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Chapter 1

Introduction

1.1 From algebraic topology to higher category the-
ory

One of the central problems in topology is the classification of topological
spaces. As a full classification of topological spaces up to homeomorphism is
currently out of reach, one usually attempts to classify spaces up to a weaker
notion of equivalences, using invariants.

S1 S2 S1 × S1 S2 ∨ S1

Figure 1.1: Examples of topological spaces.

For instance, the structure of paths between points in a space often encodes
significant information about the space. In particular, one of the simplest
topological invariants is the set of path-components, denoted π0, which can be
used to distinguish very basic spaces.

Example 1.1.1. One can prove that the disc D2 and the real line R are
not homeomorphic, since the disc with a point removed is path-connected,
whereas the real line with a point removed has two path-components.

Figure 1.2: The disc D2 and the line R.

11



Chapter 1. Introduction

In many situations, invariants are most conveniently expressed in algebraic
terms. One of the most basic examples is the fundamental group, denoted
π1, which encodes information about loops (based at a given point) up to
homotopy. Here a homotopy between two loops is a continuous deformation
from one to the other that is keeping the basepoint fixed.

Example 1.1.2. The fundamental group can be used to prove that the circle
S1 and the sphere S2 are not homeomorphic, since π1(S1) ≃Z whereas π1(S2)
is trivial.

However, the set of path-components and the fundamental group do not
suffice to distinguish most spaces, and one is naturally led to consider higher-
dimensional invariants.

Example 1.1.3. The sphere S2 and the point ∗ are not homeomorphic, yet they
share the same invariants π0 and π1.

These invariants admit a natural generalisation in the form of the homotopy
groups, which play a central role in classical homotopy theory. Using these
invariants, one obtains a notion of equivalences between topological spaces
that is weaker than homeomorphism.

Definition 1.1.4. A map f : X→ Y is called a weak homotopy equivalence if for
every x ∈ X, the induced homomorphism

πn(f ,x) : πn(X,x)→ πn(Y,f (x))

is an isomorphism for all n ≥ 0 (for n = 0, this is just a map of sets).

To study topological spaces up to weak homotopy equivalences, one con-
siders the homotopy category Ho(Top), obtained by formally inverting weak
homotopy equivalences in the category Top of topological spaces. Although
such localisations do not generally admit an explicit description, the category
Top carries a model structure in the sense of Quillen whose weak equivalences
are precisely the weak homotopy equivalences. In particular, the homotopy
category can be described as the category whose objects are CW-complexes
and whose morphisms are homotopy classes of continuous maps.

In order to classify topological spaces up to weak homotopy equivalence,
also called homotopy types, one may begin by studying n-homotopy types.

Definition 1.1.5. A topological space X in Ho(Top) is called an n-homotopy
type if for all k ≥ n+1 and all x ∈ X, the group πk(X,x) is trivial.

Denoting by Ho(Top)n the full subcategory of Ho(Top) spanned by n-
homotopy types, one can show that 0-types are classified by sets, as the
functor

π0 : Ho(Top)0→ Set

is an equivalence. For 1-homotopy types, one considers instead the funda-
mental groupoid Π1(X), which encodes not only loops based at a point, as in
π1, but also homotopy classes of paths between arbitrary points of X. One

12
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1.2. Homotopical and higher algebra

then proves that the fundamental groupoid functor induces an equivalence
between Ho(Top)1 and the category of groupoids and isomorphism classes of
functors between them.

Motivated by the observation that 1-types can be modelled by groupoids,
Grothendieck proposed, in a letter to Quillen, to base homotopy theory on a
category of∞-groupoidswhose homotopy category would recover all homotopy
types, see [Gro83] for more details. In this framework, n-homotopy types
would correspond to n-groupoids. Although still unproven in the precise form
stated by Grothendieck, this idea, known as the homotopy hypothesis, strongly
influenced the development of higher category theory.

Inspired by this perspective, Joyal [Joy08] and Lurie [Lur09] developed
a theory of ∞-categories based on the notion of quasi-categories, introduced
earlier by Boardman and Vogt [BV73]. In this setting, Kan complexes play the
role of∞-groupoids that are known, by a theorem of Kan [Hov99, Theorem
3.6.7], to model homotopy types. One important feature of this theory is that
the localisation of a category C at a class of mapsW can be naturally enhanced
into an∞-category C

[
W−1

]
. In particular, Ho(Top) can be upgraded into an

∞-category as follows.

Definition 1.1.6. The localisation of Top at the class of weak homotopy equiv-
alences W yields the∞-category of∞-groupoids, denoted by S := Top

[
W−1

]
.

The∞-category S plays a central role in higher category theory, analogous
to the role of the category of sets in classical category theory.

Other models for∞-categories have been developed and shown to be equiv-
alent, including simplicial categories, Segal categories, and complete Segal
spaces [Ber07a, Ber07b, Rez01, JT07]. Today, the theory of∞-categories plays
a central role in homotopy theory, where it is widely regarded as providing its
conceptual foundations.

1.2 Homotopical and higher algebra

Given a space X, one may consider equipping it with various types of algebraic
structures. Such a structure is typically specified by a collection of operations
satisfying certain relations. However, when one wishes to study homotopical
algebraic structures, the situation becomes more subtle, as relations are no
longer expressed by strict equalities but are instead replaced by specified
homotopies.

Example 1.2.1. An associative algebra structure (without a unit) on a space X
consists of an operation

× : X ×X→ X

satisfying the associativity relation

x × (y × z) = (x × y)× z

13



Chapter 1. Introduction

for all x,y,z ∈ X. In the homotopical setting, this equality is replaced by the
choice of a homotopy, which in particular provides a path

αx,y,z : x × (y × z)→ (x × y)× z

for all x,y,z ∈ X. Moreover, higher homotopies must be specified to ensure
coherence between the chosen homotopies. In particular, part of the structure
consists of a homotopy filling the disc whose boundary is the loop obtained by
concatenating the paths appearing in the following diagram.

((x × y)× z)×w

(x × (y × z))×w (x × y)× (z ×w)

x × ((y × z)×w) x × (y × (z ×w))

αx,y,z×idw αx×y,z,w

αx,y×z,w αx,y,z×w

idx×αy,z,w

Similar higher homotopies must be provided, which can be organised and
described in terms of Stasheff polytopes [Sta63].

Because of the complexity of these higher homotopical coherence con-
ditions, giving an explicit description of homotopical algebraic structures
typically requires a large amount of data. To address this issue, May intro-
duced in [May72] the notion of operads. His original motivation was the study
of infinite loop spaces, which carry the structure of a homotopy associative
and commutative algebra, also known as an E∞-algebra.

Roughly speaking, a (topological) operad O consists of a space On for each
n ≥ 0, equipped with an action of the symmetric group Σn, together with
composition maps

◦ : On ×Ok1 × · · · ×Okn −→Ok1+···+kn

and a unit element 1O ∈ O1, satisfying associativity, unitality, and equivariance
conditions. The space On may be thought of as parametrizing formal opera-
tions of arity n. Given an operad O, one defines the notion of an O-algebra as a
space X such that to every operation µ ∈ On one assigns, in a continuous and
compatible way, an operation

µX : Xn→ X,

in a manner that respects the operadic composition.

Example 1.2.2. The topological operad Com is defined by Comn = {∗} for all n
and encodes strictly commutative and associative algebras. Its homotopical
analogue is given by E∞-operads. An E∞-operad is an operad O such that each
space On is contractible and carries a free Σn-action. The freeness condition
is a technical requirement that allows one to model commutativity up to
coherent homotopy rather than strictly.

14
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The theory of topological operads admits generalisations to other cate-
gories, such as simplicial sets, which also model homotopy types. Another
important extension is the theory of coloured operads introduced by Boardman
and Vogt in [BV73]. While a classical operad encodes operations on a single
object, a coloured operad allows one to describe operations involving several
objects simultaneously.

Example 1.2.3. A commutative ring with a module can be encoded as an
algebra over a two-coloured operad, with one colour for the ring and one for
the module.

Topological or simplicial (coloured) operads are themselves homotopical
objects and can therefore be studied using homotopical methods. In particu-
lar, one can define a suitable notion of weak equivalences between operads
and thereby obtain an ∞-category ∞-Op of ∞-operads. As in the case of ∞-
categories, several models for this theory have been developed, including
dendroidal sets [CM11], dendroidal spaces [CM13a], and∞-operads [Lur17].
These approaches provide different perspectives on the theory and have been
compared, see for instance [Bar18], [CM13b, CM13a], and [CHH18].

The theory of∞-operads lies at the foundations of higher algebra [Lur17].
Moreover, classical homotopical algebra formalised with topological operads
can be compared to algebras over the associated∞-operads [PS18a, Proposi-
tion 7.11]. This includes in particular the theory of E∞-algebras.

1.3 Equivariant homotopy theory via parametrized
∞-categories

Let G be a finite group. Consider the category TopG of topological spaces
equipped with a G-action and continuous maps that preserve the G-action
(called equivariant maps). The notion of homotopies between continuous maps
admits a natural equivariant generalisation in the form of G-homotopies, de-
fined as deformations of equivariant continuous maps. This leads in particular
to the notion of G-homotopy equivalences. One may also consider G-CW-
complexes, that is, CW-complexes equipped with a G-action acting by cellular
maps and such that G acts trivially on each individual cell. As in the non-
equivariant setting, the class of G-CW-complexes contains many interesting
G-spaces, including, for instance, G-manifolds [Ill73, Theorem 2.1]. Moreover,
Whitehead’s Theorem admits the following equivariant generalisation.

Theorem 1.3.1 ([Mat71]). A G-map f : X → Y between G-CW-complexes is a
G-homotopy equivalence if and only if, for every subgroup H ⊆ G, the induced map
on fixed points

f H : XH → YH

is a weak equivalence.

This result motivates the following definition.
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Definition 1.3.2. A G-map f : X → Y in TopG is called a G-weak homotopy
equivalence if, for every subgroup H ⊆ G, the map

f H : XH → YH

is a weak homotopy equivalence.

Example 1.3.3. A G-map f : X→ Y that is a classical weak equivalence need
not be a G-weak equivalence. For instance, the infinite-dimensional sphere S∞

is contractible, but it admits a free C2-action. As a consequence, the unique
equivariant map S∞ → ∗ is a weak equivalence of the underlying spaces, but
not a C2-weak equivalence, as (S∞)C2 = ∅ and ∗C2 = ∗.

The category of G-spaces admits a model structure in the sense of Quillen
whose class of weak equivalences is precisely the class of G-weak homotopy
equivalences, denoted WG. The resulting∞-category

SG � TopG
[
W−1G

]

may be described as the∞-category of G-CW-complexes, G-equivariant maps,
and G-homotopies. The ∞-category SG, which may be viewed as the ∞-
category of equivariant∞-groupoids, admits a second important characterisa-
tion.

Denote by OG the orbit category of G, that is, the full subcategory of finite
G-sets and equivariant maps spanned by transitive G-sets. Given a topological
space X equipped with a continuous G-action, one obtains a functor

φ(X) : OG
op→ Top

which sends an orbit G/H to the fixed-point space XH . The functoriality is
induced by inclusions and conjugation maps between fixed-point subspaces.
This construction yields an equivalence of∞-categories.

Theorem 1.3.4 (Elmendorf). The functor

φ : TopG→ Fun(OG
op,Top)

induces an equivalence of∞-categories

SG
≃−→ Fun(OG

op,S).

Elmendorf’s theorem (originally proven at the level of homotopy categories
[Elm83]) plays a central role in equivariant homotopy theory, as it provides a
categorical interpretation of equivariant spaces. While topological spaces may
be regarded as∞-groupoids, equivariant topological spaces can be described
as presheaves of ∞-groupoids on the orbit category OG. In particular, the
∞-category of equivariant spaces is an∞-topos in the sense of Lurie [Lur09].

This perspective offers several possible formalisms for a theory of G-∞-
categories, including the theory of parametrized ∞-categories developed by
Barwick, Dotto, Glasman, Nardin, and Shah [BDG+16], the theory of internal
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∞-categories of Martini and Wolf [Mar22a, Mar22b, MW24], and the theory
of formal categories via∞-equipments of Ruit [Rui25, Rui24]. In each of these
approaches, the orbit category OG plays a fundamental role, effectively replac-
ing the group G itself. This correspondence between equivariant homotopy
theory and parametrized categorical structures naturally leads to the following
question.

