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Chapter 1

Introduction

1.1 From algebraic topology to higher category the-
ory

One of the central problems in topology is the classification of topological
spaces. As a full classification of topological spaces up to homeomorphism is
currently out of reach, one usually attempts to classify spaces up to a weaker
notion of equivalences, using invariants.

OO Ce

Stxst S2vs!

Figure 1.1: Examples of topological spaces.

For instance, the structure of paths between points in a space often encodes
significant information about the space. In particular, one of the simplest
topological invariants is the set of path-components, denoted 7, which can be
used to distinguish very basic spaces.

Example 1.1.1. One can prove that the disc D? and the real line R are
not homeomorphic, since the disc with a point removed is path-connected,
whereas the real line with a point removed has two path-components.

e

Figure 1.2: The disc D? and the line R.
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Chapter 1. Introduction

In many situations, invariants are most conveniently expressed in algebraic
terms. One of the most basic examples is the fundamental group, denoted
711, which encodes information about loops (based at a given point) up to
homotopy. Here a homotopy between two loops is a continuous deformation
from one to the other that is keeping the basepoint fixed.

Example 1.1.2. The fundamental group can be used to prove that the circle
S! and the sphere S? are not homeomorphic, since 7t;(S') ~ Z whereas 7t;(S?)
is trivial.

However, the set of path-components and the fundamental group do not
suffice to distinguish most spaces, and one is naturally led to consider higher-
dimensional invariants.

Example 1.1.3. The sphere S? and the point » are not homeomorphic, yet they
share the same invariants 7ty and 7.

These invariants admit a natural generalisation in the form of the homotopy
groups, which play a central role in classical homotopy theory. Using these
invariants, one obtains a notion of equivalences between topological spaces
that is weaker than homeomorphism.

Definition 1.1.4. A map f: X — Y is called a weak homotopy equivalence if for
every x € X, the induced homomorphism

Ttu(f5%): 70 (X, x) = 70, (Y, f (%))
is an isomorphism for all n > 0 (for n = 0, this is just a map of sets).

To study topological spaces up to weak homotopy equivalences, one con-
siders the homotopy category Ho(Top), obtained by formally inverting weak
homotopy equivalences in the category Top of topological spaces. Although
such localisations do not generally admit an explicit description, the category
Top carries a model structure in the sense of Quillen whose weak equivalences
are precisely the weak homotopy equivalences. In particular, the homotopy
category can be described as the category whose objects are CW-complexes
and whose morphisms are homotopy classes of continuous maps.

In order to classify topological spaces up to weak homotopy equivalence,
also called homotopy types, one may begin by studying n-homotopy types.

Definition 1.1.5. A topological space X in Ho(Top) is called an n-homotopy
type if for all k > n+1 and all x € X, the group 7 (X, x) is trivial.

Denoting by Ho(Top), the full subcategory of Ho(Top) spanned by #n-
homotopy types, one can show that 0-types are classified by sets, as the
functor

119 Ho(Top)y — Set

is an equivalence. For 1-homotopy types, one considers instead the funda-
mental groupoid I11(X), which encodes not only loops based at a point, as in
711, but also homotopy classes of paths between arbitrary points of X. One
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1.2. Homotopical and higher algebra

then proves that the fundamental groupoid functor induces an equivalence
between Ho(Top); and the category of groupoids and isomorphism classes of
functors between them.

Motivated by the observation that 1-types can be modelled by groupoids,
Grothendieck proposed, in a letter to Quillen, to base homotopy theory on a
category of co-groupoids whose homotopy category would recover all homotopy
types, see [Gro83] for more details. In this framework, n-homotopy types
would correspond to n-groupoids. Although still unproven in the precise form
stated by Grothendieck, this idea, known as the homotopy hypothesis, strongly
influenced the development of higher category theory.

Inspired by this perspective, Joyal [Joy08] and Lurie [Lur09] developed
a theory of co-categories based on the notion of quasi-categories, introduced
earlier by Boardman and Vogt [BV73]. In this setting, Kan complexes play the
role of co-groupoids that are known, by a theorem of Kan [Hov99, Theorem
3.6.7], to model homotopy types. One important feature of this theory is that
the localisation of a category C at a class of maps W can be naturally enhanced
into an co-category C [W‘ll. In particular, Ho(Top) can be upgraded into an
oo-category as follows.

Definition 1.1.6. The localisation of Top at the class of weak homotopy equiv-
alences W yields the co-category of co-groupoids, denoted by & := Top [W‘l].

The co-category & plays a central role in higher category theory, analogous
to the role of the category of sets in classical category theory.

Other models for co-categories have been developed and shown to be equiv-
alent, including simplicial categories, Segal categories, and complete Segal
spaces [Ber07a, Ber07b, Rez01, JT07]. Today, the theory of co-categories plays
a central role in homotopy theory, where it is widely regarded as providing its
conceptual foundations.

1.2 Homotopical and higher algebra

Given a space X, one may consider equipping it with various types of algebraic
structures. Such a structure is typically specified by a collection of operations
satisfying certain relations. However, when one wishes to study homotopical
algebraic structures, the situation becomes more subtle, as relations are no
longer expressed by strict equalities but are instead replaced by specified
homotopies.

Example 1.2.1. An associative algebra structure (without a unit) on a space X
consists of an operation

X: XxX—->X

satisfying the associativity relation
xx(yxz)=(xxy)xz

13



Chapter 1. Introduction

for all x,y,z € X. In the homotopical setting, this equality is replaced by the
choice of a homotopy, which in particular provides a path

Oxy,z: xXx(yxz)—>(xxy)xz

for all x,v,z € X. Moreover, higher homotopies must be specified to ensure
coherence between the chosen homotopies. In particular, part of the structure
consists of a homotopy filling the disc whose boundary is the loop obtained by
concatenating the paths appearing in the following diagram.

(xxy)xz)xw
a,(,yy Ww
(xx(yxz))xw (xxy)x(zxw)

Ax,yxz,w Ax,p,zxw

xx((yxz)xw) xx(yx(zxw))

idexay,z

Similar higher homotopies must be provided, which can be organised and
described in terms of Stasheff polytopes [Sta63].

Because of the complexity of these higher homotopical coherence con-
ditions, giving an explicit description of homotopical algebraic structures
typically requires a large amount of data. To address this issue, May intro-
duced in [May72] the notion of operads. His original motivation was the study
of infinite loop spaces, which carry the structure of a homotopy associative
and commutative algebra, also known as an E,-algebra.

Roughly speaking, a (topological) operad O consists of a space O,, for each
n > 0, equipped with an action of the symmetric group X,, together with
composition maps

0: Oy x Oy X+ x O — O 1.,

and a unit element 15 € Oy, satisfying associativity, unitality, and equivariance
conditions. The space O, may be thought of as parametrizing formal opera-
tions of arity n. Given an operad O, one defines the notion of an O-algebra as a
space X such that to every operation u € O, one assigns, in a continuous and
compatible way, an operation

ux: X" - X,
in a manner that respects the operadic composition.

Example 1.2.2. The topological operad Com is defined by Com,, = {+} for all n
and encodes strictly commutative and associative algebras. Its homotopical
analogue is given by E,-operads. An E-operad is an operad O such that each
space O,, is contractible and carries a free X,,-action. The freeness condition
is a technical requirement that allows one to model commutativity up to
coherent homotopy rather than strictly.

14



1.3. Equivariant homotopy theory via parametrized co-categories

The theory of topological operads admits generalisations to other cate-
gories, such as simplicial sets, which also model homotopy types. Another
important extension is the theory of coloured operads introduced by Boardman
and Vogt in [BV73]. While a classical operad encodes operations on a single
object, a coloured operad allows one to describe operations involving several
objects simultaneously.

Example 1.2.3. A commutative ring with a module can be encoded as an
algebra over a two-coloured operad, with one colour for the ring and one for
the module.

Topological or simplicial (coloured) operads are themselves homotopical
objects and can therefore be studied using homotopical methods. In particu-
lar, one can define a suitable notion of weak equivalences between operads
and thereby obtain an co-category co-Op of co-operads. As in the case of co-
categories, several models for this theory have been developed, including
dendroidal sets [CM11], dendroidal spaces [CM13a], and co-operads [Lurl7].
These approaches provide different perspectives on the theory and have been
compared, see for instance [Bar18], [CM13b, CM13a], and [CHH18].

The theory of co-operads lies at the foundations of higher algebra [Lurl7].
Moreover, classical homotopical algebra formalised with topological operads
can be compared to algebras over the associated co-operads [PS18a, Proposi-
tion 7.11]. This includes in particular the theory of E , -algebras.

1.3 Equivariant homotopy theory via parametrized
co-categories

Let G be a finite group. Consider the category Top® of topological spaces
equipped with a G-action and continuous maps that preserve the G-action
(called equivariant maps). The notion of homotopies between continuous maps
admits a natural equivariant generalisation in the form of G-homotopies, de-
fined as deformations of equivariant continuous maps. This leads in particular
to the notion of G-homotopy equivalences. One may also consider G-CW-
complexes, that is, CW-complexes equipped with a G-action acting by cellular
maps and such that G acts trivially on each individual cell. As in the non-
equivariant setting, the class of G-CW-complexes contains many interesting
G-spaces, including, for instance, G-manifolds [I1173, Theorem 2.1]. Moreover,
Whitehead’s Theorem admits the following equivariant generalisation.

Theorem 1.3.1 ([Mat71]). A G-map f: X — Y between G-CW-complexes is a
G-homotopy equivalence if and only if, for every subgroup H C G, the induced map
on fixed points

x5 yH

is a weak equivalence.

This result motivates the following definition.

15



Chapter 1. Introduction

Definition 1.3.2. A G-map f: X — Y in Top© is called a G-weak homotopy
equivalence if, for every subgroup H C G, the map

A x>yt
is a weak homotopy equivalence.

Example 1.3.3. A G-map f: X — Y that is a classical weak equivalence need
not be a G-weak equivalence. For instance, the infinite-dimensional sphere S*
is contractible, but it admits a free C,-action. As a consequence, the unique
equivariant map S® — = is a weak equivalence of the underlying spaces, but
not a C,-weak equivalence, as (5°)¢2 = ) and **2 = »,

The category of G-spaces admits a model structure in the sense of Quillen
whose class of weak equivalences is precisely the class of G-weak homotopy
equivalences, denoted Wg. The resulting co-category

8¢ = TopG[Wél]

may be described as the co-category of G-CW-complexes, G-equivariant maps,
and G-homotopies. The co-category 8, which may be viewed as the co-
category of equivariant co-groupoids, admits a second important characterisa-
tion.

Denote by O the orbit category of G, that is, the full subcategory of finite
G-sets and equivariant maps spanned by transitive G-sets. Given a topological
space X equipped with a continuous G-action, one obtains a functor

P(X): Og°P — Top

which sends an orbit G/H to the fixed-point space X, The functoriality is
induced by inclusions and conjugation maps between fixed-point subspaces.
This construction yields an equivalence of co-categories.

Theorem 1.3.4 (Elmendorf). The functor
¢: Top® — Fun(Os°P, Top)
induces an equivalence of co-categories
8¢ = Fun(0c°P, §).

Elmendorf’s theorem (originally proven at the level of homotopy categories
[Elm83]) plays a central role in equivariant homotopy theory, as it provides a
categorical interpretation of equivariant spaces. While topological spaces may
be regarded as co-groupoids, equivariant topological spaces can be described
as presheaves of co-groupoids on the orbit category Og. In particular, the
oo-category of equivariant spaces is an co-topos in the sense of Lurie [Lur09].

This perspective offers several possible formalisms for a theory of G-oo-
categories, including the theory of parametrized co-categories developed by
Barwick, Dotto, Glasman, Nardin, and Shah [BDG"16], the theory of internal

16



1.4. Equivariant and parametrized algebra

oo-categories of Martini and Wolf [Mar22a, Mar22b, MW24], and the theory
of formal categories via co-equipments of Ruit [Rui25, Rui24]. In each of these
approaches, the orbit category Og plays a fundamental role, effectively replac-
ing the group G itself. This correspondence between equivariant homotopy
theory and parametrized categorical structures naturally leads to the following
question.

Question 1.3.5. Given a homotopical theory based on equivariant objects,
is it possible to construct a purely categorical avatar of this theory in the
parametrized setting ?

In this thesis, we provide partial answers to this question for several
theories related to equivariant operads and their algebras.

1.4 Equivariant and parametrized algebra

One of the core ideas of equivariant commutative algebra is that combining
commutative algebra with equivariance naturally leads to additional struc-
tures, called transfers. Consider, for instance, a commutative monoid (X, +)
equipped with a G-action compatible with its monoid structure. For every
subgroup H C G, one may form the fixed-point set X!, which inherits the
structure of a commutative monoid. Moreover, the restriction maps between
these fixed-point sets are monoid homomorphisms.

Given two subgroups K € H of G, one also obtains a monoid map
TrII_([: XK — XH called the transfer, defined by

Trg(x):hl X+ ik X

where hy,..., hjg.x] are representatives of the cosets in H/K. The data of
these commutative monoids of fixed points, together with the restriction,
conjugation and transfer maps, assemble into a Mackey functor, as introduced
by Dress in [Dre71] in the case of abelian groups.

Example 1.4.1. For G = C,, we unpack the structure of a C,-Mackey functor
M. It consists of two abelian groups M(C,/C,) and M(C,/e) together with
a restriction map, a transfer map, and a Cp—action on M(Cp/e) given by con-
jugation maps. The composition ResoTr is given by a Mackey formula, see
[Lew88]. This structure can be represented by a Lewis diagram.

M(C,/C,p)

Tr \ERes

M(C,/e)
J

Conj

The existence of these transfers relies on the strict commutativity of the
multiplication on X. If instead X were a space equipped only with an E,-
structure, such transfers would no longer exist in general. This observation

17



Chapter 1. Introduction

suggests one of the guiding principles of equivariant homotopical algebra:
transfers should be regarded as additional structures.

As discussed above, equivariant homotopy theory admits two complemen-
tary points of view: that of equivariant topology and that of parametrized
oco-categories. Each of these perspectives gives rise to a theory of equivariant
operads and algebras centred around the notion of transfers.

From the viewpoint of equivariant topology, one starts with the classi-
cal theory of simplicial (or topological) operads equipped with a G-action.
Within this framework, Blumberg and Hill introduced in [BH15] the notion
of N,-operads, which generalise May’s E,-operads to the equivariant setting.
Unlike the classical case, the homotopy category of N,-operads is no longer
contractible, but instead forms a poset. This poset can be described in terms
of G-transfer systems, as defined in [BBR21] and [Rub19] (independently), by
work of Bonventre and Pereira [BP21] and Rubin [Rub21].

Intuitively, an N,-operad encodes a classical E,-structure together with a
compatible collection of transfers. The G-transfer system associated with an
N,-operad O records precisely the inclusions of subgroups of G for which O
encodes the corresponding transfers. The combinatorics of these G-transfer
systems is intricate and difficult to compute explicitly for a given group. Their
study has become an active area of research in recent years, as illustrated
for instance by work of Balchin, Barnes, and Roitzheim [BBR21], or Balchin,
MacBrough, and Ormsby [BMO25].

While all N,-operads are equivalent in the naive homotopy theory of G-
operads, that is, the homotopy theory of operads [BM03] applied to equivariant
spaces, they can be distinguished in the homotopy theory of G-simplicial
operads associated with graph weak equivalences, as defined by Blumberg and
Hill in [BH15]. Moreover, Bonventre and Pereira showed that these graph
weak equivalences are part of a model structure on the category of G-simplicial
operads [BP22c].

The perspective of G-simplicial (or topological) operads and N,-operads
thus provides a framework for equivariant operads and algebras that is well
suited for constructing explicit models, due to its close connection with topol-
ogy. However, this approach does not provide foundational tools for equivari-
ant homotopical algebra, as it is not formulated in a fully categorical language.
To obtain such foundations, one needs a theory of parametrized higher algebra.

As emphasised above, transfers are expected to play a central role in any
satisfactory theory of equivariant higher algebra. In particular, such a theory
should be based on suitable notions of higher Mackey functors. This idea
first appeared in work of Guillou and May [GM24], where they showed that
the model category of genuine G-spectra can be related to spectrally enriched
Mackey functors via a zig-zag of Quillen equivalences. Motivated by this
result, Barwick developed in [Bar17] the theory of higher categories of spans,
which provides a general framework for various notions of higher Mackey
functors, including spectral Mackey functors. Building on Barwick’s work and
the formalism of parametrized co-categories, Nardin introduced in [Nar16]
notions of equivariant semi-additivity, additivity, and stability, for which
different categories of Mackey functors arise as universal theories. He also

18



1.5. Overview and results

gave an alternative description of the universal semi-additive theory in terms
of parametrized E,-algebras, extending the co-categorical theory of E_,-algebras
to the parametrized setting.

The notion of parametrized semi-additivity was later generalised to 7 -
parametrized semi-additivity for any G-transfer system 7 by Cnossen, Linskens,
and Lenz in [CLL25b]. In the same work, they described the corresponding
universal theory in terms of 7 -parametrized E,-algebras. Subsequently, in
[CLL25c¢], they showed that 7 -parametrized E,-algebras can also be described
in terms of 7 -incomplete Mackey functors, namely Mackey functors admitting
only those transfers encoded by the G-transfer system 7. This theory of
incomplete parametrized E -algebras also admits an operadic formulation.
In [NS22], Nardin and Shah introduced the notion of parametrized operads,
and Stewart studied incomplete parametrized E,-algebras from this operadic
perspective in [Ste25b, Ste25c]. These developments lead to the following
question, which is a particular case of Question 1.3.5 and serves as a guiding
theme for this thesis.

Question 1.4.2. How can equivariant homotopical algebra and parametrized
higher algebra be unified?

Some results in the literature already suggest possible approaches, such as
the work of Bonventre [Bon19], which constructs functors between different
categories of operads and their associated categories of algebras. However,
these functors do not yet admit a homotopical interpretation.

1.5 Overview and results

In this thesis, we propose to investigate Question 1.4.2, provide partial an-
swers, and develop ideas and constructions toward a complete answer. In
Chapter 2, we compare N, -algebras with higher Mackey functors, thus an-
swering Question 1.4.2 in the case of commutative algebra. In Chapter 3,
we generalise some results of [BM03] and [PS18a] to the equivariant setting.
The results of Chapter 3 are used for N, -operads in Chapter 2 in order to
prove the main theorem. In Chapter 4, we develop a homotopy theory of
generalised simplicial operads which, in particular, provides a homotopy theory
of simplicial parametrized operads. In Chapter 5, we outline a program that
aims at answering Question 1.4.2 in the case of operads by using the tools we
developed in Chapter 4.

1.5.1 A higher Mackey functor description of algebras over
an N -operad

The goal of this first chapter is to compare N,-algebras with incomplete higher
Mackey functors, thereby providing a complete answer to Question 1.4.2 in
the case of commutative algebra. More precisely, we prove the following
theorem.

19



Chapter 1. Introduction

Theorem 1.A (Theorem 2.4.37). For every group G and every G-transfer system
T, let E7 denote Rubin’s N,-operad associated with T [Rub21]. The co-category
Alg._ obtained from AlggT(sSetG) by inverting G-weak homotopy equivalences
is equivalent to the co-category of T -incomplete Mackey functors with values in
spaces.

Rubin’s Ny,-operad &7 is obtained as the nerve of an operad SM7y in the
category Cat® of G-objects in categories. Algebras over SMy in Cat® can
be described as 7T -normed symmetric monoidal categories [Rub20]. We first
construct a functor from the category of 7 -incomplete spans A(Og, O7) to the
2-category ZSMStg of 7 -normed symmetric monoidal categories, using the
Beck—Chevalley condition. By composing this functor with the core functor, we
obtain a fully faithful functor

.A(OG, OT) 4 AlggT

which sends a finite G-set T to the free £7-algebra on T. We conclude by
showing, using the results of Chapter 3, that the left Kan extension of this
functor along the Yoneda embedding

A(Og, 01) > Funy (A(Og, 01)P,8)

is an equivalence of co-categories.

1.5.2 On sifted homotopy colimits of algebras over an N_,-
operad

In Chapter 3, we establish a key technical result concerning sifted homotopy
colimits of algebras over an N,-operad O. Unlike E,-operads, N,,-operads
are not X-cofibrant in the sense of [BM03]. This presents a difficulty, as many
results concerning E.,-operads and their algebras rely on this property, for
example [BM03, Proposition 5.7]. In Chapter 3, we seek a generalisation of
the following proposition that applies to N,-operads.

Proposition 1.5.1 ([PS18a, Proposition 7.9]). For every X-cofibrant operad O in
sSetC, that is such that the morphism of collections I — O given by the identity of

O is a cofibration in Coll (sSetG)for the projective model structure, the forgetful
functor
U: Algo(sSetG) — sSet®

preserves sifted homotopy colimits.
This result makes essential use of the following proposition.

Proposition 1.5.2 ([BMO03, Corollary 5.5]). For every category I with finite
coproducts and every Y-cofibrant operad O in sSet®, the forgetful functor

U: Fun(I, Alg, (sSetG)) ~ Alg, (Fun(l,sSet)G) — Fun(I,sSetG)
preserves cofibrant objects.
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However, as we show in Section 3.2, this result does not hold for N,-
operads.

Theorem 1.B (Proposition 3.2.3). Let O be an N,-operad for C, with a complete
transfer system. The forgetful functor

U: Alg, (Fun(Fin, sSet)Cz) — Fun(Fin, sSet)*2

does not preserve cofibrant objects, where Fin denotes the category of finite sets.

Although N,-operads are not X-cofibrant, their symmetric group actions
are always free by definition. This motivates the following notion, which
serves as a replacement for X-cofibrancy.

Definition 1.5.3. An operad O in sSet" is graph cofibrant if, for every n > 0,
the ¥,-action on O, is free.

To address the failure exhibited in Theorem 1.B, we prove in Chapter 3 the
following result.

Theorem 1.C (Proposition 3.3.19). For every graph cofibrant operad O in sSet®
and every subgroup H of G, the fixed-point functor

(—)H: Alg, (Fun([,sSetG)) — Fun (I, sSet),

defined as the composite

Alg,, (Fun (I, sSet© )) L Fun (I, sSetG) (_—)>H Fun(I, sSet),

preserves cofibrant objects.
This result implies the following theorem.

Theorem 1.D (Corollary 3.3.21). For every graph cofibrant operad O in sSet®
and every subgroup H of G, the H-fixed-point functor

(—)H: AlgO(SSetG) — sSet
preserves sifted homotopy colimits.

Finally, using ElImendorf’s Theorem, Theorem 1.D immediately implies
the following result.

Theorem 1.E (Corollary 3.3.22). For every Ny,-operad O, if Alg, denotes the co-
category obtained from Alg, (sSetG) by inverting G-weak homotopy equivalences,
then the forgetful functor

U: Alg, — 8¢

preserves sifted colimits.
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1.5.3 Homotopy theory of simplicial parametrized operads

After comparing N, -algebras with their parametrized analogues in Chapter
2, one may ask how to generalise this comparison to other types of algebras.
Since algebras are defined as morphisms of operads, it is natural to begin by
establishing such comparisons at the level of equivariant operads themselves.
In Chapter 3, we develop a general framework for studying the homotopy
theory of various notions of operads. In particular, this formalism is designed
to compare different models for equivariant operads.

Classically, the structure of an operad is intrinsically based on symmet-
ric groups. Motivated by this observation, we introduce the notion of F-
multicategories (where F is the finite coproducts completion functor), which are
intended to replace symmetric groups and thereby yield a generalisation of
classical operads.

Definition 1.5.4. An F-multicategory IM consists of the following data:

1. a small category M, of objects and a small category IM; of multimor-
phisms;

2. a composition functor ©: IM; xgp, FIM; — IM; together with an identity
functor 1: My — My;

such that the composition functor is associative and unital with respect to the
identity functor.

Every F-multicategory IM gives rise to a corresponding notion of simplicial
M-operads.

Definition 1.5.5. A simplicial M-operad O consists of the following data:
1. an M-collection O, given by a functor O: IM;°P — sSet;

2. a composition map

0: O(f) xO(f1) x---x O(fy) = O(f O (f1,...s fu)
for all composable multimorphisms (f,(fi,..., f,)) in My xgp, FIM;
3. an identity element 1y in O(1y), for every object X in IM;

such that the composition maps and identity elements are natural and satisfy
associativity and unitality conditions.

Under suitable assumptions on M, one can show that the category of
simplicial M-operads is the category of algebras in the monoidal category of
M-collections

Collpy(sSet) := Fun(IM; °P, sSet),

endowed with a composition product opy.

Theorem 1.F (Corollary 4.3.20). For every F-multicategory IM that is target right
fibrant in the sense of Definition 4.3.16, the category Collp(sSet) of M-collections
in sSet is endowed with the structure of a monoidal category for which the category
of algebras is precisely the category of simplicial IM-operads.
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Using this generalised composition product, together with the fact that
Collps(sSet) admits a projective model structure, we prove the following result.

Theorem 1.G (Theorem 4.4.1). For every target right fibrant F-multicategory IM,
the category sOpy admits a model structure that is right lifted from Collps(sSet)
along the free—forgetful adjunction

Fpp: Collpy(sSet) 2 sOppy: Ut

One main feature of our notion of generalised operads is that it provides
a convenient way to encode coloured operads. For every IM-set of colours A
(in the sense of Definition 4.2.18), A-coloured operads are by definition IM4-
operads for a certain F-multicategory IM4. Using this description of coloured
M-operads, we prove the following theorem.

Theorem 1.H. (Theorem 4.4.28) For every F-multicategory IM that is target right
fibrant, the category of simplicial coloured IM-operads admits a model structure for
which the weak equivalences are the fully faithful essentially surjective morphisms
and for which the fibrations are the isofibrations (See Definition 4.4.11 for all the
terminology used here).

We can specialise this theorem to obtain a model structure on the simplicial
parametrized operads of Nardin and Shah.

Theorem 1.1. (Example 4.4.29) For every category O and every orbital subcategory
T of O, the category sOp(Cgl’T) of simplicial coloured (O, T)-parametrized operads
admits a model structure for which the weak equivalences are the fully faithful
essentially surjective morphisms and for which the fibrations are the isofibrations

(respectively defined in Definition 4.4.11).

1.5.4 A program to compare all models for equivariant oper-
ads

In this Chapter 5, we outline a program aimed at applying the techniques
developed in Chapter 4 to address Question 1.4.2 in the context of equivariant
operads. In Section 5.1, we explain how one might expect to establish an
operadic Elmendorf theorem comparing simplicial parametrized operads with
equivariant simplicial operads. The Section 5.2 is devoted to the definition
of the notion of complete IM-Segal spaces. In particular, we conjecture the
existence of an equivalence between complete IM-Segal spaces and simplicial
coloured M-operads, and we explain how such an equivalence would provide
a definitive answer to Question 1.4.2 in the operadic case.

1.6 Notations and conventions
We fix three Grothendieck universes U € V € W that contain the first infinite

ordinal. A set is small if it is contained in U and large if it is contained in
W. We will also use an analogous naming convention for categories. In what
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follows, we denote by Set the category of small sets, by sSet the category of
small simplicial sets, by Cat the category of small categories, and by Cat the
large category of categories. For every closed symmetric monoidal category C,
we denote by Op(C) the category of operads in C. If O is an operad in C, then
we denote by O, its n-th level, that is the associated object of C*». Until the
end of this thesis, by co-category we mean quasi-category and we denote by 8
the co-category of spaces.

Throughout this thesis, G is a finite group and for every category C, we
denote by CC the category of G-objects in C. A G-category is an internal cat-
egory in Set® or, equivalently, a G-object in the category of small categories.
If C and D are G-categories, then we denote by Fung(C, D) the category of
G-functors and G-natural transformations between C and D and by Fun(C, D)
the G-category of non-equivariant functors and non-equivariant natural trans-
formations. We denote by Cat® the 2-category of small G-categories and by
8C the co-category of equivariant spaces Fun(0s°P, ).

As we discussed previously, the co-category of N,,-operads is equivalent to
the poset of G-transfer systems [BH15, BBR21, Rub21, BP21]. This poset also
admits a description in terms of G-indexing systems. Throughout this thesis,
depending on the context, we will use the terminology of G-indexing systems
or G-transfer systems.

1.7 Structure of the thesis

This thesis contains 4 chapters. The two main chapters, Chapter 2 and Chapter
4, are independent and are based, respectively, on the preprints [Mar24] and
[Mar25]. The Chapter 2 depends on Chapter 3, which is a technical chapter.
The Chapter 5 is a further directions chapter that depends only on Chapter 4.

Introduction
Chapter 3 Chapter 4
Chapter 2 Chapter 5

Figure 1.3: Dependence of the chapters.
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Chapter 2

A higher Mackey functor
description of algebras over
an N_-operad

This chapter is based on the preprint [Mar24].

2.1 Introduction

Let G be a finite group and consider a set X endowed with an action of G. For
every subgroup H of G, we can consider the set of H-fixed elements of X

XH ={xeX|h-x=xforall heH).

For every pair of subgroups K < H of G and every element g of G, there is a
restriction map Res¥ : X < XX (the inclusion of H-fixed elements in K-fixed

elements) and a conjugation map c, : XH — X$HS™" that sends x to g-x. These
data assemble into a presheaf Fy : 0% — Set over the category of transitive G-
equivariant sets O that sends the coset G/H to the set X*. This construction
forms a fully faithful functor F(_): Set® — Fun(O°P,Set) that is, in general,
not an equivalence of categories. However, if X is a topological space, then,
up to weak homotopy equivalence, every topological presheaf P : O5°P — Top
has the form Fy for some G-equivariant topological space X. Moreover, for the
right homotopy theory on G-equivariant spaces, Elmendorf’s Theorem [EIm83]
states that this functor is an equivalence of homotopy theories. Elmendorf’s
Theorem can be considered to be one of the cornerstones of equivariant homo-
topy theory as it brings upon it categorical features, either with the theory of
parametrized co-categories developed by Barwick, Dotto, Glasman, Nardin, and
Shah [BDG*16, Shal7], or with the more general theory of categories internal
in an co-topos of Martini and Wolf [Mar22b, MW 24, Mar22a].

Suppose now that X is a commutative monoid with a G-action compatible
with its monoid structure. The presheaf provided by the previous construction
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comes with an extra structure given by the monoid law. For every pair of
subgroups K < H of G, there is a transfer map Trg : XK — XH defined by

Trl (x) = Iy X+t gk x

where hy,..., h[H:K] are representatives of cosets in H/K. These transfers, along
with the previous structure of restriction and conjugation maps, assemble into
a Mackey functor (with value in the category of sets) as defined by Dress in
[Dre71]. A Mackey functor My : AG°P — Set is a presheaf over the Burnside
category Ag that preserves finite products. The Burnside category A is the
category whose objects are finite G-equivariant sets and whose morphisms
are isomorphism classes of spans between these G-equivariant finite sets.
Mackey functors play an important role in representation theory, equivariant
homotopy theory, and they have many applications, for example in group
cohomology and in the decomposition of classifying spaces with the work of
Webb [Web93]. The construction of a Mackey functor from a commutative
monoid with a compatible G-action provides a fully faithful functor M_,:

CMon® — Fun,(Ag°P,Set) that is again not an equivalence of categories in
general. One might now be interested in promoting this construction to an
equivalence of homotopy theories, in analogy with Elmendorf’s Theorem
mentioned above.

However, unlike classical algebra, in homotopy theory, commutativity is
not a property, but a structure. Given a topological space X with an associative
and unitary operation p : X x X — X, X is considered as being homotopy
commutative if there exists a homotopy H as depicted in the following diagram

XxX
B
twist| H X
7
XxX

and if higher coherences are satisfied (requiring the data of higher homotopies).
The data of these homotopies are part of the commutative structure of X and
can be encoded with May’s theory of E.,-operads [May72]. An E-operad is
a topological operad O such that O, is contractible and has a free ¥,-action.
This theory of “commutativity up to homotopy” is crucial in topology, as
most spaces with a multiplication, such as infinite loop spaces, are not strictly
commutative.

If X is a topological space with a G-action and a compatible structure of
E,-algebra (meaning that X is an algebra over an E.,-operad O and that all the
corresponding operations and homotopies between them are G-equivariant),
then one can still consider the topological presheaf Fy : O5°P — Top associated
with X but the transfers do not exist anymore, as the operation y of X is only
commutative up to homotopy. To solve this issue, E,-operads can be upgraded
into an equivariant analogue, the N,-operads introduced by Blumberg and
Hill in [BH15]. In addition to the classical operations of an E,-algebra, an N,-
operad encodes norms that can be thought of as equivariantly twisted versions
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of these operations. Unlike the non-equivariant setting, not all N, -operads
are equivalent, and the homotopy category of N -operads is equivalent to
the poset of the so-called G-indexing systems, by the work of Blumberg and
Hill [BH15], Rubin [Rub21], and Bonventre and Pereira [BP21]. A G-indexing
system Z is a collection, for every subgroup H of G, of finite H-equivariant
sets satisfying relations of compatibility, as described in [BH15]. If 7 is a
G-indexing system, then every finite H-equivariant set T that belongs to 7
encodes an operation that is, roughly speaking, “T-equivariant”.

