L € Hj<,. The sets K and L are called properly separated if
additionally K ¢ H;_, or L ¢ H;_. The sets K and L are called strictly separated
by Hi_o if K € Hj~, and L € H;.,. A hyperplane H;_,, is called a supporting
hyperplane for a non-empty convex set K < X, if K € H;>, and z € H;_,, for
at least one x € K. A supporting hyperplane H;—_, for K is called non-trivial if
K& H_,.

Recall that a cone C' € X is called pointed if 0 € C, salient if it does not contain
any 1-dimensional subspaces of X and proper if C n (—C') = {0}. We only consider
convex cones. A convex pointed cone is salient if and only if it is proper. For x € X,
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we call a set C + x a cone with vertex x if C' is a pointed cone. A cone with vertex x
is called proper if C' — x is a proper cone.

Let K < X be convex set with 0 ¢ K. Set C' := [0,00) - K. Clearly, C is a
convex pointed cone. Moreover, C' is the smallest convex pointed cone which which
contains K in the sense that every convex pointed cone which contains K must
contain C'

If C is a convex pointed cone, a subset B < C is called a base (or sole in [21]
11, §8.3]) if there exists a closed hyperplane H # 0 such that B = H n C and such
that C is the smallest convex pointed cone which contains B. It is well-known that
a convex subset B of a convex pointed cone C' is a base if and only if, for every
x € C\{0}, there exists a unique pair (\,y) € (0,00) x B such that z = \y.

The statement of the following lemma can be found in [21} II, §7.2, Exercise 21a].

Lemma 3.2.4. LetC' < X be alocally compact, closed, convex, proper cone with vertex
x. Then there exists a closed supporting hyperplane H of C such that H n C = {z}.

Proof. To simplify notation we assume, without loss of generality, that = 0. Let
U < X be a convex open neighborhood of 0 such that K := U n C'is compact. We
claim that C' = [0, 0) - K, i.e. C' is the smallest convex pointed cone which contains
K. In fact, the inclusion C' 2 [0,0) - K is clear from the cone property. To see
that C < [0,0) - K, let y € C. Since every 0-neighborhood in a locally convex
space is absorbent, there exists a positive scalar A > 0 such that y € AU. Hence,
%ye Un %C = U n C c K and therefore y = A%ye AK c [0,00) - K.

By [21] 11, §7.1, Proposition 2], there is an open half-space H;., < X such that
0€ H<o n K c Un C. We may assume that the scalar « is positive, otherwise
pass to the functional —[ instead. The boundary 0H;., = H;_, of this half-space
is a closed hyperplane of X which does not contain 0.

We claim that the cone C' is the smallest closed convex pointed cone which con-
tains Hi—o, N C,ie. C = [0,00) - (H;—o N C). To see this, observe that the following
inclusion holds:

[0,00) - (Hi=q " C) =[0,0) - (Hica nC) S [0,0) - K =C

The converse inclusion [0, ) - (Hj<a N C) 2 [0, ) - K follows from the continuity
and hence boundedness on the compact set K of the functional [ by observing that
there exists a positive real number A > 0 such that AH;<,, = Hj<)o 2 K.

Now, set H := H;_g. Then we have:

HnC=Hn[0,0)  (HzonC)=(Hn[0,00)  H-y) nC ={0}
So H is the desired closed supporting hyperplane for C. O

Lemma 3.2.5. Let K < X be a non-empty compact convex subset. Let| € X* be a
continuous linear functional and H;_( be the associated closed hyperplane through 0.
Then there exists an extreme point x € ex(K) such that K — x < Hj>o.

Proof. By continuity of [, the image I(K) < R is bounded. Set @ := inf({(K)). In
other words, « is the largest real number such that K’ < Hj> . In particular, H;_,, is
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a closed supporting hyperplane of K. By [21] II, §7.1, Corollary to Proposition 1], the
hyperplane H;_, contains an extreme point x of K. Moreover, K — x is contained
in the positive half-space H;>. O

Combining the previous two lemmas, we obtain the following consequence:

Corollary 3.2.6. Let C' = X be a locally compact, closed, convex, proper cone with
vertex © and let K < X be a non-empty compact convex set. Then there exists an
extreme point y € ex(K) and a closed hyperplane H which separates C —x and K —y.
Moreover, these two sets only intersect in 0, i.e. (C — z) n (K —y) = {0}.

3.3 Convergence of spectral truncations of the d-torus

The goal of this subsection is to prove that the maps 75 : C(T?%) — C(T%)"),
given by the compression 75 (f) := Py fPa, and o5 : C(T4)®) — C(T%), given
by oa(T) := mTr(wtwa(T)), form a C'-approximate complete order isomor-
phism.

3.3.1 A candidate for the C!'-approximate order isomorphism

We begin by checking unitality, complete positivity and Lip-norm contractivity for
the maps 75 and 0.

Lemma 3.3.1. The map 7a : C(T?%) — C(T4)™) is ucp and Lip-norm contractive.

Proof. Unitality is clear as Py1Py (Z —zd Apep ® sn) = > _daape, ® Sy,
neB, neB,
for all }; gt Anén @ Sn € L2(S)A. Also complete positivity is obvious since
nEBA

(PaP¢, P¢)py = {aP& P&y = 0, for any Hilbert space H, any projection P €
B(H) and any positive operator a € B(H)*. Contractivity in norm follows from
Plancherel’s theorem:

~ 2 ~ 2
IPAfPAIR = sup [PafPagl < Y] |Fm)| < 3 )| = 1712
A»9‘5“1-12“(51)1\ €§Z neZzd
ells n A

For contractivity in Lip-norm, we first observe that 7 commutes with [D, -] in the
following sense, which is an immediate consequence of the fact that D commutes
with Phy:

[Da,7a(f)] = PA[D, f]Pa

This immediately gives ||[ D, -]||-contractivity:

ILDA Ta (NI = 1PALD, F1PAll < [I[D; £
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Lemma 3.3.2. The map oy : C(T4)Y) — C(T?) is ucp and Lip-norm contractive.

Proof. Unitality is clear as, for all x € T, we have:
_ 1 t _ 1 t _
oA (@) = oy T (9 an(D) = 3o T (v'v1) = 1

Positivity is also immediate from the definition. Namely, let 7 € (C(T%)(*)* be
a positive operator on L?(S), and let L2(S)s 3 ¢ — Qr(C) := {(,T¢) be its
associated quadratic form. For ( = Y, gt €n € L2(S) 4, we obtain:

NEBA

1 1
0% e @ O@ = Gy (9 - omomTnn).n,,) = o),

for all x € T?. Complete positivity of o5 is automatic, since its range is a commuta-
tive C*-algebra. For contractivity, we compute:

1 . B
oA (T) ()] < mTrW Yllaz(T)I =T

For contractivity in Lip-norm, we first observe that o5 commutes with [D, -] in the
following sense, which is an easy consequence of (3.5):

d
[D,oA(T)]=—iZNB( A D1 inuToen ® 4"

neB%!
- i w ™ (o (- matcn) o) )
= Z; ®1,14,([Da,T])

This immediately gives ||[ D, -]||-contractivity:

1D, oa(Dl = lloa®@ 1,14, ([Da, TDII < [[Da, T

We now compute the compositions op 0 7p and 75 0 op:

Lemma 3 3.3. The two compositions op o T4 @ C(T4) — C(T?) and 75 0 o4 :
C(THN) - C(TH M) are given respectively by the Fourier multiplier and by the
Schur multiplier with the symbol my :

OAOTA = Fup

TA O OA = Sm,
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Proof. Both identities are just simple computations:

oproTa(f)(x) = (A)TI‘ (¥'9poz(PafPy))
1

- ™ (v wam((f( ), t))

1
_ z(k—l)'m
-~ w2 T

k leBA

prooa(T) = pa (N’Blu\)Tr (lbtwao(T)))

1

= _ Ty e
PA N (A) HZGIIBZ k—1€k—1
NL(A n)
= PA 7;72 NB( ) — i Inen
NL(A7m ) >
= Tm n
< NB( ) m,neB

3.3.2 A transference result

In order to show that the pair (75, 0) is a Cl-approximate order isomorphism it

remains to check that the compositions o5 07 and 7p 0o s approximate the identity

respectively on C(T?) and C(T¢)") in Lip-norm. For this, recall the definition of

ni(n),foru =1,...,d and n € Z? from .

Lemma 3.3.4. For every f € C®(T<) we have the following equality of bounded
d

operators on the Hilbert space L2(T?) @ C2*':

. d
(f —on o) ®Lyy = 5 (Z Fue ® (1, -}) (LD, 1),
pn=1

where Fyu is the Fourier multiplier on the *-algebra C* (T?) with symbol n;.
Similarly, for every T € C(T%)™), we have the following equality of bounded op-
da
erators on the Hilbert space P\L?(T¢) ® c2'?!,

. d
(T —7a00a(T)®1 4, = % (Z St ®{7"w}> ([Da,TY),
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where S, denotes Schur (i.e. entrywise) multiplication on the operator system C (T4)M)
with symbol ny .

Proof. For the first claim, we have:

f=onoma(f) = f = Fun(f) = 3, (L—ma(n))f(n)en

I
[~
]
=
|
3
>
S
S
=
pug
s
=
3

The first claimed result then follows by writing 26" - 1,4, = {7y, v"}.
The computation for the second claim is largely analogous:

T—71r00p(T) =T — S, (T)
> (0
p=1

d

25 S

2w=1

The result now follows by combining the defining relations for the gamma-matrices

as before with the expression for the operator [Dy, T] € B(L?(S)x). O

k,—1
malk =) s (b= L)t )
J1eB%
(@

d
i ( .- z,)Tk_l)kJeEi) Lo,
n

It is a classical result of Bozejko and Fendler [22] that for any discrete group I and
function u : I' — C the cb-norm of Schur multiplication S,, on B(¢?(I")) coincides
with the cb-norm of Fourier multiplication F,, on C}(T") (see also [110, Theorem 6.4]
and [23| Proposition D.6]). However, the two linear maps obtained in[Lemma 3.3.4Jact
on the operator subsystems of differential forms on L?(.S) and L?(9),, respectively,
so the result of Bozejko and Fendler does not apply directly. We prove a variation on
it which relates the cb-norms of the two linear maps which appear in[Lemma 3.3.4}

. d

Fan = 5 2 Fap ® (9%} [D,C7(T] = 07(TY) 67
pn=1
Z.d

Sani= 5 D Sy ® 17} 1 [Da, (T W] — O(TH™,

=
Il
—

Here we consider [D,C*(T%)] and [Dy, C(T%)™)] as (dense subsets of) operator
subsystems of B(L?(T) ® c2'?! ).

Lemma 3.3.5. For the above two linear maps we have the following norm inequality:

[Sunll < 1Fasll



3.3. CONVERGENCE OF SPECTRAL TRUNCATIONS 53

Proof. We vary on the proof given in [110, Theorem 6.4]. First identify the Hilbert
d d
spaces L2(T4) ®C2'% ~ 2 (%) ®C2'?! using the Fourier basis {e;, },,cz4, and write

4 a
H:= 1?7 ® €% Set V := C2'*'. Consider the unitary operator U defined on
H ® H by a combination of a shift in Fourier space and a tensor flip in spinor space:

U(en®@v®emn®v) =en @V ®enym®v
Note that an elementary matrix Ey; € My (k,[ € Z9) acts on H as:
(B @1V)(en ®v) = Siner @,

in contrast to a generator e, in the group C*-algebra C*(Z?) =~ C(T), which acts
as

(e TV (e ®V) = eppr @ v.
Note furthermore that under the identification L.2(T%) =~ ¢2(Z%) we have
D(e, ®v) = ne, ® y"v, (nezZiveV). (3.8)
We then find that
UBu 1Y I U* =B, 01" @ep @1
U(En @ @I U* = By @1V Qe @9

where v* acts of course on the spinor space V. Note that in view of Equation
(3-8) we also have U([D,Ey @ IV] @ I1)U* = Ey @IV @ [D, e @IV] €
K(L2(9)) ® [D,C®(T%)]. Moreover one readily checks that [D, Ey; ® IV] =
Zu(kﬂ - lu)Ekl ® ryﬂ'

Using this we may now show
U ((Sm\ ®IB(L2(S)))([D7EM 1] ®IH)) U
- Z U ((S“A((k - l)uEkl ®’Yﬂ)) ®IH) U*
o

=i U((mh(k—D)(k—1),En@1")@17) U*

= iZEkl ®IV ®1‘1X(k‘ — l)(k‘ — Z)Mek_g ®IV

I
= Eu®1Y ® Fu, ([D,ex—1 ®1V])
— BV @ F,) (U(D, By @1V @ T U*) .

gt By ® 1V € C(Td)(A) to

This extends by linearity to arbitrary x = Zk 1B
’ A

yield

U ((Sup ®idp(2(s)) ([D, 2] @ T4)) U* = 1B EDQF, ) (U([D, 2] @ 1T U*) .
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From this we obtain the following estimate:

1Sur ([D, 2| = [[Sur ([D, 2]) @ T
= [|(Suy ®idp(r2(s))([D, 2] @ TS|
= U ((8ar @15 ([D.2] @17) ) U]
= (B @ £, ) (U(ID, 2] @ TT)U*)|
< RS @ F [|U(ID, 2] @ 1)U
= | FaullslI[D, 211
where the penultimate step follows from the fact that
U([D,z) @ T#)U* € K(L2(S)) ® [D, C*(T9)].

This implies that | Sy, || < || Fuy |lcb-

Finally, supposing that F,, is a bounded linear map its norm and cb-norm co-
incide because its range is a subset of a commutative C*-algebra, namely C(T) (cf:
[106} Theorem 3.9]). O

Our task is thus reduced to computing the norm of the map 7, : [D, C*(T%)] —
C®(T9) given in Equation (3.7).

3.3.3 The spectral Fejér kernel

We define K, as the convolution kernel corresponding to the Fourier multiplier
Fm, asin (3.6), i.e.

KmA =M.

In view of|[Lemma 3.2.2|it would be desirable to see that Ky, is a good kernel. Indeed,
by|[Lemma 3.3.4|this would give precisely the estimate of F,, which remains to show.

Lemma 3.3.6. For everyn € Z%, we have that my(n) — 1, as A — oo.
Proof. This follows from two simple geometric observations. One is that
INB(A) — Vs(A)| < VdAg(A),

where Vg(A) is the volume of the d-dimensional ball of radius A and Ag(A) is its
surface area. The other is that a lens (i.e. the intersection of two d-dimensional balls
of radius A, one of them shifted by a parameter n € Z) contains the ball of ra-
dius A — ||n||, if this number is non-negative. Together, these observations yield the
following estimates:

1= ma(n)| = fm)wg(m — NL(A, )
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1
< m\VB(A +d) = Ve((A —Vd — ||n]))+)]|
1
- (A + V)" — (A= Vd — |[n])+)"]

—O(Ad1)

— 0,
as A — oo. (Here ty :=t,ift > 0,and ¢ty :=0,ift < 0,fort € R.) O
Proposition 3.3.7. The function Ky, is positive and is a good kernel.

Proof. We begin by showing positivity of Ky,,. Indeed, Ky, = ™y is the (inverse)
Fourier transform of a convolution-square:
_ NL (A, n)
Np
1
= m 2 Xg2 (k)XEi(n)(k) (3.9)

kezd

my (n)

= /ﬁ (g * vz ) ()

Next, we check the total mass of Ky, ,:

1
er K, (v)dr = No(A) (Xgi * Xgi) (0)
_ NL(AaO) -1
Ns(A)

Last, we argue that the mass of K,,, becomes concentrated around 0 as A — 0.
Fix some § > 0 and let € > 0 be arbitrary. Let ¢ be a non-negative trigonometric
polynomial such that the following holds:

€
1 — xB;s <SD<1_XB,;/2+§
The existence of such a trigonometric polynomial ¢ follows from Weierstraf’s ap-
proximation theorem for trigonometric polynomials since the §-neighborhood of the
continuous function 1), given by

%, ifre B%7

Plr) =< Zz)| + £ -1, ifze Bs\Bs,

1+ £, if T%\Bs,

lies between 1 — xp; and 1 — xB,; + 5. Let Ap > 0 be large enough such that, for
2

all A > Ag, we have that max |1 —mu(n)] °

< ——=—" This is possible since
nesupp($) 2/|@llex (za
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the pointwise convergence from [Lemma 3.3.6| implies uniform convergence to 1 of
the restriction of my to the finite set supp(¢). Then the following holds:

j Km@:)dx:j Koy (2)(1 — x5, (2)) dz
Td\Bj Td

< ) K, (2)p(x)de

T
13
<|[, Kmi@eta)az - pl0)] + §
']I‘d
~ ~ 13
= | 2 ma(m)@(n) — 3 )| + 5
nezZd nezd
~ g
< [(ma = 1) lsupp(@) lee zay - 1Pl ze) + 3
-
T2

for all A > Ay. In the fourth step we applied the Plancherel formula and in the fifth
step the Holder inequality. O

Remark 3.3.8. Note that shows that the function Ky, , is precisely the square of
the well-known spherical Dirichlet kernel (c¢f. [62] Definition 3.1.6]). However, by a
classical result by du Bois-Reymond the latter is not a good kernel (cf. [62] Proposi-
tion 3.3.5]). The feature of K,, which is crucial for its good behavior is positivity.
We emphasize that our spectral Fejér kernel does not coincide with the so-called cir-
cular Fejér kernel which is investigated in [[62] Chapter 3]. Note in particular, that
the circular Fejér kernel fails to be good in dimensions d > 3 which motivates the
introduction of Bochner—Riesz summability methods.

Theorem 3.3.9. Spectral truncations of T converge, for alld > 1. Le. we have

dist™ ((C(T)@, [Da, 1), (ST, [P, 1)) *= 0.

Proof. From (T — 1 OJA(T))®121%J = S, (T) and [1Sapll < [|Fuyll

(Cemma 3.3.5), together with 7, (f) = (f—UAOTA(f))®12l%J = (f—KnA*f)®12[%J
(again[Lemma 3.3.4), we obtain from [Lemma 3.2.2]a sequence 7y, — 0, as A — 0,

such that

1T = 7a 0 oa(T)|| < 9ll[Da, T]|| and
If = oaoma(H <l Al

since the spectral Fejér kernel K., , is a good kernel (Proposition 3.3.7). Together

with [Lemma 3.3.1| and [Lemma 3.3.2| this shows that (7,0,) is a C-approximate
complete order isomorphism which by [Proposition 2.3.21|implies our result. O

NN
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Remark 3.3.10. We point out that similarly convergence of other kinds of trunca-
tions of T? can be shown. In particular, by replacing our projections P, with the
projections Py with

ran(Py) = {e, |n€Z%n; = —N,...,N, fori=1,...,d},

analogous arguments to the ones presented in this chapter yield a new proof that the
truncations of T¢ which were considered in [14], converge.

3.4 Minimal C*-cover and propagation number of the
operator system C(T¢)®)

Recall the definitions of the minimal C*-cover and the propagation number from

_od __od
For p € BIZ\ + BIZ\ , we define the following operator in C(T?)(") <
B(L2(S)x):

Z Enfp,n = 2 En,n+pv (3-10)

—Z -7
neL, (p) neL, (—p)

where E}; € B(Lz(S)A) is the matrix unit given by {e,, Ey 1€n) = 0, for

k,l,m,n € BA It is not hard to check that {T),} _,a _sa is a basis for the op-
peEBy +B)

erator system C(T?)("). We have collected some basic facts from convex geometry
in|Subsection 3.2.4 With these preparations we are in position to treat the minimal
C*-cover and propagation number of the operator system C(T%)(®),

Proposition 3.4.1. The minimal C*-cover and the propagation number of C(T%))
are given by C*. (C(T4)MN)) = B(L2(S),) and prop(C(T4)M)) = 2 respectively.
Proof. The matrix order structure on C(T%)(") is the one inherited from the inclusion
into B(L2(S),). It remains to show that the inclusion C(T4)*) < B(L?(S),) is a
C*-extension, i.e. that the operator system C(T%)") generates B(L?(S),). Indeed,
if this is the case, it is clear that B(L?(S),) = C*, (C(T%)) since B(L?(S),) is
simple.