Question 1.3.5. Given a homotopical theory based on equivariant objects,
is it possible to construct a purely categorical avatar of this theory in the
parametrized setting ?

In this thesis, we provide partial answers to this question for several
theories related to equivariant operads and their algebras.

1.4 Equivariant and parametrized algebra

One of the core ideas of equivariant commutative algebra is that combining
commutative algebra with equivariance naturally leads to additional struc-
tures, called transfers. Consider, for instance, a commutative monoid (X,+)
equipped with a G-action compatible with its monoid structure. For every
subgroup H ⊆ G, one may form the fixed-point set XH , which inherits the
structure of a commutative monoid. Moreover, the restriction maps between
these fixed-point sets are monoid homomorphisms.

Given two subgroups K ⊆ H of G, one also obtains a monoid map
TrHK : XK → XH, called the transfer, defined by

TrHK (x) = h1 · x + · · ·+ h[H :K] · x,

where h1, . . . ,h[H :K] are representatives of the cosets in H/K . The data of
these commutative monoids of fixed points, together with the restriction,
conjugation and transfer maps, assemble into a Mackey functor, as introduced
by Dress in [Dre71] in the case of abelian groups.

Example 1.4.1. For G = Cp , we unpack the structure of a Cp-Mackey functor
M . It consists of two abelian groups M(Cp/Cp) and M(Cp/e) together with
a restriction map, a transfer map, and a Cp-action on M(Cp/e) given by con-
jugation maps. The composition Res◦Tr is given by a Mackey formula, see
[Lew88]. This structure can be represented by a Lewis diagram.

M(Cp/Cp)

M(Cp/e)
ResTr

Conj

The existence of these transfers relies on the strict commutativity of the
multiplication on X. If instead X were a space equipped only with an E∞-
structure, such transfers would no longer exist in general. This observation
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suggests one of the guiding principles of equivariant homotopical algebra:
transfers should be regarded as additional structures.

As discussed above, equivariant homotopy theory admits two complemen-
tary points of view: that of equivariant topology and that of parametrized
∞-categories. Each of these perspectives gives rise to a theory of equivariant
operads and algebras centred around the notion of transfers.

From the viewpoint of equivariant topology, one starts with the classi-
cal theory of simplicial (or topological) operads equipped with a G-action.
Within this framework, Blumberg and Hill introduced in [BH15] the notion
of N∞-operads, which generalise May’s E∞-operads to the equivariant setting.
Unlike the classical case, the homotopy category of N∞-operads is no longer
contractible, but instead forms a poset. This poset can be described in terms
of G-transfer systems, as defined in [BBR21] and [Rub19] (independently), by
work of Bonventre and Pereira [BP21] and Rubin [Rub21].

Intuitively, an N∞-operad encodes a classical E∞-structure together with a
compatible collection of transfers. The G-transfer system associated with an
N∞-operad O records precisely the inclusions of subgroups of G for which O
encodes the corresponding transfers. The combinatorics of these G-transfer
systems is intricate and difficult to compute explicitly for a given group. Their
study has become an active area of research in recent years, as illustrated
for instance by work of Balchin, Barnes, and Roitzheim [BBR21], or Balchin,
MacBrough, and Ormsby [BMO25].

While all N∞-operads are equivalent in the naive homotopy theory of G-
operads, that is, the homotopy theory of operads [BM03] applied to equivariant
spaces, they can be distinguished in the homotopy theory of G-simplicial
operads associated with graph weak equivalences, as defined by Blumberg and
Hill in [BH15]. Moreover, Bonventre and Pereira showed that these graph
weak equivalences are part of a model structure on the category ofG-simplicial
operads [BP22c].

The perspective of G-simplicial (or topological) operads and N∞-operads
thus provides a framework for equivariant operads and algebras that is well
suited for constructing explicit models, due to its close connection with topol-
ogy. However, this approach does not provide foundational tools for equivari-
ant homotopical algebra, as it is not formulated in a fully categorical language.
To obtain such foundations, one needs a theory of parametrized higher algebra.

As emphasised above, transfers are expected to play a central role in any
satisfactory theory of equivariant higher algebra. In particular, such a theory
should be based on suitable notions of higher Mackey functors. This idea
first appeared in work of Guillou and May [GM24], where they showed that
the model category of genuine G-spectra can be related to spectrally enriched
Mackey functors via a zig-zag of Quillen equivalences. Motivated by this
result, Barwick developed in [Bar17] the theory of higher categories of spans,
which provides a general framework for various notions of higher Mackey
functors, including spectral Mackey functors. Building on Barwick’s work and
the formalism of parametrized∞-categories, Nardin introduced in [Nar16]
notions of equivariant semi-additivity, additivity, and stability, for which
different categories of Mackey functors arise as universal theories. He also
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gave an alternative description of the universal semi-additive theory in terms
of parametrized E∞-algebras, extending the∞-categorical theory of E∞-algebras
to the parametrized setting.

The notion of parametrized semi-additivity was later generalised to T -
parametrized semi-additivity for any G-transfer system T by Cnossen, Linskens,
and Lenz in [CLL25b]. In the same work, they described the corresponding
universal theory in terms of T -parametrized E∞-algebras. Subsequently, in
[CLL25c], they showed that T -parametrized E∞-algebras can also be described
in terms of T -incomplete Mackey functors, namely Mackey functors admitting
only those transfers encoded by the G-transfer system T . This theory of
incomplete parametrized E∞-algebras also admits an operadic formulation.
In [NS22], Nardin and Shah introduced the notion of parametrized operads,
and Stewart studied incomplete parametrized E∞-algebras from this operadic
perspective in [Ste25b, Ste25c]. These developments lead to the following
question, which is a particular case of Question 1.3.5 and serves as a guiding
theme for this thesis.

Question 1.4.2. How can equivariant homotopical algebra and parametrized
higher algebra be unified?

Some results in the literature already suggest possible approaches, such as
the work of Bonventre [Bon19], which constructs functors between different
categories of operads and their associated categories of algebras. However,
these functors do not yet admit a homotopical interpretation.

1.5 Overview and results

In this thesis, we propose to investigate Question 1.4.2, provide partial an-
swers, and develop ideas and constructions toward a complete answer. In
Chapter 2, we compare N∞-algebras with higher Mackey functors, thus an-
swering Question 1.4.2 in the case of commutative algebra. In Chapter 3,
we generalise some results of [BM03] and [PS18a] to the equivariant setting.
The results of Chapter 3 are used for N∞-operads in Chapter 2 in order to
prove the main theorem. In Chapter 4, we develop a homotopy theory of
generalised simplicial operads which, in particular, provides a homotopy theory
of simplicial parametrized operads. In Chapter 5, we outline a program that
aims at answering Question 1.4.2 in the case of operads by using the tools we
developed in Chapter 4.

1.5.1 A higher Mackey functor description of algebras over
an N∞-operad

The goal of this first chapter is to compareN∞-algebras with incomplete higher
Mackey functors, thereby providing a complete answer to Question 1.4.2 in
the case of commutative algebra. More precisely, we prove the following
theorem.
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Theorem 1.A (Theorem 2.4.37). For every group G and every G-transfer system
T , let ET denote Rubin’s N∞-operad associated with T [Rub21]. The∞-category
AlgET obtained from AlgET (sSet

G) by inverting G-weak homotopy equivalences
is equivalent to the∞-category of T -incomplete Mackey functors with values in
spaces.

Rubin’s N∞-operad ET is obtained as the nerve of an operad SMT in the
category CatG of G-objects in categories. Algebras over SMT in CatG can
be described as T -normed symmetric monoidal categories [Rub20]. We first
construct a functor from the category of T -incomplete spans A(OG,OT ) to the
2-category ISMStg of T -normed symmetric monoidal categories, using the
Beck–Chevalley condition. By composing this functor with the core functor, we
obtain a fully faithful functor

A(OG,OT )→AlgET

which sends a finite G-set T to the free ET -algebra on T . We conclude by
showing, using the results of Chapter 3, that the left Kan extension of this
functor along the Yoneda embedding

A(OG,OT ) → Fun×(A(OG,OT )
op,S)

is an equivalence of∞-categories.

1.5.2 On sifted homotopy colimits of algebras over an N∞-
operad

In Chapter 3, we establish a key technical result concerning sifted homotopy
colimits of algebras over an N∞-operad O. Unlike E∞-operads, N∞-operads
are not Σ-cofibrant in the sense of [BM03]. This presents a difficulty, as many
results concerning E∞-operads and their algebras rely on this property, for
example [BM03, Proposition 5.7]. In Chapter 3, we seek a generalisation of
the following proposition that applies to N∞-operads.

Proposition 1.5.1 ([PS18a, Proposition 7.9]). For every Σ-cofibrant operad O in
sSetG, that is such that the morphism of collections I →O given by the identity of
O is a cofibration in Coll

(
sSetG

)
for the projective model structure, the forgetful

functor
U : AlgO(sSet

G)→ sSetG

preserves sifted homotopy colimits.

This result makes essential use of the following proposition.

Proposition 1.5.2 ([BM03, Corollary 5.5]). For every category I with finite
coproducts and every Σ-cofibrant operad O in sSetG, the forgetful functor

U : Fun
(
I ,AlgO

(
sSetG

))
≃ AlgO

(
Fun(I ,sSet)G

)
→ Fun

(
I ,sSetG

)

preserves cofibrant objects.
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However, as we show in Section 3.2, this result does not hold for N∞-
operads.

Theorem 1.B (Proposition 3.2.3). Let O be an N∞-operad for C2 with a complete
transfer system. The forgetful functor

U : AlgO
(
Fun(Fin,sSet)C2

)
→ Fun(Fin,sSet)C2

does not preserve cofibrant objects, where Fin denotes the category of finite sets.

Although N∞-operads are not Σ-cofibrant, their symmetric group actions
are always free by definition. This motivates the following notion, which
serves as a replacement for Σ-cofibrancy.

Definition 1.5.3. An operad O in sSetG is graph cofibrant if, for every n ≥ 0,
the Σn-action on On is free.

To address the failure exhibited in Theorem 1.B, we prove in Chapter 3 the
following result.

Theorem 1.C (Proposition 3.3.19). For every graph cofibrant operad O in sSetG

and every subgroup H of G, the fixed-point functor

(−)H : AlgO
(
Fun

(
I ,sSetG

))
→ Fun(I ,sSet) ,

defined as the composite

AlgO
(
Fun

(
I ,sSetG

)) U−→ Fun
(
I ,sSetG

) (−)H
−→ Fun(I ,sSet),

preserves cofibrant objects.

This result implies the following theorem.

Theorem 1.D (Corollary 3.3.21). For every graph cofibrant operad O in sSetG

and every subgroup H of G, the H-fixed-point functor

(−)H : AlgO
(
sSetG

)
→ sSet

preserves sifted homotopy colimits.

Finally, using Elmendorf’s Theorem, Theorem 1.D immediately implies
the following result.

Theorem 1.E (Corollary 3.3.22). For every N∞-operad O, if AlgO denotes the∞-
category obtained from AlgO

(
sSetG

)
by inverting G-weak homotopy equivalences,

then the forgetful functor
U : AlgO → SG

preserves sifted colimits.
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1.5.3 Homotopy theory of simplicial parametrized operads

After comparing N∞-algebras with their parametrized analogues in Chapter
2, one may ask how to generalise this comparison to other types of algebras.
Since algebras are defined as morphisms of operads, it is natural to begin by
establishing such comparisons at the level of equivariant operads themselves.
In Chapter 3, we develop a general framework for studying the homotopy
theory of various notions of operads. In particular, this formalism is designed
to compare different models for equivariant operads.

Classically, the structure of an operad is intrinsically based on symmet-
ric groups. Motivated by this observation, we introduce the notion of F-
multicategories (where F is the finite coproducts completion functor), which are
intended to replace symmetric groups and thereby yield a generalisation of
classical operads.

Definition 1.5.4. An F-multicategory M consists of the following data:

1. a small category M0 of objects and a small category M1 of multimor-
phisms;

2. a composition functor ⊙ : M1 ×FM0
FM1→M1 together with an identity

functor 1: M0→M1;

such that the composition functor is associative and unital with respect to the
identity functor.