Suppose now that X is an algebra over an N -operad O associated with
a G-indexing system Z. If K < H are subgroups of G such that H/K belongs
to Z, then we may construct a transfer map Trg : XK 5 XH. However, the
construction of Trf requires the choice of an H/K-equivariant operation on
X, that is only unique up to homotopy. The homotopy groups of X thus
give rise to Z-incomplete Mackey functors, defined in terms of an incomplete
version of the Burnside category Az, as studied by Blumberg and Hill in
[BH18]. This structure cannot be naively promoted to the space X itself, as the
transfers depend on the choice of homotopies. To take these homotopies into
account, the Z-Burnside category A7 can be upgraded into a (2, 1)-category, the
I-effective Burnside category Az, remembering isomorphisms between spans.
The (2,1)-category Az leads also to a notion of higher Z-incomplete Mackey
functors (with value in the co-category of spaces) defined as presheaves (of
spaces) over A7 that preserve finite products. In this chapter, we construct
an equivalence between the co-category of (higher) Z-incomplete Mackey
functors and the co-category of algebras in G-topological spaces over an N,-
operad O associated with Z. More precisely, the main result of this chapter is
the following theorem.

Theorem 2.A. (Theorem 2.4.37) Let G be a finite group, let Z be a G-indexing
system and denote by E; Rubin’s N,-operad associated with I. The co-category
obtained from AlgEI(TopG) by inverting G-weak homotopy equivalences (i.e.,
continuous G-equivariant maps f : X — Y such that, for every subgroup H of G,
FH X" — YH is a weak homotopy equivalence) is equivalent to the co-category of
I-incomplete Mackey functors Macky = Fun, (A7°P,8) where 8 is the co-category
of spaces and Az is the incomplete (2, 1)-category of spans of finite G-equivariant
sets associated with I.

2.1.1 General motivations and related work

Our main motivation for Theorem 2.A is to compare the theory of N, -algebras
with the theory of parametrized T-semi-additivity as developed by Cnossen,
Lenz, and Linskens in [CLL25b], which generalises the work of Nardin in
[Nar16] and [Narl7]. As we already mentioned, one important feature of
Elmendorf’s Theorem is that the theory of parametrized co-categories gives a
categorical framework for equivariant homotopy theory through the notion
of G-oco-categories (here we mean Og-parametrized co-categories). This has
been motivated by Guillou and May’s [GM24, Theorem 1.14], which describes
genuine equivariant spectra in terms of spectral Mackey functors. The main
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theorem of the present chapter can be thought of as an unstable version of
Guillou and May’s Theorem. The poset of G-indexing systems or, equivalently,
the poset of N -operads is equivalent to the poset of orbital subcategories
of Og in the sense of [CLL25b] and it follows that every G-indexing system
T corresponds to an associated orbital subcategory T of Og. Every orbital
subcategory T of O comes with an associated notion of J-semi-additivity
and it has been shown, first by Nardin in [Nar16, Theorem 6.5] and [Narl7,
Theorem 2.32] in the genuine case (that is for the maximal G-indexing system),
and more recently by Cnossen, Lenz, and Linskens in the general case [CLL25a,
Corollary 9.14], that the G-oco-category of Z-incomplete Mackey functors is the
universal T-semi-additive G-co-category over equivariant spaces. One of the
consequences of Theorem 2.A should be that the G-oco-category of O-algebras
for an N, -operad O associated with a G-indexing system I is the universal
T-semi-additive G-oo-category over equivariant spaces where 7 is the orbital
subcategory of O that corresponds to Z.

The strategy of proof that we adopt to show Theorem 2.A is similar to
the techniques used in [Len25]. Note that it should be possible to establish a
formal comparison between O-algebras for an N, -operad O and incomplete
Mackey functors using the theory of parametrized operads [NS22] by showing,
for every graph X-cofibrant simplicial G-operad O (in the sense of Definition
3.3.1), that the nerve functor N(Algo (SSetG)) — AlgN®(O)(SG) of [Bonl19,
Theorem IV] is an equivalence of co-categories. However, this would require a
comparison, for every graph Y-cofibrant operad O, between free O-algebras

over G-equivariant spaces and the corresponding free algebras over the nerve
of O.

2.1.2 Structure of the chapter

In Section 2.2, we first recall Blumberg and Hill’s notions of N -operads
and G-indexing systems and the relation between them. We then define the
co-category Alg, of algebras over an N, -operad O and exhibit an explicit
description of it. In Section 2.3, we recall Rubin’s notion of Z-normed sym-
metric monoidal categories for a given G-indexing system 7 and we give an
explicit construction of the operad SM7 that encodes them. We then show
that the nerve of SM7, denoted by £7, is an N,-operad associated with Z. In
Section 2.4, we begin by defining the Z-effective Burnside category A7 and
the associated co-category of Z7-Mackey functors Mackz. We then construct
explicitly the free £7-algebra over a finite G-set A as the nerve of an Z-normed
symmetric monoidal groupoid F(A) and we use a 2-categorical unfurling to
construct a functor 0 : A7 — Alg,_ that sends A to the free £7-algebra over
A. Finally, we use the results of Chapter 3 to prove Theorem 2.A (Theorem
2.4.37) by showing that the left Kan extension of 6 : A7 — Alg. along the
Yoneda embedding A7 — Macky is an equivalence of co-categories. In Section
2.5, we show a way to see the (2, 1)-category of Z7-normed symmetric monoidal
groupoids as a full subcategory of Alg_ .
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2.2 Preliminaries on N_-operads

2.2.1 N, -operads and G-indexing systems

In this subsection, we recall Blumberg and Hill’s notions of N,-operads in the
setting of G-simplicial sets, of G-indexing systems, and the relation between
them. We refer the reader to [BH15] or [Rub21] for more details on the subject.

Definition 2.2.1. Let n > 0. A graph subgroup of GxX, is a subgroupI' € GxX,,
that intersects {15} x ¥, trivially.

We recall the definition of an N ,-operad in G-simplicial sets.

Definition 2.2.2 ([Rub21, Definition 2.6]). An N-operad is an operad in the
category SSet® such that:

1. for every n > 0, the action of X,, on O, is free;

2. for every graph subgroup I' C G x ¥, the simplicial set (O,)' is either
contractible or empty;

3. the simplicial sets (0,)® and (Oy)© are non-empty.

Recall now that graph subgroups can be characterised in terms of finite
equivariant sets over subgroups of G.

Lemma 2.2.3 ([Rub21, Lemma 2.4]). For every graph subgroup T C G x X,
there is a unique subgroup H C G and a homomorphism o : H — ¥, such that
I'={(h,o(h))| heH}.

For every finite H-set T, we choose once and for all an ordering T =~
{1,...,|T]}. The previous lemma gives a correspondence between finite H-sets
and graph subgroups. If H C G is a subgroup of G and T a finite H-set, we
denote by It € GxX 7| the graph subgroup associated with the homomorphism
0 : H — Y1) that corresponds to T through the chosen ordering on T. If O
is an N, -operad, then we consider, for every subgroup H C G, the following
collection

To(H) = {T eFin | (O)" = 0}.

As proven in [BH15, Theorem 1.2], these collections of equivariant finite sets
form a G-indexing system in the sense of the following definition.

Definition 2.2.4 ([Rub21, Definition 2.12]). A G-indexing system I consists, for
every subgroup H C G, of a class Z(H) of finite H-sets satisfying the following
conditions:

1. for every subgroup H C G, the class Z(H) contains all trivial H-sets;

2. for every subgroup H C G and finite H-sets A and B such that B is
isomorphic to A in Fin!!,if B¢ Z(H),then A€ Z(H);

3. for every sequence of subgroups K € H C G and finite H-set A, if A €
I(H), then Resk A € Z(K);
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4. for every subgroup H C G, g € G and finite H-set A, if A € Z(H), then
cgA€ Z(HS®);

5. for every subgroup H C G and finite H-sets A and B, if B is an H-
equivariant subset of A and A€ Z(H), then Be Z(H);

6. for every subgroup H C G and finite H-sets A and B, if A € Z(H) and
BeZI(H),then AUBeZI(H);

7. for every sequence of subgroups K C H C G and finite K-set A, if A €
Z(K) and H/K € Z(H), then Indyl A € Z(H).

Given a G-indexing system Z, we say that a finite H-set T is admissible if it
belongs to Z(H). The G-indexing systems form a poset under the inclusion
that we denote by Ig.

The N,-operads for G form an co-category that can be defined as follows.

Definition 2.2.5 ([BH15, Definition 3.9]). A morphism f : O — P of operads
in SSet" is a graph weak equivalence of G-operads if for every graph subgroup
I C GxYX,, the morphism f':0,' - P,! is a weak homotopy equivalence of
simplicial sets. We denote by Op® the co-category obtained from Op (SSetG)
by inverting graph weak equivalences and respectively by N,,-Op and N_,-Op
the full subcategories of Op(SSetG) and Op® spanned by N, -operads.

The co-category of N,-operads is equivalent to the poset of G-indexing
systems.

Theorem 2.2.6. The functor N,-Op — Ig that sends an N,-operad O to its
associated G-indexing system Iy sends graph weakly equivalent N,-operads to
the same G-indexing system. Moreover, the induced functor No,-Op — I is an
equivalence of co-categories.

Proof. Combining [BH15, Theorem 1.2] and [BH15, Proposition 5.5], one
deduces that the functor N.-Op —I; sends graph weakly equivalent
N ,-operads to the same G-indexing system and that the induced functor
No-Op — I is fully faithful. The fact that this functor is essentially surjective
follows independently from [Rub21, Theorem 7.2] and [BP21, Corollary
V). O

2.2.2 The oco-categories of O-algebras for an N ,-operad O

Let O be an N,-operad. In this subsection, we define the co-category Alg,, of
O-algebras. We recall first the definition of G-weak homotopy equivalences
and of the co-category of G-equivariant spaces.

Definition 2.2.7. A morphism f : X — Y in SSetC is a G-weak homotopy
equivalence if, for every subgroup H C G, the morphism fH : X# — YH isa
weak homotopy equivalence in SSet. The co-category of G-equivariant spaces
8C is the co-category obtained from SSet® by inverting G-weak homotopy
equivalences.
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We now define the co-category of O-algebras.

Definition 2.2.8. A morphism f : X — Y in Alg, (SSetG) is a weak equiva-
lence of O-algebras if U(f): U(X) — U(Y) is a G-weak homotopy equivalence
with U : AlgO(SSetG) — SSet® the forgetful functor. The co-category of O-

algebras Alg, is the co-category obtained from Alg,, (SSetG) by inverting weak
equivalences of O-algebras.

The co-category Alg, admits the following useful description.

Proposition 2.2.9. The category Alg,, (SSetG) admits a combinatorial and sim-

plicial model structure right-induced from the genuine model structure on SSet®
through the free-forgetful adjunction

F:SSet® = Alg, (SSet®) : U.

Moreover, the co-category Alg is equivalent to the homotopy coherent nerve of
the simplicial subcategory of Alg,, (SSetG) spanned by objects that are fibrant and
cofibrant.

Proof. The category SSet® is a monoidal model category with a cofibrant unit
and with a symmetric monoidal fibrant replacement functor given by Ex*.
Moreover, the monoidal structure is given by the cartesian product and it
follows that the classical interval object A! is endowed with a unique structure
of cocommutative coalgebra. It follows from [BM07, Theorem 2.1] that the

right-induced model structure on AlgO(SSetG) exists. If X is an O-algebra
and if K is a simplicial set, then the power XX in SSet® is naturally endowed
with the structure of an O-algebra and this construction induces a structure
of simplicial model category on Alg, (SSetG). Finally, the second part of the
proposition follows from [Lurl7, Theorem 1.3.4.20]. O

Remark 2.2.10. In this thesis, we chose to work with G-simplicial sets instead
of G-topological spaces. There is a monoidal Quillen equivalence

|-| : SSet® 2 TopC : Sing

between SSet® and Top® respectively, endowed with the genuine model struc-
tures. The functor || preserves finite limits and it follows that the operad |0 is
an N,-operad in Top® with the same G-indexing system as O. Moreover, the
functor || : SSet® — Top® preserves weak equivalences and it follows from
[BMO03, Theorem 4.7] that the co-categories Alg, and Alg, are equivalent.

Let 7 be a G-indexing system. Different N,-operads that correspond to
7 should produce equivalent co-categories, and one can make the following
conjecture.

Conjecture 2.2.11. Let O and P be two Ny,-operads associated with Z. The
oco-categories Algy, and Algy are equivalent.
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Note however that N ,-operads are not X-cofibrant, as pointed out in Chap-
ter 3. In particular, many results of [BM03] do not apply to N,,-operads and,
in particular, the proof of [BM03, Theorem 4.4] does not directly generalise.
In this chapter, we will work with Rubin’s combinatorial N,-operad £7 as a
model, and we will recall its definition in Subsection 2.3.2. For the rest of
the chapter, we will regard Alg,  as the co-category of N, -algebras for I. Note
however that, as long as Conjecture 2.2.11 is not proven, the results of this
chapter only apply to algebras over £7.

2.3 Normed symmetric monoidal categories

In this section, we recall Rubin’s notion of Z-normed symmetric monoidal
categories, and we give an explicit description of the operad SM; in Cat®
whose algebras in Cat® are Z-normed symmetric monoidal categories. The
operad SMy lives in the category of G-groupoids and its nerve &7 := N(SM7)
is an N,-operad with associated G-indexing system Z. The description that we
give of SMy is equivalent, but slightly different from the one given by Rubin
in [Rub21] and [Rub20]. Our description will be useful to give an explicit
construction of the free £7-algebras over finite G-sets in terms of Z-normed
symmetric monoidal groupoids, which is a part of the construction of the
equivalence of Theorem 2.A.

2.3.1 Preliminaries on Z7-normed symmetric monoidal cate-
gories

In this subsection, we recall Rubin’s notion of Z-normed symmetric monoidal
categories. We refer the reader to [Rub20] and [Rub18] for more details on the
topic.

Definition 2.3.1. Let H C G be a subgroup, T a finite H-set and C a G-category.
Denote by C*T the H-category given by the |T|-fold cartesian power C/’ en-
dowed with the H-action given on objects by

h- (Xlr' . rX|T|) = (hX(r(h)‘l 1s-- "hXG(]’l)_llTl)

and by the same formula on morphisms, where o : H — ¥7 is the homomor-
phism that corresponds to the action on T through the bijection T ~{1,...,|T|}
given by the chosen ordering on T. A T-external norm is an H-functor C*T — C.

Definition 2.3.2 ([Rub20, Definition 2.3]). An Z-normed symmetric monoidal
category C is a G-symmetric monoidal category (C,®,¢,a, A, p, B) together with:

1. a T-external norm (¥) : C*T — C for every subgroup H C G and every
admissible H-set T;

2. (untwistors) a nonequivariant natural isomorphism

VT ®T(X1,...,X|T|) — ®|T|(X1,...,X|T|)
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2.3. Normed symmetric monoidal categories

for every admissible H-set T such that for every i € H, the diagram

h ®T (Xl,. . ,X|T|) L} ®T (hXG(h)’llf' . 'thU(h)’1|T|)

lw

hvr ®|T|(th(h)—ll,...,hXU(h)_llTl)

l/a(h)’l

R (Xt Xpr1) ——7— @y (WX1 i)

commutes where ®|T| (Xl,...,Xm) denotes the |T|-fold tensor product

and where the morphism o(h)~! denotes the canonical isomorphism
given by the symmetric monoidal structure of C that permutes the factors

of ®|T| by o(h)~!.

Definition 2.3.3 ([Rub20, Definition 2.5]). Let C and D be two Z-normed
symmetric monoidal categories. A lax Z-normed functor ¢ : C — D consists of
the following data:

1.

2.

a G-functor ¢ : C — D;
a G-fixed morphism ¢, : e? — ¢eC;
a G-natural transformation ¢g: pX @ ¢pY — ¢ (X ®° Y);

for every admissible H-set T, an H-natural transformation

P, : Q7 (6X1- X)) = (R (X1 Xiry))

such that the usual lax symmetric monoidal diagrams relating «, A, p, B
to the maps ¢, and ¢ gy commute and such that the square

Q7 (9X1r- . $Xir) ——— @7, (¢X1,--,$Xpr))

(P®Tl l"’ Q|

¢ (R% (X1, Xim) — & (7 (X1 X))

commutes for every admissible H-set T where qf)®m is the map con-

structed with iterations of ¢ and ¢,. A lax I-normed functor is a

strong IT-normed functor (respectively strict T-normed functor) if the nat-
ural transformations ¢, ¢ and PR, are isomorphisms (respectively

identities).
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Chapter 2. A higher Mackey functor description of algebras over an N,-operad

If :C—Dandp:D — £ are lax Z-normed functors, then their composi-
tion ¢ o ¢ is also canonically a lax Z-normed functor. The morphism (¢ o ¢),
is given by the composition

65—”!161) Ve (Yodec,

the morphism (¢ o ¢)g by the composition

(o $)X)&° (P od)Y) 25 p(px &P $Y) " (pog)(xaCY)

and, for every admissible finite H-set T, the morphism (i o ¢)g, is given by
the composition of the morphism

l# T
Q1 ((Wod)Xi,.... (o d) X)) = P(Qr(9X1,... 9Xir))

with the morphism

Wbg,)
¢(®T(¢X1;~--;¢X|T|)) = (¢°¢)(®T(X1;~--,X|Tl))'

If ¢ and ¢ are strong Z-normed functors (resp. strict), then (o ¢ is also a
strong Z-normed functor (resp. strict).

Definition 2.3.4 ([Rub20, Definition 2.6]). Let C and D be Z-normed sym-
metric monoidal categories and ¢, : C 3 D a pair of lax Z-normed functors.
An Z-normed natural transformation w : ¢ = 1P is a G-natural transformation
@ : ¢ = P such that the usual monoidal transformation squares relating ¢,,
e, ¢ and P to @ commute and such that the square

)

®?(¢X1,--~¢X|T|) o), ®T(¢X1’ X))

(P@Tl ll’b®1

(R (Xt Xim)) —— ¥ (&5 (X1 Xim))

commutes for every admissible H-set T.

Notation 2.3.5. The structure of a 2-category on Cat® lifts to Z-normed sym-
metric monoidal categories and we denote by ZSMLax (resp. ZSMStg and
ISMSt) the 2-category of Z7-normed symmetric monoidal categories, lax Z-
normed functors (resp. strong and strict) and Z-normed natural transforma-
tions.

The category of strong Z-normed functors ZSMStg(C, D) between two Z-
normed symmetric monoidal categories C and D is naturally endowed with a
structure of a symmetric monoidal category.
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2.3. Normed symmetric monoidal categories

Proposition 2.3.6. Let ¢, : C =3 D be two strong I-normed functors. The
composition

pop:c-Sexc X pxp D

is naturally endowed with the structure of a strong IT-normed functor. Moreover,
if 11 1 = ¢y and 1, : P = P, are two I-normed natural transformations
between strong I-normed functors, the natural transformation t; ® T, defined as
®D0(T1 X Ty) o A is an I-normed natural transformation between ¢, ® 1 and
¢ ® P,. Given two I-normed symmetric monoidal categories C and D, these
constructions endow ZSMStg(C, D) with the structure of a symmetric monoidal
category.

Proof. The G-fixed isomorphism (¢ ® i), is the composition

(ORI
ep~ep®ep — Plec)®YP(ec),

the G-natural transformation (¢ ® 1)g is given by the composition of the
morphism

(PX)@Pp(X) @ ((Y)®p(Y)) = (¢(X)@p(Y)) @ (p(X) @ P(Y))
with the morphism

(PX)DP(Y)@WX)op(¥) lp®)<i>(X®Y)®IP(X®Y)

and, for every admissible H-set T, the H-natural transformation (¢ ® 1/))®T is
given by the composition

Qr (¢ X)®P(Xy),.. ¢(X|T|)®¢(X|T|))
(@ (0 X1)s b (Xim))) (R (K1), 9 (Xim)))

(¢®T) 4’®T (®T(X1’ XlTl))®¢(®T(X1""’X|T|))

where « is the H-natural transformation given by the composition

QR (P XY (Xy),.. ¢>(X|T|)®1P(X|T|))
Z R (¢ (XD @Y(X1),sp (Xpr) @0 (Xi7y))
(@ (@ X1 b (Xim))) (R (#(X0),- 9 (Xim)))

e 1(®T( ..,‘P(XITI)))@(@T(Eb(Xl)f-"'ll’(X|T|)))'

A direct inspection shows that ¢ ® i is a strong Z-normed functor and that
the result also stands on Z-normed natural transformations. The structural
morphisms of the symmetric monoidal category ZSMStg(C, D) are given com-
ponentwise by the ones of D. O
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Chapter 2. A higher Mackey functor description of algebras over an N,-operad

Remark 2.3.7. Note that if ¢, : C =2 D is a pair of strict Z-normed functors,
then the strong Z-normed functor ¢ ® 1 is not strict in general. In particular,
the previous proposition fails for strict Z-normed functors.

It follows from Proposition 2.3.6 that the 2-category ZSMStg is a SMC-
category in the sense of [Guil0, Definition 2.1]. Moreover, ZSMStg admits
finite products and is, in particular, a semi-additive 2-category.

Proposition 2.3.8. The 2-category ZSMStg is semi-additive, ie, ZSMStg admits
direct sums.

Proof. Let C and D be two Z-normed symmetric monoidal categories. The
product CxD is canonically endowed with a structure of Z-normed symmetric
monoidal category which is the cartesian product of C and D in the 2-category
ZSMStg. The final G-category = is also canonically an Z-normed symmetric
monoidal category and is a zero object in the 2-category ZSMStg. If we
denote by O¢p : C — D the strong Z-normed functor constant on ep, then
we have to show that C x D endowed with the strong Z-normed functors
ic = (id¢,0¢p) : € = CxD and ip = (Op,idp) : D — C x D is the coproduct
of C and D in ISMStg. More precisely, if we denote by p¢c : C xD — C and
pp : CxD — D the projections, then we prove that the functor

(=)o pe)®((=) o pp) : ISMStg(C, E) x ISMStg(D, £) — ISMStg(C x D, £)

that sends a pair of strong Z-normed functors ¢ : C > Eand ¢ : D — £ to
(¢ ope)® (P o pp) is an inverse of the functor

(=) oic, () oip) : ISMStg(C x D, E) — ISMStg(C, £) x ISMStg(D, £).

Given a pair of strong Z-normed functors ¢ : C — € and ¢ : D — &, we have

((popc)®(Popp))oic = p®0c,e = ¢ and ((pope)@(Ppopp))oip =0pe@P =1
and if C : CxD — & is a strong Z-normed functor, then (Coigope)®(Coipopp)
is the strong Z-normed functor that sends an object (X, Y) of CxD to {(X, ep)®

Clee, Y) 2 C(X@ep, Y ®ep) ~ C(X, Y) and the result follows, 0

2.3.2 Rubin’s combinatorial models of N -operads

In this subsection, we give an explicit description of the operad SMz in
Cat® defined in [Rub21] and [Rub20] whose algebras in Cat® are Z-normed
symmetric monoidal categories. We then use this description to give a short
proof of the fact that the operad £ = N(SM7) is an N,-operad associated
with our chosen G-indexing system 7.

Construction 2.3.9. If X is a G-set, then the translation G-groupoid X of X is
the G-category defined by the following diagram

P1
(p1,p3) A
(XXxX)xx (X xX)=XxXxX — XxX +— X.

p2
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2.3. Normed symmetric monoidal categories

The associated functor (—) : Set® — CatC is a right adjoint of the object functor
Ob : Cat® — Set® and in particular, preserves limits. It follows that if O is an
operad in Set®, then O is canonically an operad in CatC.

—~—

Definition 2.3.10. The operad SM7 is the operad F(S7) with F(S7) the free
operad in the category Set® over the symmetric sequence Sy defined by

GxZX,

(SZ)n = T

TeZ, |T|=n

We will now give an explicit description of F(S7). The construction of
the free operad over a symmetric sequence in Set® can be made explicit in
general, as in [Rub21, Section 5] for instance, though its general description
can be complicated to handle. However, if we denote by V7 the non-symmetric
sequence of G-sets defined by

Vo= || oA

HCG, |T|=n,
TeZ(H)

the choice for every subgroup H C G of a set of coset representatives of G/H
induces a nonequivariant isomorphism of symmetric sequences Sy ~ V7 x X,
where ¥, denotes the symmetric sequence of sets given by the symmetric
groups. If we forget the action of G, then it follows that the operad F(S7) can be
described as the product F(V7) x £, with F(V7) the free nonsymmetric operad
over the sequence V7. We recall now the construction of the nonsymmetric
operad F(V7)in Set in terms of planar rooted trees and we then give an explicit
description of the required G-action on F(S7).

Remark 2.3.11. The freeness of the symmetric sequence of sets S7 was already
used in [Rub21, Theorem 5.21] to give an explicit description of F(S7). How-
ever, [Rub21, Theorem 5.21] does not construct F(S7) as the product F(V7)xZX,.
We use this presentation to construct explicitly the free N, -algebras over finite
G-sets in Subsection 2.4.3.

Construction 2.3.12. For every subgroup H C G, choose a set of coset rep-
resentatives {15 = g1,..., §[G:H)} of G/H. Consider the formal symbols r®T
and id with r a G/H coset representative and T an admissible H-set. A
formal external norm is a formal composite of the previous symbols defined by
recursion as follows:

1. the symbol id is a formal external norm;

2. if 01,...,0yT are formal external norms, then r®T (61,...,9|T|) is a for-
mal external norm.

If O is a formal external norm, then its length |0| is defined by the following
recursion:

1. if 6 =id, then |0 = 1;
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Chapter 2. A higher Mackey functor description of algebras over an N,-operad

2. if 0 =r @1 (01,...,67)), then |6] = [01]+ -+ + Ol

The nonsymmetric operad F(V7) in Set can now be described as the operad
whose set of n-ary operations F(V7), is the one of formal external norms of
length n. The identity of F(V7) is id and if 6 and 7y,..., T, are formal external
norms with |[0] = n, their composition y (0, ty,...,T,) is defined by recursion as
follows:

1. if 6 =id, then y(6,11) = 13;
2. if 0 =7 (01,...,0k), then

v(0,71,...,T,) = r®T()/(61,11,...,T|91|),...,y(Qk, r|9|_|9k|,...,rn)).

There is an action of G on formal external norms defined by recursion as
follows:

1. if0=id, theng-0 =0;

2.if 0 =r@7(01,-..,07), then g-0 = ' Q. (h- Oy 11+ Oy
with 7’ the chosen coset representative of gr and h the unique element of
H such that gr = r’h and where 0 : H — X7| is the homomorphism that
corresponds to T through the chosen ordering T ~{1,...,|T|}.

The G-action on formal external norms is compatible with the operadic struc-
ture of F(V7) and it follows that F(V7) is canonically an operad in SetC.

Remark 2.3.13. As we already mentioned, F(V7) is the free nonsymmetric
operad in Set over the sequence

(Vi) = |_| G/H,
HCG, |T|=n,
TeZ(H)
and it follows that a formal external norm can be seen as a planar rooted
tree with n-ary nodes decorated with the symbols 7 Q) with T an admissible
H-set of cardinality n, r a chosen coset representative of G/H, where leaves
represent occurrences of the identity id. The figure below shows an example

T4 ®@ id Ts5 ®@ Te ®@ 7 ®(2)
~N S N/

Note that for the construction of F(V7), the choices for every subgroup H of
G, of orderings on admissible H-sets, and of coset representatives of G/H,
play only a role in the definition of the G-action. The choices of coset rep-
resentatives of G/H correspond to the necessary choices to construct the
nonequivariant isomorphism S; ~ V7 x ¥, with X, the symmetric sequence
associated with the symmetric groups. Moreover, note that F(V7) is the free
operad over V7 only in the category Set and not as an operad in Set®.
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2.3. Normed symmetric monoidal categories

Notation 2.3.14. If 6; € Zkl,..., o, € Ek” and 0 € X, are permutations, then we
denote by 6(dy,...,0,) the permutation o(ky,...,k,) o LIi_; 6; € Xj 4...s, with
o(ky,...,k,) the block permutation.

We can now give the promised explicit description of the G-action on the
operad F(S7).
Construction 2.3.15. Let O be a formal external norm and g an element of G.
We define a permutation wg(g) in Xjg| by recursion as follows:

1. if 6 =id, then wg(g) = idy,;

2.if 0 = r®T(61,...,9|T|), then wg(g) = U(h)(a)gl(h),...,a)gm(h)) with h
and o : H — X7 given as in the definition of the G-action on formal
external norms.

The G-action on the operad F(S7) is now defined on an element (0,9) of
F(S7)n = F(V1)y XX, by

§:(0,0)=(g-0,wp(g)©0).
Remark 2.3.16. We can verify by induction that the action on formal external

norms is well-defined. If 0 is a formal external norm and g and g’ are elements
of G, we can check by induction that ¢’(¢6) = g’¢6. First note that the result is

trivial for 6 =id. Assume now that 6 =r ®T (91, .. .,6|T|) and that the result
is true for 0y,..., 0. If we write gr = r’h and g'r" = r”h’, we have

g’(g()) :g’?’/ ®T (heg(h)—ll,. . .,heg(h)—1|T|)
:T‘” ®T (h’h()(,(h/h)q 1reeer h/heg(h/h)—”ﬂ)
=g'go.
A similar argument shows that weg(g’) o wg(g) = wp(g’g) and thus the

action of G on F(S7) is also well defined. As a consequence, if 6 is an H-fixed
formal external norm, the restriction of wg : G — Y| to H is a homomorphism.

Remark 2.3.17. If O is an H-fixed formal external norm, the homomorphism
wp : H — Y9 depends on the chosen orderings on the admissible H-sets
appearing in 6 and on the choices of coset representatives of G/H. However,
up to isomorphism, the corresponding H-set does not depend on these choices.

Notation 2.3.18. If 0 is an H-fixed formal external norm, we denote by Ty the
finite H-set that corresponds to the homomorphism wg : H — ¥jg;.

Remark 2.3.19. An operation (6, 0) of F(S7) can be seen as the planar rooted
tree that corresponds to 6 with an ordering on the leaves given by the permu-
tation 6. The picture below illustrates an example.

T4®@ o(1) r5®® 76®@ 77®(z)
~N |7 N/
nQ®q 62 63 Qg

r T
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If 6 is a formal external norm and g is an element of G, the permutation wg(g)
corresponds to the permutation of the leaves obtained by acting on 6 with g.

Notation 2.3.20. In what follows, if T is an admissible finite H-set, then we
denote by ®T the formal external norm 14 ®T(id,...,id). If O is any formal
external norm, then we also denote by 6 the operation (9, idzlm) of F(S7).

In order to show that the description of the G-action of F(S7) that we gave
is the right one, we show now, under our description, that F(S7) is the free
operad in Set® over the symmetric sequence Sz.

Proposition 2.3.21. The G-operad F(Sy) is the free operad in Set® over the
symmetric sequence St.

Proof. Note first that, given a symmetric sequence of G-sets S, a morphism
Sz — S is the data of, for every admissible H-set T, a I'r-fixed element of
Si7)- The operation ®T of F(S7) is I'7-fixed and we thus get a morphism
St — F(S7) of symmetric sequences of G-sets. Consider now any morphism of
symmetric sequences ¢ : St — O with O any G-operad. For every admissible

H-set T, denote by ®(T9 the I'7-fixed operation of O that corresponds to ¢. If
0 is a formal external norm, consider the operation ®(0) of O defined by the
following recursion:

1. if 8 =id, then ®(0) =idp;

2.if 0 =r®);(01,...,67)), then D(6) = r-y(®?,q>(91),...,q>(9m)).

We can now define a morphism of G-operads @ : F(S;) — O by setting
D(6,0) = P(O) - 0. It is clear that O is a morphism of operads in Set and
that it is the unique morphism that extends ¢. We must now check that @
is G-equivariant. Consider any operation (6, 9) in F(S7). We have to show by
induction that, for every g in G,

D(g0, wp(g)-6) = gP(6,9).

If O is the identity id, then the result is trivially verified. Let us suppose
now by induction that 0 =r ®T (61,...,6|T|) and that the result is known for

01,...,0)7). If we follow the notation from the definition of the G-action on
formal external norms again, then we have

(g0, wg(g) 0 0)

=r 7/(®T, (hOaiy11) - @ (hOsuy1y7y)) - (wo(g) 0 8)

=r 7/(®T' ( - )---’(D(haa(h)*llTl))'(U(h)<wl(h)r---rw|T|(h)>05)

(@ 0) (010,01 000, 01) 5
(
(6,

=y (R, 1D (6,), - h® (6y7))) -6
0).