We will see that B(L?(.S),) is in fact spanned by respective products of two basic

operators (3.10). To this end, let p, g € B A+ B, A - Then, the following holds:

1,1,

Z En—p,n Z En,n+q

nefﬁ (p) nefi(—q)

Z En—p,n+q

neLy (p)nLy(—q)

= Z En—p—q,nv

-z =z
neL A (p+q)nLA(q)
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where we used the fact that (La (p) N La(— )) +q = LA(p+q) nLa(q )which can

be easily checked. As a special case, for [, k € BA + BA suchthat!+k e BA + BA ,
we obtain

Ty Tivk = Z En_in- (3.11)
neLx ()nLx (l+k)

Note that this generalizes the formula given in the proof of [33] Proposition 4.2]
where d was equal to 1. E|

We need some elementary geometric observations. For A’ > 0, let Ky, :=
d

Co(Ei, ) denote the convex hull of the set of Z?- lattice points in the closed euclidean

ball of radius A’. Note that K%, := K NNZE = B A - Furthermore, K/ is a polytope
which is symmetric under reflections along coordinate axes and diagonals (i.e. under
changing signs of coordinates and exchanging coordinates). Clearly, all the extreme
points of K+, the set of which is denoted by ex(K /), have integer coordinates.
Moreover, if € K+ is of norm ||z|| = A’ it is an extreme point, but not necessarily
all extreme points of K+ are of norm A’ as can be seen in the case d = 2, A’ = 3 (cf.

Figure 3.1).

In order to prove the claim it is enough to write every rank-one operator E,, ,
B(L2(S)a) asa hnear combination of products of the form (3.11), where p, ¢ € BA
and [, k € BA + BA suchthatl +ke BA + BA To this end, fix p,q € BA and
setl:=q—pe€ BA + BA Set A’ := ||g||. We claim that we can find an extreme
point m € ex(K ) such that the following holds:

Ky o (Ka —m+q) = {q}. (3.12)

To see this, note that ¢ is an extreme point of K,/ and that the smallest cone which
contains K+ (ie. [0,00) - (KA — q) + ¢) is locally compact (trivially in this finite-
dimensional case), closed, convex, proper and has vertex ¢. By we
can find an extreme point m € ex(K, ) such that

(Ka —m) n (Ka —q) = (K —m) 0 ([0,0) - (Ka = q) + q) = {0},
which is equivalent to (3.12).
Now, fix an extreme point m € ex(K ) such that is satisfied and set
ki=g—l—m=p—m.

d d

Note that for thls l and k the product (3 .i makes sense, i.e. k € Ei + Eﬁ and
I+ke By A T By A - Furthermore, the following holds:

(Lfd 0T 1+ k)) A Ky = {q}

!Moreover, this formula may be interpreted in a similar way: The operator T, T} 5, can be regarded
as matrix (with multi-indexed entries) which has 0-entries everywhere except for the I-th diagonal where
its entries are either 1 or O depending on the parameter k.
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Figure 3.1: A plot of the boundaries of the balls By and the polytopes Ky, for A =
Oa la \/ia 2a \/ga 2\/57 3.

The converse inclusion follows from (3.12) together with

_gd _gd 74
Ly I+k)cBy ({+k)=K) +qg—m,

where g — m = [ + k was used.
This shows that, for | = ¢ — pand k = p — m, the rank-one operator E, , is a
summand of T_ T} as in (3.11) where, for all the other rank-one operators E,,_; ,,

appearing in the sum, we have that ||n| > ||q|, i.e.
Epq=T_kTi+r — > Enin- (3.13)
R
n|>|q

Moreover, for each E,,_; ,, in the above sum, a similar expression can be obtained,
and so forth. Hence, after finitely many steps this gives a finite linear combination
of products of the form for B, .

Altogether, this proves that

_gd__gd
B(L2(S)a) < span{T_yTisr | Ik, + ke By +Br )

which shows that C*. (C(T%))) ~ B(L?(S)s) and prop(C(T%) ")) < 2. Real-
izing that Fyo ¢ C(T9)™) it is clear that prop(C(T?)")) > 1. This finishes the
proof. O
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We illustrate the procedure of expressing elementary matrices E,, , € B(L?(S)x)
in terms of products of basic operators of the form as described in the above
proof in the following two examples.

_ 7d
Example 3.4.2. Let p,q € Bi such that ||¢|| = A. Finding an m € ex(K,) such
that (3.12) holds is particularly easy in this case, namely, set m := —g. Then set
k:=p—m = p+ qand, withl = g — p, we obtain:

Epg=T_kTi4x = T—p—qTg—ptp+q = T—p—q12q;

_ od
according to , since there are non € Bi with ||n|| > ||q|| = A.

_ d
Example 3.4.3. Letd = 2and A = /2, ie Bi consists of 9 points and Ky =

d
CO(EJZ\ ) is the square with side length 2. For p = (0,0) and ¢ = (1,0), we want to
express the matrix unit £, ; as a linear combination of products of basic operators
withl = ¢ —p = (1,0). Set A’ := ||q]| = 1. Now, find an extreme point
m € ex(K,) such that holds. A valid choice is e.g. m := (—1,—1). Set
k:=p—m = (1,1). Then we have:

d

—7Z —z4 —7Z —7Z
Ly () nLy (14 k) =L 5(1,0) nLs(2,1) = {(1,0), (1,1)}
Therefore:

Ty Tivk =T—1,-1T2,1)

= Z Enf(l,O),n

nel (1,00 Lo 5(2,1)
= E0,0),(1,00 T E(0,1),(1,1)
——

=FEpq

Note that [|(1,1)]| = v2 > ||¢|| = 1.

By we have E( 1),(1,1) = T(—1,—-2)T{(2,2)- Altogether, we obtain:

Ew0,0),1,00 = T(—1,-1TL2,1) = T(—1,-2)T(2,2)

Remark 3.4.4. We point out that analogously to the proof of[Proposition 3.4.1|one can
show that the C¥  (PEC(T4)PE) = B(PEL2(S)) and prop(Py C*(T4)PE) =
2, where K is a convex compact subset of R? which is symmetric with respect to
reflections along the coordinate axes and diagonals and where P& € B(L?(9)) is
the orthogonal projection with ran(PX) = {e,, : n € (A - K) n Z%}. In particu-
lar, this shows that the propagation number of the operator system obtained from
truncations which were considered in [14]], is also 2.



Chapter 4

Peter—Weyl and Fourier truncations
of compact quantum groups

This chapter is based on the preprint [93] which is accepted for publication.
was added.

4.1 Introduction

In this chapter we discuss convergence of truncations of coamenable compact quan-
tum groups. Other than in[Chapter 3] we do not truncate for the spectrum of a Dirac
operator, but consider the set of finite-dimensional irreducible unitary corepresen-
tations as spectral data. This allows us to generalize techniques used for Peter-Weyl
truncations of compact metric groups [56]. We call the truncations under consider-
ation in this chapter Peter—Weyl truncations.

Let us give a brief sketch of our line of argument for convergence of these trunca-
tions. Given a coamenable compact quantum group G, we assume that its function
algebra A := C(G) is equipped with a Lip-norm L 4 to give it the structure of a
compact quantum metric space. It is crucial that the Lip-norm is invariant for the
left and right coactions by comultiplication of A on itself. The notion of (right) in-
variance was put forward in [97] and means that L 4((1 ® I*)A(a)) < La(a), for
all elements a € A and states u € S(A). Let Py : L?(G) — L2(G) be a projec-
tion associated to the Peter-Weyl decomposition of the compact quantum group G.
Upon realizing that the comultiplication induces ergodic left and right coactions on
the compression AY) := Py AP,, we apply one of the main results from [97] to
obtain an induced bi-invariant Lip-norm on the operator system A(*). Note that we
do not need to require that the projection Py has finite rank.

Similarly as before, we aim at using the criterion from[Proposition 2.3.21|to show
complete Gromov-Hausdorff convergence of Peter-Weyl truncations. To this end,
we propose for the map 7 : A — A the compression map a — PpaP, and,
similarly as in [56]], for the map o : A®) — A the slice map z — (¢ ® I*)a7 (z),
for an appropriate choice of a state ¢ € S(AM)), where o™ : AW — AN @ A
is the above-mentioned coaction induced by the comultiplication. Invariance of the

61
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Lip-norms guarantees that these maps are morphisms of compact quantum metric
spaces. Their compositions can be compared to the respective identity maps on A
and AN in terms of Lip-norms, by a general argument about slice maps. A density
result for states now is enough to satisfy the criterion in[Proposition 2.3.21jand thus to
prove our main theorem,[Theorem 4.3.13| that Peter-Weyl truncations of coamenable
compact quantum groups converge in complete Gromov-Hausdorff distance. We
also explain in some detail how our result generalizes the one about compact groups
from [56]).

Peter-Weyl truncations are complementary to Fourier truncations [123]. In fact,
the methods employed to show convergence of both are similar, and our preparations
in[Subsection 2.3.2|and[Subsection 4.2.2|put us in position to slightly strengthen [123]
Theorem 6.1] and obtain convergence of Fourier truncations of an ergodic coaction
of a coamenable (not necessarily matrix) compact quantum group on an operator sys-
tem (rather than a C*-algebra) in operator (rather than quantum) Gromov-Hausdorff
distance.

We point out that the operator systems arising in these two approaches are quite
different and, in particular, they are in general not dual, as discussed in more detail
in[Chapter 5] despite their duality in the case of the circle [33,/50].

The attentive reader will notice some analogy between the maps 7 and o em-
ployed in the proofs of our convergence results for tori and compact quantum groups,
[Theorem 3.3.9|and [Theorem 4.3.13} in fact, in both cases 7 is the compression map
and o is a slice map, i.e. convolution with an appropriate state. In this sense, we
may consider the composition o o 7 from as Fourier multiplication on the C*-
algebra C(G), and the composition 7 o ¢ from as Schur multiplication on the
operator system PC(G)P.

It is not clear (to us) whether the induced Lip-norm L on PC(G)P given by

L) = s La(¢®Da(x)) (4.1)
$eS(PC(G)P)

coincides with [PDP, -] in the case that G = G is a compact Lie group with a
specified spin-structure. Let us elaborate on this. Let D be the spin-Dirac operator
on L2(G). The group G acts on its function algebra C(G) by conjugation by the
unitaries in B(L?(G)) given by Uy&(h) = &(g~'h), and the Dirac operator is G-
equivariant, i.e. Uy D = DU,. Denote by 7 : C(G) — PC(G)P the compression of
functions by a spectral projection P for D. Note that 7(U, fUS) = U,7(f)U; by
G-equivariance of D, so the G-action on the C*-algebra C(G) induces a G-action
on the operator system PC(G)P. We compute the Lip-norm as in which is
induced by the Lip-norm ||[D, -]|| on C(G) and the G-action:

sup  [[[D, g — ¢(UgzU)]||
$eS(PC(G)P)

~ sp  |[D Lﬂg—l-)df*qb(g)]ll

¢peS(PC(G)P)

= sup HJG[D,f(g*1~)]d7*¢(g)ll7

¢eS(PC(G)P)
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for all f € C(G) with 7(f) = x. This Lip-norm would be equivalent to the Lip-
schitz seminorm ||[PDP, -]|| on PC(G)P if the state spaces of the operator systems
PC(G)P and [PDP, PC(G)P] coincided, but this is not obvious to us.

4.2 Preliminaries

4.2.1 Compact quantum groups

We consider compact quantum groups in the sense of Woronowicz [145] [146] and
summarize some of their main properties, following the exposition in [104]]. See also
[88] for another standard reference which, however, takes a more (Hopf*-)algebraic
approach.

For two C*-algebras A; and As, we denote by A; ® As their minimal tensor
product.

Definition 4.2.1. A compact quantum group is a pair (A, A), where A is a uni-
tal C*-algebra and A : A — A ® A is the comultiplication map, i.e. a unital *-
homomorphism which is coassociative, i.e.

'@ A)A = (ARTHA,
and such that the Podles density (or cancellation) property is satisfied:
span((A®14)A(A)) = A® A =span((14 ® A)A(A))

We think of the C*-algebra A as the “function algebra® C(G) of a (virtual) com-
pact quantum group G and will (ab)use this terminology and notation throughout.

Notation 4.2.2. We use Sweedler notation for the comultiplication, i.e. we set
a0) ®aq) := Afa),
for all a € A. Coassociativity allows for an unambiguous use of the notations
T ®A)A(a) = a@)®an) ®agp) = a1 Qap) ®an) = (A® I A(a).

If ¢ and v are any cb maps with domain A we set

ag) ® dlagy) = (I ® $)Aa), and P(a()) ® aq) = (Y @ T*)A(a),
and, by [Lemma 2.2.6| we may unambiguously write

Y(aey) @ dlan)) == (Y ® ¢)A(a).

If ¢ or 1) are functionals, we may of course omit the tensor product “®” in this nota-
tion.

Fix a compact quantum group G with function algebra A = C(G) and comulti-
plication A : A - AQ A.
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Definition 4.2.3. A unitary (right) corepresentation 7 of the compact quantum group
G is given by a Hilbert space H,; and a unitary element U™ € M(K(H,)® A), such
that

I®A)U™) =ULUS. (4.2)

If the Hilbert space H is finite-dimensional, the corepresentation 7 is called finite-
dimensional and we set dim(7) := dim(H).

In above, the *-homomorphism
IRA: MK(H)®A) > M(K(H;) @ AR A)

denotes the unique extension of the map ICHx) & A on K(H;) ® A. Recall that
there are two canonical embeddings of M(K(H,) ® A) into M(K(H,)® A® A),
which are given by the unique extensions of the maps C(H,)®A — K(H,)QARA
definedby T®a — T®a®14 and T ®a — T ®14 ®a respectively. The elements
UL, Uy € M(K(Hy)®A®A) denote the respective images of U™ under these two
canonical embeddings. See also [98] for more background on this definition. Note
that in the finite-dimensional case M(K(H,) ® A) = B(H,) ® A.

Every finite-dimensional unitary corepresentation 7 induces an isometric comod-
ulemap 6™ : Hr —> H; ® A, givenby 6™ (§) := U™ (£®14). Being a comodule map

means that §™ satisfies the comodule property
I @ A)™ = (6" @T4)6™,
and being isometric means

§7(€)*0™(n) = <& mm.1a,

for all vectors £, € H,. Conversely, every isometric comodulemapd : H - HR A
on a finite-dimensional Hilbert space H gives rise to a finite-dimensional unitary
corepresentation [43] Lemma 1.7].

An intertwiner of two finite-dimensional unitary corepresentations 7, p is an op-
erator T' : H, — H, such that (T'® 14)U" = U?(T ® 14). The set of all
intertwiners of the corepresentations 7 and p is denoted by Mor(7, p). If the set
Mor(m, p) contains a unitary element, the corepresentations 7 and p are called uni-
tarily equivalent. The set End(r) := Mor(7, ) is a C*-algebra and the corepresen-
tation 7 is called irreducible if End () = CI~. Schur’s lemma states that two finite-
dimensional irreducible unitary corepresentations 7, p are either unitarily equivalent
and dim(Mor (7, p)) = 1, or that dim(Mor(r, p)) = 0. We denote the set of unitary
equivalence classes of finite-dimensional irreducible unitary corepresentations by G.

There is a unique left and right invariant state hy € S(A), ie. a state which
satisfies

aoyhalan)) = halae)aa) = hala)la,

for all elements a € A. The state hy € S(A) is called the Haar state of the compact
quantum group G.
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Denote by H := L2?(G) the Hilbert space of the GNS-representation 7, : A —
B(H) of the C*-algebra A induced by the Haar state h4. Denote the GNS-map by
A : A — H. Assume moreover, that the C*-algebra A is faithfully represented on
a Hilbert space Hy and denote the inclusion of A into B(Hy) by . There are two
unitary operators W € M(K(H)® A) and V € M(A ® KC(H)) which satisfy

W(A(a) ®¢) = (mh, ®1)(Aa))(A(14) ®E),
V(E®A(a) = (@ mn,)(Aa))(E®A(14)),

for all elements a € A and £ € Hy. The unitaries W and V' define unitary (respec-
tively right and left) corepresentations of the compact quantum group G and are
usually referred to as the multiplicative unitaries. In particular, they implement the
comultiplication A as follows:

W(ﬂ—hA (a‘) ® 1B(HU))W* = (ﬂ-hA ® L)A(a)>
V (15, @ s ()V* = (1@ ,)Aa),

for all elements a € A. For more details, see [104, Section 1.5], [88] Section 11.3.6].

For a finite-dimensional unitary corepresentation 7 and vectors £, € H,, we
denote by wf , the functional on K(H) given by T' — ({,Tn)n,. Then the el-
ements (wg‘ﬂ7 ®I4)(U™) € A, for &,m € H,, are called the matrix coefficients of
the corepresentation 7. Denote by A = O(G) the linear span of all the matrix co-
effients of all finite-dimensional irreducible unitary corepresentations. The set A
is a Hopf*-algebra, i.e. a unital *-algebra with a coassociative comultiplication map
A: A— AR® A, an antipode S : A — A and a counit € : A — C, which satisfy
S(awy)any = a@)S(an)) = €(a)l4 and the counit property

6(a(o))@u) = a(o)ﬁ(au)) = a,

for all a € A. The Hopf*-algebra A is dense in the C*-algebra A and its unit and
comultiplication are those inherited from A. We call A the coordinate algebra of the
compact quantum group G.

There is a quantum group version of Peter—Weyl theory which is crucial for our
purposes. It states that every unitary corepresentation decomposes into a direct sum
of finite-dimensional irreducible unitary corepresentations [104] Theorem 1.5.4]. For
the multiplicative unitaries W, V' this gives an orthogonal decomposition of the GNS
Hilbert space

H=@H,®HZ, (4.3)

~eG

which is respected by the multiplicative unitaries. I.e. W and V restrict to a uni-
tary operators on H, ® Hj/" ® Hpand Hy @ H, ® Hj respectively, for all finite-
dimensional irreducible unitary corepresentations v € G. More concretely, for any
finite-dimensional irreducible unitary corepresenation 7, one can define a bilinear

map § : H, x HY — H,given by (€.1%) = dimq(1) (] . @ N)(U7), o the

)
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end of Section 1.5 of [104]]. Then, for a fixed vector € H.,, the induced linear map
0= B(-,n*) : Hy — H intertwines the corepresentations v and W.If n € H, isa
unit vector, the map ¢} is an isometry, and if the vectors 7,7’ € [, are orthogonal,
so are the images of the maps /] and [g,. The span of the images /7 (£), for all vectors

&,n € H, and all finite-dimensional irreducible unitary corepresentations y € G, in
the GNS space H is equal to the image of the coordinate algebra under the GNS map,
so a dense subspace of H [[104] Corollary 1.5.5].

The function algebra A of the compact quantum group G can come in different
versions. On the one hand, the universal function algebra A, = C,(G) is given
by the universal C*-completion of the coordinate algebra A and the comultipliation
A: A — A® A extends to a *-homomorphism A, — A, ® A, which is still
coassociative and satisfies the Podle$ density property. Also the counite : 4 — C
extends to abounded map A,, — C satisfying the counit property. On the other hand,
the reduced function algebra A, = C,(G) is given by the image 7, ,(A) < B(H)
under the GNS representation. The cyclic vector &;,, for the GNS representation
of the function algebra A induces a bi-invariant state (&}, ,, -, on the reduced
function algebra A, which is still called the Haar state and which turns out to be
faithful. Moreover, the Haar state h 4 is faithful on the coordinate algebra A, so that
we may regard the reduced function algebra A, as a completion of the coordinate
algebra. In particular, the comultiplication map on A extends to A,. The universal
and reduced function algebra come with *-homomorphisms

™ ™
Au—“>A—r>Ar7

which extend the identity maps on the coordinate algebra 4. The existence of the
*-homomorphism 7, is guaranteed by universality of the C*-algebra A, and the
*-homomorphism 7, is the GNS representation.