Every F-multicategory M gives rise to a corresponding notion of simplicial
M-operads.

Definition 1.5.5. A simplicial M-operad O consists of the following data:

1. an M-collection O, given by a functor O : M1
op→ sSet;

2. a composition map

◦ : O(f )×O(f1)× · · · ×O(fn)→O(f ⊙ (f1, . . . , fn))

for all composable multimorphisms (f , (f1, . . . , fn)) in M1 ×FM0
FM1;

3. an identity element 1X in O(1X )0 for every object X in M0;

such that the composition maps and identity elements are natural and satisfy
associativity and unitality conditions.

Under suitable assumptions on M, one can show that the category of
simplicial M-operads is the category of algebras in the monoidal category of
M-collections

CollM(sSet) := Fun(M1
op,sSet),

endowed with a composition product ◦M.

Theorem 1.F (Corollary 4.3.20). For every F-multicategoryM that is target right
fibrant in the sense of Definition 4.3.16, the category CollM(sSet) of M-collections
in sSet is endowed with the structure of a monoidal category for which the category
of algebras is precisely the category of simplicial M-operads.
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Using this generalised composition product, together with the fact that
CollM(sSet) admits a projective model structure, we prove the following result.

Theorem 1.G (Theorem 4.4.1). For every target right fibrant F-multicategory M,
the category sOpM admits a model structure that is right lifted from CollM(sSet)
along the free–forgetful adjunction

FM : CollM(sSet)⇄ sOpM : UM.

One main feature of our notion of generalised operads is that it provides
a convenient way to encode coloured operads. For every M-set of colours A
(in the sense of Definition 4.2.18), A-coloured operads are by definition MA-
operads for a certain F-multicategory MA. Using this description of coloured
M-operads, we prove the following theorem.

Theorem 1.H. (Theorem 4.4.28) For every F-multicategory M that is target right
fibrant, the category of simplicial coloured M-operads admits a model structure for
which the weak equivalences are the fully faithful essentially surjective morphisms
and for which the fibrations are the isofibrations (See Definition 4.4.11 for all the
terminology used here).

We can specialise this theorem to obtain a model structure on the simplicial
parametrized operads of Nardin and Shah.

Theorem 1.I. (Example 4.4.29) For every category O and every orbital subcategory
T of O, the category sOpcol(O,T) of simplicial coloured (O,T)-parametrized operads
admits a model structure for which the weak equivalences are the fully faithful
essentially surjective morphisms and for which the fibrations are the isofibrations
(respectively defined in Definition 4.4.11).

1.5.4 A program to compare all models for equivariant oper-
ads

In this Chapter 5, we outline a program aimed at applying the techniques
developed in Chapter 4 to address Question 1.4.2 in the context of equivariant
operads. In Section 5.1, we explain how one might expect to establish an
operadic Elmendorf theorem comparing simplicial parametrized operads with
equivariant simplicial operads. The Section 5.2 is devoted to the definition
of the notion of complete M-Segal spaces. In particular, we conjecture the
existence of an equivalence between complete M-Segal spaces and simplicial
coloured M-operads, and we explain how such an equivalence would provide
a definitive answer to Question 1.4.2 in the operadic case.

1.6 Notations and conventions

We fix three Grothendieck universes U ∈V ∈W that contain the first infinite
ordinal. A set is small if it is contained in U and large if it is contained in
W. We will also use an analogous naming convention for categories. In what
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follows, we denote by Set the category of small sets, by sSet the category of
small simplicial sets, by Cat the category of small categories, and by Ĉat the
large category of categories. For every closed symmetric monoidal category C,
we denote by Op(C) the category of operads in C. If O is an operad in C, then
we denote by On its n-th level, that is the associated object of CΣn . Until the
end of this thesis, by∞-category we mean quasi-category and we denote by S

the∞-category of spaces.
Throughout this thesis, G is a finite group and for every category C, we

denote by CG the category of G-objects in C. A G-category is an internal cat-
egory in SetG or, equivalently, a G-object in the category of small categories.
If C and D are G-categories, then we denote by FunG(C,D) the category of
G-functors and G-natural transformations between C and D and by Fun(C,D)
the G-category of non-equivariant functors and non-equivariant natural trans-
formations. We denote by CatG the 2-category of small G-categories and by
SG the∞-category of equivariant spaces Fun(OG

op,S).
As we discussed previously, the∞-category of N∞-operads is equivalent to

the poset of G-transfer systems [BH15, BBR21, Rub21, BP21]. This poset also
admits a description in terms of G-indexing systems. Throughout this thesis,
depending on the context, we will use the terminology of G-indexing systems
or G-transfer systems.

1.7 Structure of the thesis

This thesis contains 4 chapters. The two main chapters, Chapter 2 and Chapter
4, are independent and are based, respectively, on the preprints [Mar24] and
[Mar25]. The Chapter 2 depends on Chapter 3, which is a technical chapter.
The Chapter 5 is a further directions chapter that depends only on Chapter 4.

Introduction

Chapter 3 Chapter 4

Chapter 2 Chapter 5

Figure 1.3: Dependence of the chapters.
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Chapter 2

A higher Mackey functor
description of algebras over
an N∞-operad

This chapter is based on the preprint [Mar24].

2.1 Introduction

Let G be a finite group and consider a set X endowed with an action of G. For
every subgroup H of G, we can consider the set of H-fixed elements of X

XH = {x ∈ X | h · x = x for all h ∈H}.

For every pair of subgroups K ⩽H of G and every element g of G, there is a
restriction map ResHK : XH → XK (the inclusion ofH-fixed elements in K-fixed
elements) and a conjugation map cg : XH → XgHg−1 that sends x to g · x. These
data assemble into a presheaf FX : OG

op→ Set over the category of transitiveG-
equivariant sets OG that sends the coset G/H to the set XH . This construction
forms a fully faithful functor F(−) : Set

G → Fun(OG
op,Set) that is, in general,

not an equivalence of categories. However, if X is a topological space, then,
up to weak homotopy equivalence, every topological presheaf P : OG

op→ Top
has the form FX for some G-equivariant topological space X. Moreover, for the
right homotopy theory on G-equivariant spaces, Elmendorf’s Theorem [Elm83]
states that this functor is an equivalence of homotopy theories. Elmendorf’s
Theorem can be considered to be one of the cornerstones of equivariant homo-
topy theory as it brings upon it categorical features, either with the theory of
parametrized∞-categories developed by Barwick, Dotto, Glasman, Nardin, and
Shah [BDG+16, Sha17], or with the more general theory of categories internal
in an∞-topos of Martini and Wolf [Mar22b, MW24, Mar22a].

Suppose now that X is a commutative monoid with a G-action compatible
with its monoid structure. The presheaf provided by the previous construction
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comes with an extra structure given by the monoid law. For every pair of
subgroups K ⩽H of G, there is a transfer map TrHK : XK → XH defined by

TrHK (x) = h1 · x + · · ·+ h[H :K] · x

where h1, . . . ,h[H :K] are representatives of cosets inH/K . These transfers, along
with the previous structure of restriction and conjugation maps, assemble into
a Mackey functor (with value in the category of sets) as defined by Dress in
[Dre71]. A Mackey functorMX : AG

op→ Set is a presheaf over the Burnside
category AG that preserves finite products. The Burnside category AG is the
category whose objects are finite G-equivariant sets and whose morphisms
are isomorphism classes of spans between these G-equivariant finite sets.
Mackey functors play an important role in representation theory, equivariant
homotopy theory, and they have many applications, for example in group
cohomology and in the decomposition of classifying spaces with the work of
Webb [Web93]. The construction of a Mackey functor from a commutative
monoid with a compatible G-action provides a fully faithful functorM(−) :
CMonG → Fun×(AG

op,Set) that is again not an equivalence of categories in
general. One might now be interested in promoting this construction to an
equivalence of homotopy theories, in analogy with Elmendorf’s Theorem
mentioned above.

However, unlike classical algebra, in homotopy theory, commutativity is
not a property, but a structure. Given a topological space X with an associative
and unitary operation µ : X × X → X, X is considered as being homotopy
commutative if there exists a homotopyH as depicted in the following diagram

X ×X

X

X ×X

twist

µ

µ

H

and if higher coherences are satisfied (requiring the data of higher homotopies).
The data of these homotopies are part of the commutative structure of X and
can be encoded with May’s theory of E∞-operads [May72]. An E∞-operad is
a topological operad O such that On is contractible and has a free Σn-action.
This theory of “commutativity up to homotopy” is crucial in topology, as
most spaces with a multiplication, such as infinite loop spaces, are not strictly
commutative.

If X is a topological space with a G-action and a compatible structure of
E∞-algebra (meaning that X is an algebra over an E∞-operad O and that all the
corresponding operations and homotopies between them are G-equivariant),
then one can still consider the topological presheaf FX : OG

op→ Top associated
with X but the transfers do not exist anymore, as the operation µ of X is only
commutative up to homotopy. To solve this issue, E∞-operads can be upgraded
into an equivariant analogue, the N∞-operads introduced by Blumberg and
Hill in [BH15]. In addition to the classical operations of an E∞-algebra, anN∞-
operad encodes norms that can be thought of as equivariantly twisted versions
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of these operations. Unlike the non-equivariant setting, not all N∞-operads
are equivalent, and the homotopy category of N∞-operads is equivalent to
the poset of the so-called G-indexing systems, by the work of Blumberg and
Hill [BH15], Rubin [Rub21], and Bonventre and Pereira [BP21]. A G-indexing
system I is a collection, for every subgroup H of G, of finite H-equivariant
sets satisfying relations of compatibility, as described in [BH15]. If I is a
G-indexing system, then every finite H-equivariant set T that belongs to I
encodes an operation that is, roughly speaking, “T -equivariant”.

Suppose now that X is an algebra over an N∞-operad O associated with
a G-indexing system I . If K ⩽H are subgroups of G such that H/K belongs
to I , then we may construct a transfer map TrHK : XK → XH . However, the
construction of TrHK requires the choice of an H/K-equivariant operation on
X, that is only unique up to homotopy. The homotopy groups of X thus
give rise to I -incomplete Mackey functors, defined in terms of an incomplete
version of the Burnside category AI , as studied by Blumberg and Hill in
[BH18]. This structure cannot be naïvely promoted to the space X itself, as the
transfers depend on the choice of homotopies. To take these homotopies into
account, the I -Burnside category AI can be upgraded into a (2,1)-category, the
I -effective Burnside category AI , remembering isomorphisms between spans.
The (2,1)-category AI leads also to a notion of higher I -incomplete Mackey
functors (with value in the ∞-category of spaces) defined as presheaves (of
spaces) over AI that preserve finite products. In this chapter, we construct
an equivalence between the ∞-category of (higher) I -incomplete Mackey
functors and the∞-category of algebras in G-topological spaces over an N∞-
operad O associated with I . More precisely, the main result of this chapter is
the following theorem.

Theorem 2.A. (Theorem 2.4.37) Let G be a finite group, let I be a G-indexing
system and denote by EI Rubin’s N∞-operad associated with I . The∞-category
obtained from AlgEI

(
TopG

)
by inverting G-weak homotopy equivalences (i.e.,

continuous G-equivariant maps f : X→ Y such that, for every subgroup H of G,
f H : XH → YH is a weak homotopy equivalence) is equivalent to the∞-category of
I -incomplete Mackey functors MackI = Fun×(AI

op,S) where S is the∞-category
of spaces and AI is the incomplete (2,1)-category of spans of finite G-equivariant
sets associated with I .