=gP
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We deduce from Proposition 2.3.21 that Rubin’s coherence theorem applies
in our situation.

Theorem 2.3.22 ([Rub20, Theorem 5.6],[Rub18, Theorem 2.10]). The 2-
categories ZSMLax, ZSMStg and ISMSt are respectively equivalent to the
2-categories AlgLaxg,, , AlgStgs,, and AlgStg,, in the sense of Notation
2.5.4.

Notation 2.3.23. In what follows, we denote by &7 the operad N(SM7) in
SSet®.

The following corollary is a direct consequence of Proposition 2.5.8.

Corollary 2.3.24. There is a fully faithful simplicial functor
N: ISMSt — Alg, (SSet®)

that sends an I-normed symmetric monoidal category C to its nerve N(C) where
the strict 2-category ZSMSt is seen as a simplicial category.

We will now show that the operad &7 is an N,-operad with associated
G-indexing system Z. We start with the following proposition, which is a
reformulation in terms of our description of SM7 of [Rub21, Theorem 4.6].

Proposition 2.3.25. Let H C G be a subgroup and 6 an H-fixed formal external
norm. The finite H-set Ty (see Notation 2.3.18) is admissible .

Proof. We show the result by induction on 8. Note first that if 0 is the identity
id, then T4 is the final G-set * which is admissible by Axiom 1 of Definition
2.2.4. Assume now that 0 =r ®T (Tl,..., T|T|) with T an admissible K-set and r
a chosen coset representative of G/K with K C G any subgroup. It follows from
the fact that 6 is H-fixed that the coset of G/K represented by r is H-fixed and
thus H C "K. If we denote by T’ the H-set Resyy ¢,-1 T and by 6’ the formal
external norm ®T’ (Tl, oo T|T|), then there is an isomorphism Ty =~ Ty of finite
H-sets and the result holds for @ if it holds for 8’. We can now assume without
loss of generality that 0 = Q) (Tl,..., T|T|) with T an admissible H-set. Choose
a decomposition T ~ | | | H/K; and denote by a; : {1,...,[H : K;]} = {1,...,|T|}
the map that corresponds to the inclusion H/K; < T through the ordering
of T. If we denote by 0; the formal external norm ®H/Ki (’l’ai(l),. ..,Tai([H;Ki]))
, then we have Ty ~ | |, Ty, and using Axioms 6 and 5 of Definition 2.2.4,
the result holds for 6 if and only if it holds for every 6;. We can now assume
without loss of generality that T = H/K. Since the formal external norm
0= ®H/K (Tl,. ..,T[H;K]) is H-fixed, we have for every hin H that ht,(,-1; = 7;
and we deduce that 7 is K-fixed and that h;7; = 7; with h; a representative of
the j-th coset of H/K through the chosen ordering of H/K. By induction, we
can assume that the K-set T, is admissible and we obtain that Ty ~ Ind§I Ty, -
The result now follows from Axiom 7 of Definition 2.2.4. O

We can now show that &7 is an N,,-operad with associated G-indexing
system .
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Chapter 2. A higher Mackey functor description of algebras over an N,-operad

Proposition 2.3.26. The operad 7 in SSet® is an N -operad with T as its G-
indexing system.

Proof. LetI' C Gx X, be any subgroup. The functors (—) and N preserve limits
and it follows that

(0" =N (F(s,").

For every G-set X, the simplicial set N(X) is respectively contractible or
empty if and only if X is non-empty or empty and we deduce that (Er)n’
is respectively contractible or empty if and only if F(S7),' is non-empty or
empty. The freeness of the symmetric actions on £7 now follows from the
freeness of the symmetric actions on F(S7) by considering subgroups of Gx X,
of the form {15} x A with A C¥,,. To conclude that £7 is an N,-operad with
7 as G-indexing system, it is now enough to show that, for every finite H-set
T, F(SI)HFT is not empty if and only if T is admissible. Assume first that T
is admissible. The n-ary operation (X); of F(Sz) is clearly fixed by I+ and
F(SI)HFT is not empty. Suppose now that (6,0) is a n-ary operation of F(S7)
fixed by I'r. If we denote by 0 : H — X,, the homomorphism corresponding
to T through the chosen ordering T ~{1,...,|T|}, we deduce that 0 is H-fixed
and that wg(h) o0 = 6 o 0(h). The permutation 6 can now be seen as an H-
equivariant isomorphism between Tp and T and, by Proposition 2.3.25 and
Axiom 2 of Definition 2.2.4, T is admissible. The result follows. O

2.4 Mackey functors vs £;-algebras

In this section, we define the Z-effective Burnside category A7 and we use the 2-
categorical unfurling of [Len25, Proposition 2.24] to construct a fully faithful
functor &: A7 — Ny (I SMSt(z,l)) with N, the homotopy coherent nerve and
ISMSt ;1) the underlying (2, 1)-category of ZSMSt. We conclude the section
by showing that G induces a functor 0 : A7 — Alg. whose left Kan extension
© : Fun, (A7°P,8) — Alg,_ along the Yoneda embedding A7 — Fun, (A7°P,S)
is an equivalence of co-categories. This will prove Theorem 2.A in Subsection
2.4.4.

2.4.1 Orbital subcategories and the Z-effective Burnside cate-
gory

In this subsection, we explain how the G-indexing system 7 leads to the
definition of the Z-effective Burnside category A7.

Definition 2.4.1 ([Nar16, Definition 2.5]). Let O be a small co-category. The
finite cocompletion of O denoted by FO is the full subcategory of Psh(O) spanned
by finite coproducts of representables. The co-category FO admits finite co-
products and satisfies the following universal property: for every co-category
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C that admits finite coproducts, the natural functor O — FO induces an equiv-
alence of co-categories

Fun,,(FO,C) — Fun(0O,C)

where Fun(FO,C) is the full subcategory of Fun(FO,C) of those functors
¢ : FO — C that preserve finite coproducts.

Example 2.4.2. The finite cocompletion of Og is equivalent to the category

FinC.

We recall now from [CLL25b] the notion of orbital subcategories.
Definition 2.4.3 ([CLL25b, Definition 4.2.2]). Let O be a small co-category.
A wide subcategory T C O is orbital if the base change of a morphism in FJ

along any morphism in FO exists and belongs to FJ. Equivalently, for every
pullback diagram

O

_t
z

U(TOU

in Psh(O) with B, C and D in O, we can decompose A as a disjoint union
L™, A; of objects of O and, if we write v through such decomposition as
(vi)i; : LIi=; A; — C, then v; belongs to T. A small co-category C is orbital if it
is orbital when regarded as a subcategory of itself.

Example 2.4.4. For every G-indexing system J, consider the subcategory O 7
of the orbit category Og spanned by the morphisms u : G/K — G/H such that
H/KS8 belongs to J(H), where g is a representative of the K-fixed coset of G/H
that corresponds to u. The category O 7 is an orbital subcategory of Og.

Definition 2.4.5. If O is an co-category and T an orbital subcategory of O,
then we denote by A(O,T) the effective Burnside category AY (FO,FO,FT) in
the sense of [Bar17, Definition 5.10].

The following proposition is a direct consequence of [BH21, Lemma C.3].

Proposition 2.4.6. Let O be an co-category and T an orbital subcategory of O. The
oo-category A(O,T) is semi-additive.

We now prove that the poset of G-indexing systems, and equivalently the
poset of N,-operads, is equivalent to the poset of orbital subcategories of the
orbit category Og.

Proposition 2.4.7. Denote by SubOrb . the poset of orbital subcategories of Og
under inclusion. The morphism of posets Ig — SubOrb . that sends J to the
orbital subcategory O 7 of Example 2.4.4 is an isomorphism.

Proof. The category Fin® is equivalent to the finite cocompletion of Og and
there is an isomorphism of posets between SubOrb . and the poset of wide,
pullback stable, finite coproduct complete subcategories of Fin® that sends
an orbital subcategory T C Og to its finite cocompletion FJ seen as a wide
subcategory of Fin". The result now follows from [BH18, Theorem 1.4].  []
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Definition 2.4.8. The I-effective Burnside category Az is the co-category
A(Og,07) in the sense of Definition 2.4.5. A G-equivariant map u: A — B
between finite G-sets is admissible if it belongs to O7.

The following proposition gives a simple way to characterise admissible
maps.

Proposition 2.4.9. Let u : A — B be a G-equivariant map between finite G-sets.
If we choose a decomposition B ~| | | G/H;, then the map u is admissible if and
only if for every i = 1,...,n, the finite Hi-set u='(1cH;) is admissible.

Proof. Choose a decomposition B ~ | || G/H; and write u as | |/, u; with
u; : Aj — G/H; where A; = u~'(G/H;). By definition, the result stands for u if
and only if it holds for every u; and we can assume without loss of generality
that B = G/H. Choose a decomposition A = | |} G/K; and write u through this
decomposition as (u; )71:1 with u; : G/K; — G/H. By definition, u is admissible
if and only if every u; is admissible. Moreover, u Y (1gH) = |_|;”:1 u]._l(IGH),
and if follows from Axioms 5 and 6 of Definition 2.2.4 that the result stands
for u if and only if it holds for every u; so we can assume without loss of
generality that A = G/K. If u : G/K — G/H is now given by a K-fixed coset
representative g of G/H, the result follows from the fact that u~'(1gH) is
exactly H/K¢, which is by definition an admissible H-set if and only if u is
admissible. O

The Z-effective Burnside category A7 induces a notion of Z-Mackey func-
tors.

Definition 2.4.10. An Z-Mackey functor is a functor M : A7°P — § that pre-
serves finite products. We denote by Macky the co-category of Z-Mackey
functors Fun, (A7°P,8).

Remark 2.4.11. By Proposition 2.4.6, the co-category A7 is semi-additive and
it follows from [GGN15, Corollary 2.5] that the co-category Macky is equiv-
alent to the co-category Fung(Az,Mong_(8)) with Mong_(8) the co-category
of E,,-monoids in 8. The co-category Macky is thus a natural co-categorical
generalisation of the category of classical Z-Mackey functors with values in
commutative monoids.

2.4.2 Unfurling for 2-categories and orbital subcategories

In this subsection, we recall the 2-categorical unfurling of [Len25, Proposition
2.24] in the case of A(O,T) with O a category and T C O an orbital subcategory
of O.

Proposition 2.4.12 ([Len25, Proposition 2.22]). Let C be a strict 2-category and

let ¢ : FO — C be a strict 2-functor such that for every morphism u : A — B in
FT, the 1-cell uy := ¢(u) admits a right adjoint u* satisfying the Beck-Chevalley
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condition: for every pullback square in FO as on the left in

A" B P(A) — ¢(B)
Lok s
C—=D $(C) —— ¢(D)

with vertical arrows in FTJ, the canonical mate depicted on the right is an iso-
morphism. Then there is a unique functor ® : A(O,T) — Ny (0(2,1)) that sends a
2-simplex of the form

ByA\jKC
WAy

to the 2-simplex

P(E)
Ik* nym*
B(D) — o H(F)
given by the pasting
A

/\
/\/\

Here C(y,1) is the (2,1)-category obtained from C by throwing away the non-
invertible 2-cells.

Definition 2.4.13. Let C be a strict 2-category. A strict 2-functor ¢ : FO —C
satisfies the T-Beck Chevalley condition if it satisfies the conditions of Proposi-
tion 2.4.12. In the case where O is O and where T is the orbital subcategory
O7 of Og that corresponds to Z, we say that ¢ satisfies the Z-Beck-Chevalley
condition.

Notation 2.4.14. Let D be a category with finite coproducts. If A4,..., A, and
By,...,B,, are objects of D, for every i =1,...,n, f;: A — B, ali) yisa morphlsm
in D and a : {1,...n} — {1,...,m} is a map, then we denote by ( (i) 1,a)

LI, A —>|_|] 1 Bj the morphism (14(;) 0 f;)i_; with ; : B; —>|_|] 1 Bj the canon-
ical inclusion. Note that if € is a small category, then every morphism in FE
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can be written canonically as ((f;)!_,, a): | |, A; — |_|7’:1 Bj with A; and B; in
E.

In the case where C is a semi-additive strict 2-category, we now give a
simple criterion to check whether a strict 2-functor ¢ : FO — C that preserves
finite coproducts satisfies the T-Beck-Chevalley condition.

Proposition 2.4.15. Let C be a semi-additive strict 2-category and ¢ : FO —C a
strict 2-functor that preserves finite coproducts. The strict 2-functor ¢ : FO — C
satisfies the T-Beck-Chevalley condition if and only if for every morphism u: A — B
in FT with Bin O, the 1-cell ¢(u) := uy admits a right adjoint u* such that for every
pullback square in FO as on the left in

A—"5B P(A) — H(B)
v w V*T AN Tw*
C—=D $(C) —— ¢(D)

with win FT, z in O, and C and D in O, the canonical mate depicted on the
right is an isomorphism. Moreover, if a strict 2-functor ¢ : FO — C that preserves
finite coproducts satisfies the T-Beck-Chevalley condition, the induced functor

D : A(0,T) = Na (Ca,1)) is semi-additive.

Proof. It is clear that the T-Beck-Chevalley condition implies the second con-
dition of the proposition. Assume now that ¢ satisfies the second condition.
Let u : A — B be a morphism in FJ. Choose a decomposition B =~ [_|§Z:1 By with
By in O through which u can be written as |_|Z:1 uy with uy : Ay — By in FT.
By assumptions, (uy); admits a right adjoint ()" and it follows that u; also
admits a right adjoint given by u* = €, _, (u)*. Consider now any pullback
square

A—L>5B

vl/ lw (S)
C——D
in FO with v and w in FJ. Choose decompositions C ~ | [, C; and D =~
|_|]'-”:1 D; with C; and D; in O through which we have z = ((z;);_;,a) and w =
|_];":1 w; with w; Bj — Dj. For every i = 1,...,n , consider the following
pullback square
Ui
A;j — B
Vil/ l/wa(i) (Si)
Ci =% Dagiy-

By disjointness and universality of finite sums in FO, we have an isomor-
phism A =~ | || A; through which we can write u and v respectively as
() a) L Ay — |_|]m:1 Bj and | |i_, v;. The morphisms v; and w; both
belong in FJ and (v;); and (w;), respectively admit right adjoints (v;)* and
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(w;j)* by assumption. Moreover, the mate w; depicted in the following diagram
associated with the square (S;) is an isomorphism by assumption

b (A;) (ui); (P( )

T (wa(i))*

(Ci) —> ¢(Dain).

The morphisms w; = @;n:l(wj)! and v, = EBZ 1 (vi): respectively admit right
adjoints w* = @?ll(wj)* and v* = @:ll(vi) and by direct inspection, the mate
w depicted in the following diagram associated with the square (S)

P(A) —— ¢(B)

V*T ﬁw Tw*

$(C) —— $(D)

corresponds to (w; j); ; through the equivalence

co@ro@) =] || [e@c o)),

i=1 j=1

where we define w;; by idg whenever a(i) # j. Every w;; is an iso-

z/)(C]-),r/:(B
morphism and it follows that w is an isomorphism and that ¢ satisfies the
T-Beck-Chevalley condition. If ¢p : FO — C is a strict 2-functor that preserves
finite coproducts, then it follows directly from [Bar17, Proposition 4.3] that

the induced functor @ : A(O,T) — Ny (C(z,l)) is semi-additive. O

2.4.3 From Ay to ZSMSt

In this subsection, we construct a strict 2-functor & : Fin® — ZSMSt that
satisfies the Z-Beck Chevalley condition in the sense of Definition 2.4.13.
Notation 2.4.16. If n > 0, we denote by (n) the finite set {1,...,n}.

Definition 2.4.17. Let A be a finite G-set. The G-category G(A) has as objects
pairs (0, £) with 0 a formal external norm and £ = (al,. . .,a|9|) a sequence of

elements of A. A morphism a : (9,(a1,...,a|9|)) - (T,(bl,...,bm)) in G(A)is a
map a : {|0]) — (|]) such that a; = b, ;) for every i in (|0]). The action of G on
&(A) is defined on objects by

g-(@,(ul,...,a|9|)) = (g@, (gawe(g)_11,...,gawe(g)_1|9|))

and on a morphism « : (6,(a1,...,a|9|)) - (T,(bl,...,b|T|)) byg-a=w.(g)oao

wg(g)~!. Tt follows from Remark 2.3.16 that these G-actions are well-defined.
The G-category ((A) is an Z-normed symmetric monoidal category with the
following structure:
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1. the unit e is the object (®0, ()) with () the empty list;
2. the tensor product ® : BG(A) x B(A) — GB(A) is defined on objects by
(0,L£1)®(1,Ly) =01, L ULy)

and on morphisms by a ® § = a U f where 6 ® 7 is the formal external
norm given by y (®<2>, 6,1) with (2) seen as a trivial G-set;

3. given an admissible H-set T, we define the external T-norm ®T :
B(A)*T — B(A) on objects by

R (01,£1),-, (0 L171)) = (R (01,---,6171), LI, £5).

and on morphisms by X, (al,...,am) = |_||i£|1 a;.

IfX = (9, (al,...,a|9|)) is an object of B(A), then the length of X is the length of

0 and we denote it by |X|. If X, Y and Z are objects of b(A) with respective
lengths 1, m and k, the natural equivariant isomorphisms axy 7 : (X®Y)®
Z—->XQ(Y®Z), Ax:e®X - X,px:X®e— Xand fxy: X®Y - YQ®
X are respectively given by the permutations 1y ., 1y , 1y and t(n,m)
with t(n,m) the block permutation associated with the unique non trivial
permutation 7 of X,. If Xy,..., X|r| are objects of B(A) with respective lengths

My YT the natural nonequivariant isomorphism vy : ®T (Xl,...,Xm) —

Q1 (X1,.-.,X|T|) is given by the permutation 1y

ny +'"+"\T\ :

Remark 2.4.18. If A is a finite G-set, an object (9, (al,. . .,a|9|)) of B(A) can be
seen as the planar rooted tree associated with 6 where the i-th leaf represents
a;.

T4 ®0 ay a s ®(0 ag|
~ | 7 N/

n®g - n®y

" T

Notation 2.4.19. In what follows, given an element a of A, we will denote by
a the object (id, (a)) of G(A). This gives a canonical inclusion A < G(A).

The construction of Definition 2.4.17 is functorial. For every G-equivariant
map u : A — B, the definition of the strict Z-normed functor &(u) : (A) —
&(B) is part of the following construction.

Construction 2.4.20. Let A and B be two finite G-sets and ¢ : A — G(B) a
G-functor with A seen as a discrete G-category. We define a strict Z-normed

functor G(¢) : G(A) — &(B) as follows: on an object X = (9,(a1,...,a|9|)) of
&(A), the strict Z-normed functor G(¢) is defined by the following recursion:
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1. if 0 = id, then G(¢)(X) = ¢(a);

2. if 0 =r @7 (01,...,67)), then G($)(X) is

r®T (9(4)) (91, (al,. . .,[l|91|)),.. ,g(({)) (9|T|’ (u|9|,|9m|,. . .,a|9|)))

and on a morphism « : (6,(a1,...,u|9|)) — (T,(bl,...,b|T|)), the map G(¢)(a) is
defined by the block map

a(ky,.o ko) (1ol ) = Gy o gy = (L oo L)

that sends the copy of (k;) included in (k) Li--- Likg) =~ (k; +--- + kjg|) to the
copy of (k;) = (lo(;)) included in (I ) Li--- Li{ljg) = (ly + -+ + ) where k; and
l; are respectively the length of the image of a; and b; by ¢ (we use here
that a; = by(;)). This construction is functorial: if ¢, : A = B(B) are two
G-functors and w : ¢ = 1 a G-natural transformation between them, then we
obtain an Z-normed natural transformation G(w) : G(¢) = G(¢) defined by

101
i=1

We denote by G : Fung (A, B(B)) — ZSMSt(G(A), &(B)) the functor provided by
this construction.

Lemma 2.4.21. For finite G-sets A and B, the functor

G :Fung(A,&(B)) — ZSMSt(G(A), B(B))
is fully faithful.
Proof. By definition, if ¢, : A =3 &(B) are two G-functors, then, because G(¢)
and G(¢) are strict Z-normed functors, an Z-normed natural transformation
Q:G(¢p) = G(¢) is determined by its values on elements of A and () must be

equal to G(w) where w is the natural transformation w : ¢ = ¢ obtained by
restricting Q) to A. The result follows. O

Proposition 2.4.22. The following diagram of functors is strictly commutative.

ldFunG AG(B Xg
Func(A, G(B)) x Fung (B, B(C)) e n (A, (B)) x TSMS(G(B), &(C))

lo

GxG Fung(A,&(C))

lg

ISMSt(B(A), B(B)) x ISMSt(B(B), B(C)) —————> ISMSt(G(A), &(B))
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Proof. Let ¢ : A — B(B) and ¢ : B — &(C) be two G-functors. It follows
from a direct induction on formal external norms that the strict Z-normed

functors G(1) o G(¢) and G(G() o ¢) agree on objects. Consider now a mor-
phism a : X — Y in B(A) between two objects X = (6,(&1,...,a|9|)) and
Y = (T,(bl,...,b|r|)) of B(A). If we denote by X; = (/\,-,(ci,...,cli/\il)) the im-
age of a; by ¢, then by definition, the functor G(¢) o G(¢) sends a on the

block map a (|A4],..., |/\9|)(k%,...,kll/\ll,...,kl/()l(lﬂ)where k; is the length of 1/)(c;)

It follows that the image of a under G(3) o G(¢) is equal to the block map

a (k11 foet k|1/\1|,. -~,k|16| bt kl/\il)l ) which is also the image of & under G(G(¥)o

¢). A similar argument shows that the diagram of the proposition commutes
on morphisms. O

If u: A — Bis a G-equivariant map, then we denote by &(u) : G(A) — G(B)
the image under G of the composition A % B — G&(B) and it follows from
Proposition 2.4.22 that we get a strict 2-functor & : Fin® — ZSMSt. The 2-
category ZSMStg is semi-additive by Proposition 2.3.8 and we can thus prove
the following proposition.

Proposition 2.4.23. The functor &, seen as a strict 2-functor & : Fin® — ZSMStg
through the inclusion ZSMSt < ZSMStg, preserves finite coproducts.

Proof. By Proposition 2.3.8, the 2-category ZSMStg is semi-additive and, given
two finite G-sets A and B, the coproduct of (A) and G(B) in ZSMStg is given
by their product &(A) x &(B). We have to show now that the canonical strong
Z-normed functor

@ = (B(ia) o pa)®(B(ip) o pp) : B(A) x B(B) — G(A L B)

is an equivalence, where iy : A — AUB,ig: B— AUB, ps : B(A)x&B(B) — G(A)
and pp : G(A) x B(B) — &(B) are respectively the canonical inclusions and
projections. The functor ® sends an object ((9,(al,...,a|6|)),(f,(bl,..., b|1|)))

of G(A)x &(B) to (6 ®T, (al,. ..,ag,b1,..., b|T|)) and a morphism (a, ) of GB(A) x
&(B) to a ® B. It admits an inverse in ZSMStg that can be constructed as
follows: consider the G-functor ¥4 : AL B — (B(A) given respectively by the
canonical inclusion A — (A) and by the G-functor B — ((A) constant on the
unit e. Denote by W, : &(A U B) — B(A) the strict Z-normed functor G(i,4).
Symmetrically, we obtain a strict Z-normed functor W5 : G(A L B) — G(B) and
we get a strict Z-normed functor W = (W4, W) : (A LU B) — G(A) x B(B). Let
us show that W is an inverse of ® in ZSMStg. We first construct by induction
an Z-normed natural transformation 7 : ® o W =~ id 4 ,5). Consider any object
X =(0,(cy,...,cg)) of B(AUB). If 6 =1id, then (cy,...,cg) = (¢) and c belongs
either to A or B and we can define 7x respectively by the isomorphisms
pcic®e=cor A.:e®c = c. Assume now that 6 = r®T (91,...,6|T|), denote by

X; the object (Gi,(c|91|+..,+|9i71|,...,c|91|+..,+|91.|)) and assume that 7x; is already
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constructed. By definition @ o W(X) is

W (X) ® Wp(X)
:r®7(‘I’A X1),.. ‘I’A(X|9|))®r® (‘I’B (X1),.. ,\IIB(Xlel))
~r®T( Xl ®\IIB(X1) f\PA(X|Q|)®‘PB(X|9|))

and 7x can be defined by 5nx = |_||1-£|1 nx; through the G-equivariant
isomorphism «. It follows from a direct inductive argument that #
is an Z-normed natural transformation. We can also construct an Z-
normed natural transformation € : W o @ =~ idga)xgp)- Given an object
X= ((6,(al,...,a|9|)),(’c,(b1,...,bm))) of BG(A) x B(B), ex is the G-equivariant
isomorphism ey between (((6 ®T)s,(ar,..., a|9|)), ((6 ®T)g, (bl,.. ., b|T|))) and
~ ((9, (al,. . .,a|9|)), (’l’, (by,..., bm)) given by (id<|g|>,id<|T|>) where (0Q1)y4 is the
formal external norm obtained by replacing each occurrence of the identity
that corresponds to an element of B by ®0. O

Our goal is now to use Proposition 2.4.15 to show that & : Fin® — ZSMStg
satisfies the Z-Beck Chevalley condition in the sense of Definition 2.4.13. For
every subgroup H C G and admissible map u: A — G/H, we have to construct
a right adjoint in ZSMStg to the strict Z-normed functor G(u). Note that in
the category FinG/(G/H), the map u : A — G/H is isomorphic to the projection

Pr: Indg T — G/H where T is the admissible H-set given by u~! (15H). We
must then construct a right adjoint to G(Pr) in ZSMStg.

Construction 2.4.24. If T is an admissible H-set, then we denote by & (P7)":
&(G/H) — (B(IndfI T) the image under G of the G-functor G/H — (B(Indg T)
that corresponds through the equivalence

Fun (G/H,&(Indf T)) ~ & (Indf T)H

to the H-fixed object (®T,(t1,. o tITl)) of (B(Indg T) where T = {t,..., i1} is
the chosen ordering on T.

Proposition 2.4.25. Let T be an admissible H-set. The strict Z-normed functor
&(Pr)* is a right adjoint of the strict T-normed functor &(Pr) in the 2-category
ISMStg,

Proof. 1t follows from Proposition 2.4.22 that the strict Z-normed functor
&(Pr)*B(Pr) is the image under G of the G-functor IndEI T — (B(Indﬁ T) that
corresponds by adjunction to the H-functor T — (B(Indﬁ T) that sends t to
(®T,(t1,...,t|T|)). The unit 7 : id@(mdg ) = &(Pr)*B(Pr) can be defined

as the image under G of the G-natural transformation that corresponds by
adjunction to the H-natural transformation defined on ¢; by the morphism

t; — (®T,(t1,...,t|T|)) given by the map (1) — (|T|) that sends 1 to i. Using
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again Proposition 2.4.22, the strict Z-normed functor G(Pr)G(Pr)* is the
image under G of the G-functor G/H — (&(G/H) that corresponds through

the equivalence Fung (G/H,(B(Indg T)) ~ CB(IndEI T)H to the H-fixed object
(®T, (1g,..., 1G)) of &(G/H) and the counit can be defined as the image under
G of the G-natural transformation that corresponds to the H-fixed morphism
(®T,(1G,..., 1G)) — 1 given by the unique map (|T|) — (1). The triangle
identities can be verified using Proposition 2.4.22. O

We can now show, using Proposition 2.4.15, the following result.

Proposition 2.4.26. The functor & : Fin® — ISMStg satisfies the I-Beck-
Chevalley condition in the sense of Definition 2.4.13

Proof. Let u : A — G/H be any admissible map. The map u : A — G/H is
isomorphic in the category FinG/(G/H) to the projection Pr : IndgI T - G/H
where T is the finite H-set u~!(15H), which is admissible by Proposition 2.4.9.
It follows from Proposition 2.4.25 that &(u) admits a right adjoint G(u)*. Let
K C G be a subgroup of G and let w : G/K — G/H be a G-equivariant map.
Without loss of generality, we can assume that K is included in H and that w
corresponds to this inclusion. If we denote by v : Indg Resk T — Ind§ T the
G-equivariant map that corresponds by adjunction to the K-equivariant map
Resg T — IndfI T that sends t to (1gH, t), the square

Indg Resg T Y Indﬁ T

ProH
ResK Tl/ l/tPT

G/K ——— G/H
is Cartesian. A direct inspection shows that the mate depicted in the following
diagram
&
G (Ind Resf! T) SUN &(Indfi T)

G(?Reng)T > T@(Tr)*

is the Z-normed natural transformation (B(V)CB(TRES? T)* — & (Pr)" G(w) given
by the image under G of the G-natural transformation that corresponds

through the equivalence Fung (G/H, CB(Indg T)) =G (Indﬁ T)H to the K-fixed

morphism (®ReSHT,(t1,...,t|T|)) — (®T,(t1,...,t|T|)) given by the identity
K

idgr)y : (IT[) = (|T1), which is clearly an isomorphism. The result now follows

from Proposition 2.4.23, Proposition 2.3.8, and Proposition 2.4.15. O

It follows from Proposition 2.4.12 that & : Fin® — ZSMStg induces a semi-
additive functor G : A7 — Ny (ISMStg(zJ)). By the following proposition,
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& : Fin® — ZSMSt also satisfies the Z-Beck-Chevalley condition and G factors
as a functor A7 — Nj (ZSMSt(zyl)).

Proposition 2.4.27. For every admissible morphism u : A — B, the strict I-
normed functor &(u) : G(A) — G(B) admits a right adjoint in the 2-category
ISMSt.

Proof. Choose a decomposition B ~ | || G/H; and write u through this de-
composition as | |} 1 Pr, with Pr. ¢ Ind Tl — G/H; the canonical projection
associated with an admissible finite H; set T;. In the 2-category ZSMStg, the
strict Z-normed functor &(u) admits a right adjoint &(u)* given by the strong
I-normed functor &(Pr, ) ®--- ®CB(2PTH)*. Let us now show that the strong
Z-normed functor &(u)* is isomorphic to a strict Z-normed functor. Every
G&(Pr,)" is a strict Z-normed functor provided as the image of some G-functor
under G and it is enough to show, given two G-functors ¢, : A =3 &(B), that
the strong Z-normed functor G(¢)® G(1) is isomorphic to a strict Z-normed
functor. More precisely, a direct induction shows that the strong Z-normed
functor G(¢) ® G(1p) is isomorphic to the image under G of the G-functor given

by the composition A (ﬂ) &(B) x &(B) 2, &(B). The result follows. O

2.4.4 The proof of the main Theorem

In this section, we prove Theorem 2.A. We have morphisms of simplicial sets

A; SN, (ZsMmst,,1)) M) A (ZSMSE) < N (Algg, (SSet®))

where 1 : TSMSt(; ;) — ZSMSt denotes the strict 2-functor that sends an
Z-normed symmetric monoidal category to its core and where the third mor-
phism is given by Corollary 2.3.24. We show now that the composition of
these morphisms factors as a functor 6 : A7 — Alg . This composition sends
a finite G-set A to the nerve of the core of the Z-normed symmetric monoidal
category (b(A) and we have to show that this object is fibrant and cofibrant in
Alggz (SSetG). If we denote by F(A) the core of ((A), the fibrancy of N(F(A))
follows from the fact that its underlying G-simplicial set is the nerve of a
G-groupoid. To show that N(J(A)) is cofibrant, we show that it is the free
E7-algebra over A. We show first that F(A) is the free Z-normed symmetric
monoidal category over A seen as a discrete G-category. We start with the
following elementary lemma.

Lemma 2.4.28. Let I be a discrete group and let X and Y be two G x I'-sets such
that the T-action on X is free. The canonical G-equivariant map

f: (Xn+1 X Y)r — (X x X X Y)Iv X(XXY)I— (X><Y (X x X X Y)

n times

is a bijection.
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Proof. We prove first that f is injective. Consider two tuples A = (xy,...,X,41,7)
and B = (x{,...,x,,1,9’) in (X”+1 X Y) with the same image under f. This
means there are elements y4,...,, in I such that forall i = 1,...,n, we have

7

Vi(Xis Xit1, }’) = (x;: le;})/)-

In particular, it follows that y;x;,; = x/,, and y;;1x;1 = x;,, and we deduce
that y; = ;1 using that the I'-action on X is free. This implies that A and B

represent the same element of (X”Jrl X Y)r. We prove now that f is surjective.
Consider an element A of

(X x X X Y)F X(XXY)r cee X(XXY)F (X x X X Y)I‘

n times

represented by tuples (x;,z;,;) for all i = 1,...,n. By assumptions, there exists
y; in T such that z; = y;x;,1 and y;v;,1 =y; forall i =1,...,n—1. For all
i=1,...,n+1, consider the element

X1 if i= 1;
w; =421 if i= 2;
(7/1'}/2"'7/1'_2)'Z1'_1 if i:3,...,n+1.
Note that we have (w;, w;y1,v1) = (172 Vi_1) - (x5, 2;,9;) and, in particular,

the image of the orbit of (wy,...,w,,1,v1) under f is A.
O

One important direct consequence of Lemma 2.4.28 is the following result.