In general, neither the counit € : A — C extends to a bounded map on the
reduced function algebra A,, nor does the Haar state h 4 extend to a faithful state on
the universal function algebra A,. It turns out, however, that both is true if and only
if the *-homomorphism 7, o 7, : A, — A, is an isomorphism [12]]. In that case the
compact quantum group G is called coamenable.

We end this section by noting that the dual A* can be given an algebra structure
as follows:

pxv(a) = (1@ V)A(a),

for all functionals p,v € A* and elements a € A. This restricts to a semigroup
structure on the state space S(A). If the counit € : A — C is bounded (in particular,
if compact quantum group G is coamenable), the counit is a state on A and it is the
unit for the convolution product .

4.2.2 Coactions

For operator systems X and Y, we denote by X ® Y their minimal tensor product.
Since we take an operator system point of view throughout, we collect the relevant
notions of coactions on operator systems. Much of this is algebraic in nature, i.e. it
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can be seen in the setting of coactions on order-unit spaces. See [128] for this point
of view. Coactions of compact quantum groups a la Woronowicz go back to Podles
[112}[113] and a thorough treatment can be found in [43]].

For the theory of coactions on operator systems, we follow [45][44]]. In this sub-
section, we fix a compact quantum group G and denote its reduced function algebra
by A := C,(G) and the comultiplication by A : A — A® A. We furthermore fix an
operator system X.

Definition 4.2.4. A right coaction « of the function algebra A on the operator system
X is a unital complete order embedding o : X — X ® A such that the coaction

property
(a®@IMa =T ®A)a (4.4)
and the Podle$ density condition
span((1x @ A)a(X)) = X ®@ A

are satisfied. A left coaction f : X — A ® X is defined analogously.
We say that a right coaction « and a left coaction 8 cocommute if the following
holds:

BR1)a=1"®a)s (4.5)

Notation 4.2.5. We use Sweedler notation whenever convenient, i.e. for an element
x € X, we write

Ty @z = a(r) e X® A,
as well as
Ty ®r1) QT2 e X®ARA,
for any of the two maps in applied to . Similarly,
T @) ®@r1)E AR X ® A,
for any of the two maps in applied to x.

Remark 4.2.6. Coactions on operator systems generalize reduced coactions of the
reduced function algebra on C*-algebras. Indeed, a reduced (C*-algebraic) coaction
a: By — B ® A, with A, the reduced function algebra of the compact quantum
group G, is an injective *-homomorphism [97| Proposition 3.4]. By [18} Corollary
I1.2.2.9] it follows that the map « is an isometry and arguing similarly for the matrix
amplifications o = a®1,, it follows that a is unital completely isometric, whence
a unital complete order embedding.

In particular, if the compact quantum group G is coamenable, every C*-algebraic
coaction of its function algebra on a unital C*-algebra is a coaction in the operator
system sense. The comultiplication A : A — A® A on the reduced function algebra
A is an example of both, a right and left coaction of A on the operator system A.

Conversely, if @ : X — X ® A is a coaction in the operator system sense and if
X is a unital C*-algebra, the map « is a *-homomorphism [45] Proposition 3.7] and
hence a C*-algebraic coaction.
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For the remainder of this subsection, we fix a right coaction o : X — X ® A.

Remark 4.2.7. The coaction « gives the dual X* the structure of a right module for
the convolution algebra (A*, «), which we denote as follows:

¢ < p(z) = (¢ @ p)a(z) = ¢(z o)) m(z)),

for all elements x € X and functionals ¢ € X*, € A*. The right action < restricts
to a right action of the semigroup (S(A), *) on S(X).

If Y is another operator system with a coactions 8 : Y — Y ® A and if there is
a ucp onto map ¢ : X — Y which is equivariant for the coaction « and S, i.e.

(@ @T*)a = 5O,
then, for all states ¢ € S(Y'), u € S(A), we have
V(@(@(0))) (1)) = V(®(x)(0))1(P(@) (1)),
for all elements x € X. In other words,
(@*)) < p = (¢ < p) € S(X),

where ®* : Y* — X* denotes the pullback map which restricts to a map between
the state spaces.

A convenient feature of the requirement that coactions on operator systems be
unital complete order embeddings (rather than just ucp maps) is the following:

Lemma 4.2.8. Assume that the compact quantum group G is coamenable. Then the
counit property also holds for the coaction a, i.e.

(I ®e)a = TF,
or, in Sweedler notation,

33(0)6(33(1)> =,
for all elements x € X.

Proof. From the counit and coaction properties, together with the Fubini theorem
Lemma 2.2.6| we obtain

aI¥@aa=TRIFR)IY)a=T¥TIFR)I¥®A)a = a.

Since the map « is a unital complete order embedding, it is in particular injective, so
the claim follows. O

Definition 4.2.9. A fixed point for the coaction o is an element x € X which satisfies
Ty ®x)y =r@14.

The set of fixed points is denoted by X< := {x € X | a(z) =z ® 14}.
The coaction « is called ergodic if its only fixed points are multiples of the unit,
ie. X¢ = (Clx.
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Example 4.2.10. The comultiplication A : A — A ® A is an ergodic coaction.

Definition 4.2.11. Let 7 be a finite-dimensional unitary corepresentation of the
compact quantum group G. An intertwiner of 7 and the coaction « is a linear map
T : H, — X such that

ol = (TRIA)™,

where the map 0™ : H, — H,; ® A is the isometric comodule map associated to the
corepresentation m by 6™ (§) := U™ (£ ® 14). The set of all intertwiners of w and «
is denoted by Mor(m, «).

For the corepresentation 7, the isotypical component is defined by

X" :={T¢e X |T € Mor(m,a),{ € H;} € X.

See [Example 4.2.12|for consistency of the notation X™ and X“. We denote the lin-

ear span of all isotypical components in X of finite-dimensional irreducible unitary
corepresentations by

X = ZXWgX.
el

The set & is called the algebraic core of the operator system X for the coaction a.

Example 4.2.12. The isotypical component X! for the trivial corepresentation 1 =
14 € B(C) ® A coincides with the set of fixed points X“. Indeed, by definition, a
linear map 7' : C — X is an intertwiner of the corepresentation 1 and the coaction
a if and only if o(T'(\)) = (T ® I*)1(\), for all A € Hy; = C, which we may
rewrite as (T'(\)) o) ® (T'(A)) 1) = T'(A) ® 1 4. Hence T' € Mor(1, o) if and only if
T(\) € X is a fixed point for the coaction a.

Remark 4.2.13. For X = A, o = A and 7 a finite-dimensional irreducible uni-
tary corepresentation, the isotypical component A™ coincides with the coalgebra A™
spanned by the matrix coefficients of 7, see e.g. [43]]. In fact, given a matrix coefficient
(WE, ® I4)(U™) € A™, we may define T}, : H, — Aby T¢ := (Wg, ® I4)(U™).
We check that T}, € Mor(m, A):

A(T€) = A((wE, ®I)(UT))
= (I, @I @TIH)(IPH-) @ A)(UT™)
= (Wg,n I'® IA)(UTQUIT?,)
= (T, @I )UT (@ 14)
= (Tn ® IA)éw(f)v
for all ¢ € Hy, by (4.2), showing that T,,¢ € Mor(w, A)H, = A™ as claimed.
Conversely, T¢ € A™ with T' € Mor(w, A) an intertwiner and £ € H,. We need

to show that T'€ is a matrix coefficient of 7, i.e. T¢ € A™. To this end, as in (3.1) of
[43] one can find an element x € A™ such that k4 (((w,, QIN(U™))x*) = &),
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for all £, € H,. Note that y, € A" implies that h(ax*) = 0, for all a € A",
7' € G\{r}, by the orthogonality relations [104, Theorem 1.4.3]. Given & € H,, we
obtain

TE=TW" = ™,8)
= (T®1) (1~ ha(((wy e T (U™)X7F))
= (@ ha) (TR (65x(€) (14 ®X7))
= ' ®ha) (A(TE(14® XF)) € A™.
In the second line we used the property of x, mentioned above, in the third line we
used the identification 0, (§) = (W ® I4)(U7™), and in the last line we applied the
assumption that T € Mor(m, A).

Altogether, we have shown that A™ = A™, for all 7 € G. The fact that A~ is
indeed a coalgebra now follows from part (4) of below.

Definition 4.2.14. A state ¢ € S(X) is called invariant for the coaction « if

¢ <p=p(la)g,
for all functionals 1 € A*.
Lemma 4.2.15. The following properties hold:
(1) The set of fixed points X is an operator subsystem of X.

(2) The map E,, : X — X given by E(v) = x(g)ha(z()), forallz € X, isa
ucp conditional expectation.

(3) If the coaction « is ergodic, there is a unique invariant state hx on X defined by
Ey(z) = hx(x)1x, (4.6)
forallz € X.
For parts (2) and (3) of the proof, we follow the arguments in [20l Lemma 4].

Proof. (1) Note that the unit 1 x is a fixed point for the coaction « by unitality of a.
Moreover, the set of fixed points X is *-closed, since a(z*) = a(z)* = 2* ® 14,
for x € X“. This shows that X is an operator system.

(2) Note that E, is a ucp map being the composition of the unital complete order
embedding o and the ucp map I ®h 4. If z € X is a fixed point, we have E, () =
zyha(z@)) = xh(1la) = za. For 2 € X we obtain by invariance of the Haar state
ha,

a(Eqy(z)) = o (I¥ @ ha)a(z))
= z(0) @z(1)ha(z(2))
=20y ®ha(z))la
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= Ea(x) ® ]-Av

which shows that F, (X) € X°.

(3) By ergodicity, the range of E, is X* = Clx. In particular, the map hx :
X — C defined by is ucp, whence a state. We check that the state hx is invari-
ant. To this end, let ¢ € S(X) be an arbitrary state and p € A* a functional. Note
that we then have hx (z) = ¢(Ea(7)) = ¢(x(0))ha(x()), for all z € X. With this
and using invariance of the Haar state h 4, we obtain

(hx <p)(x) = hX(CU(O)) (1))
d(x(0))ha(zay)pu(z2)
= ¢(39(o) ha(zay)p(1a)
= hx(z)pu(1a)
for all z € X. This shows invariance of the state hx.
To show uniqueness of the invariant state hx, let ¢ € S(X) be another invariant

state, i.e. a state which satisfies ¢(z(o))pu(2(1)) = @(x)p(1a), for all functionals
u € A*. Then the following holds:

d(x) = d(x)ha(1a) = d(x0))ha(z)) = ¢(Ea(r)) = hx(x)
forall x € X. O

Lemma 4.2.16. Letm € G be a finite-dimensional irreducible unitary corepresentation
of G. The following properties hold:

(1) There is an idempotent map E; : X — XT.

(2) The isotypical component X™ is a closed subspace of X.

(3) The algebraic core X is a dense operator subsystem of X.

(4) The coaction « restricts to the isotypical component, i.e.
a(XT) < XTR A",

where A™ is the coalgebra of matrix coefficients of the corepresentation w. In
particular, the coaction « restricts to a Hopf*-algebra coactiona : X — X ® A,
ie. that in addition to having the coaction property, the map « is *-preserving
and counital, i.e. z(gye(x(1)) = z, for allx € X and wheree : A — C is the
counit of the Hopf* -algebra A.

(5) The ucp conditional expectation E, : X — X< is faithful, i.e., for all positive
elementsz € X+, if E,(z) = 0 it follows that x = 0.

Proof. Most of the claims are proven in [45] Proposition 3.4], see also [43] Section 3]
for more details (with the apparent modifications for coactions on operator systems
rather than C*-algebras). For the fact that the algebraic core X is an operator system,
i.e. unital and *-closed, we refer to [43} Theorem 3.16].
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To see (4), let £ € H; and T' € Mor(m, o), and note that §™(§) = U™ (( ® 14) €
H, ® A can be canonically identified with the linear map
HY 5% = (1* ®14)UT (@ 14) = (w  ®T)(UT) € A™.

Thus 67 (£) is indeed an element of H™ ® A”. It follows that we have o(T¢) =
(TRIN™ (&) e X™® A™.

The proof of faithfulness of the ucp conditional expectation E,, is as in [43]
Lemma 3.19]. O

The following lemma is an important tool for our later arguments. The proof of
the ergodicity statement is inspired by the proof of [56 Proposition 9].

Lemma 4.2.17. Let 7 : X — Y be a ucp map onto an operator system Y. Assume
that there is a well-defined unital complete order embedding o™ : Y — Y ® A such
that the following holds:

(TRIMa=a"r (4.7)

Then the map o is a coaction on the operator system 'Y . Moreover, if the coaction « is
ergodic, so is the coaction o™ .

Notation 4.2.18. We write (4.7) in Sweedler notation as

T(2(0)) ®z(1) = (7(2))(0) ® (7(2)) (1) = Y(0) ® Y1) €Y ® 4, (4.8)
for all elements € X and y € Y with 7(z) = y.

Proof. The coaction property for a” follows from that for o:
(@ @IMa1 = (" T (T R T«
— (IR (a @I«
= (rRMRINI*®A)
= (I ®A)(T®IY)a
=IY AT
Also the Podles$ density property span((ly ® A)a™(Y)) = Y ® A follows from
that of . Indeed the span of elements of the form
(1y ®a)a’ (1(2)) = (1y ®a) (r®@1*)(a(2))) = (1@ I") (14 ®a)a(z)),

witha € A,z € X,isdense in Y ® A, since T is onto.

We assume now that the coaction « is ergodic. Recall from that
there is a unique state hx on X which is invariant for the coaction o, and which can
be defined by hx (2)1x = w(g)ha(x(1)), for all elements x € X. For any fixed point
y e Y ie ysatisfies a” (y) = y ® 14, and any element x € X with 7(x) = y, the
following holds:

y=1(x) = 7(2)ha(la) = 7(2(0))ha(r)) = T(hx(z)1x) = hx(z)1ly

Therefore, the fixed point y is an element of C1y and thus the induced coaction a”
is ergodic. 0
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4.2.3 Invariant Lip-norms

Throughout this section, let G be a compact quantum group with reduced function
algebra A := C,(G). Denote the comultiplication on A by A and fix an operator sys-
tem X with a right coaction o : X — X ® A. We use Sweedler notation throughout.
Much of the terminology and results presented in this section are due to [97] in the
setting of coactions on C*-algebras, whereas here we consider coactions on opera-
tor systems. We point out that in loc.cit. a right C(G)-coaction is considered as a left
G-action, so the reader has to make the according adjustments in terminology when
referring back.

Definition 4.2.19. We say that a seminorm Lx : X — [0, o0] is (right) invariant
for the right coaction « if

Lx(zyu(za))) < Lx (),

for all elements = € X and states u € S(A). (Left) invariance for a left coaction is
defined analogously.

Similarly, a seminorm L 4 : A — [0, 00] is called right (respectively left) invariant
if it is invariant for the right (respectively left) coaction A. The seminorm L 4 is called
bi-invariant if it is both right and left invariant.

Example 4.2.20. For a compact group G with a metric d which is left invariant, i.e.
d(gh,g'h) = d(g,q"), for all elements g, g’, h € G, the Lipschitz constant Lip is a
right invariant Lip-norm on the C*-algebra of continuous functions on the group G
(with domain the Lipschitz functions on G); see [56].

Conversely, assume that L is a Lip-norm on C(G), which is invariant for the
right coaction

C(G) 3 f = ((g:h) = flgh) =t pr(f)(9)) € C(G x G) = C(G) ® C(G).

Then the induced Monge-Kantorovich distance d” is left invariant for the action
of G on the state space S(C(G)) given by pullback of p, i.e. pfu(f) := u(pn(f)).
Indeed, by right invariance of L, for all elements g € G, it holds that L(f) < 1 ifand
only if L(py-1(f)) < 1. Therefore,

d*(pkp, piv) = L?Bgl\pju(f) — piv(f)]

= sup  [u(f) —v(f)

L(p,1(F)<1

= sup |u(f) —v(f)|

L(f)<1
= dL(:u7 V).

Definition 4.2.21. A Lipschitz seminorm Lx on X is called regular if Lx is finite
on the algebraic core X := P_ 5 X7 < X.

The following proposition is treated for coactions on unital C*-algebras in [[97]
Theorem 1.4]. See [128] Section 2.5] for an order unit space version. All arguments
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adapt to operator systems. We find it convenient to split the statements into the first
three basic observations and the last main result.

Proposition 4.2.22. Let G be a compact quantum group with reduced function algebra
A := C,(G). Let X be an operator system and o : X — X ® A a coaction. Assume
that the function algebra A is equipped with a seminorm L 4. For all elements x € X,
set

L (x) := ¢S;1(I;() La(o(x))zra))- (4.9)

The following properties hold:
(1) The function L% : X — [0, o] is a seminorm on X.
(2) If L s is a regular Lipschitz seminorm, so is the induced seminorm L.

(3) If the seminorm L 4 is right invariant, the induced seminorm LS is invariant for
the right coaction c.

(4) Assume that the compact quantum group G is coamenable. If the seminorm L 4
is a regular Lip-norm and the coaction o is ergodic, the induced seminorm L%; is
a Lip-norm.

Proof. (1) The fact that L% is a seminorm is immediate from the seminorm properties
of L4.

(2) The fact that the seminorm L% is *-invariant follows from *-invariance of
the seminorm L 4 together with the identity

¢((*)0) (@) 1) = (@@ IM)a(z*) = (9 @TM)a(2))* = d(z()(zm))*,

forall z € X, ¢ € S(X). Moreover, unitality of slice maps, i.e. ¢((1x)0))(1x)(1) =
14, implies that C1x < ker(L%). Last, observe that, since the coaction « restricts
to a Hopf*-algebra coaction X — X ® O(G), we have ¢(z(g))z(1) € O(G), for all
x € X. By regularity of L 4, we have O(G) < Dom(L 4). We conclude that L, is
finite on X and thus a regular Lipschitz seminorm.

(3) Right invariance of the seminorm L is a direct computation:

L% (xoym(za))) = sup La(o(xo))zaym(ze)))
peS(X)

< sup La(o(zo))z))
$eS(X)

= Lx (),

for all elements x € X and states ;1 € S(A), where we applied the Fubini theorem
for slice maps and right invariance of L 4.
(4) To establish that LS is a Lip-norm it remains to show that (X, LS, ) has finite

—|-||. L&
radius and that the subset Bll‘ I E% C X is totally bounded. We refrain from going
through the entire argument here, but point to [97, Section 8], in particular Lemma
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8.5, Lemma 8.6 and Lemma 8.7 therein, and [128] Section 2.5] for details. However,
we can deduce our claim from the results in [128]]. In fact, by [128, Lemma 2.19],
the order-unit quantum metric space (X, (L% )sa) has radius at most 2r 4, , where
7 4., is the radius of (Ags,, (L a)sa). Applying the triangle inequality to the decom-
position of x into its real and imaginary part yields that the radius of (X, L% ) is

at most 474, . Moreover, it follows from the proof of [128 Proposition 2.18] that
7“'”5&7(L§()Sa

the subset B, of X, is totally bounded, from which we conclude that the
closed subset E!H’Lx of the totally bounded subset E!'Hsa’(LX)S& + iE!HSM(Lx)Sﬂ of
the operator system X, + i X5, = X is totally bounded. O

Remark 4.2.23. Any seminorm L4 on the function algebra A can be turned into a
right invariant seminorm. Indeed, as in [97 Proposition 8.9], we set

Ly(a) := sup La(apu(an)),
HES(A)

and check for right invariance:

Ly (a@yv(a)) = Ly (I @ v)A(a))

= sup La((I" @ AT @v)A(a))
HES(A)

— swp LM @u@v)(AT)A()
HES(A)

sup La(aq)(p=v)(aq)))
HES(A)

< sup La(ayplag)))
HES(A)

= L4(a),

forallae A,v e S(A).
Similarly, setting

L) (a) := sup La(p(ag)an))
HeS(A)
and

= max{ L, T4}

gives respectively left and bi-invariant seminorms on A.