2.1.1 General motivations and related work

Our main motivation for Theorem 2.A is to compare the theory ofN∞-algebras
with the theory of parametrized T-semi-additivity as developed by Cnossen,
Lenz, and Linskens in [CLL25b], which generalises the work of Nardin in
[Nar16] and [Nar17]. As we already mentioned, one important feature of
Elmendorf’s Theorem is that the theory of parametrized∞-categories gives a
categorical framework for equivariant homotopy theory through the notion
of G-∞-categories (here we mean OG-parametrized ∞-categories). This has
been motivated by Guillou and May’s [GM24, Theorem 1.14], which describes
genuine equivariant spectra in terms of spectral Mackey functors. The main
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theorem of the present chapter can be thought of as an unstable version of
Guillou and May’s Theorem. The poset of G-indexing systems or, equivalently,
the poset of N∞-operads is equivalent to the poset of orbital subcategories
of OG in the sense of [CLL25b] and it follows that every G-indexing system
I corresponds to an associated orbital subcategory T of OG. Every orbital
subcategory T of OG comes with an associated notion of T-semi-additivity
and it has been shown, first by Nardin in [Nar16, Theorem 6.5] and [Nar17,
Theorem 2.32] in the genuine case (that is for the maximal G-indexing system),
andmore recently by Cnossen, Lenz, and Linskens in the general case [CLL25a,
Corollary 9.14], that the G-∞-category of I -incomplete Mackey functors is the
universal T-semi-additive G-∞-category over equivariant spaces. One of the
consequences of Theorem 2.A should be that the G-∞-category of O-algebras
for an N∞-operad O associated with a G-indexing system I is the universal
T-semi-additive G-∞-category over equivariant spaces where T is the orbital
subcategory of OG that corresponds to I .

The strategy of proof that we adopt to show Theorem 2.A is similar to
the techniques used in [Len25]. Note that it should be possible to establish a
formal comparison between O-algebras for an N∞-operad O and incomplete
Mackey functors using the theory of parametrized operads [NS22] by showing,
for every graph Σ-cofibrant simplicial G-operad O (in the sense of Definition
3.3.1), that the nerve functor N

(
AlgO

(
SSetG

))
→ AlgN⊗(O)

(
SG

)
of [Bon19,

Theorem IV] is an equivalence of∞-categories. However, this would require a
comparison, for every graph Σ-cofibrant operad O, between free O-algebras
over G-equivariant spaces and the corresponding free algebras over the nerve
of O.

2.1.2 Structure of the chapter

In Section 2.2, we first recall Blumberg and Hill’s notions of N∞-operads
and G-indexing systems and the relation between them. We then define the
∞-category AlgO of algebras over an N∞-operad O and exhibit an explicit
description of it. In Section 2.3, we recall Rubin’s notion of I -normed sym-
metric monoidal categories for a given G-indexing system I and we give an
explicit construction of the operad SMI that encodes them. We then show
that the nerve of SMI , denoted by EI , is an N∞-operad associated with I . In
Section 2.4, we begin by defining the I -effective Burnside category AI and
the associated∞-category of I -Mackey functors MackI . We then construct
explicitly the free EI -algebra over a finite G-set A as the nerve of an I -normed
symmetric monoidal groupoid F(A) and we use a 2-categorical unfurling to
construct a functor θ : AI → AlgEI that sends A to the free EI -algebra over
A. Finally, we use the results of Chapter 3 to prove Theorem 2.A (Theorem
2.4.37) by showing that the left Kan extension of θ : AI → AlgEI along the
Yoneda embedding AI →MackI is an equivalence of∞-categories. In Section
2.5, we show a way to see the (2,1)-category of I -normed symmetric monoidal
groupoids as a full subcategory of AlgEI .
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2.2 Preliminaries on N∞-operads

2.2.1 N∞-operads and G-indexing systems

In this subsection, we recall Blumberg and Hill’s notions of N∞-operads in the
setting of G-simplicial sets, of G-indexing systems, and the relation between
them. We refer the reader to [BH15] or [Rub21] for more details on the subject.

Definition 2.2.1. Let n ≥ 0. A graph subgroup ofG×Σn is a subgroup Γ ⊆ G×Σn
that intersects {1G} ×Σn trivially.

We recall the definition of an N∞-operad in G-simplicial sets.

Definition 2.2.2 ([Rub21, Definition 2.6]). An N∞-operad is an operad in the
category SSetG such that:

1. for every n ≥ 0, the action of Σn on On is free;

2. for every graph subgroup Γ ⊆ G ×Σn, the simplicial set (On)Γ is either
contractible or empty;

3. the simplicial sets (O2)G and (O0)G are non-empty.

Recall now that graph subgroups can be characterised in terms of finite
equivariant sets over subgroups of G.

Lemma 2.2.3 ([Rub21, Lemma 2.4]). For every graph subgroup Γ ⊆ G × Σn,
there is a unique subgroup H ⊆ G and a homomorphism σ : H → Σn such that
Γ = {(h,σ(h)) | h ∈H}.

For every finite H-set T , we choose once and for all an ordering T ≃
{1, . . . , |T |}. The previous lemma gives a correspondence between finite H-sets
and graph subgroups. If H ⊆ G is a subgroup of G and T a finite H-set, we
denote by ΓT ⊆ G×Σ|T | the graph subgroup associated with the homomorphism
σ : H → Σ|T | that corresponds to T through the chosen ordering on T . If O
is an N∞-operad, then we consider, for every subgroup H ⊆ G, the following
collection

IO(H) =
{
T ∈ FinH |

(
O|T |

)ΓT
� ∅

}
.

As proven in [BH15, Theorem 1.2], these collections of equivariant finite sets
form a G-indexing system in the sense of the following definition.

Definition 2.2.4 ([Rub21, Definition 2.12]). AG-indexing system I consists, for
every subgroup H ⊆ G, of a class I (H) of finite H-sets satisfying the following
conditions:

1. for every subgroup H ⊆ G, the class I (H) contains all trivial H-sets;

2. for every subgroup H ⊆ G and finite H-sets A and B such that B is
isomorphic to A in FinH , if B ∈ I (H), then A ∈ I (H);

3. for every sequence of subgroups K ⊆ H ⊆ G and finite H-set A, if A ∈
I (H), then ResHK A ∈ I (K);
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4. for every subgroup H ⊆ G, g ∈ G and finite H-set A, if A ∈ I (H), then
cg A ∈ I (Hg );

5. for every subgroup H ⊆ G and finite H-sets A and B, if B is an H-
equivariant subset of A and A ∈ I (H), then B ∈ I (H);

6. for every subgroup H ⊆ G and finite H-sets A and B, if A ∈ I (H) and
B ∈ I (H), then A⊔B ∈ I (H);

7. for every sequence of subgroups K ⊆ H ⊆ G and finite K-set A, if A ∈
I (K) and H/K ∈ I (H), then IndHK A ∈ I (H).

Given a G-indexing system I , we say that a finite H-set T is admissible if it
belongs to I (H). The G-indexing systems form a poset under the inclusion
that we denote by IG.

The N∞-operads for G form an∞-category that can be defined as follows.

Definition 2.2.5 ([BH15, Definition 3.9]). A morphism f : O → P of operads
in SSetG is a graph weak equivalence of G-operads if for every graph subgroup
Γ ⊆ G ×Σn, the morphism f Γ : On

Γ→PnΓ is a weak homotopy equivalence of
simplicial sets. We denote by OpG the∞-category obtained from Op

(
SSetG

)

by inverting graph weak equivalences and respectively byN∞-Op andN∞-Op
the full subcategories of Op

(
SSetG

)
and OpG spanned by N∞-operads.

The ∞-category of N∞-operads is equivalent to the poset of G-indexing
systems.

Theorem 2.2.6. The functor N∞-Op → IG that sends an N∞-operad O to its
associated G-indexing system IO sends graph weakly equivalent N∞-operads to
the same G-indexing system. Moreover, the induced functor N∞-Op→ IG is an
equivalence of∞-categories.

Proof. Combining [BH15, Theorem 1.2] and [BH15, Proposition 5.5], one
deduces that the functor N∞-Op→ IG sends graph weakly equivalent
N∞-operads to the same G-indexing system and that the induced functor
N∞-Op→ IG is fully faithful. The fact that this functor is essentially surjective
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)
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)
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We now define the∞-category of O-algebras.

Definition 2.2.8. A morphism f : X → Y in AlgO
(
SSetG

)
is a weak equiva-

lence of O-algebras if U(f ) :U(X)→U(Y ) is a G-weak homotopy equivalence
with U : AlgO

(
SSetG

)
→ SSetG the forgetful functor. The ∞-category of O-

algebras AlgO is the∞-category obtained from AlgO
(
SSetG

)
by inverting weak

equivalences of O-algebras.

The∞-category AlgO admits the following useful description.

Proposition 2.2.9. The category AlgO
(
SSetG

)
admits a combinatorial and sim-

plicial model structure right-induced from the genuine model structure on SSetG

through the free-forgetful adjunction

F : SSetG⇄ AlgO
(
SSetG

)
:U.

Moreover, the ∞-category AlgO is equivalent to the homotopy coherent nerve of
the simplicial subcategory of AlgO

(
SSetG

)
spanned by objects that are fibrant and

cofibrant.

Proof. The category SSetG is a monoidal model category with a cofibrant unit
and with a symmetric monoidal fibrant replacement functor given by Ex∞.
Moreover, the monoidal structure is given by the cartesian product and it
follows that the classical interval object ∆1 is endowed with a unique structure
of cocommutative coalgebra. It follows from [BM07, Theorem 2.1] that the
right-induced model structure on AlgO

(
SSetG

)
exists. If X is an O-algebra

and if K is a simplicial set, then the power XK in SSetG is naturally endowed
with the structure of an O-algebra and this construction induces a structure
of simplicial model category on AlgO

(
SSetG

)
. Finally, the second part of the

proposition follows from [Lur17, Theorem 1.3.4.20].

Remark 2.2.10. In this thesis, we chose to work with G-simplicial sets instead
of G-topological spaces. There is a monoidal Quillen equivalence

|−| : SSetG⇄ TopG : Sing

between SSetG and TopG respectively, endowed with the genuine model struc-
tures. The functor |−| preserves finite limits and it follows that the operad |O| is
an N∞-operad in TopG with the same G-indexing system as O. Moreover, the
functor |−| : SSetG → TopG preserves weak equivalences and it follows from
[BM03, Theorem 4.7] that the∞-categories AlgO and Alg|O| are equivalent.

Let I be a G-indexing system. Different N∞-operads that correspond to
I should produce equivalent∞-categories, and one can make the following
conjecture.

Conjecture 2.2.11. Let O and P be two N∞-operads associated with I . The
∞-categories AlgO and AlgP are equivalent.
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Note however thatN∞-operads are not Σ-cofibrant, as pointed out in Chap-
ter 3. In particular, many results of [BM03] do not apply to N∞-operads and,
in particular, the proof of [BM03, Theorem 4.4] does not directly generalise.
In this chapter, we will work with Rubin’s combinatorial N∞-operad EI as a
model, and we will recall its definition in Subsection 2.3.2. For the rest of
the chapter, we will regard AlgEI as the∞-category of N∞-algebras for I . Note
however that, as long as Conjecture 2.2.11 is not proven, the results of this
chapter only apply to algebras over EI .

2.3 Normed symmetric monoidal categories

In this section, we recall Rubin’s notion of I -normed symmetric monoidal
categories, and we give an explicit description of the operad SMI in CatG

whose algebras in CatG are I -normed symmetric monoidal categories. The
operad SMI lives in the category of G-groupoids and its nerve EI :=N (SMI )
is anN∞-operad with associatedG-indexing system I . The description that we
give of SMI is equivalent, but slightly different from the one given by Rubin
in [Rub21] and [Rub20]. Our description will be useful to give an explicit
construction of the free EI -algebras over finite G-sets in terms of I -normed
symmetric monoidal groupoids, which is a part of the construction of the
equivalence of Theorem 2.A.

2.3.1 Preliminaries on I -normed symmetric monoidal cate-
gories

In this subsection, we recall Rubin’s notion of I -normed symmetric monoidal
categories. We refer the reader to [Rub20] and [Rub18] for more details on the
topic.

Definition 2.3.1. LetH ⊆ G be a subgroup, T a finiteH-set and C a G-category.
Denote by C×T the H-category given by the |T |-fold cartesian power C|T | en-
dowed with the H-action given on objects by

h ·
(
X1, . . . ,X|T |

)
:=

(
hXσ(h)−11, . . . ,hXσ(h)−1 |T |

)

and by the same formula on morphisms, where σ :H→ Σ|T | is the homomor-
phism that corresponds to the action on T through the bijection T ≃ {1, . . . , |T |}
given by the chosen ordering on T . A T -external norm is anH-functor C×T →C.