Proposition 2.4.29. Let I', X and Y be as in Lemma 2.4.28. The G-category
()?x Y)r is the G-category whose G-set of objects is (X x Y)r, whose G-set of

morphisms is (X x X x Y)p and whose composition is given by the G-equivariant
map

((p1,p3)xidy)r
(XXX XY)r X(xxy)p (XXX XY)p = (XxXxXxY)p - (XxXxY)r.

Using this proposition, one can prove that F(A) is the free Z-normed
symmetric monoidal category on A.

Proposition 2.4.30. The I-normed symmetric monoidal category F(A) is free over
A for strict T-normed functors. Moreover, for every I-normed symmetric monoidal
category C, the G-functor A — F(A) induces an equivalence of categories

ISMSt(F(A),C) ~ Fung(A,C).

Proof. By Theorem 2.3.22, it is enough to show that F(A) is the SMz-algebra
given by the image of A under the monad SMy : Cat® — Cat®. Given a
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G-category C, if we denote respectively by Ob(C) and Mor(C) the associated
G-sets of objects and morphisms, then, using Proposition 2.4.29, we have

Ob|| |(SMz)y x5, A"

n>0

=| |E(Sp)uxs, A= | |F(V7),x A" = Ob(F(4))

n>0 n>0

and

=| |B(Sp)n® xs, A" = | |F(v7),> xA"x 3,

n>0 n>0

~ Mor(F(A)),

Mor[U(SMZ)n xy, A"

n>0

with F(V7) defined in Subsection 2.3.2. It is clear that these isomorphisms
induce an isomorphism F(A) ~ SMz(A). The equivalence of categories

ISMSt(F(A),C) = Fung(A,C)

is a consequence of the freeness of FJ(A) and of the description of
ISMSt(J(A),C) in terms of the arrow category of C given by Proposition
2.5.7. O

Remark 2.4.31. Given a G-functor ¢ : A — &(B), the core of the strict Z-
normed functor G(¢) is the strict Z-normed functor F(A) — F(B) induced by
¢ : A — J(B) through the equivalence ZSMSt(J(A), F(B)) ~ Fung(A, F(B)) of
Proposition 2.4.30.

The following lemma is the key point to transfer the freeness of F(A) as

an Z-normed symmetric monoidal category to the freeness of N(J(A)) as an
Ez-algebra.

Lemma 2.4.32. LetI', X and Y be as in Lemma 2.4.28. The natural G-equivariant
map

N(XxY)/T > N((XxY)/T)
is an isomorphism of G-simplicial sets where X is the translation G-groupoid of X,
as defined in Construction 2.3.9.

Proof. This is a direct consequence of Lemma 2.4.28. O

Corollary 2.4.33. Let A be a finite G-set. The nerve of F(A) is the free N,-algebra
over A.

Proof. We have to show that the nerve of F(A) is the image of A by the monad
E7 : SSet® — SSetC. We proved in Proposition 2.4.30 that F(A) is the free
Z-normed symmetric monoidal category over A and by definition (£7), =
N((SMz),). It is then enough to show that the canonical morphism

| A" %z, N(SMz),) =N

n>0

| |a"xs, <8Mz>n]

n>0

is an isomorphism. This is a consequence of the fact that the nerve preserves

—~—~—

finite coproducts and of the previous lemma using that (SM7z), = F(S7),. O
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If Ais a finite G-set, then the £7-algebra N(J(A)) is fibrant and cofibrant
and we get a functor 0 : A7 — Alg, that sends A to N(F(A)). We will show
now that this functor is fully faithful. For every subgroup H C G and finite
G-set A, there are equivalences

ISMSt(F(G/H), F(A)) ~ Fung(G/H, F(A)) ~ F(A)H
and the latter groupoid can be described by the following proposition.

Proposition 2.4.34. For every finite G-set A, there is an equivalence of categories

T(H) gesg 4 = G(A)H,

Proof. Letu : T — ResgA be an H-equivariant map with T an admissible
H-set. Consider the H-fixed object (®T,(u(t1),...,u(t|T|))) of B(A) where
T = {t;,...,ty7)} is given by the chosen ordering on T. If w:u — v is a
morphism in I(H)/ResgA between two H-equivariant maps u : T — ResgA
andv:S — Resg A, we get an H-fixed morphism (®T,(u(t1 )yeres U (tITl))) —
(®S,(v(51),...,v(s|5|))) given by the map w : (|T|) — (|S|) that corresponds to
w: T — S through the chosen orderings T = {t;,..., 7|} and S = {sy,...,5/5/}.
We thus get a functor Z(H)/ResgA — B(A)H which is fully faithful. Given now
an H-fixed object (6,(a1,...,a|9|)) of B(A)H, the identity idgg) : (10]) — (|0
induces an H-fixed isomorphism (®T9'(”(t1)""’” (t|9|))) — (6,(a1,...,a|9|))

where u : Ty — A is the H-equivariant map that sends t; to a;. We conclude
that the functor I(H)/ResgA — B(A)H is essentially surjective and the result

follows. O

The Z-normed symmetric monoidal category J(A) is by definition the core
of B(A) and we deduce the following corollary.

Corollary 2.4.35. For every finite G-set A, there is an equivalence of groupoids

l(I(H) ): FAH.

/Res$ A
We can now use these descriptions to show the following result.
Proposition 2.4.36. The functor 6 : Az — Algg_ is fully faithful.

Proof. By definition, the functor 6 : A7 — Alg is the composition of mor-
phisms of simplicial sets

Ay 5N, (zSMSt(,,1)) PR NA(ZSMSt) < N, (Alg; (SSet))

which factors through the inclusion Alge < Nj (AlggZ (SSetG)). By Propo-

sition 2.5.8, the simplicial functor ZSMSt < Alg,_ (SSetG) is fully faithful
and it is enough to show that the functor Np(1) o G : A7 — NA(ZSMSt) is fully
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faithful. The co-category Az is a (2,1)-category and, if A and B are finite
G-sets, the groupoid Hom 4, (A, B) can be described as follow: the objects in

Hom 4, (A, B) are spans A <L c % Band morphisms are isomorphisms of
spans

Seen as a functor A; — N)(ZSMStg), the functor Nj(1) o G is semi-
additive by Proposition 2.4.15 and it is enough to show, given a subgroup
H C G and a finite G-set A, that (Na(t) 0 G)g/m,a : Homy (G/H,A) —
Homy, (zsmst)(F(G/H),F(A)) is an equivalence. Every span in Hom 4 (G/H, A)

P
is isomorphic to a span of the form G/H i IndﬁT —> A with T an ad-
missible H-set and there is an equivalence of groupoids Hom 4, (G/H,A) ~

l(I(H)/ResgA) that sends an H-equivariant map u : T — A to the span G/H «—

Ind$ T 5 Awithv: Ind$ T — A the G-equivariant map that corresponds to u
by adjunction. By definition, the functor (N (1) 0 G)g/p,4 : Homy (G/H,A) —
Homy;, (zsmst)(F(G/H), F(A)) sends the span G/H «— IndfI T - A to the com-
position G(v)B(Pr)* which is the image under G of the G-functor G/H — F(A)
that corresponds to the H-fixed object (®T,(u(t1),...,u (tm))). Moreover,
the functor (Na(t) 0 G)g/m,4 : Hom 4 (G/H, A) — Homy, (zsmst)(F(G/H), F(A))
sends an isomorphism of spans

IndS T
Pr H

G/H e llndﬁw\u" A
o~ A

v

Indg S
to the Z-normed natural transformation
G(u)B(Pr)* = G(v)G (Indf w) G (Indfw™" ) B(Ps)* = B(v)B(Ps)*

which corresponds through the equivalence ZSMSt(F(G/H), F(A)) ~ F(A)H to
the isomorphism

®T(u(t1),...,u(t|T|)) - Qs (v(sl),...,v(5|5|))

given by w: T — S seen as a map w : {|T|) — (|S|). Finally, it follows that
the functor (NA(I) e} Q’)G/H,A : HomAZ(G/H,A) — HomNA(ISMSt)(S:(G/H)l S:(A))
corresponds to the equivalences

Hom 4, (G/H,A) ~ l(I(H) F(A)H ~ ISMSt(F(G/H), F(A)).

/ResgA) =
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We can finally prove our main theorem.

Theorem 2.4.37. The left Kan extension © : Macky — Algg of 0 : Az — Alge,
along the Yoneda embedding A1 — Macky is an equivalence of co-categories.

Proof. Combining Corollary 3.3.22 with Elmendorf’s Theorem, we obtain that
the free-forgetful adjunction

F:8°2 Algg, : U

satisfies the conditions of [Lurl7, Corollary 4.7.3.18]. It follows that Alg,_
is projectively generated and that the £7-algebras N(J(A)) for all finite G-
sets A form a set of compact projective generators. Finally, it follows from
Proposition 2.4.36 and [Lur09, Proposition 5.5.8.22] that the left Kan extension
© : Macky — Alg, of 0: A7 — Alg,, is an equivalence of co-categories. [

Remark 2.4.38. By definition, the inverse of the functor © : Mack; — AlggZ
sends a (fibrant) N,-algebra X to the Z-Mackey functor My : A7°P — § that
sends G/H to the space

Homyjg, (N(F(G/H)),X) = xH.

If K C H are subgroups of G, then the functor Resllg : XH — XX obtained
idg/k

as the image of the span G/K «— G/K - G/H by My corresponds to the

canonical inclusion X < XX. If H/K is admissible, then the functor Tr¥ :
id

XK — XH obtained as the image of the span G/H YeY) Gt el) by My

sends a n-simplex x of XX to the n-simplex ®§/K(h1x,...,h[H;K]x) of xH

where hy,..., hjy.x) are representatives of H/K and with ®2/K c XXHK] 5 x

the image of ®H/K by the morphism of operads | - [y : & — Endy that
corresponds to the £7-algebra structure of X.

2.5 Appendix: Operads in G-categories

In this appendix, we recall the definitions of the 2-categories of O-algebras
over an operad O in Cat®. The goal is to prove Proposition 2.5.8, which is used
to prove Proposition 2.4.36. We follow [Rub20, Section 4] for the definitions
and refer the reader to it for more details.

Notation 2.5.1. If O is an operad in Cat® and C an O-algebra in Cat®, then
we will denote by | —|¢ : O — Ende the morphism of operads in Cat® that
corresponds to the structure of O-algebra of C.

Definition 2.5.2 ([Rub20, Definition 4.2]). Let O be an operad in Cat® and C
and D two O-algebras in CatC®. A lax O-algebra morphism ¢ : C — D consists of:

1. a G-functor ¢ : C — D;
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2. for every n > 0 and x € O,, a natural transformation ¢, : |x|p o ¢*" =
¢ olx|¢ of functors C*" — D;

such that the following conditions are satisfied:
1. for every n > 0, the maps ¢, vary naturally in x € O,;;

2. foreveryn >0,x €0, and (g,0) € GXE,, the equation (g,0) Py = P(4,0)x
holds, ie, ¢, is (G x X,,)-equivariant;

3. (I)ido = idqb;

4. for every y € O, and x; € Oy, the transformation ¢y, x, ... x,) is equal to
the composite

wlp o ((xilp o ¢t ) x -+ x (Ixulp o ¥ ))
HidMD o((f),(1 XXy, )
(I9lp 0 ") o (Ix1le x -+ x xyle)

H(pyo(id,xl c ><~~><id|xn‘c)
P olyleo(lxlex - x|x,le)-

A strong O-algebra morphism (resp. strict O-algebra morphism) is a lax O-algebra
morphism ¢ : C — D such that ¢, is an isomorphism (resp. the identity) for
everyn>0and x € O,.

If $:C—Dand p:D — & are two lax O-algebra morphisms, the com-
position 1 o ¢ has a natural structure of lax O-algebra morphism where for
every n > 0 and x € O,, the natural transformation (i o ¢), is given by the
composition

X1 X1 X1 yxo(idgr) xn 199 °Px
xle o (o dp)™ =Ixlcop™ 0 ¢ —  polxlpod™ — Yool
If ¢ and ¢ are strong O-algebra morphisms (resp. strict), their composition
Y o ¢ is also a strong O-algebra morphism (resp. strict).

Definition 2.5.3 ([Rub20, Definition 4.3]). Let O be an operad in Cat® and
¢,y :C 3D a pair of lax O-algebra morphisms. An O-natural transformation
w : ¢ = P is a G-natural transformation w : ¢ = ¢ such that for every n > 0
and x € O,, the following diagram of natural transformations commutes

id

xii CHiD ow™ XN
[X|p o ¢p*" == |x|poy

Al 2

¢olxle polxle.

a)oidMC
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Notation 2.5.4. We denote by AlgLax,, (resp. AlgStg, and AlgSt) the 2-
category of O-algebras in Cat®, lax O-algebra morphisms (resp. strong and
strict) and O-natural transformations.

Let O be an operad in Cat®, C an ©O-algebra in Cat® and D a G-category.
The functor Fun(D,(-)) : Cat® — Cat® preserves products and Fun(D,C) is
naturally a Fun(D, O)-algebra. It follows that the G-category of nonequivariant
functors Fun(D,C) is naturally endowed with the structure of an O-algebra
where the morphism of G-operads |~ [pun(p,c) : O — Endpyn(p,c) is given by the
composition

I=lFun(c,p)
0 - Fun(D,O) —> Endpun(prc) .
Here the first morphism O =~ Fun(x, O) — Fun(D, Q) is induced by the unique
functor D — . In particular, the arrow category Arr(C) = Fun(A',C) of C has a
natural structure of an O-algebra.

Remark 2.5.5. If O is an operad in CatS, C an O-algebra in Cat® and D a
G-category, then, for every n > 0 and x € O, the operation |x[pun(p,c) is given
by the composition Fun(D,C)*" = Fun (D*",C*") (_)ijilc Fun(D, ().

If C and D are two G-categories, the data of a G-natural transformation
w : ¢ = 1p between two G-functors ¢, : C =3 D is equivalent to the data of a
G-functor Q) : C — Arr(D). This characterisation of G-natural transformations
lifts to the case of O-natural transformations.

Proposition 2.5.6. Let C and D be two O-algebras in Cat®. The data of an O-
natural transformation w : ¢ = 1 between two lax O-algebra morphisms (resp.
strong or strict) ¢, : C =3 D is equivalent to the data of a lax O-algebra morphism
(resp. strong or strict) (3 : C — Arr(D).

Proof. Let w : ¢ = 1 be an O-natural transformation between two lax O-
algebra morphisms (resp. strong or strict) ¢, : C = D. The G-functor
Q : C — Arr(D) associated with the G-natural transformation w admits a
structure of lax O-algebra morphism (resp. strong or strict) where for n > 0
and x € O, the natural transformation Q : |x[sr(p) 0 Q™" = Q o |x|¢ is given
by the diagram

id|p ow™"
xlp o ™" == |xlp o "

Al 2

polde == ol
seen as a morphism in the category Fun(C*", Arr(D)) ~ Arr(Fun(C*", D)), which
is commutative by assumption using that w is an O-natural transformation.
It follows directly from the fact that ¢ and 1 are lax O-algebra morphisms
that () is a lax O-algebra morphism (resp. strong or strict). Assume now
that Q : C — Arr(D) is a lax O-algebra morphism (resp. strong or strict) and
consider the G-natural transformation w : ¢ = 1 associated with () seen as a
G-functor. The G-functors ¢ and ¢ are by definition respectively defined by
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d°0Q and d' 0 Q where d° : Arr(D) — D and d' : Arr(D) — D are the strict O-
algebra morphisms induced by the inclusions d° : A — Al and 9! : A — Al.
It follows that ¢ and ¢ are naturally lax O-algebra morphisms (resp. strong
and strict). Finally, the natural transformation Q, : |x|zrrp) 0 Q" = Qo |x|c
seen as a morphism in Arr(Fun(C*",D)) ~ Fun(C*", Arr(D)) directly ensures
that the diagram

Xnid|X|D ow*" “n
[X|p o ™" == |x|po
Al 2

¢ olxle polxle

is commutative and it follows that w is an O-natural transformation. The
result follows. O

woidwc

If O is an operad in Cat® and C and D two O-algebras in Cat®, then it fol-
lows directly from the previous proposition that the categories AlgLax(C, D),
AlgStg,(C, D) and AlgSt,(C, D) admit the following description.

Proposition 2.5.7. Let O be an operad in Cat® and C and D two O-algebras
in Cat®. If Algy(C,D) denotes either AlgLax,(C,D), AlgStg,(C,D) or
AlgSt,(C,D) and if Alg,(C,D) = Ob(Alg,(C,D)) denotes the corresponding
class of G-functors, then the category given by the following diagram

%
AlgO(C'Arr(D))XAlgO(C,D) Algn(C,Arr(D)) — Algy(C, Arr(D)) (:) Alg»H(C,D)
induced by the canonical strict O-algebra morphisms Arr(D) xp Arr(D) — Arr(D),
Arr(D) 3D and D — Arr(D) is equivalent to Alg,(C, D).
Finally, we prove the important result of this appendix.

Proposition 2.5.8. There is a fully faithful simplicial functor N: AlgSt, —
Algy o) (SSetG) that sends an O-algebra C in CatC to its nerve N(C) where the
strict 2-category AlgSt,, is seen as a simplicial category.

Proof. Let C and D be two O-algebras in Cat®. It follows from Proposition
2.5.7 that we have bijections

N(AlgSt,(C, D)),
=Algy(C, Arr(D)) Xalg,(c,p) *** XAlg,(c,0) Algo(C, Arr(D))
~Alg,(C,Arr(D) xp - -- xp Arr(D))
~ Algy o) (SSet®) (N (C), N(D)Y")
= HomAlgN(O)(SSetG) (N(C),N(D)),,
which give an isomorphism of simplicial sets

N(AlgSto(C, D)) = Homy (55606 (N (C), N(D)).

It is clear that these isomorphisms induce a fully faithful simplicial functor
AlgSty, — Algy o) (SSet®). O

61



Chapter 2. A higher Mackey functor description of algebras over an N,-operad

62



Chapter 3

On sifted homotopy colimits
of algebras over an N_-operad

3.1 Introduction

In this chapter, we generalise different results of [BM03] and [PS18a] to N,-
operads. These results use the fact that the considered operad is ¥-cofibrant,
in the sense of the following definition (we recall the definition specified to
the case of G-simplicial sets).

Definition 3.1.1. An operad O in sSet® is X-cofibrant if the morphism of col-
lections I — O corresponding to the identity of O is a cofibration of collections
for the projective model structure.

Note however that N.,-operads are not X-cofibrant in sSet®.

Proposition 3.1.2. Let O be an Ny,-operad in sSetC. If the G-indexing system
associated with O is not trivial, then O is not X-cofibrant.

Za
Proof. The projective model structure on (sSetG) " corresponds to the model

structure on sSet®*» given by the family F of G x X, spanned by the sub-
groups H x {e}, with H a subgroup of G. If O is not a trivial N-operads, there
exists a graph subgroup I' € G x ¥, for some n such that I ¢ 7 and such that
OF # 0. Using [Ste16, Proposition 2.16], we deduce that O, is not cofibrant
in sSet®**» for the model structure corresponding to F. In particular, this
implies that O is not X-cofibrant. O

It follows from Proposition 3.1.2 that the results of [BM03] and [PS18a] do
not apply to N, -operads. In fact, we prove in Section 3.2 that [BM03, Corollary
5.5] is false for algebras over an N,,-operad in a category of equivariant
simplicial presheaves. This turns out to be problematic for the study of
sifted homotopy colimits in N,-algebras. In Section 3.3, we resolve this issue
by replacing the property of X-cofibrancy by a weaker property of graph X-
cofibrancy which is satisfied by N,,-operads. For graph X-cofibrant operads,
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the results that we obtain are a bit weaker than the classical result, but are
sufficient to prove that sifted homotopy colimits are computed at the level of
the underlying equivariant spaces.

3.2 Counter example

Let I be a small category and consider the equivariant model structure on
Fun(I,sSet®) obtained from the projective model structure on Fun(I,sSet).
Note that this model structure exists using [Stel6, Lemma 2.12]. In this
section, we prove that [BM03, Corollary 5.5] is false for N, -operads.

Proposition 3.2.1. For every cellular map f in Fun(I,sSet®), the map f(n)e
Fun(I,Set®) is of the form

X - XU |_|G/H]~><hom(A]-,(—)) . (3.1)
jel

In particular, cellular objects are of the form

u G/H; x hom(Aj, (-)).
jel

Proof. Sequential colimits of maps of the form (3.1) also have this form and it
is enough to show that for every pushout square

G/H xhom(i,(-)) x dA" —— X

| I (3.2)

G/H xhom(i,(=)) x A" —— Y,

the map f(n) is of the form (3.1). If we specify the square (3.2) at some
simplicial degree k, we obtain a pushout square

Laank) G/H x hom(i, (=)) —— X(k)

! b

Laney G/H x hom(i, (=) — Y(k)

and because the map of sets JA" (k) < A"(k) is an inclusion, we deduce that
Y (k) is the coproduct

x(u| | | 6/Hxhom(i,(-)
A (k)\IA" (k)

and that f (k) corresponds to the associated summand inclusion. O
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Proposition 3.2.2. For every cofibrant X in Fun(I,sSet®), for every f:i — jinI
and every n, X(f)(n): X(i)(n) — Y (i)(n) preserves the stabilisers of elements.

Proof. Note first that every retract of an object X in Fun(I,sSet®) that satisfies
the condition from the statement also satisfies this condition. The result now
follows from the fact that cellular objects clearly satisfy the condition from
the statement using Proposition 3.2.1. O

Proposition 3.2.3. Let O be an Ny,-operad for C, with a complete indexing
system. The forgetful functor U: Alg, (Fun(Fin,sSet)CZ) — Fun(Fin, sSet)®2
does not preserve cofibrant objects.

Proof. Consider the graph subgroup I' C C, x ¥, given by the diagonal. The
simplicial set Og is contractible and, in particular, there is a I'-fixed point in the
set O,(0). Because the ¥,-action on O, is free, we obtain that the corresponding
C, x ¥y-equivariant map (C, x X,)/T — O,(0) is injective. Define X as the free
O-algebra on hom(+, (—)) seen as a discrete simplicial presheaf. We obtain a
C,-monomorphism

hom({1,2}, (=) = (C x £,)/T xz, hom(x,(-))* < O5(0) xx, hom(+, (-))?

where the last term is a C,-subset of U(X)y and where the C,-action on
hom({1, 2},(-)) is induced by the free C,-action on {1,2}. The identity map
idy; ) seen as an element of hom({1,2},{1,2}) has the trivial group as stabiliser
and the unique map {1,2} — * seen as an element of hom({1, 2},%) has C, as
stabiliser. This contradicts Proposition 3.2.2 and it follows, as hom({1, 2},(-))
is a Cp-subobject of U(X), that U(X) is not cofibrant. O

3.3 Cellular extensions of strong fixed cofibrant
operads

Until the end of this chapter, I is a small sifted category with finite coproducts.
The category Fun(I,sSet) will always be endowed with the projective model
structure.

Definition 3.3.1. For every n > 0, the graph model structure on Fun(I,sSet)®*n

is the model structure induced by the projective model structure on
Fun(I,sSet) and associated with the family of graph subgroups of G x %,
which exists using [Stel6, Lemma 2.12]. We also call the corresponding model
structure on collections in Fun(I,sSet) the graph model structure. An operad
O in Fun(I,sSet®) is graph T-cofibrant if its identity map 7jp: 1 — O is a graph
cofibration of collections.

Remark 3.3.2. Note that because I admits coproducts, Fun(I,sSet) is a
monoidal model category.

Definition 3.3.3. A morphism f: A — B in Fun(I,sSet)C is a fixed cofibration
if, for every subgroup H of G, the following conditions are satisfied:
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1. the morphism fH: AH — BH is a cofibration in Fun(I,sSet);

2. the colimit of f, seen as a functor I — Arr(sSet)G, commutes with H-
fixed points.

Proposition 3.3.4. The class of fixed cofibrations is closed under pushouts and
transfinite compositions.

Proof. We prove first the result for transfinite compositions. The point (1) is
a direct consequence of the fact that fixed points commute with sequential
colimits and of the fact that transfinite compositions of cofibrations are cofibra-
tions. For the point (2), this follows from the fact that colimits commute with
colimits and from the fact that fixed points commute with sequential colimits.
For pushouts, the proof is similar and uses the fact that the underlying map
(if we forget the G-action) of a fixed cofibration is a monomorphism and the
fact that fixed points commute with pushouts along monomorphisms in any
presheaf category. O

Proposition 3.3.5. Every cellular map in Fun(I,sSet)C (for the model structure of
Definition 3.3.1) is a fixed cofibration.

Proof. Using Proposition 3.3.4, it is enough to prove the result for generating
coﬁbrations. Consider f x G/H with f a cofibration in Fun(I,sSet). We have
(G/H x f)K ~ f x ( G/H )X which is a cofibration as f is a cofibration. Moreover,
cohm G/H x f)X ~ (G/H)X x colim f ~ colim((G/H)X x f). O

Notation 3.3.6. For every partition P = (Uy,..., Uy) of {1,...,n}, we denote by
Y5 the subgroup of ¥, spanned by the permutations that preserve P.

Definition 3.3.7. A marked partitioned tree is a marked tree T (in the sense of
[PS18a, Section 5]) with a partition P of the set of its leaves.

For a given marked partitioned tree T with partition P, we denote by
Autp(T) the subgroup of Aut(T) spanned by the automorphisms of T that
preserve P.

Remark 3.3.8. The subgroup Auty(T) of Aut(T) is the inverse image of X4 by
the homomorphism a: Aut(T) — X, that sends an automorphism of T to the
associated permutation of its leaves.

Construction 3.3.9. Consider a partitioned marked tree T with partition P
and suppose we have the grafting operation t,,(Ty,..., T,,) representing T. We
can endow every T; with a partition P; induced P. As in [BM03, Lemma
5.9], we can partition the set {T},..., T,,} into subsets of pairwise isomorphic
partitioned marked trees {Tl,...,T,}ll}U“-U{le,...,T,}lk} withmy+---+my =m
We finally obtain that

Autp(T) = (Autgp, (T1)™ x -+ x Autyp, (Te)"™ ) 1 ( Ly, X+ X Dy ).

66
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Notation 3.3.10. Given a partition P = (Uy,..., Uy) of {1,...,n} with |U;| = n;
and a tuple g = (g1,...,gx) with g;: A; — B; a map in Fun(I,sSet)®, we denote
by O f the Xp-object

k
e=[s™
P i=1

where O denotes the pushout-product.

Definition 3.3.11. A morphism f: A — B in Fun(I,sSet)%*>» is a strong fixed
cofibration if for every partition P = (Uy,..., Uy) of {1,...,n} with |U;| = n; and
for every tuple ¢ = (g1,...,g) of fixed cofibrations, the morphism

-0

is a fixed cofibration, where X5 acts on f by restriction of the ¥ -action. A
morphism f: A — B of collections in Fun(I,sSet)C is a strong fixed cofibration if
f(n): A(n) — B(n) is a strong fixed cofibration for every n in IN. An operad O
in Fun(I,sSet)" is a strong fixed cofibrant operad if the morphism of collections
no: 1 — O provided by the identity of O is a strong fixed cofibration.

Zp

Proposition 3.3.12. The class of strong fixed cofibrations is closed under pushouts
and transfinite compositions.

Proof. We prove first the result for pushouts. Consider a strong fixed cofibra-
tion f: A — B and a pushout ¢g: C — D of f. Using [PS18b, Proposition 3.1.5],
we obtain that goi[ k1 is a pushout of fO [y k and, in particular, (g0 h)):(y
is a pushout of (fO[yp )y . The result then follows from Proposition 3.3.4.
We prove now the result for transfinite compositions. Note first that, using
[PS18b, Proposition 3.1.6], strong fixed cofibrations are closed under finite
compositions. Suppose that f: Ay — A is the transfinite composition of
AO fHOAl LA2 i e

where each f; is a strong fixed cofibration. We denote by F;: Ay — A;,; the
composition of

fo h fi

A A5 AL

As every f; is a strong fixed cofibration, every F; is also a strong fixed cofibra-
tion. Finally, the pushout-product fO0[] h is the sequential colimit

colim;epng [F,-D I:l h]

P

and in particular (fOgp h)y, is the colimit

COlimie]N (Fﬂ:l D I’l]
z

> P

67



Chapter 3. On sifted homotopy colimits of algebras over an N,-operad

As the colimit of every (F;004 h)z,y commutes with fixed points, we deduce
that the colimit of (fO[yp h)y,, also commutes with fixed points using that
sequential colimits commute with fixed points. We now prove that the sequen-
tial diagram i — (F;00 h)gy is a cofibration in Fun(IN, Fun(I, sSet)), where
IN is seen as a category via its poset structure. In particular, this will imply
that (foOO4 h)gy is a cofibration. We denote respectively by B and C the
source and target of (] /. Using the classical description of cofibrations in
Fun(IN, Fun(I,sSet)) in terms of the Reedy model structure, we have to prove
that the morphism

H

((An X CYU(4,xBU 4 x5 40%C) (An+1 X BUz,xp Ag X C))z = (A X C)Iyi,, (3.3)
»

induced by the square

H H
(A x BU g g Ag X C)ZT —— (Aur1 X BUggxp Ag X C)ZT
(Faco L, | JEmoont,
H H
(An X C)):T e (An+1 X C)):T

is a cofibration. Using that pushouts commute we pushouts, the morphism
(3.3) can be identified with (f,00 h)gy and the result follows from the fact
that f, is a strong fixed cofibration. O

Proposition 3.3.13. For every partition P = (Uy,..., Uy), for every tuple g =
(f1,---» fx) of fixed cofibrations and for every group homomorphism a: H — X,

the map

is a fixed cofibration.

Proof. The homomorphism a: H — X4 gives an H-set T, which we can decom-
pose T into orbits as T =~ H/K; U--- LI H/K;. In particular, the homomorphism
a factors as a homomorphism a: H — ¥[p.k,) X -+ X X[k, and we denote
by a;: H — ¥y, the associated homomorphism. Using the fact that fixed
points commute with products and that pushouts along a monomorphism
commute with fixed points, we deduce that

H 1
<] -l
P i=1
with f; the component of f for which H/K; C U;. If we assume that for every
i=1,...,1, Of;(D?i f) is a fixed cofibration, we obtain that a* (04 f) is also a
fixed cofibration using that pushout-products of cofibrations are cofibrations
and the fact that the functor

O: Arr(Fun(I,sSet)G)2 — Arr(Fun(I,sSet)G)
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preserves sifted colimits. We can now asumme that T = H/K and that « is a
homomorphism a: H — ¥, with n = [H : K]. We now prove that

a*(fu" )H ~ K.

If we write f: A — B as an inclusion, the iterated pushout-product f&" can be
described as the inclusion map

n
[ B xAx B o B
i=1

We prove first that a*(B") ~ BK. Consider the map p: BX — B" that sends
a K-fixed point x to the element p(x) = (hx,..., h,x) with ey = hy,..., h, rep-
resentatives in H of the cosets in H/K with the ordering given by the chosen
isomorphism G/H =~ {1,...,n}. The element p(x) is an H-fixed point, moreover,
p induces an isomorphism a*(B")H ~ BX where the inverse of p is given by
the projection a*(B")¥ — BX to the first component. Finally, using a similar
argument, we have that

" H
a*[U B lxAxB"| ~AK

i=1

n\H . .
and that the map a* (fIj ) corresponds to the inclusion fX: AK < BK, In

particular, we obtain that a*(f")H is a cofibration as f is a fixed cofibration.
Moreover, we have that

colim(a* (f':'" )H)
a1} colim 1 = oot )" = clima’ ()

H

and it follows that a* (fD”) is a fixed cofibration. O

Construction 3.3.14. Let O be a finite group, let X be a (G x ©)-set with a free
®-action and let Y be in Fun(I,sSet)GXG. We will now describe the quotient
(X xY)g as a G-object in Fun(I,sSet). Choose first a set R of representatives in
X of the classes in Xg. For every representative x and every g in G, there is a
unique representative y and a unique 6 € © such that gx = 6y. The uniqueness
of 6 is given by the fact that the @-action on X is free. We now construct a G-
action on Xg x Y. For every g in G, the associated map g-(-): Xg xY — XgxY
sends the a-copy of Y to the (g-a)-copy of Y and is given on Y by the map
(0,8) - (-) where 0 is the unique element of ® such that g-x =60y with x and
y the representatives of a and g - a respectively. There is a G-equivariant map
X xY — Xg x Y that sends (a,v) to (x,0~'p) with x the representative of a and
O the unique element of © such that 6x = a. This map exhibits Xg x Y with
the G-action that we described above as the quotient (X x Y)g. Let H be a
subgroup of G. We now describe the H-fixed points of (X xY)g. For every
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Chapter 3. On sifted homotopy colimits of algebras over an N,-operad

H-fixed point a in Xg represented by x, the map «a,: H — © that sends an
element & to the unique 6 in © such that hx = Ox is a homomorphism. We
now obtain that the H-fixed points of (X x Y)g is given by

| | e
xEX@

Note that this construction also applies to maps in Fun(I,sSet)%*®.