Remark 4.2.24. If the compact quantum group G is coamenable, it is clear that L 4 <

L'y, where L', is the induced seminorm from [Remark 4.2.23| Indeed,

La(a) = La(aqelaq))) < sup La(a)plan))) = Liy(a),
peS(A)
for all elements a € A. Conversely, if L 4 is right invariant to begin with, we have
that L'y < L4, so that in this case L4 = L/;.
Analogous statements hold for the induced left, respectively bi-invariant semi-
norms L’} and L'}
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Remark 4.2.25. As pointed out in [97, Remark 8.2], it follows from [[117, Proposition
1.1] that, if the function algebra A is separable, it admits a regular Lip-norm. Together
with this shows that, if A is the function algebra of a coamenable
compact quantum group and if A is separable, it admits a bi-invariant regular Lip-
norm [97, Corollary 8.10].

For similar observations as the following, cf. also the proofs of [97, Lemma 8.7]
and [56] Proposition 15].

Proposition 4.2.26. Let G be a compact quantum group with reduced function algebra
A := C,(G). Let X be an operator system and o : X — X ® A a coaction. Let L 4 be
a Lipschitz seminorm on A withker(L 4) = C1 4, and let LS. be the induced seminorm
on X. Let i, v € S(A) be states on A and consider the induced slice maps X — X,
given by x — x oy (1)) and x — (o) (z (1)) respectively. Then the following holds,
forallx € X:

z0y(z ) — v (zmy)| < 245 (1, v) LY (x)

Similarly, if B : X — A® X is a left coaction and L_/f{ the induced seminorm on
X, the following holds, forallx € X:

(1)) (0) — V(@ (1))l < 2d54 (11, ) LK ()

Proof. For all elements z € X and any functional p € X*, the following holds:

lzyp(z@)ll <2 sup [p(xyp(z)))| =2 sup [p(d(z@))zm))],  (4.10)
PES(X) $eS(X)

by the Kadison function representation and the Fubini theorem for slice maps. Recall

from the definition of the Monge-Kantorovich distance that % < dba(p,v),

forall a € A\ ker(L,) = A\C14, and therefore

(@) = v(a)| < d"*(u,v)La(a),

for all a € A. By applying (4.10), the definition of the Monge-Kantorovich distance
and the definition of the seminorm L;, we obtain the result:

lzoyp(rqy) —zoyv(rm)ll <2 sup [(n—v)(d(z©)z))l
peS(X)

<2 sup d"*(p,v)La((z(0))z(1))
$eS(X)

= 2d"* (n,v) L% (@)
The proof of the statement for the left coaction /3 is analogous. O

With the right and left coactions « and [ respectively replaced by the comulti-
plication A, and the seminorms L§ and L'f( respectively replaced by the invariant

seminorms L’} and L, from [Remark 4.2.23| we obtain the following corollary.
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Corollary 4.2.27. Assume that L 4 is a Lipschitz seminorm on A with ker(L4) =
C1y4, and let L'y and L") be the induced right and left invariant seminorms as in

Then, for all states i, v € S(A) and elements a € A, the following

inequalities hold:

lla)rlacy) — a@rian))l
l(a—1y)a) — v(a—1))awll

4.3 Peter—Weyl truncations of a compact quantum group

Let G be a compact quantum group and denote by G its set of unitary equiva-
lence classes of finite-dimensional unitary corepresentations. Write A := C,(G)
for the reduced function algebra, A := A, for the comultiplication thereon and
H :=1%(G, h ) for the GNS-space. Throughout this subsection fix a subset A < G.
This gives a closed subspace Hp := (., Hy ® H of the Hilbert space H in the
Peter-Weyl decomposition (4.3).

Denote by Py € B(L?(G)) the orthogonal projection onto the subspace H. The
multiplicative unitaries W,V € B(H ® H) commute with the projections Py ® I
and I ® P, in B(H ® H ) respectively, since W((H,QH})®H) < (H,QH¥)®H

~

and V(H® (H,® HY)) € H® (H, ® HY), forally € G.

yeA

Definition 4.3.1. We denote by 7 : B(H) — B(Hy) the compression map, given
by

TA(T) = PJATI:)A7

for all T € B(H), and write A := 7, (A) < B(Hy) for the image of the function
algebra A under the compression map.

Notation 4.3.2. Throughout this section we may drop the subindex A of the projection
P and the compression map 74 whenever convenient.

Remark 4.3.3. Note that A™) is an operator system and the compression map 7 :
A — AW is ucp onto.

Proposition 4.3.4. There are unique ergodic cocommuting right and left coactions
am AN 5 AN @ A and BT 1 AL — A® AW which satisfy

(TRIMA =a 7 and T*@7)A = 7T, (4.11)

respectively.
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Proof. The claim follows from [Lemma 4.2.17| once we know that well-defines

maps «” and 87 which are furthermore unital complete order embeddings. To this
end, let n > 1 be a positive integer and let (a;;); ; € M,,(A) < B(H ® C") be an
n x n matrix with entries in A. Then, from the fact that the multiplicative unitary
W commutes with the projection P ® 17 and from unitarity of W, we obtain:

(- @1 A(ayy)), |

= [(POI")W(ay; @ 1LA)W*(POTH)), |

W @I) (PRI?)(ay; @ 1a)(PRTT)),  (W* I
I(PI")(ay @ 14)(P@IT)), |
I
[

P%P®1B(H)) ||
(7(ai;)), 5|

This shows in particular ker(7) = ker((r ® I*)A), whence a” is well-defined.
Moreover, we have proven that a7 is unital completely isometric, whence a unital
complete order embedding. The proof that 37 is a well-defined unital complete order
embedding is analogous by exchanging the multiplicative unitary W for V. O

For the rest of this section, we assume that the compact quantum group G is
coamenable with separable function algebra A = C(G).

Let L 4 be a right/left/bi-invariant regular Lip-norm on the function algebra A,
cf. Recall from [Proposition 4.2.22] that the Lip-norm L 4 induces a
right/left/bi-invariant Lip-norm on A):

Corollary 4.3.5. The operator system AN equipped with any of the induced Lip-

P

norms LS s

space.

G , or LAW = maX{LA(A) , Li(m} is a compact quantum metric

Lemma 4.3.6. Let L 4 be a left invariant regular Lip-norm on the function algebra A
and let Li?A) be the induced Lip-norm on the operator system AN, Then the compres-

sion map7p : A — AW is a morphism of compact quantum metric spaces. Analogous
statements hold if L 4 is right or bi-invariant.

Proof. We already noted in that the compression map 7 is ucp. For
Lip-norm contractivity, observe that the following holds, for all a € A:

L% (m(a)) = sup  La(o(r(a)o))aq))
peS(AW)
= sup LA(T*QS(a(O))a(l))
$eS(AW)

= sup  La(t*éla)aw))
THper*S(AW))

< La(a),

by left invariance of the Lip-norm L 4, where we used that 7* : S(AM)) — S(A) is
an injection. O
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Definition 4.3.7. Let L 4 be a bi-invariant regular Lip-norm on the function algebra
Aandlet L jf be the induced bi-invariant Lip-norm on the operator system A ")

as in|Corollary 4.3.5| We call the compact quantum metric space (A"), Li;,’f T) the
(bi-invariant) Peter—Weyl truncation of the compact quantum group G.

In order to compare the Peter-Weyl truncations (A®), LZ?;{? T) with the origi-
nal compact quantum metric space (A, L 4) using the criterion in [Proposition 2.3.21|
we need morphisms ® : A — A®™ and ¥ : A — A whose compositions ap-
proximate the respective identity maps on A and A in Lip-norm. We take the
compression map 7 : A — A®) as the morphism ®, so that it remains to find
an appropriate candidate for the map ¥ in the converse direction. In earlier works
on compact quantum metric spaces [120], [128], [77], [136], [94], these maps were
inspired by Berezin quantization [[15], see also [90]. For our purposes, rather than
working with the adjoint of the compression map 7 for a choice of inner products on
A and AW, we follow the approach taken in [56] to give a whole family of candi-
dates for maps U : A®) — A which we then show to have a member that satisfies
the assumptions of IProposition 2.3.211 We keep the subset A < G fixed.

Definition 4.3.8. Let ¢ € S(A™) be any state. We denote the associated slice map
by O'j: AW A e

oy (@) == $(z()) Ty = (p®TM)a" (2),

for all z € A, We call the map O'ji a symbol map.

Notation 4.3.9. As we did for the compression map 7, we will drop the subindex A
of the symbol map af{, whenever convenient.

Lemma 4.3.10. Let L4 be a regular Lip-norm on the function algebra A and let
L%A) be the induced Lip-norm on the operator system A, Then, for every state
¢ € S(AW), the symbol map o® : AN — A is a morphism of compact quantum
metric spaces.

Analogous statements hold if the operator system A is equipped with one of the

) > g o BT
induced Lip-norms L', ) or L', Xy .

Proof. The symbol map 0%, being the composition of the unital complete order em-
bedding a” and the ucp map ¢ ® I, is ucp. Lip-norm contractivity of o follows
from the definition of the induced Lip-norm:

La(0?(x)) = La(¢(zo)z)) <  sup  La((z))za)) = Lm (z)
PheS(AMN))

O

Before we can apply[Proposition 2.3.21] we compute the compositions of the com-
pression and symbol maps:

o?7(a) = o(7(a)0))7(a)qy = T*d(a))aq), (4.12)
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foralla € A, and
T0%(x) = ¢(2(0))T(x(1)) = T*B(a(0))T(aq)), (4.13)

forall z € A®) and a € A with 7(a) = =, where we used (4.8) in the last step.
Recall that we are assuming that the compact quantum group G is coamenable
with separable function algebra A.

Proposition 4.3.11. Let € S(A™W)) be a state. Assume that L 4 is a regular Lipschitz
seminorm on the function algebra A with ker(La) = Cl4. Let L'y be the induced

right invariant regular Lipschitz seminorm on A and let Lfm) be the induced regular
Lipschitz seminorm on AN, Then the following inequalities hold:

lo7(a) — a|| < 2d™4 (7%¢, €) L'y (),
and
lro? () — 2| < 2d%4 (1%, €) L5, (2),

for all elements a € A and x € AN, where we recall that e € S(A) is the counit of the
compact quantum group G.

Proof. The first inequality follows immediately from and In-

deed, we have
lo?7(a) — all = [[7*¢(ag))aq) — elag))aw)ll < 24" (7*¢, €) L'y (a).

As for the second inequality, observe that, for all a € A with 7(a) = z, we
obtain the following, using (4.13), the Kadison function representation and the Fubini
theorem for slice maps:

lro?(z) — || = |I7*é(ag)T(aq)) — T(a)ll

<2 sup |1/} (T*¢(ago))T(am)) — e(a(O))T(a(1)))|
YES(AW))

=2 sup |7 (7F¢(aq))an) — elaw))an))]
PeS(AW)

=2 sup [(7%¢ —¢€)(a@) T V(aw))]
PYES(AM))

<2 sup d"(7%¢,e)La(ap)m*V(ag)))
bES(AM)

=2 sup dL“(T*qb,e)LA(a:(_l)w(x(o)))
PeS(AW)

.

= 2d"4 (7% ¢, E)Liw ().

Note that in the penultimate line we used that ay ® aqy = a—1) @ a(p) and that
a7 P(ae)) = 1Y (T(0))- [
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Corollary 4.3.12. Assume that L 4 is a right invariant regular Lip-norm on the func-
tion algebra A and let Li(A) be the induced regular Lip-norm on A, Then for every

positive real number ¢ > 0, there is a finite subset A = G and a state ¢ € S(AM)
such that the following inequalities hold:

loia(a) — al

Iac} (@) — 2|

forallae Aandxz e AN,

Proof. Using|Proposition 4.3.11|together with the fact that L4 = L', by right invari-
ance, the claim follows from the assumption that d“4 metrizes the weak*-topology
on S(A), together with the weak*-density of the subset of liftable states in S(A) as
in[Lemma 2.2.3] O

For the main theorem of this chapter recall that, for any set A < G of finite-
dimensional irreducible unitary corepresentations, we denote by

Py:L*(G) > P H,® HY
~YEA

the orthogonal projection and by
7: C(G) — PAC(G)Py =: C(G)W)

the compression. The induced right and left coactions of C(G) on the operator sys-
tem C(G)) are denoted a” and 37 respectively.

Theorem 4.3.13. Let G be a coamenable compact quantum group with separable func-
tion algebra A = C(G). Assume that L 4 is a bi-invariant regular Lip-norm on A and

denote by Liz,’\?r the induced bi-invariant Lip-norm on the operator system A™). Let

e > 0 be a positive real number. Then there exists a finite subset A < @ of finite-
dimensional irreducible unitary corepresentations such that

dist* (AN, L), (4, La) ) <.

Proof. By [Lemma 4.3.6|and [Lemma 4.3.10| the compression map 7 : A — A®) and
the symbol maps 0 : AY) — A are morphisms of compact quantum metric spaces.
By there is a finite subset A = G of finite-dimensional irreducible
unitary corepresentations such that ||0}¢;TA (a)—al <eLa(a)and ||TA07,) (x)—z| <

sLZZ,’fT (z), foralla € A and z € A®). Thus, by |Prop0sition 2.3.21} we obtain

dist® ((A(A), LeETY (A, LA)) < ¢ as claimed. O

AN)

By|Corollary 2.3.24] the same convergence result holds also in the distances distgy,
distdy, dist;,, for all n € N, and dist“P.
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4.3.1 The case of a compact group

We compare our setup with the compact group case as in [56]. To this end, let G
be a second countable compact group with a bi-invariant metric d, i.e. d(gh, gp) =
d(hg,pg) = d(h,p), for all elements g, h,p € G. Recall that we denote the comul-
tiplication A : C(G) — C(G x G), A(f)(g,h) := f(gh), by o or B whenever
considered as a right or left coaction respectively. Recall furthermore that the Lip-
schitz constant Lip, is a Lip-norm on C(G) and observe that it is bi-invariant in the
sense of Li. Indeed, for any function f € C(G) and state 4 € S(C(G)) (i.e. pisa
probability measure on G), we have

Lip,(I°9) ® p)a(f)) = Lip, (g — J f(gh)du(h))

ISG f(ph)du(h)|
q,pEG d(g p)

o LF(gh) = F(o)
= jG g%pepG d(g,p) du(h)

< Llpd(f)a

by right invariance of the metric d and the fact that p is a probability measure on G.
Similarly, one shows that Lip,((1 ® I€()3(f)) < Lipy(f).

Denote by U and V the respective left and right regular representation of GG
on the Hilbert space L?(G), given by Uy&(h) 1= &(g7'h) and V,&(h) = &(hg)
respectively, for all elements g, h € G and £ € L?(G). We write ), p for the strong*-
continuous left and right G-actions on B(L?(G)) by conjugation with the left and
right regular representation respectively, i.e. A, (T') := U,TU; and p, (T') := V, TV,
for all elements g € G and operators T € B(L?(G)). It is straightforward to check
that A\;(f)(h) = f(g7'h) and py(f)(h) = f(hg), for all elements g,h € G and
functions f € C(G) viewed as operators on the Hilbert space L?(G) by pointwise
multiplication. For all 7' € B(L?(G)), the authors of [56] set
||TH)\ ‘= sup ||)‘9<T) T'”7 ||T||p ‘= sup HPQ(T) 71”7

geG\{e} d(g> 6) geG\{e} d(97 e)

and
I TMIx,p = max{[|T[|x, [T'l|,}-

It is straightforward to check that the Lipschitz constant of a function f € C(G)
coincides with the Lipschitz constants of the C(G)-valued functions g — A, (f) and

ngg(f)’ie
Lipg(f) = IflIx = £, = I FlIx.0;

forall f € C(G).

Let A < G be a set of equivalence classes of finite-dimensional irreducible uni-
tary representations of G and let P : L?(G) — ®,er Hy ® H, be the associ-
ated orthogonal projection. The actions A, p commute with the compression map
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7 : B(L3(G)) 3 T — PTP e B(PL?*(G)), so that we obtain G-actions on the
operator system PC(G)P which we still denote by A and p respectively. Note that,
respectively being the composition of a norm-continuous G-action on C(G) and the
compression map, these actions are norm-continuous.

Denote by Lipgc’(ﬁ C:) p the bi-invariant Lip-norm on PC(G) P induced from the
Lipschitz constant Lip, by the coactions o™ : PC(G)P — PC(G)P ® C(G) and
B : PC(G)P — C(G) ® PC(G)P from[Lemma 4.2.17)in the sense of Li. Le.

r

Lip(;’d(BG)P(x)

= maX{ sup  Lipy(¢(ag(z))),  sup Lipd(cﬁ(ﬂf(w)))},
»es(

PC(G)P) $eS(PC(G)P)
forallz € PC(G)P. This Lip-norm is equivalent to the seminorm ||-|| »,, on PC(G) P:

Lemma 4.3.14. For allz € PC(G)P, the following holds:
1 . aT’BT
Szl < Lipois, (@) < ol

Proof. Let x € PC(G)P. We show that
1 e
sllzlle < Livpecyp(@) < 2, (4.14)

where Lip%;(G)P(x) = SUPyes(pc(a)p) LiPa(¢(ag(z))). To this end, using the
fact that Lip,(f) = || f]|», for all f € C(G), we have:

Lip%r(;(a)p(x) = sup |[|¢(ag(z))|lx
$eS(PC(G)P)
— sw sup [Ag(p(ag(x))) — g (@)l
$eS(PC(G)P) geG\{e} d(g,e)
|9(ag -1, () — Do ()]
= sup sup sup
$eS(PC(G)P) geG\{e} heG d(g,e)

By the Kadison function representation, this last quantity is bounded below and
above by respectively % and 1 times

lag -1, () — af(z)]
sup sup

geG\{e} heG d(g? 6)

= [lag(@)x-

Note that, forall g, h € G, z € PC(G)P and f € C(G) with 7(f) = x, we have

(r @ICN)A(f)) (g h)
(p— flpg~'h))
=T7(p = pg11(f)(p))
nglh(x)-

ag-15(x)

=T
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This implies that

laZ@)lx = sup sup Waze@ Zpn@l_ )
geG\{e} heG d(g,e)

by invariance of the metric d. Altogether we obtain (4.14).
Similarly, we can show

1 . BT
ol < Linfep(@) < .
Together with this yields the claim. O

We now obtain [56] Theorem 17] as a corollary of our|Theorem 4.3.13

Corollary 4.3.15. Let G' be a compact group Assume that G is equipped with a bi-
invariant metric d. Let ¢ > 0 be a positive real number. Then there exists a fi-

nite subset A < G of finite-dimensional irreducible unitary representations such that
distu ((S(PAC(G)Py), dlxe), (S(C(G)), d"P)) <.

Proof. By[Lemma 4.3.14land[Theorem 4.3.13| there exists a set A as claimed such that
dist® ((PAC(G) P, |lIx,0): (C(G), Lip)) < e, which implies the claim, by [Corol]
0

Remark 4.3.16. Note that the two seminorms L?,;'(O;,)P and ||-||5,, coincide on the
self-adjoint subspace (PC(G)P)s,. Indeed, this follows from the equality ||z|| =
SUPges(x)|¢(2)|, for all self-adjoint elements of an operator system X, by the Kadi-
son function representation.

4.4 Comparison with Fourier truncations

We now compare our Peter—-Weyl truncations with Rieffel’s Fourier truncations [[123]].

As before, let G be a coamenable compact quantum group with separable func-
tion algebra A = C(G). Let A < G be a (finite) set of finite-dimensional irreducible
unitary corepresentations and assume A is closed under taking conjugate corepre-
sentations and contains the trivial corepresentation. Note that by A, the direct
sum of the coalgebras A7, v € A, i.e. the isotypical components of the coaction A of
A on itself. Clearly A, is a *-closed unital subspace of A, so an operator system
which we call the Fourier system.