Definition 2.3.2 ([Rub20, Definition 2.3]). An I -normed symmetric monoidal
category C is a G-symmetric monoidal category (C,⊗, e,α,λ,ρ,β) together with:

1. a T -external norm
⊗

T : C×T →C for every subgroup H ⊆ G and every
admissible H-set T ;

2. (untwistors) a nonequivariant natural isomorphism

vT :
⊗

T (X1, . . . ,X|T |)→
⊗
|T |

(
X1, . . . ,X|T |

)
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for every admissible H-set T such that for every h ∈H , the diagram

h
⊗

T

(
X1, . . . ,X|T |

) ⊗
T

(
hXσ(h)−11, . . . ,hXσ(h)−1 |T |

)

⊗
|T |

(
hXσ(h)−11, . . . ,hXσ(h)−1 |T |

)

h
⊗
|T |

(
X1, . . . ,X|T |

) ⊗
|T |

(
hX1, . . . ,hX|T |

)

id

hvT

vT

σ(h)−1

id

commutes where
⊗
|T |

(
X1, . . . ,X|T |

)
denotes the |T |-fold tensor product

and where the morphism σ(h)−1 denotes the canonical isomorphism
given by the symmetric monoidal structure of C that permutes the factors
of

⊗
|T | by σ(h)−1.

Definition 2.3.3 ([Rub20, Definition 2.5]). Let C and D be two I -normed
symmetric monoidal categories. A lax I -normed functor φ : C →D consists of
the following data:

1. a G-functor φ : C →D;

2. a G-fixed morphism φe : eD → φeC ;

3. a G-natural transformation φ⊗ : φX ⊗D φY → φ
(
X ⊗C Y

)
;

4. for every admissible H-set T , an H-natural transformation

φ⊗
T
:
⊗D

T

(
φX1, . . . ,φX|T |

)
→ φ

(⊗C
T

(
X1, . . . ,X|T |

))

such that the usual lax symmetric monoidal diagrams relating α,λ,ρ,β
to the maps φe and φ⊗ commute and such that the square

⊗D
T

(
φX1, . . . ,φX|T |

) ⊗D
|T |

(
φX1, . . . ,φX|T |

)

φ
(⊗C

T

(
X1, . . . ,X|T |

))
φ
(⊗C

|T |

(
X1, . . . ,X|T |

))

vDT

φ⊗
T

φ⊗
|T |

φ(vCT )

commutes for every admissible H-set T where φ⊗
|T |

is the map con-
structed with iterations of φ⊗ and φe. A lax I -normed functor is a
strong I -normed functor (respectively strict I -normed functor) if the nat-
ural transformations φe, φ⊗ and φ⊗

T
are isomorphisms (respectively

identities).

33



Chapter 2. A higher Mackey functor description of algebras over an N∞-operad

If φ : C →D and ψ :D→ E are lax I -normed functors, then their composi-
tion ψ ◦φ is also canonically a lax I -normed functor. The morphism (ψ ◦φ)e
is given by the composition

eE
ψe−→ ψeD

ψ(φe)−→ (ψ ◦φ)eC ,

the morphism (ψ ◦φ)⊗ by the composition

((ψ ◦φ)X)⊗E ((ψ ◦φ)Y )
ψ⊗−→ ψ

(
φX ⊗D φY

) ψ(φ⊗)−→ (ψ ◦φ)
(
X ⊗C Y

)

and, for every admissible finite H-set T , the morphism (ψ ◦φ)⊗T is given by
the composition of the morphism

⊗
T

(
(ψ ◦φ)X1, . . . , (ψ ◦φ)X|T |

) ψ⊗
T−→ ψ

(⊗
T

(
φX1, . . . ,ψX|T |

))

with the morphism

ψ
(⊗

T

(
φX1, . . . ,ψX|T |

)) ψ(φ⊗
T
)

−→ (ψ ◦φ)
(⊗

T

(
X1, . . . ,X|T |

))
.

If φ and ψ are strong I -normed functors (resp. strict), then ψ ◦φ is also a
strong I -normed functor (resp. strict).

Definition 2.3.4 ([Rub20, Definition 2.6]). Let C and D be I -normed sym-
metric monoidal categories and φ,ψ : C⇒D a pair of lax I -normed functors.
An I -normed natural transformation ω : φ⇒ ψ is a G-natural transformation
ω : φ⇒ ψ such that the usual monoidal transformation squares relating φe,
ψe, φ⊗ and ψ⊗ to ω commute and such that the square

⊗D
T

(
φX1, . . . ,φX|T |

) ⊗D
T

(
ψX1, . . . ,ψX|T |

)

φ
(⊗C

T

(
X1, . . . ,X|T |

))
ψ
(⊗C

T

(
X1, . . . ,X|T |

))

⊗
T (ω,...,ω)

φ⊗
T

ψ⊗
T

ω

commutes for every admissible H-set T .

Notation 2.3.5. The structure of a 2-category on CatG lifts to I -normed sym-
metric monoidal categories and we denote by ISMLax (resp. ISMStg and
ISMSt) the 2-category of I -normed symmetric monoidal categories, lax I -
normed functors (resp. strong and strict) and I -normed natural transforma-
tions.

The category of strong I -normed functors ISMStg(C,D) between two I -
normed symmetric monoidal categories C and D is naturally endowed with a
structure of a symmetric monoidal category.
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Proposition 2.3.6. Let φ,ψ : C ⇒ D be two strong I -normed functors. The
composition

φ ⊗ψ : C ∆−→ C ×C
φ×ψ
−→ D×D

⊗D−→D

is naturally endowed with the structure of a strong I -normed functor. Moreover,
if τ1 : φ1 ⇒ φ2 and τ2 : ψ1 ⇒ ψ2 are two I -normed natural transformations
between strong I -normed functors, the natural transformation τ1 ⊗ τ2 defined as⊗
D ◦(τ1 × τ2) ◦∆ is an I -normed natural transformation between φ1 ⊗ψ1 and

φ2 ⊗ ψ2. Given two I -normed symmetric monoidal categories C and D, these
constructions endow ISMStg(C,D) with the structure of a symmetric monoidal
category.

Proof. The G-fixed isomorphism (φ ⊗ψ)e is the composition

eD ≃ eD ⊗ eD
φe⊗ψe−→ φ(eC)⊗ψ(eC),

the G-natural transformation (φ ⊗ ψ)⊗ is given by the composition of the
morphism

(φ(X)⊗ψ(X))⊗ (φ(Y )⊗ψ(Y )) ≃ (φ(X)⊗φ(Y ))⊗ (ψ(X)⊗ψ(Y ))

with the morphism

(φ(X)⊗φ(Y ))⊗ (ψ(X)⊗ψ(Y ))
(φ⊗)⊗(ψ⊗)≃ φ(X ⊗Y )⊗ψ(X ⊗Y )

and, for every admissible H-set T , the H-natural transformation (φ ⊗ψ)⊗
T
is

given by the composition

⊗
T

(
φ (X1)⊗ψ (X1) , . . . ,φ

(
X|T |

)
⊗ψ

(
X|T |

))

α≃
(⊗

T

(
φ (X1) , . . . ,φ

(
X|T |

)))
⊗
(⊗

T

(
ψ (X1) , . . . ,ψ

(
X|T |

)))
(
φ⊗

T

)
⊗
(
ψ⊗

T

)

≃ φ
(⊗

T

(
X1, . . . ,X|T |

))
⊗ψ

(⊗
T

(
X1, . . . ,X|T |

))

where α is the H-natural transformation given by the composition

⊗
T

(
φ (X1)⊗ψ (X1) , . . . ,φ

(
X|T |

)
⊗ψ

(
X|T |

))

vT≃
⊗
|T |

(
φ (X1)⊗ψ (X1) , . . . ,φ

(
X|T |

)
⊗ψ

(
X|T |

))

≃
(⊗

|T |

(
φ (X1) , . . . ,φ

(
X|T |

)))
⊗
(⊗

|T |

(
ψ (X1) , . . . ,ψ

(
X|T |

)))

vT
−1⊗vT −1≃

(⊗
T

(
φ (X1) , . . . ,φ

(
X|T |

)))
⊗
(⊗

T

(
ψ (X1) , . . . ,ψ

(
X|T |

)))
.

A direct inspection shows that φ ⊗ψ is a strong I -normed functor and that
the result also stands on I -normed natural transformations. The structural
morphisms of the symmetric monoidal category ISMStg(C,D) are given com-
ponentwise by the ones of D.
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Remark 2.3.7. Note that if φ,ψ : C⇒D is a pair of strict I -normed functors,
then the strong I -normed functor φ ⊗ψ is not strict in general. In particular,
the previous proposition fails for strict I -normed functors.

It follows from Proposition 2.3.6 that the 2-category ISMStg is a SMC-
category in the sense of [Gui10, Definition 2.1]. Moreover, ISMStg admits
finite products and is, in particular, a semi-additive 2-category.

Proposition 2.3.8. The 2-category ISMStg is semi-additive, ie, ISMStg admits
direct sums.

Proof. Let C and D be two I -normed symmetric monoidal categories. The
product C×D is canonically endowed with a structure of I -normed symmetric
monoidal category which is the cartesian product of C and D in the 2-category
ISMStg. The final G-category ∗ is also canonically an I -normed symmetric
monoidal category and is a zero object in the 2-category ISMStg. If we
denote by 0C,D : C → D the strong I -normed functor constant on eD, then
we have to show that C × D endowed with the strong I -normed functors
iC = (idC ,0C,D) : C → C ×D and iD = (0D,C , idD) : D → C ×D is the coproduct
of C and D in ISMStg. More precisely, if we denote by pC : C ×D → C and
pD : C ×D →D the projections, then we prove that the functor

((−) ◦ pC)⊗ ((−) ◦ pD) : ISMStg(C,E)×ISMStg(D,E)→ISMStg(C ×D,E)

that sends a pair of strong I -normed functors φ : C → E and ψ : D → E to
(φ ◦ pC)⊗ (ψ ◦ pD) is an inverse of the functor

((−) ◦ iC , (−) ◦ iD) : ISMStg(C ×D,E)→ISMStg(C,E)×ISMStg(D,E).

Given a pair of strong I -normed functors φ : C → E and ψ : D → E , we have
((φ ◦pC)⊗ (ψ ◦pD))◦ iC = φ⊗0C,E ≃ φ and ((φ ◦pC)⊗ (ψ ◦pD))◦ iD = 0D,E ⊗ψ ≃ ψ
and if ζ : C×D → E is a strong I -normed functor, then (ζ ◦ iC ◦pC)⊗ (ζ ◦ iD ◦pD)
is the strong I -normed functor that sends an object (X,Y ) of C×D to ζ(X,eD)⊗

ζ(eC ,Y )
ζ⊗≃ ζ (X ⊗ eC ,Y ⊗ eD) ≃ ζ(X,Y ) and the result follows.

2.3.2 Rubin’s combinatorial models of N∞-operads

In this subsection, we give an explicit description of the operad SMI in
CatG defined in [Rub21] and [Rub20] whose algebras in CatG are I -normed
symmetric monoidal categories. We then use this description to give a short
proof of the fact that the operad EI = N (SMI ) is an N∞-operad associated
with our chosen G-indexing system I .

Construction 2.3.9. If X is a G-set, then the translation G-groupoid X̃ of X is
the G-category defined by the following diagram

(X ×X)×X (X ×X) ≃ X ×X ×X X ×X X.
(p1, p3)

p2

p1
∆
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Remark 2.3.7. Note that if φ,ψ : C⇒D is a pair of strict I -normed functors,
then the strong I -normed functor φ ⊗ψ is not strict in general. In particular,
the previous proposition fails for strict I -normed functors.
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monoidal category which is the cartesian product of C and D in the 2-category
ISMStg. The final G-category ∗ is also canonically an I -normed symmetric
monoidal category and is a zero object in the 2-category ISMStg. If we
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The associated functor (̃−) : SetG→ CatG is a right adjoint of the object functor
Ob : CatG→ SetG and in particular, preserves limits. It follows that if O is an
operad in SetG, then Õ is canonically an operad in CatG.

Definition 2.3.10. The operad SMI is the operad F̃(SI ) with F(SI ) the free
operad in the category SetG over the symmetric sequence SI defined by

(SI )n =
⊔

T∈I , |T |=n

G ×Σn

ΓT
.