Proposition 3.3.15. Every cellular cofibration in Fun(I,sSet)®*>« for the graph
model structure is a strong fixed cofibration.

Proof. Using Proposition 3.3.12, it is enough to prove the result for generating
cofibrations. Consider the cofibration f = Tx f’ with T a finite GXX,-set with a
free ¥ ,-action and f’: A — B a cofibration in Fun(I,sSet). Using Construction

3.3.14, we have that ((fD Oy 8)xy )H is the map

H
) rees| O]
xeT{IT P

which is a cofibration as a coproduct of pushout-products of cofibrations using

Proposition 3.3.13. We now have to prove that the colimit of (fO04 )y,
commutes with H-fixed points. We have that

H
colim LI f'Da;[Dg]
P

H
xeTXT

H
~ I_I colim(f’)[l(a;[[lcolimg]] ~ colim{ful:lg]
P P

H
XETX:]) Xy

using Proposition 3.3.13, the fact that 0O preserves colimits in both variables,
and the fact that I is sifted. O

Proposition 3.3.16. Let C be a bicomplete category, let a: G — H be a group
homomorphism, and let K be a subgroup of H. The functor (ay(-))k is the functor
that sends a object X in CC to the following object in C

Xa—l (hKh—l )
a(G)hKea(G)\H/K

Proof. We compute the right adjoint of this functor. It sends an object Y of
C to the image under a* of hom(H/K,Y). The latter object if the same as
hom(a*(H/K),Y). Moreover, we have that

a*(H/K) ~ |_| G/a™" (hKh™!).
a(G)hKea(G)\H/K
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We deduce the right adjoint of the functor we care about sends an object Y of
Cto
hom (G/a™" (hKK™'),Y)
a(G)hKea(G)\H/K
which implies that the image of a G-object X in C under (a(X))k is
Xa’l(hKh’l)'
a(G)hKea(G)\H/K
O
Proposition 3.3.17. Let C be a cocomplete and closed monoidal category. For every

group morphism a: G — H, for every X in CC, and for every Y in CH, there is an
isomorphism

a(Xa'Y)~aX®Y. (3.4)

Proof. For every Y in CH, both sides of (3.4) give functors C¢ — CH and we
compute their right adjoints. For the right-hand side, the right adjoint is given
by the functor that sends an object Z in C* to a*hom(Y, Z). For the left-hand
side, the right adjoint is the functor that sends Z to hom(a*Y, a*Z). The result
follows from the fact that there is a natural isomorphism

hom(a*Y,a*Z) ~ a*hom(Y, Z).
O

Proposition 3.3.18. For every strong fixed cofibrant operad O in Fun(I,sSet),
for every strong fixed cofibration u: A — B in Coll(Fun(I,sSet)®) and for every
pushout square

FA) —— O
F(u)l lf
F(B) —— P,

the morphism U(f) is a strong fixed cofibration. In particular, P is also strong
fixed cofibrant.

Proof. We recall first from [PS18a, Proposition 5.2] the construction of the
Y ,,-morphism f(n): O(n) — P(n). The morphism f(n) is obtained as the
transfinite composition

0 = Pon) 25 Py ) 22 Py 25

where every fi(n) is defined by induction as a pushout
L Zn Xaut(r) w(T) —— Pr(n)
uTz,zxAutmeml lfk(m
L7 20 Xauyr) #(T) — Pry1(n)
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Chapter 3. On sifted homotopy colimits of algebras over an N,-operad

where the coproducts run over all isomorphism classes of admissible marked
trees with n leaves and k marked vertices, and where the Aut(T)-morphism
e(T): u*(T) - u(T) is inductively defined as

e(T):=e(ho|_|e(T;)

!
i=1

with I the arity of the root of T and with €(l) € Fun(I,sSet)**! defined as
e(l) = u(l)  if I is marked;
~ |no(l) if I is not marked,

with 77p: 1¢ — O the morphism given by the identity of O.

Using Proposition 3.2.2, it is enough to prove that ¥, x5,¢(1)€(T) is a strong
fixed cofibration for every marked tree T. Let P = (Uy,..., Uj) be a partition of
{1,...,n} with |P;| = n;. For every tuple (fi,..., f;) of fixed cofibrations, we have
to prove that

[a! (e(T))Dl:If]
P

is a fixed cofibration. Using Proposition 3.3.16, Proposition 3.3.17 and the fact
that the conjugation of a subgroup of the form ¥ in ¥, is also of this form, it
is enough to prove that

Ly

[emu C1f

P ]Auty(T)

is a fixed cofibration, where the Auty(T)-action on [, f is given by precom-
posing with the homomorphism Autyp(T) — X5. We will prove the result by
grafting induction on T as a partitioned tree. Suppose T = t,,(T3,..., T;;) such
that we are in the situation of Construction 3.3.9. We have

We deduce that

[e(T)u Cf

P ]Autfp(T) i=1
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using the description of Autp(T) of Construction 3.3.9. Finally, we deduce
that (e(T)O I]?f)AutT( is a fixed cofibration because e€(m) is a strong fixed

cofibration and because ( e(T;) o0y, f) 1s a fixed cofibration by induction.
O

Proposition 3.3.19. For every strong fixed cofibrant operad O in Fun(I,sSet)®
and for every subgroup H of G, the H-fixed points functor (—)H given by the
composition

H

AlgO(Fun(I,sSet)G) 5, Fun(I,sSet)® (1> Fun(I, sSet)

preserves cofibrant objects.  Furthermore, for every cellular algebra F in
AlgO(Fun(I,sSet)G), the colimit of U(F): I — sSet® commutes with H-fixed
points.

Proof. Let A be a cellular algebra over O. Using [BMO03, Proposition 5.4], there
is a morphism of operads O — O[A] such that O[A](0) = A. Moreover, O —
Ol[A] is a sequential colimit of cellular extension by strong fixed cofibrations
and it follows that O — O[A] is a strong fixed cofibration. In particular,
because O is strong fixed cofibrant, O[A] is also strong fixed cofibrant. Finally,
because A = O[A](0), we have that A" is cofibrant for every subgroup H of G
and the colimit of A commutes with H-fixed point. Finally, if B is a retract
of a cellular algebra A, then B is a retract of A and it follows that B is
cofibrant. O

Proposition 3.3.20. For every graph Y-cofibrant operad O in sSet®, the fixed

point functor
G\ U G ()"
Alg,(sSet™”) — sSet” — sSet

preserves sifted homotopy colimits.

Proof. Suppose that I is a homotopy sifted category (in particular, I is sifted).
As pointed out in [PS18a, Proposition 7.9], we can compute all sifted homotopy
colimits by only considering homotopy sifted categories with finite coproducts.
We can thus assume that I admits coproducts. For every n, using [Stel6], O, is
a cellular object in sSet®**» for the graph model structure. In particular, O, is
also cellular when seen as a constant functor in Fun(I,sSet)°** and this im-
plies that O is strong fixed cofibrant as an operad in Fun(I,sSet)C. Finally, we
have an equivalence AlgO(Fun(I,sSet)G) = Fun(I,AlgO(sSetG)) and the model
structure on Alg,(Fun(I,sSet)®) corresponds to the projective model structure
on Fun(I, Algo(sSetG)). Consider now F: I — Algg (sSet®) a cellular func-
tor. As F is strong fixed cofibrant, the functor U(F)" is cofibrant and U(-)#

preserves the colimit of F because U preserves s1fted colimits and because
(—)H preserves the colimit of U(F). The result now follows from the fact
that homotopy colimits can always be computed as strict colimits of cellular
functors. O
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The previous proposition applies in particular to algebras over an N,-
operad.

Corollary 3.3.21. For every N,-operad O, the fixed point functor

\H
Alg,(sSet©) 7, sSet€ N sSet

preserves sifted homotopy colimits.
In particular, we obtain the following result on the associated co-categories.

Corollary 3.3.22. For every Ny,-operad O, the forgetful functor
U: Alg, — 8¢
preserves sifted colimits.

Proof. Using that colimits in a presheaf category can be computed component-
wise, it is enough to show that the composition

eVG/H

U: Alg, —> 86 %' s
preserves sifted colimits for every subgroup H C G. This functor is the right
derived functor of the composition

\H
Algo(sSetG) g, sSetC (—)> sSet

and, combining [Lur09, Proposition 5.3.1.16], [Lur09, Corollary 5.5.8.17] and
[Lur17, Theorem 1.3.4.24] with Corollary 3.3.21, the functor U : Alg,, — 8
preserves sifted colimits.
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Chapter 4

Homotopy theory of
simplicial parametrized
operads

This chapter is based on the preprint [Mar25].

4.1 Introduction

Operads were introduced by May [May72] to study infinite loop spaces, and
they play an important role in encoding algebraic structures in different areas
of homotopy theory. In this chapter, we are interested in coloured operads,
which can be used to describe structures such as enriched categories or a ring
together with a left module. Roughly speaking, a simplicial coloured operad
O is the data of a set of colours along with a simplicial set O((xy,...,x;),xg)
of “multimorphisms from (xy,...,x,) to xo” for every list of colours (xy,...,x;).
These simplicial sets are equipped with actions of the corresponding symmet-
ric groups that “permute the entries” along with identities and an associative
composition. The homotopy theory of simplicial operads has been studied
in the non-coloured case in the work of Berger and Moerdijk [BM03], and a
model structure on simplicial coloured operads has been constructed later on
independently by Cisinski and Moerdijk [CM13b] and by Robertson [Rob11].
Simplicial coloured operads provide one model for the theory of co-operads
[Lurl7] that is known to be equivalent to the other models, combining the
work of Cisinski and Moerdijk [CM11, CM13a, CM13b], Barwick [Bar18], and
Chu, Haugseng, and Heuts [CHH18].

In recent years, equivariant homotopy theory has become an increasingly
active area of research, spurred in part by Hill, Hopkins, and Ravenel’s resolu-
tion of the Kervaire invariant one problem [HHR16]. In particular, the theory
of equivariant operads has gained particular attention through the develop-
ment of N,-operads by Blumberg and Hill, which generalise E_,-operads to
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the equivariant setting. In contrast with the non-equivariant setting, where
all E.,-operads are equivalent, N, -operads are not all equivalent. Instead,
they form a poset that can be described in terms of G-indexing systems, fol-
lowing work of Blumberg and Hill [BH15], Bonventre and Pereira [BP21], and
Rubin [Rub21]. The study of the combinatorics of these G-indexing systems
has recently become an active research area, for instance, with the work of
Balchin, Barnes, and Roitzheim [BBR21] or Balchin, MacBrough, and Ormsby
[BMO25]. The study of equivariant operads is not limited to N,,-operads, see
for example, Hill’s work on equivariant little discs operads [Hil22].

In [BH15], Blumberg and Hill defined the notion of graph equivalences of
G-operads, which is part of a model structure on the category of simplicial
G-operads, as proven by Bonventre and Pereira [BP21]. This graph model
structure has then been extended to G-simplicial coloured operads by Bonventre
and Pereira in [BP22c]. Moreover, other models for equivariant operads, such
as equivariant dendroidal sets and equivariant dendroidal spaces, have been
developed and compared by Bonventre and Pereira in [Per18, BP20, BP22a].

In the language of co-categories, based on the theorem of Elmendorf
[Elm83], equivariant homotopy theory can be formalised using the theory of
parametrized co-categories, as developed by Barwick, Dotto, Glasman, Nardin,
and Shah in [BDG"16, Nar16, Shal7]. This theory provides proper categorical
foundations for higher equivariant algebra, and it has known recent further
developments, for instance with the work of Cnossen, Lenz, and Linskens
[CLL25b, CLL25a, CLL25c¢] or with the work of Hilman [Hil24]. In particular,
Lurie’s theory of co-operads [Lurl7] admits a generalisation in the equivari-
ant world through the theory of parametrized co-operads of Nardin and Shah
[NS22], see also work of Barkan, Haugseng, and Steinebrunner [BHS25]. In
analogy with classical higher algebra, the theory of parametrized co-operads
is expected to play a central role in higher equivariant algebra. Progress in
this direction has been made recently, for instance, with the work of Stewart
[Ste25a, Ste25b, Ste25c].

The theory of equivariant operads has thus two facets: the classical
theory of equivariant simplicial (or topological) operads and the theory of
parametrized co-operads. Both these approaches have been studied with
different perspectives, and it is natural to expect them to be the two sides of
the same coin. One way to approach a comparison between these two theories
is to introduce an intermediary player that shares one feature with each of
these theories and that can be compared with both of them. A good candidate
is the theory of simplicial parametrized operads as introduced by Nardin and
Shah in [NS22]. The theory of simplicial parametrized operads and the theory
of equivariant simplicial operads have one feature in common: they are both
defined as model categories and can hopefully be compared via a Quillen
adjunction. On the other hand, the theory of parametrized simplicial operads
shares with parametrized co-operads that both these theories live in the
parametrized world.
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4.1.1 Main results

In this chapter, motivated by our overarching goal to provide a comparison
of all models for equivariant operads, we construct a model structure on the
category of simplicial (coloured) parametrized operads. In order to achieve
this, we consider a generalisation of the theory of (coloured) symmetric oper-
ads that subsumes enriched categories, non-symmetric operads, and Nardin
and Shah’s parametrized operads. Our theory is based on the notion of F-
multicategories (see Subsection 4.2.1 for a definition), that is, a specialisation of
Leinster’s generalised multicategories [Lei04]. If V is a cartesian category, then
every F-multicategory IM gives rise to a notion of (coloured) M-operads in V' for
which M plays the role played by the symmetric groupoid X, for symmetric
operads. Every M-operad in V has an underlying M-collection in V, and we
prove, under some assumptions on IM and V, the existence of a composition
product oy on the category Collps(V) of IM-collections in V for which algebras
are precisely IM-operads in V. More precisely, we prove the following theorem.

Theorem 4.A. (Corollary 4.3.20) For every F-multicategory M that is target right
fibrant in the sense of Definition 4.3.16 and for every cartesian closed category V),
the category Collpn(V) of IM-collections in V is endowed with the structure of a
monoidal category for which the category of algebras is precisely the category of
M-operads in V.

Using this generalisation of the composition product, and the fact that
Collp,(sSet) can be endowed with a projective model structure, we prove the
following theorem.

Theorem 4.B. (Theorem 4.4.1) For every target right fibrant F-multicategory IM,
the category sOpy admits a model structure that is right lifted from Collp(sSet)
with respect to the free-forgetful adjunction

Fp: Collpy(sSet) 2 sOppy: Ut

One main feature of our notion of generalised operads is that it provides
a convenient way to encode coloured operads. For every M-set of colours
A (in the sense of Definition 4.2.18), A-coloured operads are by definition
M4-operads for some F-multicategory IM#. Using this description of coloured
IM-operads, we prove the following theorem.

Theorem 4.C. (Theorem 4.4.28) For every F-multicategory IM that is target right
fibrant, the category of simplicial coloured IM-operads admits a model structure for
which the weak equivalences are the fully faithful essentially surjective morphisms
and for which the fibrations are the isofibrations (See Definition 4.4.11 for all the
terminology used here).

We can specialise this theorem to obtain a model structure on Nardin and
Shah’s simplicial parametrized operads.

Theorem 4.D. (Example 4.4.29) For every category O and every orbital sub-

category T of O, the category sOp(Cg1 ) of simplicial coloured (O, T)-parametrized
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Chapter 4. Homotopy theory of simplicial parametrized operads

operads admits a model structure for which the weak equivalences are the fully faith-
ful essentially surjective morphisms and for which the fibrations are the isofibrations
(respectively defined in Definition 4.4.11).

4.1.2 Structure of the chapter

In Section 4.2, we define the notion of F-multicategories as well as our notion
of generalised operads. In Section 4.3, we construct, for a target right fibrant
F-multicategory M, a convolution product on the category of IM-collections
for which the algebras are precisely the IM-operads. In Section 4.4, for a
target right fibrant F-multicategory M, we construct a model structure on the
category of simplicial (coloured) IM-operads.

4.1.3 Related work

For a G-transfer system 7, the category sOp ¢, ¢,) defined in Example 4.2.36
should be equivalent to the category of simplicial T -partial genuine equivariant
operads of Bonventre and Pereira [BP21], however, such a comparison has not
been made yet. In particular, we expect that the model structure on sOp ¢ o)
that we obtain in Example 4.4.3 corresponds to their model structure.

This chapter is based on the idea that the theory of double categories
can be used to implement operadic theories. This idea is not new, and such
considerations have already been made by Pisani in [Pis22] and by Haugseng
in [Hau22].

4.2 M-operads

4.2.1 F-multicategories

The goal of this section is to define the notion of F-multicategories as a spe-
cialisation of Leinster’s generalised multicategories [Lei04].

Definition 4.2.1 ([Ben85, Section 3]). Let C be a category. The completion
by finite coproducts of C is the category FC whose objects are sequences X =
(X1,...,X,) of objects of C and, given two such sequences X = (Xj,...,X,,) and
Y =(Yy,...,Y,), whose set of morphisms FC(X,Y) is

n
]_[C(Xi) Ya(iy)

a: (n)—(m) i=1

where (1) denotes the finite set {1,...,1n}. The composition of morphisms in
FC is naturally induced by the composition of maps of finite sets and by the
composition of morphisms in C.

Proposition 4.2.2. For every category C, the category FC admits finite coproducts
and satisfies the following universal property: for every category D with finite
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4.2. M-operads

coproducts, the canonical inclusion functor C — FC induces an equivalence of
categories
Fun,,(FC,D) — Fun(C, D)

where Fun,(FC, D) denotes the full subcategory of Fun(FC, D) spanned by these
functors that preserve finite coproducts.

Proof. This proposition is classical. The coproducts in the category FC are
given by the concatenation of sequences of objects in C. O

Remark 4.2.3. For every category C, the category (FC)°? is the completion by
finite products of C°P. In particular, for every functor F: C°? — ) where Vis a
category with finite products, F can be extended into a functor F: (EC)°? — V
that preserves finite products defined explicitly on objects by the formula

E(Xy,...,X,) = ]_[P(X,-).
i=1

Proposition 4.2.4. The functor F: Cat — Cat is naturally endowed with the
structure of a cartesian monad.

Proof. For every category C, we obtain a functor pg: F2C — FC induced by the
identity id¢o: FC — FC using Proposition 4.2.2. A direct verification shows
that the natural transformation yu: F2C — FC thus obtained, along with the
inclusion functor C < FC, induce the structure of a cartesian monad on F. [

Remark 4.2.5. Note that the structure of a monad on FC exists only because
we chose a strict model for FC. For a different model, we would only obtain
the structure of a pseudo-monad on F. In particular, the definition that we
gave for F in Definition 2.4.1 is not strict enough to provide such a structure.

Specialising [Lei04, Definition 4.2.2] at the monad F, we obtain a no-
tion of F-multicategories as well as a notion of multifunctors between F-
multicategories. We denote by F-Multicat the category of F-multicategories
and multifunctors. Recall that an F-multicategory IM is given by the following
data:

1. a small category M, of multimorphisms and a small category M, of
objects;

2. asource functor s: IM; — FIM( and a target functor t: IM; — IMy;

3. anidentity functor 1py: Mo — IM; and a composition functor ©: IM; xgpy,
FM] — Ml .

These data are required to satisfy the following compatibilities:

1. the composition of 1y and s is the canonical inclusion IMj < FIM, and
1 is a section of ¢;
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2. the composition of the composition functor ©: M; xgp, FM; — M,
with the target functor t: IM; — M is the composition

M, xpp, FIM; ©5 M, — M

and the composition of the functor ©: M; xgp, FM; — M; with the
source functor s: IM; — IMj is the composition

F
M g, FIM; — FIM; —> F2IMy - FIM;
3. (associativity) the following diagram commutes

Ml XFIMO FMl XFZMO F2M1 ;) Ml XFIMO F(M] XFIMO FMl)

@XiszMl idFZIMll lid]Ml Xidpm, Fo
M, xg2pg, F2IMy M; X, FIM;
-| le
M xgm, FIM; 5 > My;

4. (unitality) the following diagrams commute

1d]M1 ldIMO F1 ™M

M xgpm, FMg ———— M, XFMO FM,

1MX‘M

MO XMO M1 —) Ml XFMO FMl
\ ©
M,
with i, and iy, the inclusions My < FIMy and M; < FIM;.

Recall from [Ehr63] the notion of a double category.

Definition 4.2.6. A double category is a category internal to Cat. Equivalently,
a double category is an id-multicategory in the sense of [Lei04, Definition
4.2.2] where id : Cat — Cat is the identity monad. A double category is small if
it is a category internal to Cat. We denote by DoubleCat the category of small
double categories.

Remark 4.2.7. Note that Definition 4.2.6 is the definition of strict double cate-
gories. For the rest of this thesis, we mostly consider strict double categories,
and we will always call them double categories. If a double category is not
strict, then we call it a weak double category.
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Proposition 4.2.8. The functor F: Cat — Cat is naturally endowed with the
structure of a cartesian oplax morphism of monad F: (Cat,F) — (Cat,id) in the
sense of [Lei04, Section 6.7].

Proof. The functor F is Cartesian and the structure of a colax functor on F is
provided by the multiplication of F. O

Using [Lei04, Section 6.7] on the colax functor F: (Cat,F) — (Cat,id), we
obtain a functor

F.: F-Multicat — DoubleCat

that sends a F-multicategory M to the small double category FIM defined by
(FM); = FM; and (FIM), = FIM, and where the source and target functors

are, respectively, given by the composition FIM; L] F? M, LAR FM, and by
Ftpi: FIM; — FIMg, where the horizontal composition functor is given by
FO: FM; xpp, FIM; — FIM; using that F(FIMy xpng, My ) = FIM; xpp, FIMy,
and where the identity functor is F1y,: FIMy — FIM;.

4.2.2 M-operads

In this section, we define our generalisation of operads based on the notion of
F-multicategories.

Remark 4.2.9. Recall that every monoidal category (C,®) can be seen as a
weak double category with a trivial category of vertical morphisms and whose
category of horizontal morphisms and squares is C itself. The horizontal
composition is given by the monoidal structure of (C,®).

We now recall from [GP99] the definition of lax functors between weak
double categories. We only recall the definition when the target is a monoidal
category and when the source is a double category.

Definition 4.2.10. Let ID be a double category and let (C,®¢) be a monoidal
category. A lax functor F: ID — C is a functor F: ID; — C along with a natural
transformation a: ®¢o(FxF) = Fo® of functors ID; xpp,ID; — C and a natural
transformation 7: 1 = F o 1p of functors Dy — C satisfying the following
compatibilities:

1. for every (fi, f2, f3) in Dy xp, D; xp, Dy, the following diagram com-
mutes

F(f)®c E(fa) @ F(f) S E(f 0 f) 8c ()

idp(f) 8 al lﬂ

F(fi)®c F(f0f;3) ——F—— F(f10£,0/3);
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2. for every X in Dy and every f in ID;, the following triangles commute

1dp( ) c’v ’I®CldF ()
F(f) — F(f)®c F(1x) f) —— F(lx)®¢ F(f)
F(folx) F(1xof).

A vertical natural transformation 0: F = G between two lax functors F,G: ID —
C is a natural transformation 6: F = G between the underlying functors
F,G: Dy — C satisfying the following conditions:

1. for every (f,g) in Dy xp, Dy, the following square commutes

9f®9
F(f)®c F(g) — G(f)®c G(g)

o] L

F(fog) —— G(fog);
fog

2. for every X in Dy, the following triangle commutes

F(1x)

e J/elx

G(1x).

We denote by Lax(ID,(C) the category of lax functors F: ID — C and vertical
natural transformations thus obtained.

Definition 4.2.11. Let IM be an F-multicategory and let V be a category with
finite products. An M-collection in V is a functor S: IM;°P — V. An M-operad
in V) is a lax functor O: FIM°P — V in the sense of Definition 4.2.10 such that
the underlying functor O: FIM;°P — V) preserves finite products. Explicitly,
an M-operad O in V is the data of an IM-collection O: IM;°P — V in V along
with:

1. identities given by a natural transformation 1x: 1, — O(1) of functors
M(°? — V where the right-hand side is the composition

1 o
M°P =5 M, °P — V),
and where the left-hand side is the functor constant on 1);

2. a composition law given by a natural transformation o: O(f) x O(f;) x
=X O(fy) = O(f ©(fi-.., fy)) of functors (M xgng, FM; )" — V where
the left-hand side is the composition

op OxO

(Ml XFIMO FMl )Op —> (Ml X FMl) — VxV — V
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4.2. M-operads

with O given by Remark 4.2.3, and where the right-hand side is the
composition

op ©°P

(Ml XFMO FMl) —> Mlop —) V.

These data are required to satisfy the following compatibilities:

1. (associativity) for every (f,(fi .., i) (Flsees £ s (il fi' ™)) in
M1 xpm, FIM1 Xg2pp,, F’M,, the following diagram commutes

O < Iy (O < TT2, 0))) —== o) % (T 0) x (T, T}, 0()

id %[0, ol loxid

O ) XTTy O O (v £1) O © (s i) % (T2 T O(F))

OUf O fr Ofrree i e fu O fikseos f™)) = O O (fraeeis fa) O fisees fi ™))

2. (unitality) for every f in IM;, if we denote by (xy,...,x,) the source of f,
then the following diagram commutes

O 2 0(£) x O(14, ) x -+ O(1, )

\le

f @ Xyprece Xn ))
and if we denote by x the target of f, then the following diagram com-
mutes
1d 1,

O(1,0f).

A morphism of M-operads ¢: O — P in )V is a vertical natural transformation
¢: O = P. Explicitly, a morphism ¢: O — P of M-operads in V is a natural
transformation ¢: O = P of functors M;°? — V such that the following
diagrams commute:

1.

O(f)xO(fr) x---xO(fy) —>7’f)><7’(f1)X~'><77(fn)

OOl I
> P(

O(f O (fire-er fu))
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2.
1X/ O(1x)
1y J‘P(lx)
1x
P(1x).

In what follows, we denote by Opy,(V) the category of IM-operads in V' thus ob-
tained. Note that, by definition, Opy, (V) is a full subcategory of Lax(FIM°P, V).

Example 4.2.12. Consider the F-multicategory ¥, whose category of multimor-
phisms is the symmetric groupoid X, = | |,,5oBX,, whose category of objects
is the final category %, whose source and target functors are the inclusion
¥, < F+ and the unique functor X, — = respectively, and whose composition
functor ©: X, xg, FX, — X, sends an object (n, (ky,...,k,)) to ky +---+ k,, and
sends a morphism (6, (171,-++,7,)) with 6 in ¥, and #; in ¥, to the permutation

k
Ok, ky © [|_| 771'],

i=1

with 6, k. the block permutation. The category of X,-operads in V is the
category of symmetric operads in V.

Example 4.2.13. Consider the F-multicategory IN whose category of multimor-
phisms is the set IN of non negative integers (seen as a discrete category), whose
category of objects is *, whose source and target functors are the inclusion
IN < F+ and the unique functor IN — = respectively, and whose composition
functor IN xg, FIN sends an objects (n, (ky,...,k,)) to k; +---+k,. The category
of IN-operads in V is the category of non-symmetric operads in V.

Remark 4.2.14. Note that IN is actually a classical multicategory seen here as
a discrete F-multicategory.

Proposition 4.2.15. For every multifunctor ¢: IM — IN between F-multicategories
and for every functor : V — U between categories with finite products that pre-
serves finite products, we obtain by precomposition and post-composition functors
¢*: Opn(V) = Opp(V) and Opp(p): Opp(V) = Opn(U). In particular, for
every category with finite products V, we obtain a functor

Op(_,(V): F-Multicat®P — Cat.

Proof. This follows directly from the description of IM-operads in terms of lax
functors. O

4.2.3 Coloured M-operads

The goal of this section is to define the notion of coloured IM-operads. Recall
first the definition of the Grothendieck construction from [GR03].
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Definition 4.2.16. Consider a functor F: C°P — Cat. The Grothendieck con-
struction of F is the category IC F whose objects are pairs (X, x) with X in C and
x in F(X) and whose morphims (X, x) — (Y, x) are pairs (f,¢) with f: X - Y
a morphism in C and ¢: x — F(f)(y) a morphism in F(X). We obtain, more-
over, a functor 7tp: fC F — C that sends (X, x) to X. If F is a presheaf of small
sets on C, the category of elements of F denoted by el(F) is the Grothendieck
construction of the composition

F —_—
C°P — Set — Cat

where the right-hand side functor sends a set to the corresponding discrete
category.

Remark 4.2.17. Explicitly, the category of elements of a presheaf F: C°P — Set
is the small category whose objects are pairs (X, x) with X in C and x in F(X)
and where a morphism (X, x) — (X,y) is a morphism f: X — Y in C such that

E(f)(y) = x.

Definition 4.2.18. For every F-multicategory M, the category of M-sets of
colours is the category Psh(IMy) of presheaves of small sets on M.

Construction 4.2.19. For every F-multicategory M and every functor F : A —
M, with A a small category, we define a new F-multicategory F*M whose
category of objects (F*IM), is A and whose category of multimorphisms (F*IM);
is IM; X(m,xFM,) (A X FA), whose composition functor

O M- F*Ml XF(F"]NIO) F (F*Ml) — F*Ml

is the functor

5 o\ OXppxidy
(M1 ety BV )X (g, it ) (AXEAXERA) = My Xtk (A X FA)

using the isomorphism
F'My xg(pmg) F(FMy) = (M xpp, FIM; ) X (MoxEIM, xE2My ) (A X FAXE?A),

and whose identity functor 1: F*IMy — F*IM; is the functor A — M X xFM,)

(AxF.A) given component-wise by the composition A N M, N M;, by the
inclusion A < FA and by the identity id 4 respectively. In particular, we
obtain a functor (-)*M: Cat/y, — F-Multicat that sends a functor F: A —
M, to the F-multicategory F*'IM and that sends a commutative triangle of
functors

A—1 op

N e

M,
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to the multifunctor F*IM — G*IM given on objects by H and on morphisms by
the functor (H*M); : (F'M); — (G"IM); obtained by the following diagram

(FFM); —— AxFA

l(H*]M)l l/HxFH

(G'M); — BxEB

| [oss

Ml T) MO X FMO
- el (=M
In what follows, we denote by Cp the composition Psh(IMg) — Cat/ g, —

F-Multicat and we denote by IM* the image of a IM-set of colours A under the
functor Cpy.

Definition 4.2.20. Let A be an IM-set of colours. An A-coloured M-collection in
V is an IM*-collection in V. Similarly, an A-coloured M-operad in V is an IMA-
operad in V. We denote respectively by Collﬁ\‘/I(V) and Opﬁ,{(V) the categories
of A-coloured collections and A-coloured operads in V. Consider the functor
@y : Psh(IM)°P — Cat that sends A to Opj(V), obtained as the composition
C Op(V) —

Psh(M,)°P — (F-Multicat)®® 5  Cat.
We denote by OpCOI(V) the Grothendieck construction of ®@y;. The category
OpCOI(V) is the category of coloured M-operads in V.

Example 4.2.21. If we consider the F-multicategory X, of Example 4.2.12,
then the category OpCOI(V) is the category of coloured symmetric operads in V.

Example 4.2.22. If we consider the F-multicategory IN of Example 4.2.13,
then the category OpCOl(V) is the category of multicategories enriched in V.

Construction 4.2.23. For every multifunctor ¢p: IM — IN, we define a natural
transformation (—)*¢: (—=)'Mo (¢g)* = (—)'IN with (¢)*: Psh(INy) — Psh(IM,)
the functor obtained by pulling back along ¢. For every functor F: A — IN,
if we denote by G the functor (¢()'F, we have to construct a multifunc-
tor F*¢: G'IM — F*IN. At the level of categories of objects, the functor
(F*¢)o: Mg xpy, A — A is the canonical projection and at the level of multi-
morphisms, the functor

F (;b Ml X (IMoxFIM,) ((A X]No Mo) X F(A XINO Mo)) ad Nl X(INOXFINO) (A X FA)

in given by ¢ x;

id(ENg N idpexe using the equivalence

Ml X(MQXFMQ) ((.A ><]N0 MO) X F(.A X]NO Mo)) ~ M] X(INOXFINO) (F.A X .A)

In particular, for every multifunctor ¢p: IM — N, we obtain a natural transfor-
mation @y : Py = Py o (Pg)” of functors Psh(IN()°P — Cat by precomposing
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and post-composing (—)*¢ by el and Op_(V) respectively. We thus obtain a

fuctor ¢”: Opﬁgl(V) — Opﬁ\‘/}l(l/) on the associated Grothendieck constructions
using [HP15, Section 2.3].