Assume A is equipped with a right invariant regular Lip-norm L. Then, with L,
the restriction of L to the Fourier system, the pair (A4, L o) is a compact quantum
metric space which we call a Fourier truncation of G. In order to show convergence
A(py = A, as A exhausts all of @ by applying lProposition 2.3.211 we need uniformly
(in A) Lip-norm bounded ucp maps Ey : A — Ay and ¢y @ Ay — A, the
compositions of which approximate the identities on A and A(,) in Lip-norm. It
turns out that taking ¢4 to be the inclusion maps and E slice maps, for appropriate
states vy € S(A), works.
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Moreover, since in this setting only right invariance of L 4 is required, we can
consider an ergodic coaction o : X — X ® A on an operator system X. In this
case, we set X (A) = P JeA X7. From |Proposition 4.2.22| we obtain an «-invariant
Lip-norm L on X which restricts to a Lip-norm L, on X ,). We call the resulting
compact quantum metric space (X (4), L) a Fourier truncation of X.

Theorem 4.4.1. Let G be a coamenable compact quantum group with separable func-
tion algebra A = C(G). Let X be an operator system and o : X — X ® A an ergodic
coaction. Assume that A is equipped with a right invariant regular Lip-norm L 4. Then,
for every e > 0, there is a finite collection A < G of irreducible unitary corepresenta-
tions, which is closed under taking conjugate corepresentations and contains the trivial
corepresentation, such that

dist® ((X(a), La), (X, L%)) <€

Proof. Let ¢ > 0. By the Peter—Weyl decomposition (4.3), the subspace K < LQ(G)
spanned by H, ® H.,, v € G, is dense. Since the Weak* -topology agrees with the
metric topology for the Monge-Kantorovich distance d“4 on S(A), there is a state

pecofd§, ) | § e K, [|§] = 1} = cof ”2<A(a), Aa)) | ae A} < 5(A),

1A (a)

for A = O(G) the coordinate algebra, such that d“4 (e, 1) < §, where € € S(A) de-

notes the counit. Let A € G be a finite collection of irreducible unitary corepresen-
tations which is closed under conjugation and contains the trivial corepresentation
such that (A7) = 0, for all v € A.

Denote the slice map for 1 on X by E,, := (IX ® 1) c. Since a(X7) € X7 @ A",
for all v € G, by part (4) of it follows that £,(X") = 0, for all
v E @\A Hence, E), is a ucp map X — X(,). Moreover, E, is Lip-norm contrac-
tive, i.e. L% (E,(z)) < L% (z), for all z € X, since L is invariant by invariance
of L 4 together with part (3) of[Proposition 4.2.22} By the slice map lemma,
tion 4.2.26, we obtain

Iz — Eu(2)]| < 2d" (e, p) L () < eL (@),

for all z € X. Now, |Proposition 2.3.21|implies the claim. O

It should be emphasized that the above theorem is only a slightly strengthened
version of [123] Theorem 6.1] and most ingredients of the proof appear in a similar
form in [97, [123]. Note that @ only requires right invariance of L4,
rather than bi-invariance as in[Theorem 4.3.1







Chapter 5

An operator system point of view at
the extension problem for positive
semi-definite functions on a
discrete group

The results in this chapter were obtained in collaboration with Evgenios T.A. Kakari-
adis, Ivan G. Todorov, and Walter D. van Suijlekom. See for the prepara-

tions on operator systems which are relevant for this chapter.

5.1 Introduction

As seen in the previous chapter, operator systems arise in a constrained resolu-
tion approach to the spectral point of view at noncommutative geometry [33] in
two ways in particular. On the one hand as compressions PAP of a C*-algebra
A < B(H) by a projection P € B(H) (e.g. a spectral projection for a Dirac op-
erator on H); and on the other hand, as certain operator subsystems of A. In the
case of the C*-algebra of continuous functions on the circle A = C(S!), the opera-
tor systems of interest are the Toeplitz system C(Sl)({l’“"N}) consisting of N x N
Toeplitz matrices (Tl_k)f?’k:l and the Fourier system C(Sl)({,NH ,,,,, N—1}) Which
is the operator subsystem of C*(Z) =~ C(S!) spanned by finitely supported se-
quences (...,0,a_n41,...,00,-..,aN—-1,0,...). Using the matrix-valued Fejér-
Riesz lemma it was shown that the Toeplitz and the Fourier system are unitally com-
pletely order isomorphic to each other’s operator system duals [33 50]]. As we will
explain shortly, it seems appropriate to consider this duality of operator systems as
a property of the group Z and the subset {1,..., N}; it is then natural to ask, for
which discrete groups I' and finite subsets ¥ analogous results hold.

To this end, for a discrete group I' and a finite subset ¥ < I', we denote by
C*(T)*) the Toeplitz system, i.e. the operator system consisting of Toeplitz matri-
ces (Ts4—1)s e € My = B({?(X)). Moreover, denote by C*(I') (sx;-1) the Fourier
system, i.e. the operator subsystem of C*(I") spanned by d4,-1, s,t € %, where Js,

87
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s € I, are the unitary generators of the group C*-algebra. The Toeplitz system
C*(T")*®) arises both as the compression of the (reduced) group C*-algebra by the
orthogonal projection P : ¢?(I') — ¢?(X) and as the image of the restriction map
p : B(I') — Mgy of functions in the Fourier-Stieltjes algebra B(T) to the set X1
We adopt the latter point of view. Note that the Toeplitz and the Fourier system both
have dimension [XX 71|

It is not hard to see that Toeplitz matrices and sums of squares of (matrices over)
elements of span{d; | s € A} are dual to each other. This duality was already ex-
ploited by Rudin [127] in relating the extension problem for partially defined positive
semi-definite functions to a Fejér—Riesz type factorization property. See for instance
[131,[1301[10] for extensive treatments and surveys, and [[8}[9)]. We capture the sums-
of-squares concept by introducing the sums-of-squares system SOS(X) and we show
that the Toeplitz system C*(T")(*) is its operator system dual. As vector spaces the
sums of squares system and the Fourier system are canonically isomorphic, and in
fact the canonical inclusion map ¢ : SOS(X) — C*(T") has image the Fourier sys-
tem C*(I')(gx-1) and can be easily seen to be ucp. This map is a complete order
embedding precisely if the set ¥ < I" has a Fejér—Riesz type complete factorization
property.

The Fourier-Stieltjes algebra B(T") is the operator space and the matrix-ordered
vector space dual of the group C*-algebra C*(T"). Moreover, the restriction map
p: B(T) — C*(T)®*) is the dual map of the canonical inclusion map ¢. We exploit
this to show that the canonical inclusion map ¢ is a complete order embedding if and
only if the restriction map p is a quotient map of matrix-ordered vector spaces in
the latter means that the set ¥ has a Rudin type complete extension
property. We will see that these properties characterize when the Toeplitz and the
Fourier system are each other’s operator system duals.

Note that if the group I" is amenable, its group C*-algebra C*(I") = C*(T") (with
comultiplication C}(I') 3 A(s) — A(s) ® A(s) € C¥(I') ® C¥(T")) is a coamenable
compact quantum group in the sense of Woronowicz [145]], and the Toeplitz and
Fourier systems are the operator systems arising respectively as Peter-Weyl [93] and
Fourier truncations [123]. In this way, we provide a connection between these two
types of truncations. As a byproduct we obtain the fact that minimal and maximal
tensor products of the operator system of Toeplitz matrices with itself do not agree,
as a corollary of Rudin’s result that squares in Z¢ do not have the extension property
[127], thereby simplifying the argument in [50].

More generally, the problem of extending positive semi-definite (operator-valued)
functions is usually phrased for positivity domains, i.e. subsets A = T’ with A=t =
A 5 e. A matrix-valued function u : A — M,, is called positive semi-definite
if the Toeplitz matrix (u(st™!))ssex € Mx(M,) =~ B(£?(X)") is positive semi-
definite, for all finite subsets ¥ < I" such that XX ~! < A. A positivity domain A is
said to have the complete extension property if every positive semi-definite function
u : A — M, admits an extension to a positive semi-definite function on I'. We
observe that positive semi-definite functions on a positivity domain span a matrix-
ordered vector space B(A) which we identify as the dual of an operator system P(A).
The latter can be built up from (the positive matrix-cones of) sums-of-squares sys-
tems.
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Similarly as for Toeplitz matrices and sums of squares, we relate the extension
property for positive semi-definite functions to a factorization property in
As an example we discuss a positivity domain, depicted in
consisting of five points in Z?, and show that the operator system P(A) is the
amalgamated direct sum of two copies of the sums-of-squares systems generated
by 09,61 € C[Z]. This allows us to compute the minimal C*-cover of the operator
system P(A), viz. C*(F2). On the other hand, the minimal C*-cover of the Fourier
system C*(Z?) a) is C*(Z?); we conclude that the operator systems C*(Z?) ) and
P(A) are not completely order isomorphic, so this positivity domain A does not have
the complete factorization and the complete extension properties.

B(I') —— B(I)|a B(A) C* ()™

CH(T) «—— C*(T)a) P(A) SOS(2)

Figure 5.1: The operator systems (in the second line) and their respective matrix-
ordered vector space duals (in the first line), together with the canonical cp maps,
which we discuss in this chapter; here I' is a discrete group, A < TI' a positivity
domain and ¥ < T a finite subset with XX 7! < A.

5.2 Operator-valued positive semi-definite functions, their
restrictions and the Fourier system

Let I' be a discrete group and H a Hilbert space. We describe the natural generaliza-
tion of positive semi-definiteness to the operator-valued case.

Notation 5.2.1. We denote by d;, s € I, the unitary generators of the universal group
C*-algebra C*(I"). For a subset ¥ < I, we write S[X] := span{d; | s € ¥}

Notation 5.2.2. Let X < B(H) be an operator space. For a finite subset ¥ < T', we
denote by My (X) the set of matrices over X indexed by ¥, which may be identified
with the space of operators X ® B(¢*(X)) < B(¢*(Z, H)). We set My, := My (C).

Definition 5.2.3. A function v : I' — B(H) is called positive semi-definite if the
Toeplitz matrix (u(st™!))s e € Mx(B(H)) is positive semi-definite, for all finite
subsets ¥ = T and s,¢ € 3. We denote by B(T', H)™ the cone of all positive semi-
definite B(H )-valued functions, and by B(T", H) the linear span of B(I', H)* inside
the *-vector space of all B(H )-valued functions defined on I'. We call B(T", H) the
B(H)-valued Fourier-Stieltjes algebra of I'. Clearly, if H = C we obtain the usual
Fourier—Stieltjes algebra, denoted by B(T").

The following proposition is probably well-known.
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Proposition 5.2.4. Let T be a discrete group.

(i) Ifu € B(T', H)™" is a positive semi-definite function there exists a unique com-
pletely positive map ¢,, : C*(I') — B(H) such that ¢,,(ds) = u(s), for all
sel.

(ii) If ¢ : C*(I') — B(H) is a completely positive map there exists a unique positive
semi-definite function ug € B(T', H)" such that uy(s) = ¢(ds), forall s € .

Proof. (i) Given elements s; € I" and complex coefficients ¢; € C,i = 1,...,k, and
a= Zle ¢ids, € C[T'], we denote by ¢, (a) := Zle c;u(s;) the linear extension of
ufrom T to C[I']. Let A € M,,(C[T']), and write A = Zle C;®0s,, where C; € M,

i =1,..., k. We have that AA* = Zk CiCJ’.“ ®9, -1, and hence
i8]

i,7=1

k
P (AA*) = Z C’iC;‘®u(sis;1).
ij=1

Since u is positive semi-definite, we have that (u(sisj_l))i,j € My (B(H))"; on the

other hand, clearly, (C;C¥);; € My(M,)". It is now straightforward to see that
(b&n)(AA*) € M, (B(H))*. By density of C[I'] it follows that ¢, extends to a cp
map C*(T") — B(H).

(i) Conversely, let uw : T' — B(H) be given by u(s) = ¢(ds). Given s; €
I,i = 1,...,k, we have that (581_3;1)14,34 € My (C*(T'))"; thus, (u(sisj_l))i,j €
My (B(H))*, that is, u is positive semi-definite. Since ¢ and ¢,, agree on C[I'], they
coincide by density.

The uniqueness statements in (i) and (ii) follow since the assignments u — ¢,
and ¢ — wu, are inverse to each other. O

The above proposition gives a canonical identification of the cones
B(I',H)" ~ CP(C*(T),B(H)) (5.1)

implying that the family of cones (B(I', C")*),en is compatible; in particular the
pair (B(T'), (B(T', C™)*"),en) is a matrix-ordered vector space.

Remark 5.2.5. We define a norm on B(I', H) by |ullgr, ) := ||bullesics r),8(8))-
In the case that H = C", this can be viewed as a norm on M, (B(T")) and in fact
the Fourier-Stieltjes algebra with the matrix norms ||-[|n, Br)) = [llBr,cr) is
the operator space dual of C*(I"). Together with the above established matrix-order
structure this turns B(I") into a dual matrix-ordered operator space, as studied e.g.
in [72]].

We now study restrictions of B(H)-valued positive semi-definite functions to

positivity domains.

Definition 5.2.6. A subset A < TI'is called a positivity domain if it is symmetric, i.e.
A7l :={s71| se A} = A, and unital, i.e. e € A.
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Note that if A < T is a positivity domain, the vector space S[A] := span{d; |
s € A} comes with an involution §% := §,-1.

Example 5.2.7. Let > < I be a subset and set XX 7! := {st~! | 5,¢ € ¥}. Then
the set XX 7! is a positivity domain. However, see for an example of a
positivity domain in Z? which is not of the form XX~} for any subset X < Z2.

Definition 5.2.8. Let A € I" be a positivity domain. The Fourier system is the opera-
tor subsystem C*(I") (o) & C*(I") spanned by d, for all s € A. Le. the positive cones
of the Fourier system are given by M,,(C*(I")(a))* = M, (C*(I'))* n M, (S[A])

and the matrix order-unit by ec 1) &) = Ge-

For a positivity domain A, we denote by B(I', H)"|a the cone given by the
restrictions of all positive semi-definite functions I' — B(H) to A, and similarly
we denote by B(T", H)|a the restrictions of functions in B(T', H) to A. Note that
B(T, H)|a = span(B(T", H)"|a). We set B(T')|a := B(T, C)|a.

Proposition 5.2.9. Let I be a discrete group and A < I' a positivity domain.

(i) Ifu € B(T', H)™|a is the restriction of a positive semi-definite function on T to
A then there exists a unique completely positive map ¢,, : C*(I')(ay — B(H)
such that ¢,,(85) = u(s), forall s € A.

(i) If ¢ : C*(I')(ay — B(H) is a completely positive map then there exists a unique
functionw : A — B(H) which extends to a positive semi-definite function on T’
such that ¢ = ¢,.

Proof. (i)Letw € B(T', H)"|a andlet @ € B(T', H)" be such that i|s = u. By part (i)

of[Proposition 5.2.4|there is a unique completely positive map ¢ € CP(C*(T'), B(H))

such that ¢;(ds) = 1(s), forall s € I'. Restricting ¢ to the Fourier system C*(I') )
gives the desired completely positive map ¢, € CP(C*(I')(a), B(H)). If Uy, €
B(T', H)™" are extensions of u, then ¢z, (05) = ¢a,(Js), for all s € A, which implies
uniqueness of ¢,,.

(i) Let ¢ € CP(C*(I")(a), B(H)) be a completely positive map. By Arveson’s
extension theorem, we may extend ¢ to a completely positive map ¢ : C*(I') —

B(H). By part (ii) of [Proposition 5.2.4| we obtain a positive semi-definite function

ug : I' > B(H), such that uz(s) = ¢(), for all s € I. Restricting uj to A gives

the desired function u, : A — B(H). If ¢y, ¢o € CP(C*(T'), B(H)) are extensions
of ¢, thenuy (s) = ug,(s), forall s € A, which implies uniqueness of u. O

Similarly as in (5.1) the above proposition gives a canonical identification of the
cones

B(I', H)"|a = CP(C*(I)a), B(H)),
implying the following:

Corollary 5.2.10. The pair (B(T')|a, (B(T', C™)%|aA)nen) is @ matrix-ordered vector
space.
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Moreover, the identification

B(I)|a = span(B(T, H)*|a)
= span(CP(C*(T')(a), B(H)))

= CB(C*(T')(a), B(H))

12

turns B(T")|a into a (matrix-ordered) operator space.

5.3 Sums of squares and Toeplitz matrices

In this section we discuss the well-known fact that Toeplitz matrices are dual to
sums of squares in terms of duality of operator systems. Throughout, I' will be a
discrete group and 3 < T a finite subset. We begin by defining an operator system
spanned by the unitaries d5,-1 in C*(T"), for s, ¢ € X; we let its positive matrix-cones
consist of those elements which admit a decomposition into sums of squares, rather
than the positive matrix cones inherited from C*(T"). The resulting operator system
will be denoted SOS(X) and one may think of it as the operator system structure
on S[XX~!] = span{f,-1 | s,t € X}, for which a Fejér-Riesz type property is
enforced.

5.3.1 The sums of squares system and the complete Fejér—Riesz
property

The following sets will constitute the positive matrix cones for our operator system

SOS(%).

Definition 5.3.1. Forn € N, set

9, (%) = {Eylyz* |reN,y = ZA@@(?S,A@GM”}

i=1 SEX
S M, (S[ZZ" .

Lemma 5.3.2. The following identities hold:

(%) = {yy*|y= ZAS®5S,AseMn,k,k€N} (5.2)

sex

= { Z As,t ®5st_1 ‘ (As,t)s,tEZ € (MZ(Mn))+} . (53)

s,tex

Proof. Letz € Q,(X),ie.x = >, yiyF withy; = >, v AL ®6s € M,, ®S[XZ]; we
want to show that z is an element of the right-hand side of (5.2). To this end note that
wehave z = Y.\, yiy¥ = (y1,...,y-)(yF, ..., y¥)" It follows that z = yy* with
y=(y1,-.-,¥yr) € M1, (M, ®S[X]) = My, nnr ® S[X]; s0 z is indeed an element of
the right-hand side of (5.2).
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To show the inclusion of the right-hand side of in the set displayed in (5.3),
fixy = X .5 As ® s, for A; € M, ;, with k € N, as in . Note that yy* =
Zs,teE AGAT ® §4-1 and (AsAF)stex € (Ms(M,,))T. Setting A5, := A;AF €
Mg (M,,) we see that yy* = >, 5y A5t @ 01 is indeed an element of the set
displayed in (5.3).

To check the remaining inclusion, i.e. the set displayed in is contained in
Qn(X), letz = Zs,tEE Ast ®d54-1 with (Ag ¢)s tex € (Mg (M,,)) 1. Then there is a
matrix B = (Bs¢)stex; € Msy(M,,) suchthat A = BB* = (3} 5. Bs»(B*)r¢) s tex.
Note that (B*),., = (By,)* € M, for all , ¢ € X. It follows that

T = Z Ast ®0g-1 = Z Z By (B*)rt @ 051

s,texl s, tex rex
*
= (Z Bs,r®6s> (Z Bt,,,@ét) € Qu(%).
reX \s€X ted
This finishes the proof. O

Lemma 5.3.3. The family (Q,,(X))nen is a compatible family of proper convex cones
respectively contained in M,,(C*(T'))". It is the smallest such family whose n-th level
contains the set {(0, ~1)7;_1 | $1,..., 8, € X}. The element 0 is a matrix order-unit

for the family (Q,,(3))nen. In particular, the triple (S[SX 7], (Qn (X)) nen, de) is a
matrix order-unit space and its canonical inclusion into C*(I") is ucp.