We will now give an explicit description of F(SI ). The construction of
the free operad over a symmetric sequence in SetG can be made explicit in
general, as in [Rub21, Section 5] for instance, though its general description
can be complicated to handle. However, if we denote by VI the non-symmetric
sequence of G-sets defined by

(VI )n =
⊔

H⊆G, |T |=n,
T∈I (H)

G/H,

the choice for every subgroup H ⊆ G of a set of coset representatives of G/H
induces a nonequivariant isomorphism of symmetric sequences SI ≃ VI ×Σ∗
where Σ∗ denotes the symmetric sequence of sets given by the symmetric
groups. If we forget the action ofG, then it follows that the operad F(SI ) can be
described as the product F(VI )×Σ∗ with F(VI ) the free nonsymmetric operad
over the sequence VI . We recall now the construction of the nonsymmetric
operad F(VI ) in Set in terms of planar rooted trees and we then give an explicit
description of the required G-action on F(SI ).

Remark 2.3.11. The freeness of the symmetric sequence of sets SI was already
used in [Rub21, Theorem 5.21] to give an explicit description of F(SI ). How-
ever, [Rub21, Theorem 5.21] does not construct F(SI ) as the product F(VI )×Σ∗.
We use this presentation to construct explicitly the freeN∞-algebras over finite
G-sets in Subsection 2.4.3.

Construction 2.3.12. For every subgroup H ⊆ G, choose a set of coset rep-
resentatives {1G = g1, . . . , g[G:H]} of G/H . Consider the formal symbols r

⊗
T

and id with r a G/H coset representative and T an admissible H-set. A
formal external norm is a formal composite of the previous symbols defined by
recursion as follows:

1. the symbol id is a formal external norm;

2. if θ1, . . . ,θ|T | are formal external norms, then r
⊗

T

(
θ1, . . . ,θ|T |

)
is a for-

mal external norm.

If θ is a formal external norm, then its length |θ| is defined by the following
recursion:

1. if θ = id, then |θ| = 1;
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2. if θ = r
⊗

T

(
θ1, . . . ,θ|T |

)
, then |θ| = |θ1|+ · · ·+ |θ|T ||.

The nonsymmetric operad F(VI ) in Set can now be described as the operad
whose set of n-ary operations F(VI )n is the one of formal external norms of
length n. The identity of F(VI ) is id and if θ and τ1, . . . ,τn are formal external
norms with |θ| = n, their composition γ (θ,τ1, . . . ,τn) is defined by recursion as
follows:

1. if θ = id, then γ(θ,τ1) = τ1;

2. if θ = r
⊗

T (θ1, . . . ,θk), then

γ(θ,τ1, . . . ,τn) = r
⊗

T

(
γ
(
θ1,τ1, . . . ,τ|θ1 |

)
, . . . ,γ

(
θk,τ|θ|−|θk |, . . . ,τn

))
.

There is an action of G on formal external norms defined by recursion as
follows:

1. if θ = id, then g ·θ = θ;

2. if θ = r
⊗

T

(
θ1, . . . ,θ|T |

)
, then g · θ = r ′

⊗
T

(
h ·θσ(h)−11, . . . ,h ·θσ(h)−1 |T |

)

with r ′ the chosen coset representative of gr and h the unique element of
H such that gr = r ′h and where σ :H→ Σ|T | is the homomorphism that
corresponds to T through the chosen ordering T ≃ {1, . . . , |T |}.

The G-action on formal external norms is compatible with the operadic struc-
ture of F(VI ) and it follows that F(VI ) is canonically an operad in SetG.

Remark 2.3.13. As we already mentioned, F(VI ) is the free nonsymmetric
operad in Set over the sequence

(VI )n =
⊔

H⊆G, |T |=n,
T∈I (H)

G/H,

and it follows that a formal external norm can be seen as a planar rooted
tree with n-ary nodes decorated with the symbols r

⊗
T with T an admissible

H-set of cardinality n, r a chosen coset representative of G/H , where leaves
represent occurrences of the identity id. The figure below shows an example

r1
⊗

T1
.

r2
⊗

T2

r4
⊗
∅ id r5

⊗
∅

id id r3
⊗

T3

r6
⊗
∅ r7

⊗
∅

Note that for the construction of F(VI ), the choices for every subgroup H of
G, of orderings on admissible H-sets, and of coset representatives of G/H ,
play only a role in the definition of the G-action. The choices of coset rep-
resentatives of G/H correspond to the necessary choices to construct the
nonequivariant isomorphism SI ≃ VI ×Σ∗ with Σ∗ the symmetric sequence
associated with the symmetric groups. Moreover, note that F(VI ) is the free
operad over VI only in the category Set and not as an operad in SetG.
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Notation 2.3.14. If δ1 ∈ Σk1 , . . . ,δn ∈ Σkn and δ ∈ Σn are permutations, then we
denote by δ⟨δ1, . . . ,δn⟩ the permutation δ(k1, . . . , kn) ◦

⊔n
i=1 δi ∈ Σk1+···+kn with

δ(k1, . . . , kn) the block permutation.

We can now give the promised explicit description of the G-action on the
operad F(SI ).

Construction 2.3.15. Let θ be a formal external norm and g an element of G.
We define a permutation ωθ(g) in Σ|θ| by recursion as follows:

1. if θ = id, then ωθ(g) = idΣ1
;

2. if θ = r
⊗

T

(
θ1, . . . ,θ|T |

)
, then ωθ(g) = σ(h)⟨ωθ1(h), . . . ,ωθ|T |(h)⟩ with h

and σ : H → Σ|T | given as in the definition of the G-action on formal
external norms.

The G-action on the operad F(SI ) is now defined on an element (θ,δ) of
F(SI )n = F(VI )n ×Σn by

g · (θ,δ) = (g ·θ,ωθ(g) ◦ δ) .

Remark 2.3.16. We can verify by induction that the action on formal external
norms is well-defined. If θ is a formal external norm and g and g ′ are elements
of G, we can check by induction that g ′(gθ) = g ′gθ. First note that the result is
trivial for θ = id. Assume now that θ = r

⊗
T

(
θ1, . . . ,θ|T |

)
and that the result

is true for θ1, . . . ,θ|T |. If we write gr = r ′h and g ′r ′ = r ′′h′ , we have

g ′(gθ) =g ′r ′
⊗

T

(
hθσ(h)−11, . . . ,hθσ(h)−1 |T |

)

=r ′′
⊗

T

(
h′hθσ(h′h)−11, . . . ,h

′hθσ(h′h)−1 |T |
)

=g ′gθ.

A similar argument shows that ωgθ(g ′) ◦ ωθ(g) = ωθ(g ′g) and thus the
action of G on F(SI ) is also well defined. As a consequence, if θ is an H-fixed
formal external norm, the restriction ofωθ : G→ Σ|θ| toH is a homomorphism.

Remark 2.3.17. If θ is an H-fixed formal external norm, the homomorphism
ωθ : H → Σ|θ| depends on the chosen orderings on the admissible H-sets
appearing in θ and on the choices of coset representatives of G/H . However,
up to isomorphism, the correspondingH-set does not depend on these choices.

Notation 2.3.18. If θ is an H-fixed formal external norm, we denote by Tθ the
finite H-set that corresponds to the homomorphism ωθ :H→ Σ|θ|.

Remark 2.3.19. An operation (θ,δ) of F(SI ) can be seen as the planar rooted
tree that corresponds to θ with an ordering on the leaves given by the permu-
tation δ. The picture below illustrates an example.

r1
⊗

T1

r2
⊗

T2

r4
⊗
∅ δ(1) r5

⊗
∅

δ(2) δ(3) r3
⊗

T3

r6
⊗
∅ r7

⊗
∅
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If θ is a formal external norm and g is an element of G, the permutation ωθ(g)
corresponds to the permutation of the leaves obtained by acting on θ with g .

Notation 2.3.20. In what follows, if T is an admissible finite H-set, then we
denote by

⊗
T the formal external norm 1G

⊗
T (id, . . . , id). If θ is any formal

external norm, then we also denote by θ the operation
(
θ, idΣ|θ|

)
of F(SI ).

In order to show that the description of the G-action of F(SI ) that we gave
is the right one, we show now, under our description, that F(SI ) is the free
operad in SetG over the symmetric sequence SI .

Proposition 2.3.21. The G-operad F(SI ) is the free operad in SetG over the
symmetric sequence SI .

Proof. Note first that, given a symmetric sequence of G-sets S , a morphism
SI → S is the data of, for every admissible H-set T , a ΓT -fixed element of
S|T |. The operation

⊗
T of F(SI ) is ΓT -fixed and we thus get a morphism

SI → F(SI ) of symmetric sequences of G-sets. Consider now any morphism of
symmetric sequences φ : SI → O with O any G-operad. For every admissible
H-set T , denote by

⊗O
T the ΓT -fixed operation of O that corresponds to φ. If

θ is a formal external norm, consider the operation Φ(θ) of O defined by the
following recursion:

1. if θ = id, then Φ(θ) = idO ;

2. if θ = r
⊗

T

(
θ1, . . . ,θ|T |

)
, then Φ(θ) = r ·γ

(⊗O
T ,Φ (θ1) , . . . ,Φ

(
θ|T |

))
.

We can now define a morphism of G-operads Φ : F(SI ) → O by setting
Φ(θ,δ) = Φ(θ) · δ. It is clear that Φ is a morphism of operads in Set and
that it is the unique morphism that extends φ. We must now check that Φ
is G-equivariant. Consider any operation (θ,δ) in F(SI ). We have to show by
induction that, for every g in G,

Φ(gθ,ωθ(g) · δ) = gΦ(θ,δ).

If θ is the identity id, then the result is trivially verified. Let us suppose
now by induction that θ = r

⊗
T

(
θ1, . . . ,θ|T |

)
and that the result is known for

θ1, . . . ,θ|T |. If we follow the notation from the definition of the G-action on
formal external norms again, then we have

Φ(gθ,ωθ(g) ◦ δ)

=r ′γ
(⊗O

T ,Φ
(
hθσ(h)−11

)
, . . . ,Φ

(
hθσ(h)−1 |T |

))
· (ωθ(g) ◦ δ)

=r ′γ
(⊗O

T ,Φ
(
hθσ(h)−11

)
, . . . ,Φ

(
hθσ(h)−1 |T |

))
·
(
σ(h)⟨ω1(h), . . . ,ω|T |(h)⟩ ◦ δ

)

=r ′γ
((⊗O

T ,σ(h)
)
,Φ

(
hθ1,ωθ1(h)

)
, . . . ,Φ

(
hθ|T |,ωθ|T |(h)

))
· δ

=r ′γ
(
h
⊗O

T ,hΦ (θ1) , . . . ,hΦ
(
θ|T |

))
· δ

=gΦ (θ,δ) .
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We deduce from Proposition 2.3.21 that Rubin’s coherence theorem applies
in our situation.

Theorem 2.3.22 ([Rub20, Theorem 5.6],[Rub18, Theorem 2.10]). The 2-
categories ISMLax, ISMStg and ISMSt are respectively equivalent to the
2-categories AlgLaxSMI , AlgStgSMI and AlgStSMI in the sense of Notation
2.5.4.

Notation 2.3.23. In what follows, we denote by EI the operad N (SMI ) in
SSetG.

The following corollary is a direct consequence of Proposition 2.5.8.

Corollary 2.3.24. There is a fully faithful simplicial functor

N : ISMSt→ AlgEI
(
SSetG

)

that sends an I -normed symmetric monoidal category C to its nerve N (C) where
the strict 2-category ISMSt is seen as a simplicial category.

We will now show that the operad EI is an N∞-operad with associated
G-indexing system I . We start with the following proposition, which is a
reformulation in terms of our description of SMI of [Rub21, Theorem 4.6].

Proposition 2.3.25. Let H ⊆ G be a subgroup and θ an H-fixed formal external
norm. The finite H-set Tθ (see Notation 2.3.18) is admissible .