Proposition 4.2.24. The functor (-)o: F-Multicat — Cat that sends an F-
multicategory IM to its category of objects M admits a left adjoint that sends a
category C to the B-multicategory C constant on C. For every presheaf A: C°P — Set,
the category of A-coloured C-operads in V is the category Fun(C°P,Caty)* of
functors F: C°P — Caty, (with Caty, the category of small V-categories) such that

. F Ob .
the composition C°P — Caty, — Set is A. Moreover, the category of coloured
C-operads is the category Fun(C°P, Caty,).

Proof. Let A: C°P — Set be a presheaf and let O be a A-coloured 5—operad in V.
The category (CA)l is the pullback el(X) x¢ el(A). For every object X of C, we

can define a V-category O(X) with set of objects A(X) and, given two objects
x,v in A(X), whose object in V of morphisms is O(X, x, y) where (X, x, ) is seen
as an object of el(A) x¢ el(A). The composition and identities of the operad
O respectively provide a composition and identities for the V-category O(X).
This construction provides the promised equivalence between A-coloured
aoperads in V and Fun(C°P, Caty)?. The last part of the proposition follows
from the fact that the category Fun(C°P, Caty,) is the Grothendieck construction
of the functor C°P — Cat that sends A to Fun(C°P, Caty)4. O

Definition 4.2.25. For every F-multicategory M, if we denote by i: My — M
the counit of the adjunction (t3: Cat 2 F-Multicat: ()¢ of Proposition
4.2.24, using Construction 4.2.23, we obtain a functor i*: Oplclf/’[l(V) —
Fun(IM°P,Caty,). For every coloured M-operad O in V, the functor
i"(0): My°P — Caty is the underlying parametrized V-category of O.

4.2.4 Parametrized operads

In this section, we use the formalism of M-operads to define parametrized
operads. We recall first the notion of orbital subcategories that we already
introduced in Definition 2.4.3.

Definition 4.2.26 ([CLL25b, Definition 4.2.2]). Let O be a small category. An
orbital subcategory T of O is a wide subcategory J of O such that the pullback
in FO of any morphism in FT C FO exists and belongs to FJ. An orbital pair
is a pair (O,7) such that O is a small category and such that 7T is an orbital
subcategory of O. A functor F: (0,T1) — (0,,7,) of orbital pairs is a functor
F: O; - 0, such that F(T;) € T, and such that FF preserves pullbacks of the
form
A——B

.

where g belongs to 7. A category O is orbital if O is an orbital subcategory of
itself.
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Recall from Chapter 2 that orbital subcategories of O form a poset that is
isomorphic to G-transfer systems.

Proposition 4.2.27 (Proposition 2.4.7). The poset of orbital subcategories
SubOrb, of the orbit category Og is equivalent to the poset 15 of G-indexing
system. In particular, it follows from [BH15], [Rub21], [BP21] and [BBR21]
that the poset SubOrb . is also isomorphic to the poset of Ny, -operads and of
G-transfer systems.

Example 4.2.28. For every category C, the core of C is an orbital subcategory
of C. We thus obtain an orbital pair (C,C™).

Example 4.2.29. The category of finite sets of cardinality less than n and
surjective functions is an orbital category.

Definition 4.2.30. For every orbital pair (O, T), consider the subcategory ¥ (¢ )
of Arr(FO) whose objects are morphisms f: A — B in FT such that B belongs
to O and where a morphism from f: A — Bto g: C — D is a pullback square

A—"sC

7l Is

B—h)D.

in FO. We now define an F-multicategory ¥ ) whose category of multi-

morphisms is Y9 7), whose category of objects is O, whose identity functor
1y g5+ O = E(o,7) sends an object X to the identity idx, and whose compo-

sition functor ©: ¥(¢,7) Xgs FX(0,7) sends (f,(f1,..-, f)) to the composition
fo(fil---Uf,)in the category FJ. A (coloured) (O, T)-operad in )V is a (coloured)
Y(o,7)-operad in VV and we denote by Op ¢ (V) (respectively by Op(cgllg.)(l/) )
the category of (O, T)-operads (respectively coloured (O, T)-operads) in V. If
O is an orbital category, then we denote by Op, (V) (respectively by Opg’l(V))
the category of (O, 0)-operads in V (respectively coloured (O, O)-operads in V).

Remark 4.2.31. If O is an orbital category, a coloured (O, O)-operad in sSet is
a simplicial coloured O-operad in the sense of [NS22, Definition 2.5.4].

Remark 4.2.32. Note that it should be possible to extend Definition 4.2.30 to
the setting of weak indexing systems in the sense of [Ste25d].

Proposition 4.2.33. Every functor of orbital pairs F: (01,7T1) — (O,,T;) induces
a multifunctor F: X9, 7,) = X(0,,7,). In particular, every functor of orbital

pairs F: (01,71) — (0,,7,) induces by restriction a functor F*: Op(olm)(V) —

Op(o,,7,)(V) as well as a functor F*: Op‘(:f‘)ll»‘h)(v) — Opfglzy%)(V).

Proof. The functor F induces a functor Arr(FF): Arr(FO;) — Arr(FO,) and
because F7; C 7, and because FF preserves pullbacks of morphisms in 7, we
deduce that Arr(FF) restricts to a functor Xp: ¥(¢, 7,) = 2(0,,7,)- Thus, we
obtain a multifunctor £¢: X9, 7,) = X(0,,7,)- The proposition now follows

from Construction 4.2.23. O
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4.3. Convolution product for double categories

Example 4.2.34. The final category * is an orbital category and the F-
multicategory X, is the F-multicategory that we already defined in Example

4.2.12. In partlcular, the category Op<°(V), is the category Op< (V) of
coloured symmetric operads in V.

Example 4.2.35. For every category C, the category Op(cgllcz)(]/) is the category

Fun(C°P,0p<°!(V)). In particular, BG is an orbital category and the category of
B G-operads in V is the category Op®(V)® of G-objects in Op<°! (V).

Example 4.2.36. For every G-transfer system 7, if follows from Proposition
4.2.27 that we obtain a notion of T -incomplete coloured operads in V given by
the category Opcg1 O7) (V). This category is expected to be equivalent to the
category of partial genuine equivariant operads of Bonventre and Pereira [BP21].

However, such a comparison has not yet been made.

Proposition 4.2.37. For every G-transfer system T, the inclusion BG — Og
produces a functor (BG,BG) — (Og,O7) of orbital pairs. In particular, using
Proposition 4.2.33, we obtain a restriction functor OpCOl )= Op<(V)©.

Proof. Note first that the groupoid B G is contained in every O for every G-
transfer system 7. Moreover, it is clear that the functor FB G < FOg preserves
pullbacks. It follows that for every G-transfer system 7, the inclusion BG —
O¢ provides a functor of orbital pairs (BG,BG) — (Og, O7). O

4.3 Convolution product for double categories

The goal of this section is to construct a convolution product for double
categories that generalises Day’s convolution product. Note that similar con-
siderations have already been made recently in [BMZ23]. Until the end of this
section, ID is a small double category, (C,®¢) is a cocomplete closed monoidal
category, and V is a cocomplete cartesian closed category.

4.3.1 Monoidal structure on spans

Definition 4.3.1 ([BP21, Definition 4.3]). If B and C are categories, then we
denote by Spany (B,C) the category with objects the spans of functors

B aXe

where A is a small category, with morphisms the following diagrams

which we write as (i,¢): (k;,X;) — (kp, X,), and composition given in the
obvious way.
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Chapter 4. Homotopy theory of simplicial parametrized operads

Proposition 4.3.2. The category Span; (IDy,C) is endowed with the structure
of a monoidal category defined as follows: the tensor product ® of two spans

k X k X
IDI<—1A1—1>CandID1<—2.A2—2>Cisthespan

k X
Dl(—.Al X]DOAZ_)C

. . kixpy k2 o
where the left-hand morphism is the composition Ay xpp Ay =D, xp, D1 —

. . . . .. X1 xX.
Dy and where the right-hand side morphism is the composition A; xp, A, 152

CxC 25 C. The tensor product @ of a pair of morphisms of spans

'Al "42
kq X, ky X5
D, /i1 (Pi/\‘ C D, / iy (P)Z/\‘ C

Bl BZ
is the morphisms of spans (i1 X ip, 1 X @) obtained by considering the diagram

Ay XDg Ay — A1 x A

ki xpg ko X1xX,
© . .y ®c
Dy — Dy XDg Dy 11 X1y i1 Xip |P1XP3 CxC —— C.
11X]D012 Y1 xY,

By xp, B2 — B1xB;
The unit of Spany (IDy,C) is the span

D, &2y, % ¢
where the right-hand side functor is constant on the unit 1 of C.
Proof. We have to construct the associators and unitors of the tensor product
®. If we consider three spans S; =D, <k—l Ay ﬁ) C, S, =Dy <k—2 A, ﬁ C and
Sz =D, <k—3 Aj ﬁ C, their tensor product S; ® (S, ® S3) is the span obtained
as the composition of
D; <& D, x (D; xp, D;) «— A; xp, (A xp, As) — Cx (CxC) —>C

and the iterated tensor product (S; ® S;) ® S3 is also obtained in a similar way.
It follows that the associator as, s,5,: S1 ® (52 ® S3) = (S; ® S5) ® S3 can be
provided by the following diagram

kyxpg (ko xp k3) Xq x(X,xX3)
D; xp, (D1xpy)D1 < Aj xp, (A2 xp, A3) —> Cx(CxC)

SN Y

(D1 xpy D1) xpy D1 < (A1 xpy A2) xpy A3 — (CxC)xC
(k1xpgk2)xpy k3 (X1xX2)xX3
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4.3. Convolution product for double categories

where f is the associator of C. The pentagon axiom can be verified using the

observation that it is verified both in C and for pullbacks over a given category.
k

For every span S =Dy «— A B C, the right unitor n7g: S®1 =~ S is given by

the diagram

Axp, Dy > C X * > CxC

\
\
”

ide

where p is the right unitor of C. The left unitor is given by a similar diagram,
and the triangle identities are easily verified since they are already verified in
C and for pullbacks over a given category. O

Remark 4.3.3. Note that the tensor product ® on Span; (ID;,C) exists only if
D is a strict double category.

4.3.2 Left Kan extension along morphisms of cocartesian fi-
brations

The results of this subsection are mostly technical and will be used in Subsec-
tion 4.3.3.

Notation 4.3.4. Consider a functor G: A — B over C

A—S B

N

Recall that, for X in B, the category G/ is obtained as the following pullback

G/x — Byx

L

A— B.

For every object X of B3, we can consider the fibre category H™}(HX) < B and

we thus obtain a subcategory of (H’1 (HX))/X < B/x. We denote by G/, x the

subcategory of G,x obtained as the pullback

Gjx — (H‘l(HX))/X

[ [

G/x ——— Bix

l |

AT)B'
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Proposition 4.3.5 ([Hau22, Lemma 3.1.11]). If G: A — B is a morphism of
cocartesian fibrations

A—C B
N
C
then the subcategory Gy, x is a reflexive subcategory of G/x. In particular, the

inclusion Gy, x <> Gyx is final.

Corollary 4.3.6. Consider a morphism of left fibrations

A—C 5B

N

such that G is an isofibration. For every object X of B, the inclusion G™1(X) < G,x
is a final functor.

Proof. The functor H is a left fibration, and it follows that H™'(HX) is a
groupoid. In particular, the category (H‘I(HX))/X is contractible. We now
obtain the diagram

G/HX Em— (H_l(HX))

| |

/X

Finally, because G is an isofibration, the functor G, x — (H‘1 (HX))/X is also

an isofibration and G™!(X) — G/, x is an equivalence as it is the pullback of
an equivalence along an isofibration. O

4.3.3 Convolution product for double categories

Definition 4.3.7. A double category ID is target left fibrant if the target func-
tor t: ID; — IDy is a left fibration and if the horizontal composition functor
©: Dy xp, D; — Dy is an isofibration. If D is a target left fibrant double cate-
gory, then a functor F: A — Dy is a target left fibration if it is an isofibration

F
and if the composition A — ID; LN Dy is a left fibration.

For the rest of this section, ID is a small target left fibrant double category.
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4.3. Convolution product for double categories

Definition 4.3.8. The category Span](ID;,C) is the full subcategory of

Spany (IDy,C) spanned by the spans ID; &A% Csuchthatkisa target left
fibration.

Proposition 4.3.9. The tensor product ® on Span; (IDy,C) restricts to a monoidal
structure on the subcategory Span} (IDy,C).

Proof. Consider two spans ID; L aX cand D, < B2 ¢ such that k and
[ are target left fibrations. The left leg of their tensor product is the following
composition
kxp, 1
AXIDOB E)) Dl X]DO Dl i)1])1

and its composition with t: ID; — Dy is the composition

1
Axp, BB D, D,

that is a left fibration as a composition of left fibrations (using that Axp B — B
is a pullback of t o k). O

Proposition 4.3.10. The functor

Lan: Spany (IDy,C) — Fun(ID4,C)

that sends a span 1Dy L A5 ¢ to the left Kan extension of X along k is a
left adjoint of the functor v: Fun(IDy,C) — Spany (IDy,C) that sends a functor

id X
X: 1Dy — C to the span Dy P ID; — C. Moreover, this adjunction restricts to
the adjunction
Lan: Span| (ID;,C) 2 Fun(Dy,C): v.

Proof. The first part of the proposition is [BP21, Remark 4.5]. The second part
of the statement follows from the fact that the identity of ID; is a target left
fibration. O

Proposition 4.3.11 ([Kel74, Theorem 3.1]). For every reflexive adjunction
L: D2 &E: Rsuch that the category D is endowed with the structure of a monoidal
category (D,®p), if for all A and B in D, the morphism

L(ns ®p1p): L(A®B) — L(RLA®p RLB)

is an isomorphism, then £ is naturally endowed with the structure of a monoidal
category where the tensor product of two objects X and Y of £ is defined by
X ®¢ Y :=L(R(X)®p R(Y)) and where the unit of £ is the image of the unit of D
under L. Moreover, the category of algebras in £ over ®¢ is the full subcategory of
the category of algebras in D over ®p spanned by the algebras whose underlying
object belongs to £. Furthermore, if Xy,..., X, are objects of £, then we have
X1 ®¢ + ®¢ Xy = L(R(X) ®p - ®p R(X,y))-
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Proposition 4.3.12. For all functors F: Ay - C, G: By - C, H: A — By and
L: Ay — Bj such that Ay, Ay, By and B, are small categories, if we denote by
Ly F and Ly G the left Kan extension of F along H and G along L respectively, then
the left Kan extension of ®c o (F x G) along Hx L is ®c o (Ly F xL[ G).

Proof. This follows directly from the pointwise formula for left Kan extensions
using that ®¢ preserves colimits in both variables. O

Proposition 4.3.13. The adjunction
Lan: Span!(ID;,C) 2 Fun(D,C): v

satisfies the conditions of Proposition 4.3.11.

. F X G Y
Proof. Consider two spans ID; «— A — C and ID; «— B — C such that F and
G are target left fibrations, and consider their associated left Kan extensions

A@% C BIPL) C
A
D, D,.

We have to show that the composite of the following diagram

Axp, B —— AxB
XxY

FXDOGJ FxG ‘f’xi”/ cxC -2y ¢ (E)

L X)x(LgY
D, xp, D; — D; x D, LrX)x(LgY)

is a left Kan extension diagram. Using Proposition 4.3.12 and the point-
wise formula for left Kan extension, it is enough to show that the functor

oF (F XDy G) — (FxG)xy)

/(X,Y)

is final. The left-hand side square of the diagram (E) is a pullback, and we
thus obtain the following square

(Fxp, 6) (X, Y) —— (FxG) (X, Y)

[ l "

(F XD, G)/(X,Y) — (F x G)/(X’Y).

The functor F x G is an isofibration as a product of isofibrations, and it
follows that F xp G is also an isofibration as the pullback of an isofibration.

94



4.3. Convolution product for double categories

Moreover, F x G can be seen as a morphism of left fibrations as follows

AxB — & D x Dy

(toF)x toG\ A

ID()XIDO

and the functor F xpp; G can be seen as a morphism of left fibrations as follows

FXIDOG
.AX]DO B _— Dl X]DO Dl

toGopz\( A)Z
Dy.

Finally, by Corollary 4.3.6, the vertical inclusions of the square (F) are final
functors, and it follows that @ is also final. O

Corollary 4.3.14. The category Fun(IDy,C) is naturally endowed with the struc-

ture of a closed monoidal category for which the tensor product ®p of two functors
F,G: Dy — C is given by the following left Kan extension

Dy xp, D; 225 cxc 25 ¢,

@l/

FepG

and whose unit is the left Kan extension

1
Dy — » —< C.
IID\L /

D,

Moreover, the category of algebras over ®p is the category Lax(ID,C). Furthermore,
for all functors Fy,...,F,: Dy — C, the tensor product F Qp ---®p F,, is the left

Kan extension
y oxn 4 s
\L %}DF

where ID,, is the pullback Dy xp, -+ Xpp, Dy with n occurences of ID;.

Proof. The existence of the monoidal structure follows from the combination of
Proposition 4.3.13 and Proposition 4.3.11. We show now that (Fun(IDy,C), ®p)
is a closed monoidal category. We will show that (Fun(IDy,C),®p) is left closed;
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the right closedness can be shown with a symmetric proof. Let F be a functor
F: ID; — C. We have to show that the functor

(-)®p F: Fun(ID;,C) — Fun(IDy,C)
admits a right adjoint. This functor can be viewed as the following composition

®co((-)xF) o

Fun(D;,C) ~— Fun(D; xID{,C) — Fun(IDl XD, IDl,C) —> Fun(IDy,C).
The last functor is a left adjoint of ®" and the second functor admits a right
adjoint given by taking right Kan extensions along the functor ID; xpp, D; —
ID; x D;. It remains to show that the first functor admits a right adjoint. As
the monoidal category C is closed, this functor is a left adjoint of the functor
Fun(ID; x ID¢,C) — Fun(ID{,C) that sends a functor H: ID; x ID; — C to the
functor ID; — C that sends an object X of ID; to the end

J home(E(Y), H(X, Y)).
YeD,

We still have to show that the category of algebras over (Fun(ID;,C),®p) is
the category Lax(ID,C). Using again Proposition 4.3.11, it is enough to show
that the full subcategory of algebras in Span; (ID;,C) spanned by the algebras
id
whose underlying spans have the form D, Pl D, X cis equivalent to
id
Lax(ID,C). Consider now a span S = D, Pt D, X C with a structure of

algebra (S, pus,1g). The multiplication pg: S®S — S is given by a diagram
D xp, Dy
© ®co(SxS)
D, / @l % C

and the unit 15: 1 — S is given by a diagram
Dy

/J\

1

c
D, Ip B C

A

idp,
1

and it is clear that the natural transformations @ and g endow S: ID; — C
with the structure of a lax functor from ID to C. If we consider now two such
algebras (S, pus,1g) and (T, ur,171)) in Spany (IDy,C), a morphism of algebras
(S, ps,1g) = (T, ur,17)) is given by a diagram

idp, D

N
DE;\””IJ 7

Dy Dl

96



4.3. Convolution product for double categories

and the natural transformation ¢: S — T thus obtained produces a vertical
natural transformation between the corresponding lax functors. This provides
the equivalence between Alg(Fun(ID;,C),®p) and Lax(ID,C). O

Remark 4.3.15. Similarly, a convolution product on Fun(ID;°P,C) can be con-
structed for other classes of double categories, such as framed double cate-
gories. In this chapter, we chose to concentrate only on target left fibrant
double categories, as this class of double categories provides all the examples
we are interested in.

4.3.4 Composition product for F-multicategories

In this section, we use the convolution product for double categories that
we constructed in the previous section to define a composition product for
F-multicategories.

Definition 4.3.16. An F-multicategory M is target right fibrant if t: IM; — M,
is a right fibration and if ©: IM; xgp, FIM is an isofibration.

Proposition 4.3.17. For every orbital pair (O,T), the F-multicategory ¥ 7 is a
target right fibrant F-multicategory.

Proof. We prove first that the target functor t: X9 g) — O is a right fibration.
If we consider any morphism f: A — B in T such that B belongs to O and any
morphism g: C — Bin O, every pullback square

D——A

Loh

CT>B

provides a cartesian lift of g: C — #(f) in ¥ 7). Since, by definition, mor-
phisms in ¥ 7) are pullback squares, this shows that t is a right fibration.
We now prove that ©: ¥ 7) Xpo FX(0,7) = X(0,7) is an isofibration. If we
consider any isomorphism



Chapter 4. Homotopy theory of simplicial parametrized operads

provides a lift of (L) given by the diagram

g Z:ii
b

D T) E:
seen as an isomorphism in ¥ 7) Xgo FX(0,7). O

Proposition 4.3.18. The functor F preserves cartesian fibrations, left fibrations,
and isofibrations. In particular, if M is a target right fibrant F-multicategory, then
FIM®P is a target left fibrant double category.

Proof. The first part of the statement is analogous to the proof of [BP21,
Lemma 2.20]. Suppose now that IM is a target right fibrant F-multicategory.
The horizontal composition FIM; xgp, FIM; — FIM; of FIM; is given by FO
with ©: My xgp, FIM; — M, the composition functor of IM, using the isomor-
phism

FIM, xpm, FM; = F (M} xppg, FM ).

Moreover, the taget functor FIM; — FIM, is the image under F of the target
functor t: IM; — M. Finally, the result follows from the fact that the opposite
functor of an isofibration is an isofibration and from the fact that the opposite
functor of a right fibration is a left fibration. O

Proposition 4.3.19. If the following diagram

Ar Ly

n
Gopl %F
BoP

exibits Lg F as the left Kan extension of F along G°P, then the following diagram

A°f:1 NPV LTI
GOP\L ///
F5%

is a left Kan extension diagram, with () as defined in Remark 4.2.3.

Proof. As suggested by [BP21, Remark 2.25], the proof of this proposition is
the same as the proof of [BP21, Lemma 2.21]. O
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Corollary 4.3.20. For every target right fibrant F-multicategory, we obtain a
monoidal structure (Collpg(V), opy) on the category Colly (V) where oy is defined
on two M-collections S, T: IM°P — V) as the functor S opy T given by the left Kan
extension

(M xppg M, ) 2T pxy 2y,

o] (A)

]Mlop SOMT
Moreover, the category of algebras in (Collp(V), opg) is Oppy(V).

Proof. The category Collp(V) can be identified with the full subcategory of
Fun(FIM; °P,V) spanned by the functors F: FIM;°P — V' that preserve finite
products. It is now enough to show that for all functors S, T: M;°? — V), if
we denote by S, T: FIM;°P — V the associated functors that preserve finite
products, then the functor S ®gper T is isomorphic to Sop; T. The category

FM; xgp, FIM is equivalent to F(IMl XEM, FIMl) and, through this equiva-

lence, the functor (F]M1 XEM, FIMI)Op — FIM,°P x FIM, °P Slat VxV =5 Vis
. . o . op o

isomorphic to the composition of the image of (]Ml XFM, F]Ml) — IM;°P x
FM;°P -V xV -5V under F((—)°P)°P with idy: F(V°P)°P — V). The first part
of the corollary now follows from Proposition 4.3.19 applied to the diagram
(A). The second part of the corollary follows from the fact that the inclusion

Collpy (V) < Fun(FIM; °P, V) is monoidal and from Corollary 4.3.14 using the
description of IM-operads in terms of lax functors. O

Proposition 4.3.21. For every target right fibrant F-multicategory M and for
every right fibration F: A — My, the F-multicategory F*M is also target right
fibrant. In particular, for every M-set of colours A, the E-multicategory M* is
target right fibrant if M is target right fibrant.

Proof. We show first that t: F'IM; — A is a right fibration. The functor ¢ is by
definition the projection p,: IMy X, xpm,) (A x FA) — A that is a pullback

of the functor M; xgp, FA — M,. The functor M; xgpn, FA — My is the
composition

Ml XFIMO FA— Ml t;M> Mo,
where the first functor is a right fibration as a pullback of FA i FIM, and
where f); is, by assumptions a right fibration. It follows that IM; xgp, FA —
M, and t are also right fibrations. We now have to show that the functor
(Ml XFIMO FMl) X(MOXFMUXFZM()) (.A X F.A X FZ.A) — Ml X(MOXFMU) (.A X FA)
is an isofibration. Note that we have an isomorphism

Ml X(M()XFM()) (A X FA) = Ml X(IMOXFZIMO) (A X FZA)
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and that we have a pullback square

(Ml XFTMO FMl ) X(IMOXFIMOXFZMO) (.A x FA x FZ.A) e FA

o &

(Ml XFMO FM] ) X(MOXFZMO) (A X F2A) _ FMO

The functor Op« is the composition of G with Oy Xid o xr2vg) (AxF?A)and
0% 0

the result follows from the fact that G is an isofibration as the pullback of an

isofibration (using that F preserves isofibrations) and from the fact that Oy, is

an isofibration. O

Corollary 4.3.22. For every target right fibrant F-multicategory IM and every
M-set of colours A, the category of A-coloured IM-collections in V) is endowed with
the structure of a monoidal category for which the associated category of algebras is
the category of A-coloured IM-operads in V.

Proof. This follows directly from Corollary 4.3.20 and Proposition 4.3.21. [

4.3.5 Base change adjunctions

In this section, we investigate when a multifunctor ¢p: M — IN between tar-
get right fibrant F-multicategories induces base change adjunctions between
(coloured) IM-operads and IN-operads in V. In particular, we study base change
adjunctions associated with changes of colours.

Proposition 4.3.23. Let ¢p: ID — E be a double functor between target left fi-
brant double categories. The functor (¢1)*: Fun(E,C) — Fun(IDy,C) is naturally
endowed with the structure of a lax functor.

Proof. The following diagram

P1xpo ¢
DIXIDODI ﬂ)lIEIX]EOIEI ﬂ)CXC

| |
D, ———— E

®c

C

SepT

induces a morphism (So¢q)®p (To¢d) = (S®p T) o ¢ by the universal
property of left Kan extension and the following diagram

1
D, — 5 E, <5 ¢

w| | L4
1Fun(]Dl,C)

D; — E;
b1

induces a morphism 1gynp, ) = (¢*)(1pun(E, c))- We thus obtain the structure
of a lax functors on (¢1)". O
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Corollary 4.3.24. Let ¢: M — IN be a functor between target right fibrant F-
multicategories. The functor (¢1)*: Colln(V) — Collp (V) is naturally endowed
with the structure of a lax functor. In particular, the functor (¢q),: Collp(V) —
Colln(V) is naturally endowed with the structure of an oplax functor.

Proof. This follows directly from Proposition 4.3.23 using that (¢)" is the
restriction of

(Fo? ) Fun(FIN;°P, V) — Fun(FIM, °P,C)
to Collyn (V) € Fun(FIN;°P, V) and Collp (V) C Fun(FIM; °P, V). O

Proposition 4.3.25. For every multifunctor ¢: IM — NN, if for every IN-set of
colours X, the functor (({)X)*‘ Opy, (V) — Op§M0) X( V) admits a right adjoint

(respectively a left adjoint), then the functor ¢*: OpCOl(V) — OpCOI(V) admits a
right adjoint (respectively a left adjoint).

Proof. Suppose first that for every IN-set of colours X, (q‘)X) OpN V) —
Opl(l\(f[O)*X(V) admits a right adjoint. If we consider the adjunction

(¢o)*: Psh(INg) 2 Psh(IMyg): (o).,

we have that @y : Py = Dy o (¢g)* is a left morphism from Py to Py in the
sense of [HP15, Section 2.3] and we thus obtain the promised adjunction as
described in [HP15, Section 2.3]. Suppose now that for every IN-set of colours

X, (ti)X)* : Op%(V) — OpI(MO)*X(V) admits a left adjoint. If we consider the
adjunction
(¢o):: Psh(Mg) & Psh(INg): (o),

then the natural transformation @ : P = Py o (Po)* produces a right mor-
phism from @y o (¢g)* to Oy and we obtain the promised adjunction using
[HP15, Remark 2.3.5]. O

Proposition 4.3.26. For every multifunctor ¢: IM — IN between target right

fibrant F-multicategories such that ¢ is an isomorphism and such that ¢y is an
isofibration, the functor

(¢1):: (Collpg(V), o) = (Colln(V), o)

is strong monoidal.
Proof. Note first that because ¢ is an isomorphism, the morphism

(P1)1(Xcotty,(v) = Lcolly(v)

is an isomorphism. Consider now S,T: IM;°P — V two M-collections in V.
We have to show that the canonical natural transformation (¢1)(Sopny T) =
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Chapter 4. Homotopy theory of simplicial parametrized operads

((p1):1S) on ((¢p1),T) is an isomorphism. It is enough to show that the pasting
of the following diagram

op
(M ey FIMy )T —— (M x FIM;)°P

l '/\;va;w

op
(]Nl XEN, FNl) — (INy xFINp)*P

is a left Kan extension. By definition, the diagram

(N} xpno FINp )™ —— (N} x EN, )P ST ey X,y

Hjlop =

is a left Kan extension, and we have to check that the diagram

SonT

(Ml XFH\/IO FMl )OP R Ml X FMI

SxT

l o
L//{ VY —X5p
(N} xg, N ) —— IN; xEN,

is also a left Kan extension diagram. Finally, using the pointwise formula for
left Kan extension, it is enough to show that the functor

op
@ (4)1 X o F¢1)/<f,(f1 - (P ngbl £

.....

is final. Because ¢ is an isofibration, both the functors (qbl X o F(j)l)Op and

(¢ x Fp1)°P are isofibrations and, moreover, ((Pl Xgo FP1 )Op is a morphism of
left fibrations as depicted by the diagram

(M e, B )P P 0, )

Opl\)/ﬂh

and the morphism (¢; x F¢1)°P is also a morphism of left fibrations as depicted
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4.3. Convolution product for double categories

by the following diagram

F ©°P
(M, x FIM, )°P @UFOUT o (N, x FINS )P

(txm Af)””

(Mg x FIM)°P

It now follows from Corollary 4.3.6 that the vertical functors of the square

(61 %90 F1)T) " (£ (Fireer i) —= (b1 xFp1)®) ™ (£, (frreoes fi))

[ [

op op
-
(6100 Fd1), o) (1% EPL)s, ..

are final and, because the upper horizontal functor is an equivalence, it follows
that the bottom horizontal functor is also final.
O

Proposition 4.3.27. The category F-Multicat admits finite coproducts. Moreover,
for all target right fibrant F-multicategories IM and IN, MUIIN is target right fibrant
and the category Opypy (V) is equivalent to the category Opp (V) x Opp(V).

Proof. Let M and IN be two F-multicategories. We define (M LIN)y and (M L
IN); respectively by MyUIN and IM; LIINy, the target functor is LIt : IM; L
IN; — M U NNy, the identity functor is 1ps L 1y Mg UINg — M LNy, the
source functor is the composition

SMUSN

Ml LJNl —> F(Mo) UF(N()) —>) F(MO |_|N0)

where the right-hand side functor is the canonical functor given by the univer-
sal property of the coproduct, and finally, the composition is given by

(Ml XFM, FMl ) L (Nl XFN, FN1 ) O]M—?IN Ml L Nl

using the isomorphism
(M UINp) XpmouNg) F(IMp LNy ) = (Ml XFM, FMl) (Nl XFIN, FNl)-

where the first isomorphism follows from the universality of coproducts in
Cat and from the fact that F preserves pullbacks. It is clear that M U N is
target right fibrant using that both IM and IN are target right fibrant and that
coproducts of right fibrations and isofibrations are respectively right fibrations
and isofibrations. The last part of the statement follows from the fact that the
equivalence Collpy (V) = Collp (V) x Coll(V) is monoidal. O

Notation 4.3.28. If IM is a target right fibrant F-multicategory and if i: A —
B is a morphism of IM-sets of colours, then we denote by i* the functor

(M¥)*: Op},(V) — Opp,(V).
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Chapter 4. Homotopy theory of simplicial parametrized operads

Construction 4.3.29. Suppose that M is a target right fibrant F-multicategory
and let i: A <> B be a monomorphism of IM-sets of colours. If we write i as an
inclusion of summand i: A <> A LI C, then the multifunctor M’ : M4 — IM?® is
the composition
MiA,MiC
M o i € A pace

where iy: A< AUC and ic: C — AUC are the canonical inclusions. The
multifunctor

(s, vic ) : MA LM — MASC
satisfies the conditions of Proposition 4.3.26 and it follows that the functor

i Op&(V) — Opﬁ/[(V) admits a left adjoint i;: Opﬁ‘M(V) — OpgA(V) given by
the composition

Opi(V) — Opf (V) xOp(V) — " Opk,(V)

where the first functor is given component-wise by the identity of Op}(V)
and by the functor constant on the initial object of Opﬂ(i,[(V).