Proof. 1t is clear that sums of squares are positive, whence Q,,(2) < M,,(C*(I"))™.
The fact that (Q,,(2)) nen is a compatible family of proper convex cones then follows

from .
Note that (651571)%:1 = (Z?Zl E,® 551.)(2?:1 E; ®ds,)* € Q,(%), for E;

the matrix units in M,, ; and si,...,s, € X; thus the matrix (5‘;‘971)%:1 is an
sisy )i,
element of Q,,(3). Conversely, if (Cy, ) nen is any compatible family of proper convex
cones with (55,571)%:1 € Cy, for all sq,...,s, € X, then the cone C,, must contain
s e
A® (53,;351)%:1’ forall A e Ml+, S1,...,8k € X and kl = n. By the identification
M;@M (S[EE7!]) = M, ®@S[EX 1], forevery A € M, there is amatrix (4; ;)i ; €
(Mg (M;))™" such that A®(6ﬁs;1)ﬁj=1 = Zf,j:l A¢7j®5si5;1. Hence C,, 2 9, (%).

So 9, (%) is indeed the smallest compatible family of matrix cones containing the
matrix (6, ,-1)7;_; at the n-th level.
i85t
To see that (d.), = 1, ® d. is an order-unit for Q,,(X), let s € ¥ and A € M,
and define a hermitian element = € M,,(S[XX~!]);, by

z:=1x(5,A) = AR + A* @ s1. (5.4)

Set r(z) := 2||A||. Write A = V|A| in its polar decomposition and set A; :=
—V|A|2 and Ay := |A|2. Then
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r(z) (1, ®d.) —x

> (VIAIV* + |A) @6 — (~V|A[Z|A]Z @8, — |A|2|A|ZV ®6,-1)
= (AIAT + AQA;) ® b + 14114;< ®ds + 14214’1k ® g1

= (Al ®6s + A2 ®6e) (Al ®6s + A2 ® 6@)* € Qn(z)

Now, if y € M, (S[XX7!]), is any hermitian element we have y = >, . z(s, 4;),
with z(s, A,) as in (5.4). Define the real number r(y) := 23 s [|A]]. It follows
that 7(y) - (1, ® de) — y € Q,(X). This shows that (J ), is an order-unit for the
ordered vector space (M, (S[EX71]), Q. (2)). O

The assumption that X is finite allows us to show that J. is in fact an archimedean
matrix order-unit for the matrix-ordered vector space (S[EX7!], (9, (%)) nen).

Proposition 5.3.4. The matrix order-unit space (S[XX71], (@, (X))nen, de) is an
operator system.

The proof is a matrix version of the proof of [127, Lemma 1.3].

Proof. We show that the cones Q,,(3) are norm-closed in M,,(C*(T")). Denote by
d := |EX7!| the number of elements of the set XX 1. Every x € Q,() is a
sum of at most n?d squares in M,, ® S[EX7']; to see this, let z = Y|, y;yF €
Q,,(X) and assume that 7 > n?d. Since Q,(X) — Q,(X) S M, (S[EX!])n, we
have dimg(Q,,(X) — 9,(X)) < dimg(M,(S[EX71]))y = n?d; thus there are
at,...,a, € R\{0} such that },_, a;y;yF = 0. We may assume that a; < @41,
foralli =1,...,r — 1. It follows that z = 21:11( — g—:)ylyz* Hence z is a sum of
at most n2d squares.

Now, let z¥ = Zif yE(yF)* € Q.(X) be a sequence with limy 2% = x €
M, ®S[EX7!]. Foreveryi = 1,...,n%d, we have that ||y¥|| < [|2"|| < sup||=*| <
. So the sequences (yF);, are bounded and, since dim(M,, ® S[XX71]) < oo, we
may choose convergent subsequences (yic 7); and set lim; yf I =: y;. It follows that

k

n2d

n?d n2d
T k _ 1 kg, kye _ 1s kj( kiye _ o
v = limz —h,gnglyi (%) —h;m;ﬂyﬁ(yi’) _i§:1yzyi'

This shows that z € Q,,(2), so Q,(X) is norm closed in M, (C*(T")).

To see that d. is an archimedean matrix order-unit, recall from [[108] that the or-
der topology is a locally convex vector space topology, whence equivalent to the
norm topology, since S[¥¥7!] is finite-dimensional. Thus the cones Q, (%) are
closed in the order topology, and, by [108| Theorem 2.30, Remark 3.4], this implies
that (0. )y, is an archimedean order-unit for M,, (S[XX71]). O

Definition 5.3.5. We call the operator system (S[XX 7], (9, (X)) nen, de ) the sums-
of-squares system and denote it by SOS(X).
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Note that [Lemma 5.3.3| and [Proposition 5.3.4] show in particular that the triple
V = (S[¥X71Y], Q1(¥), 6.) is an archimedean order-unit space. By minimality of
the compatible family of cones (Q, (X)) nen it follows that SOS(X) is
the maximal operator system structure OMAX (V') on V in the terminology of [107].

Given two discrete groups I'1, 'y and finite subsets 31 < I'y, 3o & T'g, we
identify S[X, 2 x 2935 1] = S[X, 27 ] ®S[22X5 ] canonically. One checks that
the cone Q1 (X1 x 3s) is identified with the cone

D{nax = {2 Az ®Bz | Az € Ql(Zl),Bi € Ql(zg),’)" € N}
i=1
It follows that the triple Vi ® Va := (S[Z12] 1] ® S[Z2%5 1], DIP#X, 6., ® Je,) is an
archimedean order-unit space. By [[107, Proposition 5.13] we have

OMAX (V1 ® V2) = OMAX(V1) ®max OMAX(V3),
which shows the following proposition:

Proposition 5.3.6. Let 'y and I’y be discrete groups and 31 € I'y and 3o < 'y be
finite subsets. Then we have

SOS(1 x %) = SOS(21) @rmax SOS(T2).

Recall from[Lemma 5.3.3|that Q,,(X) < M,,(C*(T"))*. In other words, the canon-
ical map ¢ : SOS(X) — C*(T') is ucp.

Definition 5.3.7. We say that ¥ < I' has the complete Fejér—Riesz property if the
inclusion of cones M,,(C*(I"))™ n M,,(S[ZX71]) € Q,(X) holds. In other words,
the set X has the complete Fejér—Riesz property if and only if the canonical inclusion
map ¢ : SOS(X) — C*(T) is a complete order embedding.

Note that since ((SOS(¥)) = C*(I')(zx-1), the set ¥ has the complete Fejér-
Riesz property if and only if the sums-of-squares and the Fourier system are (canon-
ically, unitally) completely order isomorphic.

Example 5.3.8. By the operator-valued Fejér—Riesz lemma for the circle, the subset
Yn = {0,..., N} € Z has the complete Fejér-Riesz property. Note that, in this
case, actually every positive matrix 2 € M,, (C* (Z)(ENEI_Vl))“r can be factorized as a
single square x = yy*, for some y € M,,(S[X]).

Example 5.3.9. In contrast to the previous example, the subsets ¥y do not have
the (complete) Fejér-Riesz property when considered in the finite cyclic groups Cy,.
Indeed, consider the operator system C*(Cy, ) (..., n}) Which corresponds to ¥ =
{0,1,...,N} c Cp,. Via finite Fourier transform, this operator system can be iden-
tified as the operator subsystem of C(C,,,) consisting of functions of the form

N
f= <cm sle ) fke%”k> . (5.5)

k=—N
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If the (complete) Fejér-Riesz property did hold, it would imply that all such functions
f which are positive (as functions in C(C,)) allow for a factorization f = g * g*,
with g € C*(Cp) ({0,...,n})- But that would imply that also

N
Z §k€ik9
k=0

is a positive function on all of S!. This cannot be true as there may exist functions
in C(C,,,) with support in Fourier restricted to {—N, ..., N} which are positive as
functions on C),,, while the corresponding trigonometric polynomial fails to be pos-
itive on S'; an example is given in Figure

Fourier systems in the group C*-algebras of finite cyclic groups were investi-
gated in the Bachelor’s thesis [103]], including the remarkable observation that the
minimal C*-covers of their dual operator systems are not commutative.

N N 2

0 — Z ﬁeikez Z (./g\*'g\*)keﬂw:

=—N =—N

; (0 €[0,2m))

Lo ellond) , 2 (o)

V2 V2

2¢

Figure 5.2: A function defined by the Fourier coefficients fl = % ﬁ) =1, and
f_l = % The function f on Cj as given in (5.5) is positive but the corresponding
trigonometric polynomial 1 + v/2 cos(6 + %) on S! is not.

Example 5.3.10. By [127,[129], for N > 2, the set {0, ..., N}?> < Z? does not have
the complete Fejér—Riesz property.

5.3.2 The Toeplitz system and the complete >-extension property

We now study the operator system of Toeplitz matrices associated to a finite subset
> of a discrete group I'. We fix a separable Hilbert space H.

Definition 5.3.11. A B(H)-valued Toeplitz matrix T is any operator on ¢?(3, H)
of the form (Ty;-1)s,tex € My (B(H)). A function u : XX~ — B(H) is called posi-
tive semi-definite with respect to ¥ if the associated Toeplitz matrix (u(st™1))s ex €
My (B(H)) is positive semi-definite. We call the set of all (C-valued) Toeplitz matri-
ces (Ty4-1)s.tex € My, the Toeplitz system and denote it C*(T') ).
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By definition the Toeplitz system C*(I')(*) is an operator subsystem of Ms:.
Moreover, the operator system of B(H )-valued Toeplitz matrices is given by the
minimal tensor product C*(I")*) @i, B(H) < B(¢?(%, H)). From its spatial im-
plementation, it is immediate that the Toeplitz system of a product of two sets ¥;
and Y9 is the minimal tensor product of the respective associated Toeplitz systems:

Proposition 5.3.12. Let I'y and I'y be discrete groups and ¥1 < T'1, 3o S T’y finite
subsets. Then we have

C*(Dy % Tg)®¥2) = C*(D)) ) @iy CF(T) 2,

Our interest in the Toeplitz system (and the notation C*(T')*)) came from its
appearance in spectral truncations in noncommutative geometry [33}[94] 93] and its
analysis in [50]. It is straightforward to check that C*(I')(*) = PC*(T")P, for P :
(2(T') — ¢*(X) the canonical orthogonal projection. However, here we rather con-
sider the Toeplitz system as arising from the restriction map p : B(I') — C*(I')(*),
u > (u(st™1))s 1en; we emphasize that the map p is ucp by construction.

Definition 5.3.13. A finite subset ¥  I'is said to have the cp X -extension property if
for every positive semi-definite Toeplitz matrix T = (Tys-1)s s € M, (C*(T) &)+
there is a positive semi-definite function u € B(T", C") such that Ty, = u(st™!),

for all s,t € X.

Definition 5.3.14. Let ¥ < I' be afinite subset. We say that 3 has the cb X-extension
property if, for every Toeplitz matrix T = (Ty—1)s.tex € M, (C*(T)*))F, there is
a function u € B(I',C") such that T,;—1 = u(st™!), for all s,t € ¥, and ||T|| =
l¢w||ch, where ¢, denotes the cb map C*(I") — M,, induced by linearly extending
u from T to C*(T).

Remark 5.3.15. In other words, a finite subset ¥ < I" has the cp/cb X -extension prop-
erty if and only if the restriction map p : B(T') — C*(I)®), u v (u(st™!))ssex is
an M'VS-/OSp-quotient map.

5.3.3 Duality of the sums of squares and Toeplitz system

As above, let X < I be a finite subset of a discrete group I" and let H be a separable
Hilbert space. We now establish the duality of the Toeplitz and sums-of-squares
systems.

Proposition 5.3.16. Let I be a discrete group and 3> € I' a finite subset.

(i) IfT = (Ty-1)s.1ex € (C*(T) P ®umin B(H)) ™ is a positive semi-definite B(H )-
valued Toeplitz matrix, then there exists a unique completely positive map ¢ :

SOS(X) — B(H) such that ¢7(04-1) = Ty, forall s,t € X.

(ii) If ¢ : SOS(X) — B(H) is a completely positive map then there exists a unique
Toeplitz matrix Ty, € C*(T')*) @y, B(H) which is positive semi-definite and
such that (Ty)ss-1 = ¢(dg4-1), forall s,t € 3.
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Proof (i) Let T = (Tyy-1)ssex € (C*(T)®) @pin B(H))* and define ¢ as in
the proposition. By the characterization of the cones M,,(SOS(X))* = Q,,(X) in
as the smallest compatible family of positive matrix cones containing
the matrices (651,8;1)?7]-:1, for s; € X, at the n-th level, it is enough to check that

;?')((55,571)%:1) € B(H) is positive, to obtain complete positivity of ¢7. This
isy 1,

follows from positive semi-definiteness of 7" and the following computation:
0 (G )0o1) = (10, )i = (T 1) (5:6)

(i) Conversely, let ¢ € CP(SOS(X), B(H)) be a completely positive map and
define T as in the proposition. Replacing ¢ by ¢ and 7" by T; in and reading
backwards, we see that all principal minors of T are positive semi-definite, implying
the claim that T} is positive semi-definite.

The uniqueness statements hold, since the assignments 7' — ¢7 and ¢ +— T}
are inverse to each other. O

Corollary 5.3.17. The following map is a complete order isomorphism of the Toeplitz
system and the dual operator system of the sums-of-squares system:

¢ : C*D)®) - s08(n)?
T — ¢r

Moreover, its dual map o9 : SOS(X) — (C*(T')*))? is a complete order isomorphism
from the sums-of-squares system to the dual of the Toeplitz system, and we have

o(lpmg) = <6St—1 — {1’ fs=t ) andgod(ée) = (T~ %Tr(T)).

0, otherwise

Proof. The fact that the maps ¢ and ¢ are complete order isomorphisms and the
computation of ¢ evaluated at the unit matrix follow directly from|Proposition 5.3.16|
To see that ¢4(6,) is the normalized trace on the Toeplitz system, note that

‘Pd((sst*l)(T) = ¢r(05-1) = Tsp-1,
and the claim follows. O
Theorem 5.3.18. The following statements are equivalent:
(1) The set X has the cp X-extension property.
(2) The set X has the cb X-extension property.
(3) The set ¥ has the complete Fejér—Riesz property.

(4) The Toeplitz system C*(T')(*) is completely order isomorphic to the dual operator
system of the Fourier system C*(I') gx-1).
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We refer to as an illustration of the operator systems and matrix-
ordered vector spaces with the canonical maps which are relevant in the proof below.

Proof. Note that the dual map of the canonical inclusion map ¢ : SOS(X) — C*(T)
is the restriction map p : B(T) — C*(I)®), u +— (u(st™1))ssex where B(T)
and C*(I")*) are at the same time equipped with the structures of the matrix-
ordered vector space and operator space duals of C*(T") and SOS(X). Recall from

Remark 5.3.15|that the set X has the cp/cb X-extension property if and only if the
restriction map p is an M'VS-/OSp-quotient map. By both of

these statements are equivalent to the statement that the map ¢ is a complete order
embedding, i.e. that ¥ has the Fejér—Riesz property. This shows the equivalences

(1=(2)=0).
For the implication (3)=(4), first note that by finite-dimensionality the dual oper-
ator system C* (F)((ixz:fl) of the Fourier system is in fact an operator system, and by

the Fejér-Riesz property we have C*(I')(xx-1) = SOS(X), which implies the claim

by |Corollary 5.3.17} Conversely if the operator systems C*(T')*) and C* (F)?zzfl)
are completely order isomorphic we obtain complete order isomorphisms

C*T)(mn-1) = C*(D) g1y = (C*I)P)?! = SOS(R),

so the one-to-one ucp map ¢ : SOS(X) — C*(I')(nx-1y € C*(I') must be a complete
order embedding, showing (4)=(3). O

Corollary 5.3.19. Let I'y and T’y be discrete groups and assume that I'y or I'y is
amenable. Let 31 < T'y and X9 S T’y be finite subsets which each have the complete
extension property. Then the following statements are equivalent:

(1) The subset ¥1 x Yo € I'y x I'g has the complete 31 x YXo-extension property.
(2) The pair of Toeplitz systems (C*(I'y)(¥1) C*(I'y)(¥2)) is (min, max)-nuclear.

Proof. Recall that by amenability, we have nuclearity of the group C*-algebra tensor
product

C*(I'y x I'y) = C*(T'1) ®max C*(I'2) = C*(T'1) ®min C*(T'2). (5.7)

Assume now (1), i.e. that 3; x ¥y has the complete ¥; x Xy-extension prop-

erty. Then, by [Theorem 5.3.18| the canonical inclusion map ¢ : SOS(X; x X3) —

C*(T'y xT'g) is a complete order embedding. By the assumption that X; has the com-

plete 3J;-extension property it follows from that 3J; has the complete
Fejér-Riesz property, i.e. the Fourier system C* (Fi)(zizfl) is completely order iso-

morphic to the sums-of-squares system SOS(X;), fori = 1, 2. By
and , we obtain (min, max)-nuclearity of the pair of sums-of-squares systems:
SOS(X1) ®max SOS(22)
= SOS(Zl X 22) = C*(Fl X F2)(21x22)
= C*(T1)(x,) ®min C*(T'2)x, = SOS(X1) @min SOS(X2)
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Duality of the Toeplitz and sums of squares systems, [Proposition 5.3.16 together with
the complete order isomorphisms (X ®umin V) = X9 @ pmax Y9 and (X @pax Y) =
X ®@umin Y4, for finite-dimensional operator systems X and Y, it follows that the
pair of Toeplitz systems (C*(I';)>1), C*(I'y)(*2)) is (min, max)-nuclear.

Conversely assume (2), i.e. the operator systems C*(T'1) 1) @0y C*(T'9)(>2)
and C*(Fl)(zl) Omin C*(FQ)(ZZ) are completely order isomorphic. Since ¥, and
Y9 respectively have the complete Fejér—Riesz property and by injectivity of the
minimal operator system tensor product, we have that the tensor product ¢1 ® ¢o :
SOS(X1) ®min SOS(X3) — C*(T'1) ®min C*(T'2) of the canonical inclusion maps
is a complete order embedding. By the assumption that the pair of operator systems
(C*(T,)*1), C*(T)*2)) is (min, max)-nuclear and by the duality C*(T')*) =
SOS(X)4 together with the duality of the minimal and maximal operator system
tensor products for finite-dimensional operator systems, we obtain

SOS(T1 x Ts) = SOS(X1) Gmax SOS()
— SOS(%1) ®umin SOS(52)
= C*(T'1)(x;) Omin C*(I'2) ()
= C*(I'1 x T'2) (5, x5,)-

This shows that the set 31 x X5 has the complete Fejér—Riesz property, whence the

complete 37 x Y,-extension property, by [Theorem 5.3.18 O

A scalar-valued version of was shown by Rudin [127] and (ac-
cording to [129]]) independently by Calderén-Pepinsky [25]. From a result of Hilbert

[69], they inferred that there are positive semi-definite trigonometric polynomials in
two variables of respective degree 3 which cannot be expressed as a sum of squares.
Equivalently, the subset ¥ := {0, 1,2, 3}2 < Z2 does not have the (scalar-valued) >-
extension property. This result was strengthened in [129] to the subset {0,1,2}% <
7.2, which yields the following special case of [50, Theorem 6.5].

Corollary 5.3.20. Letn > 3 and, denote by T,, € M,, the operator system of n. X n
Toeplitz matrices. Then

Tn ®min Tn ?%— Tn ®max Tn

Proof. By [127,[129], for ,, = {0,...,n — 1}?> < Z?2, the cone Q1(%,,) is strictly
contained in the cone C*(Z2)™ n S[X,, X 1], so the set 3,, does not have the Fejér-
Riesz property. The claim now follows from[Theorem 5.3.18|and|[Corollary 5.3.19] [

5.4 Partially defined positive semi-definite functions

In this section we discuss partially defined positive semi-definite operator-valued
functions on discrete groups and whether they admit positive semi-definite exten-
sions to the whole group. Such functions are generally defined on a positivity domain
A < T, rather than on a difference XX~ < T as in the previous section. We also
drop the finiteness assumption on the positivity domain. Our analysis follows a sim-
ilar path as in the previous section by first identifying the operator system predual
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of the matrix-ordered vector space of positive semi-definite functions; this operator
system is constructed using (the matrix-cones of) sums-of-squares systems as build-
ing blocks. In the case of the positivity domain consisting of five points in Z? as in
[Figure 5.3|this allows us to realize the associated operator system as an amalgamated
direct sum, giving us access to its maximal and minimal C*-cover and allowing us
to infer that there must be positive semi-definite operator-valued functions on this
positivity domain which do not admit positive semi-definite extensions to the whole

group.