Proof. We show the result by induction on θ. Note first that if θ is the identity
id, then Tid is the final G-set ∗ which is admissible by Axiom 1 of Definition
2.2.4. Assume now that θ = r

⊗
T

(
τ1, . . . ,τ|T |

)
with T an admissible K-set and r

a chosen coset representative of G/K with K ⊆ G any subgroup. It follows from
the fact that θ is H-fixed that the coset of G/K represented by r is H-fixed and
thus H ⊆ rK . If we denote by T ′ the H-set Res

rK
H cr−1 T and by θ′ the formal

external norm
⊗

T ′

(
τ1, . . . ,τ|T |

)
, then there is an isomorphism Tθ ≃ Tθ′ of finite

H-sets and the result holds for θ if it holds for θ′ . We can now assume without
loss of generality that θ =

⊗
T

(
τ1, . . . ,τ|T |

)
with T an admissibleH-set. Choose

a decomposition T ≃
⊔n

i=1H/Ki and denote by αi : {1, . . . , [H : Ki ]} → {1, . . . , |T |}
the map that corresponds to the inclusion H/Ki → T through the ordering
of T . If we denote by θi the formal external norm

⊗
H/Ki

(
ταi (1), . . . ,ταi ([H :Ki ])

)

, then we have Tθ ≃
⊔n

i=1Tθi and using Axioms 6 and 5 of Definition 2.2.4,
the result holds for θ if and only if it holds for every θj . We can now assume
without loss of generality that T = H/K . Since the formal external norm
θ =

⊗
H/K

(
τ1, . . . ,τ[H :K]

)
isH-fixed, we have for every h inH that hτσ(h)−1j = τj

and we deduce that τ1 is K-fixed and that hjτ1 = τj with hj a representative of
the j-th coset of H/K through the chosen ordering of H/K . By induction, we
can assume that the K-set Tτ1 is admissible and we obtain that Tθ ≃ IndHK Tτ1 .
The result now follows from Axiom 7 of Definition 2.2.4.

We can now show that EI is an N∞-operad with associated G-indexing
system I .
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Proposition 2.3.26. The operad EI in SSetG is an N∞-operad with I as its G-
indexing system.

Proof. Let Γ ⊆ G×Σn be any subgroup. The functors (̃−) and N preserve limits
and it follows that

(EI )nΓ ≃N
(

˜F(SI )n
Γ
)
.

For every G-set X, the simplicial set N (X̃) is respectively contractible or
empty if and only if X is non-empty or empty and we deduce that (EI )nΓ

is respectively contractible or empty if and only if F(SI )n
Γ is non-empty or

empty. The freeness of the symmetric actions on EI now follows from the
freeness of the symmetric actions on F(SI ) by considering subgroups of G×Σn
of the form {1G} ×Λ with Λ ⊆ Σn. To conclude that EI is an N∞-operad with
I as G-indexing system, it is now enough to show that, for every finite H-set
T , F(SI )n

ΓT is not empty if and only if T is admissible. Assume first that T
is admissible. The n-ary operation

⊗
T of F(SI ) is clearly fixed by ΓT and

F(SI )n
ΓT is not empty. Suppose now that (θ,δ) is a n-ary operation of F(SI )

fixed by ΓT . If we denote by σ : H → Σn the homomorphism corresponding
to T through the chosen ordering T ≃ {1, . . . , |T |}, we deduce that θ is H-fixed
and that ωθ(h) ◦ δ = δ ◦ σ(h). The permutation δ can now be seen as an H-
equivariant isomorphism between Tθ and T and, by Proposition 2.3.25 and
Axiom 2 of Definition 2.2.4, T is admissible. The result follows.

2.4 Mackey functors vs EI -algebras

In this section, we define the I -effective Burnside categoryAI andwe use the 2-
categorical unfurling of [Len25, Proposition 2.24] to construct a fully faithful
functor G :AI →N∆

(
ISMSt(2,1)

)
with N∆ the homotopy coherent nerve and

ISMSt(2,1) the underlying (2,1)-category of ISMSt. We conclude the section
by showing that G induces a functor θ :AI →AlgEI whose left Kan extension
Θ : Fun×(AI

op,S)→AlgEI along the Yoneda embedding AI → Fun×(AI
op,S)

is an equivalence of∞-categories. This will prove Theorem 2.A in Subsection
2.4.4.

2.4.1 Orbital subcategories and the I -effective Burnside cate-
gory

In this subsection, we explain how the G-indexing system I leads to the
definition of the I -effective Burnside category AI .

Definition 2.4.1 ([Nar16, Definition 2.5]). Let O be a small∞-category. The
finite cocompletion ofO denoted by FO is the full subcategory of Psh(O) spanned
by finite coproducts of representables. The∞-category FO admits finite co-
products and satisfies the following universal property: for every∞-category

42



Chapter 2. A higher Mackey functor description of algebras over an N∞-operad

Proposition 2.3.26. The operad EI in SSetG is an N∞-operad with I as its G-
indexing system.

Proof. Let Γ ⊆ G×Σn be any subgroup. The functors (̃−) and N preserve limits
and it follows that

(EI )nΓ ≃N
(

˜F(SI )n
Γ
)
.

For every G-set X, the simplicial set N (X̃) is respectively contractible or
empty if and only if X is non-empty or empty and we deduce that (EI )nΓ

is respectively contractible or empty if and only if F(SI )n
Γ is non-empty or

empty. The freeness of the symmetric actions on EI now follows from the
freeness of the symmetric actions on F(SI ) by considering subgroups of G×Σn
of the form {1G} ×Λ with Λ ⊆ Σn. To conclude that EI is an N∞-operad with
I as G-indexing system, it is now enough to show that, for every finite H-set
T , F(SI )n

ΓT is not empty if and only if T is admissible. Assume first that T
is admissible. The n-ary operation

⊗
T of F(SI ) is clearly fixed by ΓT and

F(SI )n
ΓT is not empty. Suppose now that (θ,δ) is a n-ary operation of F(SI )

fixed by ΓT . If we denote by σ : H → Σn the homomorphism corresponding
to T through the chosen ordering T ≃ {1, . . . , |T |}, we deduce that θ is H-fixed
and that ωθ(h) ◦ δ = δ ◦ σ(h). The permutation δ can now be seen as an H-
equivariant isomorphism between Tθ and T and, by Proposition 2.3.25 and
Axiom 2 of Definition 2.2.4, T is admissible. The result follows.

2.4 Mackey functors vs EI -algebras

In this section, we define the I -effective Burnside categoryAI andwe use the 2-
categorical unfurling of [Len25, Proposition 2.24] to construct a fully faithful
functor G :AI →N∆

(
ISMSt(2,1)

)
with N∆ the homotopy coherent nerve and

ISMSt(2,1) the underlying (2,1)-category of ISMSt. We conclude the section
by showing that G induces a functor θ :AI →AlgEI whose left Kan extension
Θ : Fun×(AI

op,S)→AlgEI along the Yoneda embedding AI → Fun×(AI
op,S)

is an equivalence of∞-categories. This will prove Theorem 2.A in Subsection
2.4.4.

2.4.1 Orbital subcategories and the I -effective Burnside cate-
gory

In this subsection, we explain how the G-indexing system I leads to the
definition of the I -effective Burnside category AI .

Definition 2.4.1 ([Nar16, Definition 2.5]). Let O be a small∞-category. The
finite cocompletion ofO denoted by FO is the full subcategory of Psh(O) spanned
by finite coproducts of representables. The∞-category FO admits finite co-
products and satisfies the following universal property: for every∞-category

42

2.4. Mackey functors vs EI -algebras

C that admits finite coproducts, the natural functor O→ FO induces an equiv-
alence of∞-categories

Fun⊔(FO,C)→ Fun(O,C)

where Fun⊔(FO,C) is the full subcategory of Fun(FO,C) of those functors
φ : FO→C that preserve finite coproducts.

Example 2.4.2. The finite cocompletion of OG is equivalent to the category
FinG.

We recall now from [CLL25b] the notion of orbital subcategories.

Definition 2.4.3 ([CLL25b, Definition 4.2.2]). Let O be a small ∞-category.
A wide subcategory T ⊆ O is orbital if the base change of a morphism in FT
along any morphism in FO exists and belongs to FT. Equivalently, for every
pullback diagram

A B

C D

u

v w

z

in Psh(O) with B, C and D in O, we can decompose A as a disjoint union⊔n
i=1Ai of objects of O and, if we write v through such decomposition as

(vi )
n
i=1 :

⊔n
i=1Ai → C, then vi belongs to T. A small∞-category C is orbital if it

is orbital when regarded as a subcategory of itself.

Example 2.4.4. For every G-indexing system J , consider the subcategory OJ
of the orbit category OG spanned by the morphisms u : G/K → G/H such that
H/Kg belongs to J (H), where g is a representative of the K-fixed coset of G/H
that corresponds to u. The category OJ is an orbital subcategory of OG.

Definition 2.4.5. If O is an ∞-category and T an orbital subcategory of O,
then we denote by A(O,T) the effective Burnside category Aeff (FO,FO,FT) in
the sense of [Bar17, Definition 5.10].

The following proposition is a direct consequence of [BH21, Lemma C.3].

Proposition 2.4.6. Let O be an∞-category and T an orbital subcategory of O. The
∞-category A(O,T) is semi-additive.

We now prove that the poset of G-indexing systems, and equivalently the
poset of N∞-operads, is equivalent to the poset of orbital subcategories of the
orbit category OG.

Proposition 2.4.7. Denote by SubOrbOG
the poset of orbital subcategories of OG

under inclusion. The morphism of posets IG → SubOrbOG
that sends J to the

orbital subcategory OJ of Example 2.4.4 is an isomorphism.

Proof. The category FinG is equivalent to the finite cocompletion of OG and
there is an isomorphism of posets between SubOrbOG

and the poset of wide,
pullback stable, finite coproduct complete subcategories of FinG that sends
an orbital subcategory T ⊆ OG to its finite cocompletion FT seen as a wide
subcategory of FinG. The result now follows from [BH18, Theorem 1.4].
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Definition 2.4.8. The I -effective Burnside category AI is the ∞-category
A(OG,OI ) in the sense of Definition 2.4.5. A G-equivariant map u : A→ B
between finite G-sets is admissible if it belongs to OI .

The following proposition gives a simple way to characterise admissible
maps.

Proposition 2.4.9. Let u : A→ B be a G-equivariant map between finite G-sets.
If we choose a decomposition B ≃

⊔n
i=1G/Hi , then the map u is admissible if and

only if for every i = 1, . . . ,n, the finite Hi-set u−1(1GHi ) is admissible.

Proof. Choose a decomposition B ≃
⊔n

i=1G/Hi and write u as
⊔n

i=1ui with
ui : Ai → G/Hi where Ai = u−1(G/Hi ). By definition, the result stands for u if
and only if it holds for every ui and we can assume without loss of generality
that B = G/H . Choose a decompositionA ≃

⊔m
j=1G/Kj and write u through this

decomposition as (uj )
m
j=1 with uj : G/Kj → G/H . By definition, u is admissible

if and only if every uj is admissible. Moreover, u−1(1GH) ≃
⊔m

j=1u
−1
j (1GH),

and if follows from Axioms 5 and 6 of Definition 2.2.4 that the result stands
for u if and only if it holds for every ui so we can assume without loss of
generality that A = G/K . If u : G/K → G/H is now given by a K-fixed coset
representative g of G/H , the result follows from the fact that u−1(1GH) is
exactly H/Kg , which is by definition an admissible H-set if and only if u is
admissible.

The I -effective Burnside category AI induces a notion of I -Mackey func-
tors.

Definition 2.4.10. An I -Mackey functor is a functorM : AI
op→ S that pre-

serves finite products. We denote by MackI the ∞-category of I -Mackey
functors Fun×(AI

op,S).

Remark 2.4.11. By Proposition 2.4.6, the∞-category AI is semi-additive and
it follows from [GGN15, Corollary 2.5] that the∞-category MackI is equiv-
alent to the∞-category Fun⊕(AI ,MonE∞(S)) with MonE∞(S) the∞-category
of E∞-monoids in S. The∞-category MackI is thus a natural∞-categorical
generalisation of the category of classical I -Mackey functors with values in
commutative monoids.

2.4.2 Unfurling for 2-categories and orbital subcategories

In this subsection, we recall the 2-categorical unfurling of [Len25, Proposition
2.24] in the case of A(O,T) with O a category and T ⊆ O an orbital subcategory
of O.