Corollary 4.3.30. For every monomorphism i: A — B of M-sets of colours, the
adjunction

ii: Opjy(V) 2 Opk,(v): i*
is coreflexive.
Proof. Using the previous construction, we can write

. A N B T

ii: Opy(V) 2 Opps(V): i
as a composition of two adjunctions

A — 3 OpA C ( — % OpB
OPM(V) PE— OpM(V)XOpM(V) — OPM(V)
(MA M€y

and it is enough to show that both these adjunctions are coreflexive. It is

clear that the left-hand side adjunction is coreflexive. For the right-hand side
adjunction, this follows from the fact that the underlying monoidal adjunction

(M M), = Collfy (V) x Colly (V) 2 Collfy(v): (MY, Mi¢ )
is coreflexive as the functor (M;A,H\/[;B ) is fully faithful. O
Proposition 4.3.31. For every multifunctor ¢: IM — IN between target right
fibrant F-multicategories such that ¢ is an isomorphism and for every monomor-

phism i: A < B of N-sets of colours, the mate
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4.3. Convolution product for double categories

(%)
OpR (V) — OpR(V)

in N Ti! (A)

op (V) (f/)—)) Opp (V)

associated with the commutative square

(¢B)
Opp, (V) —= OpR,(V)

i*l li* (B)

OP&(V) ¢—A> P?R/[(V)

is an isomorphism.

Proof. If we write i: A < B as an inclusion of the form i: A < AU C, the
square (B) can be decomposed into a composition of two squares as follows

ALIC (@) ALIC
Opn (V) —>OP V)

l l

Opf, (V) x OpS (V) —— Opiy (V) x 0pS,(V) (€

l |

Op%(V) T) Opﬁ/l(V)

and the mate (A) is the pasting of the diagram

AuC

OpAUC(V) —> OpAUC(V)
T~ T
Opi (V) x Op& (V) —— Opiy(V) x Ops(V) (D)

[

It is now enough to show that the two mates of the diagram (D) are isomor-
phisms. For the upper square, using that the vertical adjunctions are provided
by monoidal adjunctions, it is enough to show that the following mate

o (O47) -, a0
T ~ T

Fun (N UINE)™, V) —— Fun((Mf UME)™, V)
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is an isomorphism. We have now to show that for every (g, (by,...,b,),bp) in
]Mf'—'c, the functor

is final. Using that both (M}, IM°) and (N}*,IN'®) are cocartesian fibrations,
it is enough to show that the upper horizontal functor of the square

(M4, M)~ (1, (by, .., by), bg) —— (N4, IN) " (b1 (), (b, -, B, bo)

[ [

is an equivalence. This follows from the fact that the categories
(MY, M) ™, (b, ba), b) and (INY,INYS)™H (1 (), (b1, by), bo)

are both empty if there exist i and j such that b; € C and b; € A and both a
singleton if all b; belong to A or if all b; belong to C. O

4.3.6 A Monad for M-operads

In what follows, IM is a target right fibrant F-multicategory.
Proposition 4.3.32. The monoidal category (Collp(V), op) is left closed.

Proof. The proof of this proposition is analogous to the proof that the con-
volution product is closed that we gave for Corollary 4.3.14. Let T be an
IM-collection in V. We have to show that the functor

(=)om T': Collpg(V) — Collpg(V)

admits a right adjoint. This functor can be obtained as the composition of the
three following functors:

1. xpo((=)xT): Fun(IM;°P,V) —>Fun((]M1 ><F1M1)°p,V);
* (&) op .

2. L*: Pun((M; xEM;)?,V) — Fun((M; xpp, FM; ), V) with L the
canonical functor M; xgp, FM; — M x FMy;

3. @1 Fun((IM; xpp, FIM; ), V) — Fun (M, P, V).

The last functor is a left adjoint of ©* and the second functor admits a right
adjoint given by taking right Kan extensions. It remains to show that the
first functor admits a right adjoint. As the category V is cartesian closed, this
functor is a left adjoint of the functor Fun((M; x FM;)°?,V) — Fun(IM;°P, V)
that sends a functor H: (M; x FIM;)°®? — V to the functor IM;°P — V that
sends an object X of IM; to the end

J homy, (T(Y), H(X,Y)).
Y€FM, °P
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4.3. Convolution product for double categories

Proposition 4.3.33. The subcategory Collp (V) of Fun(FIM°®P, V) is closed under
sifted colimits. In particular, for every IM-collection T in V, the functor opg
preserves sifted colimits in both variables.

Proof. For every sifted category I and every functor F: I — Collp(V), the
colimit of F in the category Fun(FIM°P, V) is given by the composition

colim

FM®P — Fun(I,V) — V.

The first functor preserves products as F factors by definition through the
inclusion Collp(V) < Fun(FIM°P,V) and the second functor preserves fi-
nite products because I is sifted and because V is closed. The composition
product oy is the restriction to Collp,(V) of the convolution product ®p; on
Fun(FIM; °P,V) and, as the convolution product ® is closed, it follows that
op preserves sifted colimits in both variables. O

Proposition 4.3.34 ([Kel80, Theorem 23.3]). For every left closed cocomplete
monoidal category (C,®) such that for all X in C, the functor X ® (-=): C —» C
preserves filtered colimits, the category of algebras in C is the category of algebras
over a monad T on C.

We recall the construction of the functor T: C — C. We first define a functor
T, : C — C by induction on n as follows:

1. the functor T is constant on the unit I of C;
2. forall X in C, we define T,,,; X as [ LI(XQ® T, X);

We construct now by induction a natural transformation i,: T, — T, as
follows:

1. for all X in C, the morphism iy is the canonical morphism I — I L1 X;
2. for all X in C, the morphism i,,,1: T,;; — T, is the morphism
id;U(idy ®i,): TU(XQT,X) > IU(X®T, (X))

Finally, for all X in C, we define the image of X under T as the colimit of the
diagram

ig i iy
TOX —>T1X —>T2X—> et

Corollary 4.3.35. For every target right fibrant F-multicategory IM, the category
of M-operads in V is the category of algebras over a monad T in Colly(V), that we
denote by Ty

Proof. This follows directly from Corollary 4.3.20, Proposition 4.3.32, Propo-
sition 4.3.33, and Proposition 4.3.34. O

Proposition 4.3.36. The monad Ty preserves sifted colimits.
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Proof. 1t is enough to show that for every non-negative integer n, the functor
(Tpmm), preserves sifted colimits. The functor (Tpy)g is constant and preserves
sifted colimits as sifted categories are connected. Suppose now by induction
that (Tp), preserves sifted colimits. The functor (Tpy),.; is defined as the
composition

A idC X(TIM)n oM

and preserves sifted colimits as oy preserves sifted colimits in each variable
and both id¢ and (Tpy), preserve sifted colimits. O

Corollary 4.3.37. If V is bicomplete, then the category Opy,(V) is also bicomplete.

Proof. The category Fun(IM; °P, V) is bicomplete as the category ) is bicomplete
and the result now follows from the fact that Opy,(V) is the category of
algebras over a monad on Fun(IM;°P, V) that preserves sifted colimits. O

4.4 Homotopy theory of simplicial coloured M-
operads

In what follows, IM is a target right fibrant F-multicategory. A simplicial
M-operad (respectively a simplicial coloured IM-operad) is an IM-operad (re-
spectively a coloured IM-operad) in sSet. We will denote by sOpy,, sOpﬁ,[,
and sOpﬁ\‘/’I1 the categories of simplicial IM-operads, simplicial A-coloured M-
operads, and simplicial coloured IM-operads respectively. We will also denote
by Opy, (respectively Opﬁ\‘}ll) the category of IM-operads in Set (respectively
coloured M-operads in Set). In this section, our aim is to establish model
structures on sOpy, and sOpﬁ\‘,’Il, extending the classical model structures on

simplicial (coloured) operads.

4.4.1 Model structure on simplicial M-operads
In this subsection, we construct the model structure on sOpy.

Theorem 4.4.1. There exists a model structure on the category of simplicial M-
operads, right-induced by the free-forgetful adjunction

Fpp: Collpy(sSet) 2 sOppy: Um
from the projective model structure on Collpy(sSet).

Proof. The proof is analogous to [BM03, Theorem 3.2], and uses the transfer
principle of [BMO03, Section 2.5]. Note first that Uy, preserves filtered colim-
its because Ty does, and that sOpy, is bicomplete by Corollary 4.3.37. By
Proposition 4.2.15, the functor Ex* induces a fibrant replacement functor on
sOppy by post-composition. Finally, the interval A? LI A? = A! — A® induces
a functorial path object O — OA 5 O x O for fibrant operads in s Opy,; using
Proposition 4.2.15. O
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4.4. Homotopy theory of simplicial coloured M-operads

Corollary 4.4.2. For every M-set of colours A, using Corollary 4.3.22, we obtain
a cofibrantly generated model structure on the category of simplicial A-coloured
M-operads sOpﬁ/I.

Example 4.4.3. For every orbital pair (O, T), we thus obtain a model structure
on the category sOp ¢ o of simplicial (O, T)-operads. Note that in the case of
the orbital pair (Og, O7) provided by a G-transfer system 7 associated with a
finite group G, this model structure is expected to correspond to the model
structure constructed on partial genuine equivariant operads in [BP21, Theorem
IT]. However, as we already pointed out in Example 4.2.36, it is not known
whether these two categories are equivalent.

Example 4.4.4. The F-multicategory IN is target right fibrant, and we thus
obtain a model structure on the category of simplicial non-symmetric operads.

Proposition 4.4.5. For every multifunctor ¢: IM — IN between target fibrant F-
multicategories, the functor ¢*: sOpy — sOpy admits a left ajoint ¢,: sOpp; —
col col

sOpy. In particular, the functor ¢*: sOpy — sOpyy also admits a left adjoint

¢ sOpﬁ\‘,’[1 — sOpﬁSl.

Proof. The category Colly,(sSet) is locally presentable as it is a category of
presheaves. Moreover, the monad Ty, preserves sifted colimits, and it follows
that the category sOpy is also locally presentable. Finally, the functor ¢* pre-
serves limits and filtered colimits and the result now follows from the adjoint
functor theorem [AR94, Theorem 1.66]. The second part of the statement
follows directly from Proposition 4.3.25. O

Proposition 4.4.6. For every multifunctor ¢: M — IN between target fibrant
F-multicategories, the adjunction

¢1: sOpp 2sO0py: ¢°
is a Quillen adjunction.

Proof. It is clear that ¢* is a right Quillen functor as weak equivalences and
fibrations in simplicial IM-operads are the morphisms which respectively
forget to weak equivalences and fibrations of IM-collections in sSet. O

4.4.2 Model structure on simplicial coloured IM-operads

In this subsection, we construct the model structure on sOpﬁ\‘,’[l. The first step

is to show that sOpﬁ\‘/)[1 is bicomplete.

Definition 4.4.7. The strict 2-category Adj is the wide subcategory of Cat
spanned by the functors F: C — D that admit a left adjoint. If F: C°P — Adj
is a functor, we can in particular consider its Grothendieck construction
Ip: [,F—C.

Proposition 4.4.8 ([HP15, Proposition 2.4.4]). For every functor F: C°P — Adj
such that C is bicomplete and such that F(X) is bicomplete for every X in C, the
category fCF is also bicomplete.
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col

Proposition 4.4.9. The category sOpyy is bicomplete.

Proof. The result follows from Proposition 4.4.8, Corollary 4.3.37 and Propo-
sition 4.4.5 using that Psh(IM) is bicomplete. O

col

Proposition 4.4.10. The category sOpyy is equivalent to the subcategory of

Fun(A°P, Op“’l) spanned by the simplical objects which are constant on colours.
Proof. Note first that we have an equivalence
sOpp = Fun(A°P,Opy)

for every F-multicategory IM. This equivalence is functorial in IM and it follows
that the category sOpCOl is equivalent to the Grothendieck construction of the
functor Psh(IM;)°® — Cat that sends A to Fun(AOp,Op&). Finally, it is clear
that the Grothendieck construction of the latter functor can be identified with
the subcategory of Fun(A°P, OpCOI) spanned by these functors O: AP — OpC01
which are constant on colours. O

If we denote by sCat the category of simplicial categories, then we have an
adjunction
i;: Fun(IMy°P,sCat) 2 sOpﬁ\‘,’II: it

provided by Definition 4.2.25 and Proposition 4.4.5 and we denote by

(ix): sCat = sOpCOl (ix)"

the composition of adjunctions

hom(—,X)x(~) iy
sCat éeV; Fun(IM°P, sCat) é ? sOpn

it

col

Recall that a functor F: C — D between simplicial categories is essentially
surjective (respectively an isofibration) if 7y F is essentially surjective (respec-
tively if 7yF is an isofibration). We can now define the following classes of
morphisms in sOpSY.

Definition 4.4.11. We say that a morphism of simplicial coloured IM-operads

(f,9): (A,0)— (B,P)is:
1. fully-faithful if ¢: O — f*P is a weak equivalence in sOpﬁ“M;

2. essentially surjective if for all X in My, (ix)*(f, ¢) is essentially surjective
in sCat;

3. a weak equivalence if it is fully-faithful and essentially surjective;
4. alocal fibration if the morphism ¢: O — f*P is a fibration in sOpf;

5. an isofibration if it is a local fibration and if for every X in My, (ix)*(f, )
is an isofibration in sCat.
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We say that a simplicial coloured M-operad (A,O) is fibrant if the unique
morphism (A, Q) — = is an isofibration, where = is the final simplicial coloured
M-operad. Equivalently, a simplicial coloured M-operad (4, O) is fibrant if O
is fibrant in sOpﬁA.

We now want to show that the classes of weak equivalences and isofi-
brations are part of a model structure on sOpy,. This model structure is
cofibrantly generated and we introduce its sets of generators.

Notation 4.4.12. Recall that FIM; can be identified with the full subcategory
of Psh(IMy) spanned by finite coproducts of representables. For every IM-set
of colours A that belongs to FIM), we denote respectively by I4 and J4 the
sets of generating cofibrations and generating trivial cofibrations of the model
structure on sOpﬁ/I given by Corollary 4.4.2. Consider the following two
classes of functors in sCat:

(Cy) the unique functor ) — = where (0 and * are respectively the initial
category and the final category;

(A,) the functors * — H which are fully faithful and essentially surjective,
where H is a simplicial category with set of objects {0, 1}, with the prop-
erty that H,, is countable for each n > 0 and that H is cofibrant in sCatyq ;.

We now consider the following classes of morphisms in sOpﬁ\(}[l:

(J1) the union of all the classes J4 in sOpICI\‘/’[1 for all A in FIM,;

(J2) the union of the images of A; in sOpﬁ\‘,’[1 under all the functors (iyx), for

all X in M;
(J) the union of J; and J,;

(I;) the union of all the classes I in sOpﬁ\‘}Il for all A in FIM;

I,) the union of all the images of C, in sO col ynder all the functors ix)h
8 Pm

for all X in My;
(I) the union of I; and I,.

Proposition 4.4.13. A morphism (f,d): (A,O) — (B, P) of simplicial coloured
M-operads is a local weak equivalence (respectively a local fibration) if and only if
for every morphism of IM-sets of colours g: C — A with C in FIM, the morphism
P g0 — g [P is a weak equivalence (respectively a fibration) in sOpg/I.

Proof. We only show the result for local weak equivalences; the proof for
local fibrations is analogous. Consider a morphism (f,¢): (A,0) — (B, P) of
simplicial coloured IM-operads. Suppose first that for every ¢g: C — A with C
in FIM, the morphism g*¢ is a weak equivalence. Let us show that (f,¢)is a
local weak equivalence. We have to show that, for every (g, (ay,...,a,),49) in
M4, the map

O, (ay,...,a,),a0): Oy, (ay,...,a,),a0) = P(p, (f(ay),.... f(an)), f(ag))
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is a weak equivalence in sSet. Consider the object C := (ay,...,a,) of FIM,
seen as an M-set of colours. We have a canonical morphism g: C — A using
the Yoneda Lemma and the fact that every a; belongs to A. By assumptions
g*(¢) is a weak equivalence and it follows directly that ¢(y, (ay,...,a,),4a9) is
also a weak equivalence. Suppose now that (f, ¢) is a local weak equivalence.
The morphism ¢ is a weak equivalence in sOpAM and it follows that for every
morphism of IM-sets of colours g: C — A, the morphism g*(¢) is a weak
equivalence in sOpg,I, because g* preserves weak equivalences. O

Proposition 4.4.14. A morphism of simplicial coloured M-operads is a local
fibration if and only if it has the right lifting property with respect to J;.

Proof. Let (f,¢): (A,O) — (B,P) be a morphism of simplicial coloured M-
operads. By definition of J;, we have to show that (f, ¢) is a local fibration if
and only if it has the right lifting property with respect to J¢ for every C in
FIM,. Suppose first that (f, ¢) has the right lifting property with respect to J¢
for every C in FIMy. Using Proposition 4.4.13, we have to show that for every
C in FIM; and every morphism 1: C — A, the morphism 1*(¢) is a fibration in
sOpHCVI. For every g: Q — R in J¢ consider any commutative square

QL)I*O

g W (C)
R —— 1'f*P

in sOpg,. If we now consider the associated square

(c,0) s (4,0)

(idc ,g>l l(fxﬁ)

(CCR) — (B,P)

col

in sOpy;, we obtain the existence of a lifting map (1,1): (C,R) — (A,O) and it
follows that 17: R — *O produces a lift for the square (C). In particular, *(¢p)
has the right lifting property with respect to J¢ in sOpHCvI and is thus a fibration
in sOpHCv[. Suppose now that (f,¢) is a local fibration and consider a square

(C,0) s (4,0)

(ide.)| Lo

(C,R) —— (B,P)

with g in Jc. Obtaining a lift for this square is equivalent as obtaining a lift
for the square

QLH*O

| lqu (4.1)

R — 1f*P
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in sOpHCv[. The result now follows from the fact that 1*¢ is a fibration, as
T sOpfﬁ,[ - sOpHCv[ is a right Quillen functor. O

Proposition 4.4.15. A morphism of simplicial coloured IM-operads is a local trivial
fibration if and only if it has the right lifting property with respect to I;.

Proof. The proof is analogous to the proof of Proposition 4.4.14. O

Proposition 4.4.16. A morphism of simplicial coloured IM-operads is an isofibra-
tion if and only if it has the right lifting property with respect to the set ].

Proof. A morphism of simplicial coloured IM-operads (f,¢): (A,O) — (B,P)
is an isofibration if and only if it is a local fibration and for every X in M,
(ix)*(f, ¢) is an isofibration in sCat. The result now follows from Proposition
4.4.14 and from the fact that isofibrations in sCat are precisely the functors
with the right lifting property with respect to A, in sCat, as proven in [Ber07a].

O

Proposition 4.4.17. A morphism of simplicial IM-operads has the right lifting
property with respect to I if and only if it is an isofibration and a weak equivalence.

Proof. The proof of this proposition is analogous to the proof of Proposition
4.4.16 and uses Proposition 4.4.15 as well as the fact that essentially surjective
isofibrations in sCat are precisely the functors with the right lifting property
with respect to A, in sCat, as proven in [Ber07a]. O

Our goal is now to prove that the domains of morphisms in J and I are
small relative to J-cells and I-cells, respectively.

Proposition 4.4.18. For every multifunctor ¢: IM — IN such that ¢o: My — N,

is an isomorphism, the functor ¢*: sOpﬁSl — sOpICl\‘,)[l preserves filtered colimits

col

of diagrams F: 1 — sOpy such that, for every f:i — j in I, the morphism
F(f): F(i) — F(j) is a monomorphism on colours.

Proof. 1f we denote by (A;,O;) the image of i under F, the colimit of F is the sim-
plicial coloured IN-operad (A,O) with A = colim;¢; A; and O = colim;(«;),0;
where @;: A; — A is the coprojection. We now have that

$*(A,0) = (4,(¢*) (colim;(a;),0;))

and (q{)A)* (colim;(a;),0;) = colim; ((q‘)A )* (ai)!Oi) because (¢A )* preserves fil-
tered colimits. Finally, using Proposition 4.3.31, we have that the canon-
ical morphism (qf)X)*(ai)! - (al-)!(qf)x)* is an isomorphism and the result
follows. O

Remark 4.4.19. Note that the morphisms in I and /] are monomorphisms on
colours. Because pushout of morphisms of simplicial coloured M-operads
that are monomorphisms on colours are also monomorphisms on colours,
it follows that I-cells and J-cells are sequential colimits of morphisms that
are monomorphisms on colours. It follows that Proposition 4.4.18 applies to
I-cells and J-cells.

113



Chapter 4. Homotopy theory of simplicial parametrized operads

Proposition 4.4.20. Let F: C°? — AdjCat be a functor such that C and F(X)
admit sequential colimits for every X in C, and such that, for every morphism
f: X - Y inC, the functor f*: F(Y) — F(X) preserves sequential colimits. If
(Y,v) is an object ofICF such that Y is small in C and such that y is small in F(Y),
then (Y,v) is small relative to the sequential colimits

(Xolxo)(f()l—d);)) (X1,x1)(ﬁ’—>¢l)'“ (A)

such that the adjunction
(aj): F(X;) 2 F(colim; X;): (a;)"
associated with the coprojection a;: X; — colim; X; is coreflexive.

Proof. We have to show that every morphism (g,¢): (Y,y) — colim;(X;,x;)
factors through a morphism (g, ¢’): (Y, y) — (X, x¢) for some k. If we denote
by (X, x) the colimit of (A), then, using [HP15, Proposition 2.4.4], we have that

(X, x) = (colim; X;, colim;(«;)1x;)

with a;: X; — colim; X; the coprojection. By assumptions, Y is small in C and
it follows that g: Y — colim; X; factors through a morphism ¢”: Y — X, for
some m. The object y is small in F(Y), and using that g* preserves sequential
colimits, the morphism : y — colim g*(«;),x; factors through a morphism
Y”: v — g*(ap)x; for some . If we denote by k the maximum of m and [,
then we obtain that g factors through a morphism g’: Y — X; and that ¢
factors through a morphism ¢’: y — ¢*(ay)xx. Moreover, as we have that
g = ay o g/, we obtain that ¢ actually factors through a morphism ¢’: y —
(¢ () (ag)ixx = (g') x using that ((ag)), (a)*) is coreflexive by assumptions.
It now follows that (g, 1) factors through a morphism (g’,¢"): (v, Y) — (Xi, x¢)-

O

Proposition 4.4.21. The domains of morphisms in I and | are small relative to
I-cells and [-cells respectively.

Proof. The domains of the morphisms in C, and A, are small in sCat and,
because the functor (iyx)*: sOpﬁ\‘/’[l — Fun(IM°P,sCat) preserves sequential col-
imits of morphisms that are monomorphisms on colours, the functor (iyx),
preserves small objects relative to this class of sequential colimits. Using
Remark 4.4.19, the domain of the morphisms in I, and J; in sOpf[f,’Il are small
relative to I-cells and J-cells respectively. We now show that, for every A in
FM,, the domains of morphisms in I4 and ], are small relative to I-cells and
J-cells. By assumption, A is small in Psh(IM) and we already know that the
domains of maps in I4 and J4 are small in sOpfﬁ,[. The result now follows from

Remark 4.4.19, Proposition 4.4.18, and Corollary 4.3.30. O

Proposition 4.4.22. Let (A, O) be a fibrant simplicial coloured M-operad and con-
sider (p,(ay,...,a,),a¢) and (p, (by,...,by), by) two objects of]MA associated with
the same multimorphism p in IM with source (Xy,...,X,,) and target X,. Suppose
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4.4. Homotopy theory of simplicial coloured M-operads

a; ~ b in (ix,)*(A,O) for all i = 0,...,n. The Kan complexes O(p, (ay,...,a,),a0)
and O(p, (by,...,by),by) are homotopy equivalent. Moreover, any morphism of
coloured M-operads (f, p): (A,O) — (B, P) induces functorially a homotopy equiv-
alence P(p, (f (a1),-.., f(an)), f(ag)) = P(p, (f (b1),-.., f (b)), f (bo))-

Proof. By assumptions, we have maps of simplicial sets a;: A" — O(1x,,bj,a;)
and B;: A0 — O(1x,,a;,b;) for all i = 1,...,n that exhibit the equiva-
lences a; ~ b; in (ix,)"(A,0). We thus obtain a map of simplicial sets
0: O(u,(ay,...,a,),a9) = O(u,(by,...,b,), by) given by the composition of the
map

n
a’: Op,(ay,...,a,),a9) — I_[O(lxi;bi;ai) xO(p,(ay,...,a,),a0) x O(1x,, a0, by)
i=1

with the map

o

O(1x,,b;,a;) xO(p, (ay, ..., a,),a0) x O(1x,, a0, bg) = O(p, (by, ..., b,), bo)
i=1

where a’ = ((a;), 1do((ay,....an).a0) Bo)- Similarly, we also obtain a map

n: O(ﬂ,(blyu-,bn)r bO) - O(I’l’ (al,...,a,,), Cl())

given by the composition of

n
B’ O(u, (by,...,b,),b) > I_IO(IXi,ui,bi) xO(p, (by,-..,by), bg) x O(1x,, by, ag)
i=1

with the map

o

O(1x,,ai,b;) xO(p, (by, ..., by), bg) x O(1x,, by, a9) — O(p, (ay, ..., a,),a9)

n
i=1

where B’ = ((8;),id, ag). Using that @ and By and «; and p; form equivalences,
we deduce that 6 and 7 form the desired homotopy equivalence. The second
part of the statement follows from the fact that the images of a; and g; under
(f,¢) provide by the same construction the promised homotopy equivalence.

Proposition 4.4.23. The class of weak equivalences in sOpﬁf/’Il satisfies the two-

out-of-three property.

Proof. Using that the functor Ex* induces a fibrant replacement functor on
sOpﬁf/’Il, it is enough to show the result for fibrant simplicial coloured M-

operads. Consider now two morphisms of coloured simplicial M-operads

4,00 "% 7 %% (0.
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The two-out-of-three property is true for essentially surjective functors as it is
already proven in the category sCat and we must now show that if two out of
three of the morphisms (f, ¢), (g,¢) and (g, ) o (f, ¢) are weak equivalences,
then the third is a local weak equivalence. If (f,¢) and (g, ¢) are both weak
equivalences, then f*(i) o ¢ is a local weak equivalence in sOpﬁR,[ because f*
preserves weak equivalences. Similarly, if the composition (g, ¢) o (f,) is a
weak equivalence and if (g, 1) is a weak equivalence, then using the two-out-
of-three for weak equivalences in sOpﬁ,[, we deduce that (f, ) is a local weak
equivalence. Finally, we have to show that if both the composition (g,1)o(f, ¢)
and (f,¢) are weak equivalences, then (g,¢) is a local weak equivalence.
Using again the two-out-three of weak equivalences in sOp’Iﬁ/I, we deduce that
f*(¢) is a weak equivalence in sOpAM and we want to show that i is a weak
equivalence in sOpgA. For every (,(by,...,b,),bg) in MB, we want to show
that $(p, (b, .-, ), Bo): Pt (B bi), bo) = Qps ({01 )., &), g (Do) is 2
weak equivalence in sOpHB\,[. Because i*(f, ¢) is essentially surjective, we can
find colours ay,...,a, in A such that b; ~ f(a;) for every i = 0,...,n. Finally,
using Proposition 4.4.22, we obtain a commutative square

P(p (b1 by) bo) ———— P, (f(ar),.... f(an)), f(a0))

QD(V'(bl'-"'bn)/bO)l l'_v

Qp (8(b1),---,8(bn)), 8(bo)) —=— Q(p,(gf (a1),--.,8f (an)), g f (a0))

where the horizontal arrows are homotopy equivalences and where the right
vertical arrow is a weak equivalence because f*1p is a weak equivalence. Finally,
we deduce that ¢ is a weak equivalence, and, in particular, that (g, ¢) is a local
weak equivalence. O
Proposition 4.4.24. The class of weak equivalences in sOpfl\(/’I1 is closed under
retracts.

Proof. We show that both local weak equivalences and essentially surjective
morphisms are closed under retracts. For essentially surjective morphisms,
this follows from the fact that this property is verified in the category sCat.
Suppose now that a morphism (f, ¢): (A,0) — (B, P) is a retract of a local weak
equivalence (g,¥): (C,Q) — (D, R). If we consider the associated diagram

(4,0) — (C,Q) —— (4,0)

(fxi))l l(g,w l(f«p)

(B,P) — (D,R) W} (B,P),

we deduce that ¢ is a retract of h*ip and the result follows from the fact that
h*1 is a weak equivalence in sOpg/[ and from the fact that weak equivalences
in sOpﬁ,[ are closed under retracts. O
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Proposition 4.4.25. For every sequence

(40,00 "% (4,00 " . (B)

of morphisms in sOpﬁl\‘}Il that are monomorphisms on colours and weak equivalences,
the canonical morphism ag: (A, Op) — colim;(A;, O;) is a weak equivalence and
a monomorphism on colours.

Proof. A sequential colimit of monomorphisms in Psh(IM;) is a monomor-
phism, and the second part of the statement follows. We now show that
the canonical morphism a: (A, Oy) — colim;(A;,O;) is a weak equivalence.
Using Proposition 4.4.18 on the functor

it sOpﬁ\‘,’[l — Fun(IM,)°P, sCat)

and using the fact that weak equivalences in sCat are closed under sequential
colimits, we already know that aq: (Ay,Opy) — colim;(4;,0;) is essentially
surjective, and we must prove that it is also fully faithful. The colimit of the
sequence (B) is the simplicial M-operad

(colim; A;, colim;(«;),0;)
and we have to prove that the canonical morphism

$o: Oy — (ag)*(colim;(a;),0;)

is a weak equivalence in sOpﬁ. If we denote by a; ;: A; — A; the morphism
provided by the sequence (B) whenever j > i, we have that aj o a;; = @; and
using that ((a;),, («;)) is coreflexive, we obtain that

(ag)*(colim;(a;),0;) = colim;(ap)"(@;)O; = colim; e ; O;.

Finally, the morphism ¢ is the canonical morphism Oy — colim; a, ;O; associ-
ated with the sequential colimit

. * . *
Op = colim; a5 (Op — colim; ey ;O; — -
. A . L . - . o
in sOpy. This morphism is a weak equivalence, as it is a sequential colimit of
. . A
weak equivalences in sOpy. O

Proposition 4.4.26. Let u: K — H be a fully faithful functor between small
categories such that the set of objects of H is {0, 1}, while the only object of K is 0
(such that u(0) = 0). For every presheaf F: IMy°P — Set and every pushout square

iy (FxK) —— (A,0)

i(idy X”)l iz

iy(FxH) —— (B, P)

col

in the category Opyy, the morphism (f, ) is fully faithful. If moreover u is an
equivalence, then (f, ) is also an equivalence.
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Proof. The proof of this proposition is similar to the proof of [CM13b,
Lemma 1.29]. Note first that we see here both H and K as the objects of
Fun(IM,°P, sCat) given by the associated constant functors. The proof of this
proposition relies on an explicit description of the IM-operad (B, P). We denote
by w the parameterized functor F x K — i*(A, O) associated with u by adjunc-
tion and, for every X in IMj and x in F(X), we denote by w,: K — i*(A,O)(X)
the associated functor. For every X in M and every x in F(X), we denote by
X the image in A(X) of x under w,. The IM-set of colours B is the M-set ALIF
and for all X in M and x in F(X), we denote by x; the corresponding element
of B(X) through the inclusion F(X) < A(X) U F(X) = B(X). Consider now a
multimorphism p of M whose source and target are respectively (Xy,...,X;)
and Xy. For every (p, (by,...,b,), bg) in M2, we define

o bi if biEA(Xi);
"lxe if by =xeF(X;).

We now define P(p, (by,...,b,), by) as follows:

1. Suppose that ¢y belongs to A(X). We denote by O(y, (by,...,b,),bg) the
set
O, (€1, Cn), Co) X ]_[ H(1,0).
l‘,hiEF(X,'),iio
We can consider on Q(y, (by,...,by), by) the equivalence relation generated
by
(fl(hl ogl’”whm ogm)) ~ (f o (llf”'lln):(gl"'-'gm))
where (f,(g1,...,gm)) belongs to Q(p, (by,...,by), by), where h; € K(0,0)
fori=1,...,mwith m=|{b; | b; € A(X;)}| and where [; is defined by

I = 1bi if bi GA(X,‘);
" \wp (k) if by € F(X;).