5.4.1 The operator system P(A) and the complete factorization
property

Let " be a discrete group and A < T' a positivity domain, i.e. A" = A 3 e. We
begin by defining the positive matrix-cones which we will use to define an operator
system structure on the *-vector space S[A] := span{ds | s € A}. For a *-vector
space V and a subset P < V},, we denote by cone(P) the cone generated by P, i.e.
cone(P) :=[0,00) - P + P.

Definition 5.4.1. Forall n € N, set

En(A)i=cone | ] Qu(Z) | < My(S[A]n-
£oica
|X|<oo

Note that, since Q,,(X) is a cone, for any finite subset & < T, it is equivalent to
take the convex hull of the union of the cones Q,,(X) in the above definition. Since
the cone generated by a union of cones is their sum, we obtain the following lemma:

Lemma 5.4.2. Foralln € N, the following holds:

En(A) == Z Q?L(E)
¥cr
rrlcA
|X|<oo

The next proposition follows from [Definition 5.4.1|and [Lemma 5.3.3}

Proposition 5.4.3. The family (£,(A))nen is a compatible family of convex proper
cones respectively contained in M,,(C*(I'))*. It is the smallest such family whose n-
th level contains the set {(d5-1)stex | ¥ < I, 8871 © A|X]| < o} The el-
ement §, is a matrix order-unit for the family (€, (A))nen. In particular, the triple
(S[A], (En(A))nen, de) is a matrix order-unit space and its canonical inclusion into

C*(T") is ucp.

Definition 5.4.4. We denote the matrix order-unit space (S[A], (£, (A))nen, 0e) by
Po(A) and its archimedeanization by P(A) := Arch(P(A)) Po(A).
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Example 5.4.5. Consider the positivity domain
A= {(-1,0),(0,-1),(0,0),(0,1), (1,0)} < Z*,

as in[Figure 53

Figure 5.3: The positivity domain A := {(—1,0), (0, —1), (0,0), (0,1), (1,0)} < Z.

Set Xy, := {(0,0),(1,0)}, %, := {(0,0),(0,1)} and SOS}, := SOS(X},), SOS, :=
SOS(Xy). We have Po(A) = Arch(Po(A)) = P(A) and the canonical ucp maps
®n, &y : SOSy, SOS, — P(A) are complete order embeddings; indeed, we have
En(A) = Q,(Zn) + Qn (), which is a closed cone and hence J. is an archimedean
matrix order-unit for Po(A). Moreover, M, (S[{(—1,0), (0,0), (1,0)}]) n E(A) =
Q,(2h), so ¢y, is a complete order embedding, and analogously for ¢..

We now show that the operator system P(A) is the direct sum of two copies of
the Fourier system C*(Z)(_1,0,1}) S C*(Z) amalgamated over the unit, i.e.

P(A) = C*(Z)({-1,01}) @1 C*(Z)(1-1,01}); (5.8)

in fact, we have P(A) = SOS;, @1 SOS,, which we show by checking that P(A)
satisfies the universal property of the amalgamated direct sum. To this end, assume
that X is an operator system with ucp maps ¢y, : SOS, — X and ¢, : SOS, — X.
Define a map ¢ : P(A) — X by ¢(6(0,0)) := ex, ¥(d(+1,0)) = ¢¥n(d(+1,0)) and
Y(d(0,41)) := Yv(d(0,41)). Clearly, 1 is the unique map such that 1) o ¢, = ¥y
and ¢ o ¢y, = 1)y, where ¢y, and ¢, are the canonical maps SOSy,, SOS, — P(A).
If x € &,(A), there are positive elements z, € Q,(X}) and z, € Q,(3,) such
that z = x, + x,. Then (") (z) = wﬁn)(a:h) + w\(,n) (zy) € M,,(X)T, so 9 is ucp,
which completes the proof that P(A) has the universal property of the amalgamated
direct sum. By the operator-valued Fejér-Riesz lemma, we have SOS;, =~ SOS, =

C*(Z)({—I,O,l})s which shows .

Realizing the operator system P(A) as an amalgamated direct sum as above,
allows us to compute its maximal and minimal C*-covers. We prepare for the former
with the following lemma which is probably well-known. Recall that the universal
unital C*-algebra C*(con) of a contraction is defined as the universal unital C*-
algebra generated by a unit 1 and a contraction x # 1 such that for any contraction
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y € B(H) there is a canonical unital *-homomorphism
®: C*(con) — C*(I7,y)
T — .
Lemma 5.4.6. The maximal C*-cover of the Fourier system C*(Z){_1,0,1}) is canon-
ically isomorphic to C¥(con).

Proof. For notational convenience let us denote by C*(1,z) := C*(con) the uni-
versal C*-algebra of a contraction, and by = its generator. We will also assume that
C*(1, x) is concretely represented in some B(H ) with x # 1 = I/, By the universal
property of C*(1, x), there is a unital *-homomorphism

o: C*(1,2) — C*(Z)
€T — 51.

Its restriction ®|span(z* 1,2y S C*(1, ) gives a ucp map from span{z*, 1, 2} to the
Fourier system C*(Z)(—1,0,1}) := span({d7, do, 01}) = C*(Z).

Conversely, by the Sz.-Nagy dilation theorem the contraction « dilates to a uni-
tary u € B(K) for some Hilbert space K. Recall that C*(Z) is universal with respect
to unitaries, providing a unital *-homomorphism

U: C*(Z) — B(K)

51 = U.
By further compressing to H we obtain a ucp map
v C*(Z) — BO)
U(a) == Pa¥(a)lm,

which satisfies
¢(61) = PH\I’(51)|H = PHU|H = TI.

Thus the restriction of ¢ to C*(Z) ({—1,0,1}) has ®|span{a*,1,2} as a unital completely
contractive inverse. Therefore 1 is a unital complete order embedding of the operator
system C*(Z)({-1,0,1}) into C*(1, ), making the latter a C*-cover.

It remains to show that C*(1, z) has the universal property of the universal C*-
cover C(C*(Z)({=1,0,1}))- Let

¢: C*(Z)({—l,o,l}) - B(K)

be a ucp map. Then ¢(d) is a contraction and by the universal property of C*(1, z)
there is a canonical *-homomorphism

¢: C*(1,2) — B(K)
x = P(61).

By definition ¢ is an extension of the ucp map ¢, as required. O
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We are now in position to compute the maximal and minimal C*-cover of the

operator system P(A) for the positivity domain from|Example 5.4.5

Proposition 5.4.7. Consider the positivity domain

A= {(_17O)a (07 _1)a (070)7 (Oa 1)7 (170)} = ZQa
as in The following identities hold:
C*

max

(P(A)) = C¥(cony, cong), (5.9)
and
Chain (P(A)) = C*(Fa2). (5.10)
Here C (cony, cong) is the universal unital C*-algebra of two contractions.
Proof. Recall that by we have
P(A) = C*(Z)((-1,0,1}) &1 C*(Z) ((-1,0,1)-

The identity for the maximal C*-cover follows by the compatibility of the
coproduct with the free product of the universal C*-algebra of the Fourier system
C*(Z)({-1,0,1})- That is, we have

(P(A)) = C¥ oy (C*(Z) ((-1,0,11) D1 C*(Z) ({-1,0.1}))
= Chax (C*(Z)(1-1,01p) *1 Chax (C*(Z) ((-1,01)))
= C¥*(con) *; C¥(con),

C*

max

where we applied Lemma in the last *-isomorphism. Now, since the universal
unital C*-algebra of two contractions equals C*(con) #;1 C(con), we obtain (5.9).

For the identity for the minimal C*-cover (5.10), note that, since the Fourier sys-
tem

c* (Z)({fl,o,l}) = Span{éi", o, 51} < C*(Z)

contains the unitary generator of C*(Z), we have C}; (C*(Z)(_1,0,1})) = C*(Z).

As noticed in [51} Theorem 5.2],if X € A and Y < B are operator systems which
respectively contain the unitary generators of the C*-algebras A, B, then the amal-
gamated free product (over the unit) X @; Y contains the unitary generators of
A #1 B, and hence, by [81] Proposition 5.6], we have C¥. (X) = A4,C%, (Y) =B

and C¥. (X @1 Y) = A %, B. In our situation, this gives

Chuin (P( in (C*(Z) (121,013 @1 C*(Z) ((=1,01}))
Chin (C*(Z) ((=1,01p) *1 Chain (C*(Z)((=1,0.11))
_C*( ) #1 C*(Z)
= C*(FFy),

and the proof is complete. O
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We point out that [51, Theorem 5.2] can be strengthened to operator systems
which are hyperrigid in their minimal C*-cover, see [47, Theorem 1], [38, Theorem
5.3.21], [26l Theorem 4.11]. Note that an operator system which contains the uni-
tary generators of its ambient C*-algebra is hyperrigid in it [26] Proposition 4.8]. In
particular, the Fourier systems C*(Z)(_1 0,1), C*(Z?)(a). for A as in are
hyperrigid in C*(Z), C*(Z?) respectively; as a consequence of the above proposi-
tion, also the operator system P(A) is hyperrigid in C*(FF5).

For the next definition recall the canonical map Po(A) — C*(I')(a), 05 — 05
which we denote by ¢g. It follows from the definition of the positive cones &, (A) of
the matrix order-unit space Po(A) that ¢ is ucp. In the diagramwe fur-
thermore include the quotient map ¢ : Po(A) — P(A) from the archimedeanization
as well as the map ¢ : P(A) which is canonically induced by the universal property
of the archimedeanization.

Cc*(I) =2 ¢*(T) A)

(7 PQ
Figure 5.4: The canonical maps ¢ and ¢.

Definition 5.4.8. We say that a positivity domain A < I has the complete factoriza-
tion property if the canonical map ¢ : P(A) — C*(T') is a complete order embedding.

Using the minimal C*-cover of the operator system P(A), for A as in[Figure 5.3
we now show that A does not have the complete factorization property.

Corollary 5.4.9. The positivity domain A = {(—1,0), (0,—1),(0,0), (0,1),(1,0)} <
72, as in does not have the complete factorization property.

Proof. Observe that the minimal C*-cover of the Fourier system C*(Z?) o) is C*(Z?).
Indeed, since C*(Z?) is the C*-algebra generated by the unitary generators of the
Fourier system C*(Z?) ), it follows that C% . (C*(Z?)(a)) = C*(Z?) by [81] Propo-
sition 5.6].

Now, if the canonical isomorphism ¢ : P(A) — C*(Z?) ) was a complete order
isomorphism, we would have

C*(F2) = Chin(P(A)) = Cin(C*(Z%) (a)) = C*(27),

min

which is absurd. The claim follows. O

5.4.2 The Fourier—Stieltjes matrix-ordered vector space and the
complete extension property

Let I be a discrete group, A € I' a positivity domain and H a Hilbert space.
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Definition 5.4.10. A function v : A — B(H) is called positive semi-definite if
the Toeplitz matrix (u(st1))s sex € Mx(B(H)) is positive semi-definite, whenever
¥ C T is a finite subset with XX ! < A. We denote the cone of all positive semi-
definite B(H )-valued functions on A by B(A, H)™ and its linear span by B(A, H).

Proposition 5.4.11. Let I" be a discrete group and A < T a positivity domain.

(i) Ifu € B(A, H)* is a positive semi-definite function on A then there exists a
unique completely positive map ¢, : Po(A) — B(H) such that ¢,,(ds) = u(s),
forall s e A.

(ii)) If ¢ : Po(A) — B(H) is a completely positive map then there exists a unique
positive semi-definite function ug : A — B(H) such that ug(s) = ¢(0s), for all
seA.

Proof. (i) Let u € B(A, H)*. By the characterization of M,,(Po(A))*T = &£,(A) as
the smallest compatible family of positive matrix-cones containing the set of matrices

{(Bgp-1)spex | ZS T, 287 S A Y] < o0} fromandby the same

computation as in (5.6), the induced map ¢, : Po(A) — B(H ) is completely positive.
(ii) Conversely if ¢ : Po(A) — B(H) is a completely positive map, let 3 < T" be
a finite subset with ¥X~! < A. Then we have

(ug(st™))sen = (3(0st-1))spex = SV ((83p-1)s,1ex) € BH)T,

souy € B(AH)™.
The uniqueness statements follow since the assignments v +— ¢, and ¢ — uy
are inverse to each other. O

Corollary 5.4.12. The pair (B(A), (B(A,C™)™),,) is the matrix-ordered vector space
dual of the operator system P(A).

Proof. By|[Proposition 5.4.11|and identifying CP(P(A), M,,) with (M,,(P(A))*)* as
in [[106, Chapter 6], the pair (B(A), (B(A,C™)*),,) is the matrix order-unit space
dual of the matrix-ordered vector space Po(A). Since the matrix-ordered vector
space dual is preserved by archimedeanization, the claim follows. O

We refer to the matrix-ordered vector space B(A) as the Fourier—Stieltjes (matrix-
ordered vector) space. Moreover, the identification

B(A, H) = span(B(A, H)™)

span(CP(P(A), B(H)))
CB(P(A),B(H))

12

turns B(A) into a (matrix-ordered) operator space.
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5.4.3 The complete extension and the complete factorization
property

Definition 5.4.13. We say that the positivity domain A < I' has the cp extension
property if, for all n € N, every positive semi-definite function u : A — M,, admits
an extension to a function on I' which is positive semi-definite.

Definition 5.4.14. We say that the positivity domain A < I' has the cb extension
property if, for all n € N, and every function u € B(A,C") there is a function
@ e B(T,C") with i(s) = u(s), forall s € A, and ||i[|gr,cny = [|ullB(a,cn)-

Remark 5.4.15. Note that the positivity domain A has the cp/cb extension property if
and only if the restriction map p : B(I') — B(A) is an M'VS-/OSp-quotient map.

Theorem 5.4.16. Let I' be a discrete group and A < T' a positivity domain. The
following are equivalent:

(1) The positivity domain A has the cp extension property.
(2) The positivity domain A has the cb extension property.

(3) The positivity domain A has the complete factorization property.

Proof. Similarly as in the proof of note that the dual map of the
canonical inclusion map ¢ : P(A) — C*(T") is the restriction map p : B(I') — B(A),
where B(T") and B(A) are, at the same time, the matrix-ordered vector space and op-

erator space duals of C*(I") and P(A) respectively. Recall from that

the positivity domain A has the cp/cb extension property if and only if the restric-
tion map p is an M'VS-/OSp-quotient map. By both of these
statements are equivalent to the statement that the inclusion map ¢ is a complete
order embedding, i.e. that A has the complete factorization property.

O

Corollary 5.4.17. The positivity domain A < 72, as in given by A =
{(-1,0),(0,-1),(0,0),(0,1), (1,0)} does not have the cp extension property; i.e. there
exists a positive integer n € N and a positive semi-definite functionu : A — M,, which
does not admit any extension to a positive semi-definite function on 7Z>.

Proof. By |Corollary 5.4.9] the positivity domain A does not have the complete fac-
torization property which is equivalent to the claim by [Theorem 5.3.18 O
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This research was conducted according to the institute research data management
policy of IMAPP, Radboud University Nijmegen. No data was produced or analyzed.
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Summary

Geometry can be studied in many different ways. Mathematicians study, for example,
symmetries, the curvature of surfaces, or the numbers of holes. Another fundamental
geometric concept which plays a major role in this thesis is distance: the distance
between two points on a curved surface is defined as the length of the shortest path
connecting them (Figure A.1). The mathematical field of noncommutative geometry
is concerned with developing geometric foundations of spaces which may be hard to
visualize but which naturally arise e.g. from dynamical systems, as singular spaces,
or from quantum physics. One can also make sense of the concept of distance in such
noncommutative spaces, borrowing ideas from the field of optimal transport and using
spectra to compute it. I will now explain the concepts of states, distance in optimal
transport and spectra, before discussing one the main themes of this thesis which is
trying to understand distance in noncommutative geometry in a certain approximate
way.

Points such as the position of a ship at sea are described by coordinates. The
speed of the ship and the direction in which it is traveling can also be considered
coordinates, and together we can say that the state of the ship at a fixed point in time
is described by these coordinates — position, speed, and direction. All possible states
of the ship then form the state space which can be considered as a geometric object:
in this state space, a path between two states is described by how the individual
coordinates — position, speed, and direction — change from one state to another. L.e. a
path in state space consists of a path that the ship travels together with specifications
as to how much the ship accelerates or decelerates along this path and in which
direction it steers. In general, states of a classical physical system can be understood
as points described by coordinates in the state space belonging to this system.

In quantum physics, however, things are more complicated. The state of a quan-
tum system (here referred to as quantum state) cannot be specified by exact coordi-
nates. It is rather like a distribution of possibilities that indicates, for instance, how
likely it is that certain positions, velocities, and directions (of a quantum particle,
for instance) will be measured. In other words, a quantum state is like a weighting
of possible measurement results. A suitable image to illustrate a quantum state is
a distribution of sand (say of total mass one ton) over a region: each point in this
region represents a possible measurement result, and the mass of sand above a point
represents the probability that this result will actually be measured.

In the field of optimal transport, mathematicians ask how one sand distribution
can be transformed into another while minimizing the cost for performing this trans-
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port. The lowest possible transport cost from one sand distribution to another is then
a measure of the distance between them. Similarly, the distance between two quan-
tum states in the state space of a quantum system can be thought of as a kind of
minimum cost (such as energy) required to transform the system from one state to
another. This concept of distance differs from the classical concept of distance be-
tween points. Nevertheless, it allows to consider quantum state space as a geometric
object.

Figure A.1: The torus with some shortest paths.

A fundamental difficulty in quantum physics is that states and thus their distance
cannot be measured directly. In noncommutative geometry this issue is addressed by
using spectra to measure distances: think of a tone produced by a musical instrument
which can be decomposed into fundamental frequencies, i.e. a tone corresponds to a
sound spectrum. Indeed, such spectra are closely linked to geometry: larger musical
instruments produce lower tones, for instance. Extending this, in the mathematical
field of spectral geometry one tries to infer as much information as possible about the
underlying geometry of a shape from its fundamental modes of vibration. Mark Kac
put this theme in a nutshell by asking:

“Can one hear the shape of a drum?”

In fact, in noncommutative geometry there is a formula which allows to compute
distance from spectra and this formula generalizes to a formula for the distance be-
tween quantum states.

Approximating the geometry of flat tori and quantum groups using partial
spectral data

In this thesis, I address the issue that in practice, often only part of the spec-
tral data is available: for example, the human ear can only perceive sounds up to
a certain maximum frequency, and similar limitations apply to every physical mea-
suring device. Geometrically, such partial spectral data correspond to deformations
of the underlying body, which can be recognized, for example, by changes in the
above-mentioned distance function (Figure A.2). The question arises as to how simi-
lar these deformed bodies still are to the original ones, and in particular whether it is
possible to approximate the distances between quantum states using partial spectral
data.
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[Chapter 3|and |Chapter 4|are case studies for this question. There I examine sev-
eral examples of geometric objects and quantum systems (with certain useful prop-
erties) for which both, the complete associated spectrum and the actual distance
function are well-known. I first consider the example of a flat torus. A torus is the
surface of a doughnut (Figure A1), but you can best imagine a flat torus as being
obtained from a sheet of paper as follows: glue two opposite sides together to obtain
a cylinder. If you now glue the two opposite circular ends of the cylinder together,
you get a torus. (In 3d this can only be done by wrinkling the paper, but a flat torus
can be embedded in 4d without distortion and is then — just like the sheet of paper —
indeed flat.) For instance, the intersection point of the purple, red, and orange lines
in[Figure A 1|then corresponds to a corner of the horizontal square in[Figure A.2](ac-
tually all four corners, since they are glued together). The function which specifies
the distance from this point to every other point on the flat torus surface is plot-
ted on the right-hand side of On the left-hand side and in the middle of
Figure A.2| distance functions are shown that were computed from a portion of the
spectral data. In I prove that these distance functions become increas-
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Figure A.2: The distance function on the flat torus (right) and two of its deformed
versions (left and center) which were computed from part of the associated spectral
data. The horizontal plane corresponds to the surface of the flat torus and the purple,

red and orange paths to the ones highlighted in

ingly similar to the original function, meaning that the deformed versions of the flat
torus become increasingly similar to the actual flat torus, the more spectral data is
taken into account. Furthermore, in|{Chapter 4] I show that a similar result holds for

a certain class of quantum systems, so-called compact quantum groups.

Relationship between two types of compressions of quantum systems

Only having part of the spectral data available is like a compression of a quan-
tum system. In[Chapter 5] I deal with two types of such compressions. One is like a
blurred version of an image, while the other is like disregarding high frequencies in
a sound. The underlying spectral data for both types of compressions are the same,
but the resulting mathematical structures have quite different properties. Through a
connection to a problem that has played an important role in many areas of mathe-
matics since the 1960s, I relate these structures to each other mathematically.






Samenvatting

Meetkunde kan op veel verschillende manieren worden bestudeerd. Wiskundigen
bestuderen bijvoorbeeld symmetrieén, de kromming van oppervlakken of het aantal
gaten. Een ander fundamenteel meetkundig concept dat een belangrijke rol speelt
in dit proefschrift is afstand: de afstand tussen twee punten op een gekromd opper-
vlak wordt gedefinieerd als de lengte van de kortste weg die ze met elkaar verbindt
(Figuur A.1). Het wiskundige gebied van de niet-commutatieve meetkunde houdt zich
bezig met het ontwikkelen van geometrische grondslagen van ruimten die misschien
moeilijk voor te stellen zijn, maar die van nature voorkomen, bijvoorbeeld in dy-
namische systemen, als singuliere ruimten, of in de kwantumfysica. Men kan ook
betekenis geven aan het concept van afstand in dergelijke niet-commutatieve ruimten
door ideeén uit het gebied van optimaal transport, en spectra gebruiken om deze te
berekenen. Ik zal nu de concepten van toestanden, afstand in optimaal transport
en spectra uitleggen, alvorens een van de hoofdthema’s van dit proefschrift te be-
spreken: het begrijpen van afstand in niet-commutatieve meetkunde op een bepaalde
benaderende manier.

Punten zoals de positie van een schip op zee worden beschreven door coordi-
naten. De snelheid van het schip en de richting waarin het vaart, kunnen ook wor-
den beschouwd als codrdinaten, en samen kunnen we zeggen dat de toestand van
het schip op een vast tijdstip wordt beschreven door deze codrdinaten: positie, snel-
heid en richting. Alle mogelijke toestanden van het schip vormen dan de toestands-
ruimte, die kan worden beschouwd als een geometrisch object: in deze toestands-
ruimte wordt een pad tussen twee toestanden beschreven door hoe de afzonderlijke
coordinaten — positie, snelheid en richting — veranderen van de ene toestand naar
de andere. Dat wil zeggen, een pad in de toestandsruimte bestaat uit een pad dat
het schip aflegt samen met specificaties over hoeveel het schip versnelt of vertraagt
langs dit pad en in welke richting het stuurt. In het algemeen kunnen toestanden
van een klassiek fysisch systeem worden opgevat als punten die worden beschreven
door codrdinaten in de toestandsruimte die bij dit systeem hoort.

In de kwantumfysica liggen de zaken echter ingewikkelder. De toestand van een
kwantumsysteem (die we hier kwantumtoestand noemen) kan niet worden gespeci-
ficeerd door exacte codrdinaten. Het is eerder een verdeling van mogelijkheden die
aangeeft hoe waarschijnlijk het is dat bepaalde posities, snelheden en richtingen (van
een kwantumdeeltje bijvoorbeeld) worden gemeten. Anders gezegd is een kwantum-
toestand zoals een weging van mogelijke meetresultaten. Een geschikt beeld om een
kwantumtoestand te illustreren is een verdeling van zand (laten we zeggen met een
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totale massa van één ton) over een gebied: elk punt in dit gebied vertegenwoordigt
een mogelijk meetresultaat, en de massa zand boven een punt vertegenwoordigt de
waarschijnlijkheid dat dit resultaat daadwerkelijk wordt gemeten.

Binnen de optimale transporttheorie vragen wiskundigen zich af hoe de ene
zandverdeling kan worden omgezet in een andere verdeling, terwijl de transportkos-
ten worden geminimaliseerd. De laagst mogelijke transportkosten van de ene zand-
verdeling naar de andere zijn dan een maat voor de afstand tussen beide. Op dezelfde
manier kan de afstand tussen twee kwantumtoestanden in de toestandsruimte van
een kwantumsysteem worden beschouwd als een soort minimale kosten (zoals en-
ergie) die nodig zijn om het onderliggende systeem van de ene toestand naar de
andere te transformeren. Dit concept van afstand verschilt van het klassieke concept
van afstand tussen punten. Niettemin maakt het het mogelijk om de kwantumtoes-
tandsruimte als een geometrisch object te beschouwen.

Een fundamenteel probleem in de kwantumfysica is dat toestanden en dus ook
hun afstand niet direct gemeten kunnen worden. In de niet-commutatieve meetkunde
wordt dit probleem opgelost door spectra te gebruiken om afstanden te meten: denk
aan een toon die door een muziekinstrument wordt geproduceerd en die kan wor-
den opgesplitst in fundamentele frequenties. Dat wil zeggen, een toon komt overeen
met een geluidsspectrum. Dergelijke spectra zijn inderdaad nauw verbonden met
meetkunde: grotere muziekinstrumenten produceren bijvoorbeeld lagere tonen. In
het verlengde hiervan probeert men in het wiskundige gebied van de spectrale meet-
kunde uit de fundamentele trillingsmodi van een geometrisch lichaam zoveel mo-
gelijk informatie af te leiden over de onderliggende meetkunde. Mark Kac heeft de
centrale vraag hierover treffend samengevat:

“Kan men de vorm van een trommel horen?”

Feitelijk bestaat er in de niet-commutatieve meetkunde een formule waarmee de
afstand tussen spectra kan worden berekend, en deze formule kan worden gege-
neraliseerd tot een formule voor de afstand tussen kwantumtoestanden.

Benadering van de geometrie van vlakke tori en kwantumgroepen met be-
hulp van gedeeltelijke spectrale gegevens

In dit proefschrift behandel ik het probleem dat in de praktijk mogelijk slechts
een deel van de spectrale gegevens beschikbaar is: het menselijk oor alleen gelui-
den tot een bepaalde maximale frequentie waarnemen en elk fysisch meetinstru-
ment heeft soortgelijke beperkingen. Meetkundig gezien komen dergelijke gedeel-
telijke spectrale gegevens overeen met vervormingen van het onderliggende lichaam,
wat bijvoorbeeld te zien is aan veranderingen in de bovengenoemde afstandsfunctie
(Figuur A.2). De vraag rijst in hoeverre deze vervormde lichamen nog lijken op de
oorspronkelijke en in het bijzonder of het mogelijk is om de afstanden tussen kwan-
tumtoestanden bij benadering te berekenen aan de hand van gedeeltelijke spectrale
gegevens.

[Hoofdstuk 3|en[Hoofdstuk 4|zijn casestudy’s voor deze vraag. Daarin onderzoek
ik verschillende voorbeelden van geometrische objecten en kwantumsystemen (met
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bepaalde nuttige eigenschappen) waarvan zowel het volledige bijbehorende spec-
trum als de werkelijke afstandsfunctie bekend zijn. Ik bekijk eerst het voorbeeld van
een vlakke torus. Een torus is het oppervlak van een donut (Figuur A.1), maar je kunt
je een vilakke torus het beste voorstellen als volgt verkregen uit een vel papier: lijm
twee tegenoverliggende zijden aan elkaar om een cilinder te verkrijgen. Als je nu
de twee tegenoverliggende cirkelvormige einden van de cilinder aan elkaar plakt,
krijg je een torus. (In 3D kan dit alleen worden gedaan door het papier te kreuken,
maar een platte torus kan zonder vervorming in 4D worden ingebed en is dan -
net als het vel papier - inderdaad vlak.) Het snijpunt van de paarse, rode en oranje
lijnen in [Figuur A.1lkomt dan bijvoorbeeld overeen met een hoek van het horizon-
tale vierkant in (eigenlijk alle vier de hoeken, omdat ze aan elkaar zijn
geplakt). De functie die de afstand van dit punt tot elk ander punt op het vlakke
torusoppervlak aangeeft, is aan de rechterkant van [Figuur A.2Juitgezet. Aan de link-
erkant en in het midden van worden afstandsfuncties weergegeven die
zijn berekend op basis van een deel van de spectrale gegevens. In[Hoofdstuk 3|bewijs
ik dat deze afstandsfuncties steeds meer gaan lijken op de oorspronkelijke functie,
wat betekent dat de vervormde versies van de vlakke torus steeds meer gaan lijken op
de werkelijke vlakke torus, naarmate er meer spectrale gegevens in aanmerking wor-
den genomen. Verder laat ik in zien dat een soortgelijk resultaat geldt
voor een bepaalde klasse van kwantumsystemen, de zogenaamde compacte kwan-
tumgroepen.

Relatie tussen twee soorten compressies van kwantumsystemen

Als je maar een deel van de spectrale gegevens hebt, is dat net als een compressie
van een kwantumsysteem. In[Hoofdstuk 5|behandel ik twee soorten van zulke com-
pressies. De ene is te vergelijken met een wazige versie van een afbeelding, terwijl de
andere te vergelijken is met het negeren van hoge frequenties in een geluid. De on-
derliggende spectrale gegevens voor beide soorten compressies zijn hetzelfde, maar
de resulterende wiskundige structuren hebben verschillende eigenschappen. Door
een verband te leggen met een probleem dat sinds de jaren zestig een belangrijke rol
heeft gespeeld op veel gebieden van de wiskunde, breng ik deze structuren wiskundig
met elkaar in verbinding.






Zusammenfassung

Geometrie kann man auf viele verschiedene Arten untersuchen. Mathematiker:innen
erforschen beispielsweise Symmetrien, die Kriimmung von Oberflachen oder die An-
zahl an Lochern von Korpern. Ein weiteres grundlegendes geometrisches Konzept,
das eine wichtige Rolle in dieser Dissertation spielt, ist Abstand. Der Abstand zwis-
chen zwei Punkten auf einer gekriimmten Oberfliche etwa ist als die Lange des
kiirzesten Weges, der sie verbindet, definiert . Auf dem mathema-
tischen Gebiet der nichtkommutativen Geometrie geht es darum, Grundlagen fiir die
Analyse bestimmter Arten von geometrischen Raumen zu entwickeln, die man sich
zwar nur schwierig vorstellen kann, die aber natiirlicherweise z.B. bei dynamischen
Systemen, als singulare Rdume oder in der Quantenphysik vorkommen. Basierend
aufldeen aus dem Optimaltransport kann man einen Abstandsbegriff fiir solche nicht-
kommutativen Raume definieren. Um Abstiande konkret zu berechnen, werden Spek-
tren benutzt. Im folgenden erklare ich die Konzepte von Zustinden, des Abstands-
begriffs aus dem Optimaltransport und von Spektren. Danach erlautere ich eines der
Hauptthemen dieser Arbeit, bei dem es darum geht, Abstinde in der nichtkommu-
tativen Geometrie auf eine bestimmte Art zu approximieren.

Punkte wie z.B. die Position eines Schiffs auf dem Meer werden durch Koordi-
naten beschrieben. Auch die Geschwindigkeit des Schiffs und die Richtung, in die
es fahrt, kann man als Koordinaten auffassen und zusammen kann man sagen, dass
der Zustand des Schiffs zu einem festen Zeitpunkt durch diese Koordinaten - Posi-
tion, Geschwindigkeit und Richtung — beschrieben wird. Alle moglichen Zustiande
des Schiffs bilden dann den Zustandsraum, den man sich als geometrisches Objekt
vorstellen kann. In diesem Zustandsraum wird ein Weg zwischen zwei Zustdnden
dadurch beschrieben, wie sich die einzelnen Koordinaten — Position, Geschwindigkeit
und Richtung - von einem zu einem anderen Zustand veridndern. D.h. ein Weg im
Zustandsraum besteht aus einem Weg, den das Schiff fahrt, zusammen mit Vorgaben,
wie stark das Schiff auf diesem Weg beschleunigt oder abbremst und in welche Rich-
tung es lenkt. Ganz allgemein lassen sich Zustande eines klassischen physikalischen
Systems als durch Koordinaten beschriebene Punkte im zu diesem System gehorigen
Zustandsraum verstehen.

In der Quantenphysik sind die Dinge jedoch komplizierter. Der Zustand eines
Quantensystems (im folgenden Quantenzustand) kann nicht durch genaue Koordi-
naten angegeben werden, sondern ist eher wie eine Verteilung von Méglichkeiten,
die z.B. besagt, wie wahrscheinlich es ist, dass bestimmte Positionen, Geschwindigkeit-
en und Richtungen (eines Quantenteilchens) gemessen werden. Anders gesagt ist ein
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Quantenzustand wie eine Gewichtung moglicher Messergebnisse. Ein geeignetes
Bild, um einen Quantenzustand anschaulicher zu machen, ist eine Verteilung von
Sand (etwa der Gesamtmasse einer Tonne) auf einem Gebiet: Jeder Punkt auf diesem
Gebiet stellt ein mogliches Messergebnis dar und die iiber diesem Punkt liegende
Masse an Sand steht fiir die Wahrscheinlichkeit, dass dieses Ergebnis auch tatsach-
lich gemessen wird.

Im mathematischen Gebiet das Optimaltransports beschiftigt man sich unter an-
derem damit, wie eine Sandverteilung in eine andere Uiberfiihrt werden kann, wobei
die dabei entstehenden Transportkosten minimiert werden sollen. Die giinstigst-
moglichen Transportkosten von einer Sandverteilung zu einer anderen sind dann
ein Maf fiir den Abstand zwischen diesen. Analog dazu kann man sich den Abstand
zwischen zwei Quantenzustidnden im Zustandsraum eines Quantensystems als eine
Art Mindestkosten (wie Energie) vorstellen, um das zugrunde liegende System von
einem Zustand in den anderen zu uberfithren. Dieser Abstandsbegriff unterschei-
det sich vom klassischen Abstandsbegriff zwischen Punkten. Dennoch gibt er dem
Quantenzustandsraum geometrischen Gehalt.

Eine fundamentale Schwierigkeit in der Quantenphysik liegt darin, dass man
Zustande und damit auch deren Abstand nicht direkt messen kann. In der nichtkom-
mutativen Geometrie benutzt man stattdessen Spektren, um Abstinde zu messen.
Der Ton etwa, den ein Musikinstrument erzeugt, kann in Grundfrequenzen zer-
legt werden, d.h. ein Ton entspricht einem Klangspektrum. Spektren sind eng mit
Geometrie verbunden: Groflere Musikinstrumente erzeugen beispielsweise tiefere
Tone. Darauf aufbauend versucht man im mathematischen Gebiet der Spektralge-
ometrie so viele Informationen wie méglich tiber die zugrundeliegende Geometrie
eines Objekts aus seinen moglichen Eigenschwingungen zu gewinnen. Mark Kac
hat die dabei zentrale Frage auf den Punkt gebracht:

“Kann man die Form einer Trommel héren?”

In der nichtkommutativen Geometrie gibt es tatsichlich eine Formel, anhand der
man Abstinde aus Spektren errechnen kann und die sich zu einer Abstandsformel
fir Quantenzustinde verallgemeinern lasst.

Anniherung der Geometrie von flachen Tori und Quantengruppen durch
partielle Spektraldaten

In dieser Arbeit beschiftige ich mich mit dem Problem, dass in der Praxis mog-
licherweise nur ein Teil der Spektraldaten verfiigbar ist: Beispielsweise kann das
menschliche Ohr nur Téne bis zu einer gewissen maximalen Frequenz wahrnehmen
und dhnliche Einschrankungen hat jedes physikalische Messgerit. Geometrisch ent-
sprechen solche partiellen Spektraldaten Verformungen des zugrundeliegenden Kor-
pers, was man beispielsweise an Verdnderungen der oben genannten Abstandsfunk-
tion erkennen kann . Es stellt sich die Frage, wie dhnlich diese ver-
formten Korper noch dem urspriinglichen sind, und insbesondere, ob es moglich
ist die Abstédnde zwischen Quantenzustanden anhand partieller Spektraldaten nahe-
rungsweise zu berechnen.
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[Kapitel 3| und [Kapitel 4] sind Fallstudien dazu. Dabei schaue ich mir Beispiele
geometrischer Objekte und Quantensysteme (mit gewissen niitzlichen Eigenschaf-
ten) an, bei denen sowohl das zugehorige Spektrum als auch die tatsachliche Ab-
standsfunktion bekannt sind. Zunichst beschiftige ich mich mit dem Beispiel des
flachen Torus. Ein Torus ist die Oberfléche eines Donuts , aber einen
flachen Torus kann man sich wie folgt wie ein Blatt Papier vorstellen: Man klebt
zunichst zwei gegeniiberliegende Seiten zusammen, um einen Zylinder zu bekom-
men. Danach klebt man die gegeniiberliegenden kreisférmigen Enden zusammen
und erhilt einen Torus. (In 3D geht das nur, indem man das Blatt Papier zerknittert,
aber der flache Torus kann ohne Verformung in 4D eingebettet werden und ist dann —
genau wie das Blatt Papier — tatsiachlich flach.) Der Schnittpunkt der violetten, roten

und orangfarbenen Linie in [Abbildung A.1|beispielsweise entspricht dann der Ecke
des horizontalen Quadrats in[Abbildung A.2|(eigentlich allen vier Ecken zugleich, da

sie zusammengeklebt werden). Die Funktion, die den Abstand jedes Punktes auf dem
flachen Torus zu diesem Schnittpunkt angibt, ist rechts in[Abbildung A.2|dargestellt.
Links und in der Mitte in sind Abstandsfunktionen abgebildet, die
aus nur einem Teil der Spektraldaten errechnet wurden. In beweise ich,
dass diese Abstandsfunktionen der urspriinglichen Funktion immer dhnlicher wer-
den, dass die verformten Versionen des flachen Torus dem eigentlichen flachen Torus
also immer dhnlicher werden, je mehr Spektraldaten berticksichtigt werden. Dartiber
hinaus zeige ich in [Kapitel 4] dass ein dhnliches Ergebnis fiir eine bestimmte Klasse

von Quantensystemen, sogenannte kompakte Quantengruppen, gilt.

Beziehung von zwei Arten von Komprimierungen von Quantensystemen

Dass nur ein Teil der Spektraldaten verfiigbar ist, ist wie eine Komprimierung
eines Quantensystems. In beschiftige ich mich zwei Arten solcher Kom-
primierungen. Eine ist wie eine verschwommene Version eines Bildes, wihrend die
andere wie die Vernachldssigung hoher Frequenzen in einem Ton ist. Die zugrunde
liegenden Spektraldaten fiir beide Arten von Komprimierungen sind die gleichen,
aber die entstehenden mathematischen Strukturen haben unterschiedliche Eigen-
schaften. Uber eine Verbindung zu einem Problem, das in vielen Bereichen der Math-
ematik seit den sechziger Jahren eine wichtige Rolle spielt, setze ich diese Strukturen
mathematisch in Beziehung zueinander.
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