We define the set P(p, (by,...,by), by) as the quotient of O(y, (by,...,b,), by)
by this equivalence relation;

2. Suppose that ¢y belongs to F(X(). We denote by O(u, (by,...,b,),by) the
set
H(0,1) x O, (€1, Cn), Co) X ﬂ H(1,0).
i,hiEF(X,'),iztO
We can consider on Q(y, (by,...,by), by) the equivalence relation generated
by

(ooho, fr(hiogr, s hymogm)~ (8o loofolly,....ly) (&) &m))

where (go, f,(g1,--.,gm)) belongs to Q(u, (by,...,by), by), where h; € K(0,0)
for i = 1,...,m and where hy € H(0,1) with m = |[{b; | b; € A(X;)}| and
where I; is defined by

I = 1bi if bi EA(XI‘);
" \wp () if b € F(X;);
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4.4. Homotopy theory of simplicial coloured M-operads

We define the set P(p, (by,...,by), by) as the quotient of Q(y, (by,...,b,), by)
by this equivalence relation.

We describe the structure of B-coloured M-operad of P. We only explain
how to compose operations corresponding to case (2); the other possible
compositions can be defined in a similar way. Consider composable operations
(Ao, (Aq,...,Ay)) in ]le' XpME Fle such that the source of A is the sequence

(by,...,b,) of elements of B. For all i =0,...,n, let p; be an element of P(1;)
mj

represented by (gio,ﬁ,gil,...,gi ). We define pg o (py,...,p,) as the operation of
P that is represented by

(8, footkyoly,eckyoly) o (fireoos fi) (81reen 8l 820 r @)

where [; and k; are respectively defined fori =1,...,n by

T , 0 e .
1bi if bi € A(Xl) 1bi if bi € A(Xl)

The morphism of simplicial coloured IM-operads (f,¢): O — P can now be
defined on colours by the inclusion f: A < AUF = B and by the identity
¢: O — i*(P) = O. In particular, the morphism (f, ¢) is fully faithful. Note
also that if u: K — H is an equivalence of categories, (f,¢) is moreover an
equivalence. To conclude the proof, we must show that (f, ¢) is the desired
pushout of the morphism 7;(idg xu). This can be done in an analogous way as
in the proof of [CM13b, Lemma 1.29]. O

Proposition 4.4.27. The morphisms in ] are weak equivalences, where ] denotes
the saturation of |.

Proof. Using the small object argument, we know that morphisms in ] are
retracts of sequential colimits of pushouts of morphisms in J. The class of weak
equivalences in sOpﬁf/’[1 is closed under retracts, and, using that pushouts of
morphisms in | are monomorphisms on colours along with Proposition 4.4.25,
we just have to prove that pushouts of morphisms in | are weak equivalences.
Consider first pushouts along morphisms (id4, ¢): (A,0) — (A, P)in J4. In
this case, the pushout of (idy, ¢) along a morphism (g, ¢): (A,0) — (B,Q) is
the morphism (idg, 77) where 7 is obtained via the following pushout

g!OL)Q

D

gP — R

in the category sOp}, where ¢": O — Q is obtained from g by adjunction.
Since g is a left Quillen functor and because ¢ is by definition a trivial

cofibration in sOpfl\{A, it follows that # is a trivial cofibration in sOpﬁ,[ and,

in particular, (idg,#) is a local weak equivalence in sOpﬁ\‘,’Il. The morphism

(idp,77) is also trivially essentially surjective, and it follows that it is a weak
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Chapter 4. Homotopy theory of simplicial parametrized operads

equivalence in sOpCOl Consider now a morphism (f,¢): (A,0) — (B, P) that
belongs to Jy. There exists X in M and a simplicial category H satisfying
the conditions of (A;) such that (f, ¢) is the image under 7, of the associated
morphism hom(—, X) — H x hom(—, X) in Fun(IM(°P,sCat). Consider now a
pushout square

ij(hom(-, X)) —— (C,Q)

l l(g,m (C)

i(H xhom(—, X)) —— (D,R)

in sOpCOl and let us show that (g,7) is a weak equivalence in sOpﬁ\?Il. As

in the proof of [CM13b, Proposition A.25], the pushout square (C) can be
decomposed as follows

iy(hom(-, X)) —— (C,Q)

L el

i|(K x hom(—, X)) — (C,S) |(gm)

L ow

i(H xhom(—, X)) —— (D,R)

where K is u*(H) with u: {0} < {0, 1} and we have to show that both the mor-
phisms (h,v): (C,Q) — (C,S) and (k, u): (C,S) — (D, R) are weak equivalences.
The morphism z!(horn( X)) — 1)(K x hom(—, X)) is constant on objects and
it follows that (h,v): (C,Q) — (C,S) is a weak equivalence if i(hom(-, X)) —
i(Kxhom(—, X)) is a trivial cofibration in sOpl{&}. Using [CM13b, Lemma 1.28],
K is cofibrant in sCat!® and it follows that i,(hom(—, X)) — (K x hom(—, X)) is
a trivial cofibration. We now have to prove that the morphism (k, 4): (C,S) —
(D,R) is a weak equivalence. Using Proposition 4.4.10, we can compute
the pushout levelwise in the category Fun(AOp,Opﬁ\‘,’Il). Levelwise, the sim-
plicial functor K — H satisfies the conditions of Proposition 4.4.26 and we
deduce that (k,u): (C,S) — (D,R) is fully faithful (we even have isomor-
phisms of simplicial sets between the simplicial sets of operations). We now
have to show that (k, u): (C,S5) — (D, R) is essentially surjective. The functor
Ok sOpCOl — OpCOl preserves colimits and it follows that the square

i(19(K) x F) —— 10(D, S)

l lﬂo(krﬂ)

ij(rtg(H) x F) —— mo(D,R)

is a pushout in OpCOl and, because 7ty(1): 1779(K) — 10(H) is an equivalence, it

follows from Proposition 4.4.26 that my(k, p) is essentially surjective. O

Finally, we prove the main Theorem of this section regarding the existence
of the model structure on simplicial coloured IM-operads.
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col

Theorem 4.4.28. The category of simplicial coloured IM-operads sOpy is endowed
with a cofibrantly generated model structure in which a morphism (f,§): (A,0) —
(B,P) is a weak equivalence if it is a fully faithful and essentially surjective mor-
phism and in which a morphism is a fibration if is is an isofibration in the sense of
Definition 4.4.11.

Proof. We check the conditions of [Hov99, Theorem 2.1.19] where the sets of
generating cofibrations and trivial cofibrations are respectively I and J. Note
first that we have already proven that sOpﬁf/’Il is bicomplete in Proposition 4.4.9.
The first condition is proven using both Proposition 4.4.23 and Proposition
4.4.24. The conditions (2) and (3) were proven in Proposition 4.4.21. The
conditions (5), (4), and (6) follow from Proposition 4.4.16, Proposition 4.4.17,

and Proposition 4.4.27. O

Example 4.4.29. For every orbital pair (O, T), we obtain a model structure on
the category sOp(Cglj). In particular, if we consider the final category *, we find
back the existence of the model structure on sOpCOl as constructed in [CM13b,
Theorem 1.14] and [Rob11, Theorem 6].

Example 4.4.30. If we consider the F-multicategory IN of Example 4.2.13, we
obtain a model structure on the category of simplicial multicategories.
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Chapter 5

A program to compare all
models for equivariant
operads

In this last chapter, we outline a program based on our notion of IM-operads
that aims at comparing all models for equivariant operads for a finite group G.
In particular, the goal of this program would be to compare the graph model
structure of Bonventre and Pereira on simplicial coloured G-operads [BP22c]
with the co-category of G-oo-operads of Nardin and Shah [NS22].

5.1 The coloured operadic Elmendorf conjecture

The goal of this section is to state a conjecture regarding the comparison
between the model structure of Bonventre and Pereira [BP22c] on G-simplicial
coloured operads and the model structure of Example 4.4.29 on simplicial
coloured parametrized operads.

5.1.1 The Bonventre-Pereira model structure

G
We recall briefly the model structure on (sOp“’l) defined in [BP22c]. The

G
category (sOpCOI) can be identified with the category of simplicial coloured
B G-operads and is obtained as the Grothendieck construction of the func-
tor (SetG)Op — Cat that sends a G-set A to sOp‘éG, in the sense of Section

4.4. We now give an explicit description of the category E’SG, as defined in
Construction 4.2.19.

Construction 5.1.1. Let A be a G-set of colours. Consider the set Ax(A*") with
the (G x X,))-action on A x (A*"") where X, acts by permuting the components
of A" and where G acts component-wise with the action of A. Choose a set
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R, of representatives of the orbits of A x A*". The category EQG is the action
groupoid of | |,5 (A x A*") and, in particular, we have an equivalence

Sao=| || | BStab(x (5.1)

n>0XeR,

For every X in R,, we have an inclusion BStab(X) C G x ¥, and we denote
by Fx the family of subgroups I' of BStab(X) such that I' is an admissible
subgroup of G x X,. In particular, using the equivalence (5.1), we obtain a
model structure on Coll‘éG(sSet) =Fun ( (ZQG)Op,sSet) given by all the families
Fx forall n>0and all X in R,,.

The following proposition recovers the results from [BP22b] in the simpli-
cial case.
Proposition 5.1.2. The model structure on Collgc(sSet)from Construction 5.1.1
lifts to a model structure on sOp‘éG via the free-forgetful adjunction:

F: COIISG(sSet) 2 sOng: U.
Proof. The proof is similar to Theorem 4.4.1. The monad is unchanged and it

remains to check that Ex® is still a fibrant replacement functor for this new

model structure and that O — 07" — O x O is still a functorial path object for

fibrant operads. This follows from the fact that Ex*™ preserves finite limits

(hence fixed points for finite groups), from the fact that (—)Al reserves limits,
P group P

and from the fact that products commute with limits. O

G
Notation 5.1.3. For every subgroup H of G, we denote by if: (sOpCOl) —
sCat the functor given by the composition

(sOpCOl) (sCat) (—)Ii sCat
with i the functor that sends a simplicial coloured operad to its underlying
simplicial category.
Definition 5.1.4. We say that a morphism of G-simplicial coloured operads
(f,9): (A,0)— (B,P)is:
1. fully-faithful if ¢: O — f*P is a weak equivalence in sOp‘é‘G;

2. essentially surjective if for every subgroup H of G, (ig)*(f, ¢) is essentially
surjective in sCat;

3. alocal fibration if the morphism ¢: O — f*P is a fibration in sOpr‘G;

4. an isofibration if it is a local fibration and if for every subgroup H of G,
ig)*(f,¢) is an isofibration in sCat.
We can now state the existence of the desired model structure.

G
Theorem 5.1.5 ([BP22c, Theorem A]). There is a model structure on (sOpCOI)

for which the weak equivalences are the fully faithful and essentially surjective mor-
phisms and for which the fibrations are the isofibrations in the sense of Definition
5.1.4.
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5.1.2 The operadic fixed points adjunction

Let V be a cartesian closed bicomplete category. The goal of this subsection is

to construct a right adjoint to the functor ¢*: Op(cglG OT)(V) — Op< (V)¢ from

Proposition 4.2.37.

Definition 5.1.6. We say that a lax functor F: C — D between monoidal cate-
gories is half strong monoidal if Fg: F(X)®pF(Y) — F(X®¢Y) is an isomorphism
forall X and Y in C.

Proposition 5.1.7. For every multifunctor ¢p: IM — IN between target right fibrant
F-multicategories such that the square

b1xppo Fo1
Ml XFH\/IO FMl — Nl XFINO FNI

@Ml l@“ (A)

M; ——— N
1 o 1

is cartesian, the functor ¢*: Collyn(V) — Collp(V) is half strong monoidal.
Proof. We have to show that for every f in M, the functor
op op
Oy = ONygf)

is final. Consider the square

©M%P) 7 (f) — (©nP) " (o(f))

l [

op op
OM/f —7 ONyg(fy

The vertical inclusions are final and, because the square (A) is a pullback
square, the upper horizontal functor is an equivalence. It follows that the
lower horizontal functor is also final. O

Proposition 5.1.8. For every multifunctor ¢: M — IN satisfying the condi-
tions of Proposition 5.1.7 and for every right fibration F: C — Ny, the functor
F'¢: G'M — F*IN, where G is (¢p¢)°F, also satisfies the conditions of Proposition
5.1.7.

Proof. The result follows directly from the fact that the square below is a
pullback when the conditions of Proposition 5.1.7 are satisfied.

(M1 XFMO FMl ) X(]NOXF]NOXFZINO) (A X FA X F2A) —- Ml X(]NOXF]NO) (.A X FA)

! |

(N1 XF]NO FNI ) X(NOXFNOXFZNO) (.A X F.A X F2A) - Nl X(]NOXF]NO) (.A X F.A)
O
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Proposition 5.1.9. For every Og-set of colours A, the functor (¢pA)* is strong
monoidal.

Proof. We prove first that (¢)* is half strong monoidal for every A. Using
Proposition 5.1.8 along with Proposition 5.1.7, it is enough to show that the
square

Y56 ¥rBG FXBc — Z(04,07) XFos FX(06,07)

l !

Y te * X(06,07)

is a pullback. The functors BG — Og and Y5 — ¥(0,0,) are fully faithful
and it follows, using that F preserves fully faithful functors, that the upper
functor of the square (B) is fully faithful. In particular, it is enough to show
that the square (B) is a pullback on objects. Consider an object n of X, seen as
the object (G/e, ..., G/e) — G/e (with n occurrences of G/e) of X, 0,). Given
an object (f, (fi,---, fu)) of X(0,,0,) ¥Fo, FX(0,,0,) Such that fo(fi,..., f,) =1,
we have to show that (f,(f,...,f,)) belongs to ¥gg xppg FXpg. This is a
consequence of the fact that f is a retract of every f; and that retracts in Og
are isomorphisms. We now have to show that, for every Og-set of colours A,
the functor (¢?)* preserves the unit. The unit of the category Coll‘gBG(V) is the

. (vA \°P .
functor 1C011/2;BG(V). (ZBG) — V defined by

ly if n=1anday=ay

1C011§BG(V)(nl(a0’a1'--'ran)) = {(D else.

A similar description can be given for the unit 1C011(oG o, (V) in the category

7)
Coll(p,,0,)v) where 1C011(oc,07)(v>(f'(”0’“1"-"an)) is given by

{lv if f belongs in Og and is an isomorphism and f*(ag) = a;;
0 else.

. i . . A
It is now clear that the restriction of 1C011(oG,oT>(V) along the inclusion ¥ » <

A op .
(E(OG,OT)) is Loopa O

):BG(V)‘

Proposition 5.1.10. The functor ¢*: Opfglc OT)(V) — Op (V)© admits a right
adjoint that we denote by ¢..

Proof. The existence of the right adjoint follows from Proposition 5.1.9 and
Proposition 4.3.25. O

We will now provide a more explicit description of the right adjoint ¢..

. . .. e A
We first give an explicit description of Z(OG,OT)’
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5.1. The coloured operadic Elmendorf conjecture

Proposition 5.1.11. Let A be a G-set of colours. If one also denotes by A the
presheaf Og°P — Set of fixed points of A, there is an equivalence

oG or) =~ |_| |_| OStab (5.2)

n>0XeR,

and the functor Z‘é — Z(‘O 07) corresponds to the canonical inclusions of groups

into their orbit categories through the equivalences (5.1) and (5.2).

Proof. We only sketch the construction of the equivalence at the level of objects.
Consider an object (f,(ay,...,a,),a) of A (©6,07)" The map f is of the form

(A, s fu): G/H U---UG/H, - G/H where every f; can be represented by an
element g; of G such that g-' H;g; C H and such that H/(gl-_lHigi) is admissible.
Moreover, every a; belongs to AHi The object (f,(ay,...,a,),a) is isomorphic
in E(o o) o (f) (g7'ay,..., g5 a,),a) with

f': G/(gr Higi) U+~ LU G/(8y" Hugu) > G/H

the map given component-wise by the inclusions gi_lHi g; € H. In particular,
we can, without loss of generality, assume that every g; is the neutral element
of G. Consider the H-set T := H/H; U---U H/H,,, which is admissible. For
every i = 1...,n, choose a set {h‘l,...,hh/Hi} of coset representatives of H/H;.
Every element of T is of the form (i,g]i) and this provides an isomorphism
T ~{1,...,|T|}. We thus obtain an admissible graph subgroup I't C G x X7}
Consider now the element X = (b,(by,..., b)) of A x ATl where b = a and
where by = g;a,- if k corresponds to (i,g;) in T. Using that 4; is a H;-fixed point,
Ir is a subgroup of the stabilizer of X and we obtain that Stab(X)/I'r belongs
to 02X

Stab(X
]

Lemma 5.1.12. For every inclusion of groups K C H, the following square

ResK

sSeth — K 4 sGetK

l l

Fun(Oy°P,sSet) —— Fun(Og°P,sSet)

commutes, where the vertical functors are the fixed points functors and where the
lower horizontal functor is given by restricting along the inclusion Og C Op.

Proof. This boils down to the fact that, for every subgroup L of K and every X
in sSet, we have Xt = (ResK ) . O
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Proposition 5.1.13. For every map f: A — B of G-sets, the following square

f:('
sOpgG _— SOpéG

<¢B>*l l(cﬁ"x

B A
SOP(0g,07) 77 OP(og,0r)

commutes.

Proof. It is enough to show the result at the level of collections, as all the
functors of the square are obtained from lax monoidal functors. Using the
equivalence of Proposition 5.1.11, the result follows from Lemma 5.1.12
applied, for all n > 0 and all X in A x A*", to the inclusion

Stab(X) C Stab((f x £*")(X)).

O

Remark 5.1.14. Using Proposition 5.1.13, we can give an explicit description
G
of the functor ¢,: (sOpCOl) - sOpf(ODIG o, For every G-simplicial coloured

operad (A, ), its image under ¢, is the parametrized operad (4, (({)A)*O) where
(™), is the right adjoint of the following adjunction

(¢")": sOP{y0,) & sOPRG: (¢7).

where we identify A with its presheaf of fixed points. For every morphism
(f,¥): (A,0) — (B, P) of G-simplicial coloured operads, its image under ¢, is
the morphism (f, (¢p4),w).

5.1.3 Cellular extension of M-operads

One important ingredient in operadic theory is the notion of cellular extension.
This was first considered in [BMO03] for classical operads and it has since been
extended to other situations, such as in [BP21] for genuine equivariant operads.
In this subsection, we explain how such considerations could be generalised
to IM-operads.

In Subsection 4.3.6, we proved, under some assumptions on M, that M-
operads are algebras over a monad Ty;. We will now give a more explicit
description of the monad Ty using the category of IM-trees.

Definition 5.1.15. The category of M-trees of height at most n, denoted by
T (n), and the root functor r(n): Tp(n) — M, are defined by induction on n
as follows:

1. the category Tp(0) is IMy and the root functor r(0): My — M, is the
identity;
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5.1. The coloured operadic Elmendorf conjecture

2. the category Tp(n + 1) is the pullback (lMl XEM, F‘TM(n)) LM and the
root functor r(n+1): Tp(n+ 1) = M is the composition

p1Uidpy, (tidp)

(Ml XFH\/IO F(.TM(TZ)) L MO — M1 L MO — M().
We now define a monomorphism i,: Tp(n) < Tp(n + 1) by induction as
follows:
1. the functor iy: My < IM; UM, is the canonical inclusion;

2. the functor i, : Tpp(n+1) = Tp(n + 2) is the functor

(M1 xpmt, BTm(n)) LiIMg —> (M e, FTv(r+ 1)) LIIM;

given by (idy, Xiden, i) Uidpg,-

The category of IM-trees Ty is the category colim,, Ty (1). We define IM-vertex
functors
vM(n): (.TM(Yl) — FMI

by induction as follows:

1. the functor vp(0): My — FIM; is the functor constant on the initial
object of FIM;

2. the functor vp(n+1): Tp(n) — FIM; is the composition

(M1 e, BT (1)) IMg — My x FPIM; — M x FM; — FM;.

The functors vyp(n) induce an M-vertex functor vy : Ty — FIM;. Finally, we
define IM-leaf functors
QU‘M(TZ)i TM(TZ) d M1

by induction as follows:
1. the functor ©g,,(0) is the identity functor 1p: Mg — M;;

2. the functor ©g,, (1 + 1) is the composition
(M1 xpmt, FTa(n)) 1Mo —> (M xpag, FIMy ) LiIMg — M

where the first functor is idyy, XidFMOF Og,, (1) and where the second

functor is (Op, 1m). The functors Og,, (1) induce an M-leaf functor
@‘J‘M . TIN[ — Ml‘

Remark 5.1.16. A MM-tree can be seen as a planar rooted tree where every
vertex is decorated with an object of IM and where every edge is decorated with
an object of M in such a way that the inputs of every vertex are decorated
with the source of the multimorphism decorating this vertex.
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We now conjecture that the monad Ty, admits the following description in-
volving the category of IM-trees, which would generalise the classical formula
for free operads.

Conjecture 5.1.17. Let S be an M-collection in V. The IM-collection Ty(S) is the
left Kan extension

op I
‘j‘MOP VL) FIM, °P L} V.

GTIM\L /

]Mlop THV[(S)
We now consider the following generalisation of the notion of cellular

extension of operads. We also generalise the notion of X-cofibrant operads.

Definition 5.1.18. If O is a simplicial M-operad and if u: U(OQ) — S is a
cofibration of IM-collections in sSet, the cellular extension O — O[u] is the
pushout of F(u): FU(O) — F(S) along the counit FU(O) — O. We say that
an IM-operad O is M-cofibrant if the underlying morphism of IM-collections
I — O given by the identities of O is a cofibration of IM-collections.

One could try to modify the description of free IM-operads that we conjec-
tured in Conjecture 5.1.19 in order to obtain a possible description of cellular
extensions. Such a description would be based on a notion of marked IM-tree
and would involve iterated pushout-products indexed on the vertices of IM-
trees. Based on this potential description of cellular extensions, we make the
following conjecture.

Conjecture 5.1.19. For every cofibration u: U(OQ) — S of M-collections with
O an M-cofibrant simplicial M-operad, the cellular extension O — O[u] is an
M-cofibration.

One important motivation for the resolution of Conjecture 5.1.19 is the
following proposition, which is a direct consequence of it.

Proposition 5.1.20. Assuming that Conjecture 5.1.19 is verfied, for every target
right fibrant F-multicategory M and for every simplicial M-operad O, if O is
cofibrant in sOpy, then O is IM-cofibrant.

Remark 5.1.21. The Conjecture 5.1.17 should be relatively easy to solve, and
the author does not expect other assumptions on IM to be needed. However,
it is not clear whether the assumption of target right fibrancy on IM would
actually suffice to prove Conjecture 5.1.19. We expect however that this result
should be true on a sufficient class of F-multicategories, which would contain
the examples of interest to the study of parametrized and equivariant operads.

5.1.4 The coloured operadic Elmendorf conjecture

In this subsection, we show, assuming that the Conjecture 5.1.19 is true, that
the adjunction of Proposition 5.1.10 is a Quillen equivalence.
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5.1. The coloured operadic Elmendorf conjecture

Proposition 5.1.22. Let IM be a target right fibrant F-multicategory. For every
cofibrant simplicial coloured M-operad (A,O), O is cofibrant in sOpﬁ,[.

Proof. Denote by 0 the initial object of sOpﬁ\‘,’Il and denote by 04 the initial ob-
ject of sOpﬁA. Let (A, O) be a cofibrant simplicial coloured IM-operad. Consider
a commutative square

0y — P

b

0O —Q

in sOp}; such that f is a trivial fibration. Consider the following diagram in
sOpcol
— (AP)

1]
| e

(A,04) (A,P)

l l

—
) — (A,Q).
The outer square admits a lift because (A, O) is cofibrant in sOpy;

col

<l and because

f is also a trivial fibration in sOpy;. Note that because the lower triangle
provided by this lift commutes, we obtain that the lift belongs to sOp%, and

thus provides a lift for the first square. O

Proposition 5.1.23. For every cofibrant simplicial coloured M-operad O, the
M-set of colours of O is a retract of a coproduct of representables.

Proof. Consider the class C in Psh(IM;) of maps A < A LI B with B a coproduct
of representables. We show first that cellular maps of simplicial coloured
M-operad belong to C, at the level of colours. Using that the functor sOpﬁf/’[1 —
Psh(IM,) that sends an M-operad (A,O) to its IM-set of colours A preserves
colimits and that the class C is closed under pushouts and sequential colimits,
it is enough to show that generating cofibrations in sOpcol belong to C, at
the level of colours. This follows directly from the explicit description that
we gave of these generating cofibrations. It follows that the IM-set of colours
of cellular objects in sOpCOl are coproduct of representables and the result
follows from the fact that cofibrant objects are retract of celullar objects. [

Theorem 5.1.24. If Conjecture 5.1.19 is true, then the adjunction

¢ Sopc(%lc o) (:> (Sopcol) (P*

of Proposition 5.1.10 is a Quillen equivalence where (sOp!)C is endowed with
the graph model structure of [BP22c] for the G-transfer system T and where

sOpC01 ) 18 endowed with the model structure of Example 4.4.29.
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Proof. We prove first that (¢*, ¢.) is a Quillen adjunction by showing that
¢. is a right Quillen functor. To do this, we prove that ¢, preserves fully-
faithful and essentially surjective morphisms, the same arguments prove that
¢. preserves isofibrations. For fully faithfull morphisms, the result follows
directly from the fact that ((¢*4)*,(¢%),) is a Quillen adjunction, using the
description that we gave of ¢, in Remark 5.1.14. For essentially surjective
morphisms, the result follows from the fact that the triangle below commutes
for every subgroup H of G.

ol \C - N col
(sOp ) 7 SOP(OG,OT)
sCat

We now prove that (¢*, ¢.) is a Quillen equivalence. The adjunction (¢*, ¢.)
is reflexive and it is thus enough to prove that, for every cofibrant simplicial
coloured (Og, O7)-operad (A,O), the unit (A,0) — ¢.¢*(A,O) is a weak equiv-
alence. Using Proposition 5.1.23, the Og-set A is a obtained as the fixed points
of a G-set B and it follows that the unit (A,0) — ¢.¢*(A,O) is the unit of the
adjunction

(@P)*: sOpfy,.0,) 2 50PRG: (¢°).
Using Conjecture 5.1.19, the previous adjunction is a Quillen equivalence if
and only if the adjunction

((i)B)*: CollfOGyOT)(sSet) 2 Collgc(sSet): ((l)B)*

is a Quillen equivalence. This result now follows from Proposition 5.1.11 and
Elmendorf’s Theorem. O

5.2 Complete IM-Segal spaces

In this final section, we define a notion of complete IM-Segal spaces that should
produce the same homotopy theory as simplicial coloured IM-operads. We
define first, for every F-multicategory IM, an algebraic pattern A(ﬁ in the sense
of [CH21, Definition 2.1], which will encode our IM-Segal spaces.

Definition 5.2.1. Let ID be a double category. The category Ap is the (cocarte-
sian) Grothendieck construction of the nerve N(ID): A°? — Cat of D. If M
is an F-multicategory, then we define Ay, as the category Agp;. We have a
cocartesian fibration 7p: Ap°P — A°P and it follows that the algebraic pattern
structure of A°P, denoted by A°PH in [CH21, Example 3.3], induces the struc-
ture of an algebraic pattern on Ap°P. Explicitly, the structure of an algebraic
pattern on Ap°P is defined as follows:

1. a morphism in Aﬁ)p is inert if the underlying morphism in AP is inert;

2. a morphism in A%) is active if it is p-cocartesian and if the underlying
morphism in A°P is active;
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5.2. Complete IM-Segal spaces

3. an object ([n], f) in A%) is elementary if n =1 or n = 0.

For every F-multicategory IM, the category A;ﬁ admits the structure of an
algebraic pattern whose inert and active morphisms are the ones of A;gvl and
where the elementary objects are the objects ([1], f) where f belongs to IM;
and ([0], x) where x belongs to M.

Remark 5.2.2. Note that, in Definition 4.2.16, we were considering the carte-
sian Grothendieck construction, whereas in the previous definition, we con-
sider the cocartesian one.

Definition 5.2.3. An IM-Segal space is a Aﬁ-Segal object in 8, in the sense
of [CH21, Definition 2.7]. We denote by Seg),(8) the co-category of IM-Segal
spaces.

We define a notion of completeness for IM-Segal spaces. Every object X
of M provides a section ix: A — Apy of 7rp. Moreover, the functor iy is a
Segal morphism in the sense of [CH21, Definition 4.2] and it induces a functor
iy: Segp(8) — Seg(S8).

Definition 5.2.4. An IM-Segal space O is complete if for every X in IM,, the
Segal space iy (O) is complete. We denote by CSeg,(8) the full subcategory of
Segp(8) spanned by complete IM-Segal spaces.

Example 5.2.5. For the F-multicategory ¥, of Example 4.2.12, we obtain a
slight modification of the algebraic pattern Ag;, defined by Barwick in [Bar18].
More precisely, the category Api, is a wide subcategory of our Ay and this
inclusion satisfies the conditions of [Bar23, Corollary 2.64]. This implies that
our X,-Segal spaces correspond to the Fin-Segal spaces of Barwick.

Example 5.2.6. For every orbital pair (O,7), we obtain a notion of complete
(O,7)-Segal spaces using the F-multicategory ¥ ¢, g) of Definition 4.2.30. We

denote by CSeg ¢ ) the associated co-category.

In the same way simplicial categories can be compared with complete Segal
spaces, we make the following conjecture.

col

Conjecture 5.2.7. The co-category obtained from sOpyy by inverting fully faithful
essentially surjective morphisms (defined in Definition 4.4.11) is equivalent to the
oo-category CSegy(8) of complete IM-Segal spaces.

Definition 5.2.8. For every orbital pair (O,7), we denote by co-Op ¢ ) the
oo-category of fibrous patterns over Spang (FO) in the sense of [Ste25b]. The
objects of co-Op ¢ ) will be refered to as (O, T)-co-operads. Note that if O is
an atomic orbital category, then it follows from [Ste25b, Theorem A.1] that
the co-category c0-Op ¢ (9 is equivalent to the co-category of O-co-operads of
Nardin and Shah [NS22].

A direct consequence of Conjecture 5.2.7 would be that the co-category as-
sociated with sOpfglr,I) can be compared with complete (O, T)-Segal spaces. We
also conjecture that Barwick’s work [Bar18] should generalise to the algebraic

op
pattern AZ(O,T)'
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Conjecture 5.2.9. For every orbital pair (0,7), the co-category CSeg ¢ )(8) is
equivalent to the co-category of (O, T)-co-operads.

Finally, if Conjecture 5.1.19, Conjecture 5.2.7 and Conjecture 5.2.9 are
true, one would obtain, for every G-transfer system 7, the following chain of
equivalences

G ~ ~ ~
(SOPCOl) Sop(c(%lc,of) Cseg(OGrOT) co- OP(OG'OT)'

In particular, this would provide an equivalence between the co-category of
G-simplicial coloured operads with the Bonventre Pereira model structure
associated with the complete G-transfer system and the co-category of G-co-
operads of Nardin and Shah.
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Summary

In this dissertation, we compare two approaches for equivariant algebra in
homotopy theory. A central principle of homotopy theory is the Grothendieck
hypothesis, which states that topological spaces should be interpreted, up to
homotopy, as co-groupoids. This links two viewpoints on classical homotopy
theory namely, topology and higher category theory. In equivariant homotopy
theory, a similar story can be told with Elmendorf’s theorem which provides a
description of equivariant spaces in terms of G-oo-groupoids. In particular,
equivariant homotopy theory can be studied through the lens of equivariant
higher category theory.
A natural question now arises:

“Given a mathematical notion with some topological and equivariant flavor, can it
be described, up to homotopy, within the framework of equivariant higher
categories ?”

In this thesis, we study this question in the case of algebraic objects. We
provide a full answer for commutative algebras and we develop ideas and
constructions toward a complete answer to more general algebraic objects.
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Samenvatting

In dit proefschrift vergelijken we twee manieren om equivariante algebra in
homotopietheorie te doen. Een centraal principe van de homotopietheorie
is de hypothese van Grothendieck, die stelt dat topologische ruimten, tot op
homotopie, geinterpreteerd moeten worden als co-groepoiden. Dit verbindt
twee perspectieven van de klassieke homotopietheorie, namelijk topologie en
hogere categorietheorie. Een soortgelijk verhaal geldt in de homotopietheorie
met de stelling van Elmendorf, die een beschrijving geeft van equivariante
ruimten in termen van G-co-groepoiden. In het bijzonder kan equivariante
homotopietheorie worden bestudeerd vanuit het perspectief van equivariante
hogere categorietheorie.
Een natuurlijke vraag is dan:

“Gegeven een wiskundig begrip met een zekere topologische en equivariante
structuur, kan dit, tot op homotopie, worden beschreven binnen het raamwerk van
equivariante hogere categorieén?”

In dit proefschrift bestuderen wij deze vraag in het geval van algebraische
objecten. Wij geven een volledig antwoord in het geval van commutatieve
algebra’s en ontwikkelen ideeén en constructies die leiden tot een volledig
antwoord voor meer algemene algebraische objecten.
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