Proposition 2.4.12 ([Len25, Proposition 2.22]). Let C be a strict 2-category and
let φ : FO→ C be a strict 2-functor such that for every morphism u : A→ B in
FT, the 1-cell u! := φ(u) admits a right adjoint u∗ satisfying the Beck-Chevalley
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condition: for every pullback square in FO as on the left in

A B φ(A) φ(B)

C D φ(C) φ(D)

u

v w

u!

z z!

v∗ w∗

with vertical arrows in FT, the canonical mate depicted on the right is an iso-
morphism. Then there is a unique functor Φ : A(O,T)→ N∆

(
C(2,1)

)
that sends a

2-simplex of the form

A

B C

D E F

ji

l

k n
m

to the 2-simplex
φ(E)

φ(D) φ(F)

n!m
∗l!k

∗

(nj)!(ki)∗

given by the pasting

A

B C

D E F.

j!

l!

i∗

n!k∗

(ki)∗

m∗

Here C(2,1) is the (2,1)-category obtained from C by throwing away the non-
invertible 2-cells.

Definition 2.4.13. Let C be a strict 2-category. A strict 2-functor φ : FO→C
satisfies the T-Beck Chevalley condition if it satisfies the conditions of Proposi-
tion 2.4.12. In the case where O is OG and where T is the orbital subcategory
OI of OG that corresponds to I , we say that φ satisfies the I -Beck-Chevalley
condition.

Notation 2.4.14. Let D be a category with finite coproducts. If A1, . . . ,An and
B1, . . . ,Bm are objects of D, for every i = 1, . . . ,n, fi : A→ Bα(i) is a morphism

in D and α : {1, . . .n} → {1, . . . ,m} is a map, then we denote by
(
(fi )

n
i=1,α

)
:⊔n

i=1Ai →
⊔m

j=1Bj the morphism (ια(i) ◦ fi )ni=1 with ιj : Bj →
⊔m

j=1Bj the canon-
ical inclusion. Note that if E is a small category, then every morphism in FE
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can be written canonically as ((fi )
n
i=1,α) :

⊔n
i=1Ai →

⊔m
j=1Bj with Ai and Bj in

E.

In the case where C is a semi-additive strict 2-category, we now give a
simple criterion to check whether a strict 2-functor φ : FO→C that preserves
finite coproducts satisfies the T-Beck-Chevalley condition.

Proposition 2.4.15. Let C be a semi-additive strict 2-category and φ : FO→C a
strict 2-functor that preserves finite coproducts. The strict 2-functor φ : FO→C
satisfies the T-Beck-Chevalley condition if and only if for every morphism u : A→ B
in FT with B in O, the 1-cell φ(u) := u! admits a right adjoint u∗ such that for every
pullback square in FO as on the left in

A B φ(A) φ(B)

C D φ(C) φ(D)

v

u

w

u!

z

v∗

z!

w∗

with w in FT, z in O, and C and D in O, the canonical mate depicted on the
right is an isomorphism. Moreover, if a strict 2-functor φ : FO→C that preserves
finite coproducts satisfies the T-Beck-Chevalley condition, the induced functor
Φ :A(O,T)→N∆

(
C(2,1)

)
is semi-additive.

Proof. It is clear that the T-Beck-Chevalley condition implies the second con-
dition of the proposition. Assume now that φ satisfies the second condition.
Let u : A→ B be a morphism in FT. Choose a decomposition B ≃

⊔p
k=1Bk with

Bk in O through which u can be written as
⊔p

k=1uk with uk : Ak → Bk in FT.
By assumptions, (uk)! admits a right adjoint (uk)∗ and it follows that u! also
admits a right adjoint given by u∗ =

⊕p
k=1(uk)

∗. Consider now any pullback
square

A B

C D

u

v w

z

(S)

in FO with v and w in FT. Choose decompositions C ≃
⊔n

i=1Ci and D ≃⊔m
j=1Dj with Ci and Dj in O through which we have z = ((zi )

n
i=1,α) and w =⊔m

j=1wj with wj : Bj → Dj . For every i = 1, . . . ,n , consider the following
pullback square

Ai Bα(i)

Ci Dα(i).

ui

vi wα(i)

zi

(Si )

By disjointness and universality of finite sums in FO, we have an isomor-
phism A ≃

⊔n
i=1Ai through which we can write u and v respectively as

((ui )
n
i=1,α) :

⊔n
i=1Ai →

⊔m
j=1Bj and

⊔n
i=1 vi . The morphisms vi and wj both

belong in FT and (vi )! and (wj )! respectively admit right adjoints (vi )∗ and
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(wj )∗ by assumption. Moreover, the mate ωi depicted in the following diagram
associated with the square (Si ) is an isomorphism by assumption

φ (Ai ) φ
(
Bα(i)

)

φ(Ci ) φ
(
Dα(i)

)
.

ωi

(ui )!

(zi )!

(vi )∗ (wα(i))∗

The morphisms w! =
⊕m

j=1(wj )! and v! =
⊕n

i=1(vi )! respectively admit right

adjoints w∗ =
⊕m

j=1(wj )∗ and v∗ =
⊕n

i=1(vi )
∗ and by direct inspection, the mate

ω depicted in the following diagram associated with the square (S)

ϕ(A) φ(B)

φ(C) φ(D)

ω

u!

z!

v∗ w∗

corresponds to (ωi,j )i,j through the equivalence

C(φ(C),φ(B)) ≃
n∏

i=1

m∏

j=1

C(φ(Ci ),φ(Bj )),

where we define ωi,j by id0φ(Cj ),φ(Bi ) whenever α(i) � j . Every ωi,j is an iso-

morphism and it follows that ω is an isomorphism and that φ satisfies the
T-Beck-Chevalley condition. If φ : FO→C is a strict 2-functor that preserves
finite coproducts, then it follows directly from [Bar17, Proposition 4.3] that
the induced functor Φ :A(O,T)→N∆

(
C(2,1)

)
is semi-additive.

2.4.3 From AI to ISMSt

In this subsection, we construct a strict 2-functor G : FinG → ISMSt that
satisfies the I -Beck Chevalley condition in the sense of Definition 2.4.13.

Notation 2.4.16. If n ≥ 0, we denote by ⟨n⟩ the finite set {1, . . . ,n}.

Definition 2.4.17. Let A be a finite G-set. The G-category G(A) has as objects
pairs (θ,L) with θ a formal external norm and L =

(
a1, . . . , a|θ|

)
a sequence of

elements of A. A morphism α :
(
θ,

(
a1, . . . , a|θ|

))
→

(
τ,
(
b1, . . . , b|τ|

))
in G(A) is a

map α : ⟨|θ|⟩ → ⟨|τ|⟩ such that ai = bα(i) for every i in ⟨|θ|⟩. The action of G on
G(A) is defined on objects by

g ·
(
θ,

(
a1, . . . , a|θ|

))
=
(
gθ,

(
gaωθ (g)

−11, . . . , gaωθ (g)−1 |θ|
))

and on a morphism α :
(
θ,

(
a1, . . . , a|θ|

))
→

(
τ,
(
b1, . . . , b|τ|

))
by g ·α = ωτ(g) ◦α ◦

ωθ(g)−1. It follows from Remark 2.3.16 that these G-actions are well-defined.
The G-category G(A) is an I -normed symmetric monoidal category with the
following structure:
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1. the unit e is the object
(⊗

∅, ()
)
with () the empty list;

2. the tensor product ⊗ :G(A)×G(A)→G(A) is defined on objects by

(θ,L1)⊗ (τ,L2) = (θ ⊗ τ,L1 ⊔L2)

and on morphisms by α ⊗ β = α ⊔ β where θ ⊗ τ is the formal external
norm given by γ

(⊗
⟨2⟩,θ,τ

)
with ⟨2⟩ seen as a trivial G-set;

3. given an admissible H-set T , we define the external T -norm
⊗

T :
G(A)×T →G(A) on objects by

⊗
T

(
(θ1,L1), . . . ,

(
θ|T |,L|T |

))
=
(⊗

T

(
θ1, . . . ,θ|T |

)
,
⊔|T |

i=1Li
)
.

and on morphisms by
⊗

T

(
α1, . . . ,α|T |

)
=
⊔|T |

i=1αi .

If X =
(
θ,

(
a1, . . . , a|θ|

))
is an object of G(A), then the length of X is the length of

θ and we denote it by |X |. If X, Y and Z are objects of G(A) with respective
lengths n, m and k, the natural equivariant isomorphisms αX,Y ,Z : (X ⊗Y )⊗
Z → X ⊗ (Y ⊗ Z), λX : e ⊗ X → X, ρX : X ⊗ e → X and βX,Y : X ⊗ Y → Y ⊗
X are respectively given by the permutations 1Σn+m+k

, 1Σn
, 1Σn

and τ(n,m)
with τ(n,m) the block permutation associated with the unique non trivial
permutation τ of Σ2. If X1, . . . ,X|T | are objects of G(A) with respective lengths
n1, . . . ,n|T |, the natural nonequivariant isomorphism vT :

⊗
T

(
X1, . . . ,X|T |

)
→⊗

|T |

(
X1, . . . ,X|T |

)
is given by the permutation 1Σn1+···+n|T |

.

Remark 2.4.18. If A is a finite G-set, an object
(
θ,

(
a1, . . . , a|θ|

))
of G(A) can be

seen as the planar rooted tree associated with θ where the i-th leaf represents
ai .

r1
⊗

T1

r2
⊗

T2

r4
⊗
∅ a1 a2

· · · · · · r3
⊗

T3

r5
⊗
∅

a|θ|

Notation 2.4.19. In what follows, given an element a of A, we will denote by
a the object (id, (a)) of G(A). This gives a canonical inclusion A →G(A).

The construction of Definition 2.4.17 is functorial. For every G-equivariant
map u : A→ B, the definition of the strict I -normed functor G(u) : G(A)→
G(B) is part of the following construction.

Construction 2.4.20. Let A and B be two finite G-sets and φ : A → G(B) a
G-functor with A seen as a discrete G-category. We define a strict I -normed
functor G(φ) : G(A)→ G(B) as follows: on an object X =

(
θ,

(
a1, . . . , a|θ|

))
of

G(A), the strict I -normed functor G(φ) is defined by the following recursion:
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1. the unit e is the object
(⊗

∅, ()
)
with () the empty list;

2. the tensor product ⊗ :G(A)×G(A)→G(A) is defined on objects by

(θ,L1)⊗ (τ,L2) = (θ ⊗ τ,L1 ⊔L2)

and on morphisms by α ⊗ β = α ⊔ β where θ ⊗ τ is the formal external
norm given by γ

(⊗
⟨2⟩,θ,τ

)
with ⟨2⟩ seen as a trivial G-set;

3. given an admissible H-set T , we define the external T -norm
⊗

T :
G(A)×T →G(A) on objects by

⊗
T

(
(θ1,L1), . . . ,

(
θ|T |,L|T |

))
=
(⊗

T

(
θ1, . . . ,θ|T |

)
,
⊔|T |

i=1Li
)
.

and on morphisms by
⊗

T

(
α1, . . . ,α|T |

)
=
⊔|T |

i=1αi .

If X =
(
θ,

(
a1, . . . , a|θ|

))
is an object of G(A), then the length of X is the length of

θ and we denote it by |X |. If X, Y and Z are objects of G(A) with respective
lengths n, m and k, the natural equivariant isomorphisms αX,Y ,Z : (X ⊗Y )⊗
Z → X ⊗ (Y ⊗ Z), λX : e ⊗ X → X, ρX : X ⊗ e → X and βX,Y : X ⊗ Y → Y ⊗
X are respectively given by the permutations 1Σn+m+k

, 1Σn
, 1Σn

and τ(n,m)
with τ(n,m) the block permutation associated with the unique non trivial
permutation τ of Σ2. If X1, . . . ,X|T | are objects of G(A) with respective lengths
n1, . . . ,n|T |, the natural nonequivariant isomorphism vT :

⊗
T

(
X1, . . . ,X|T |

)
→⊗

|T |

(
X1, . . . ,X|T |

)
is given by the permutation 1Σn1+···+n|T |

.

Remark 2.4.18. If A is a finite G-set, an object
(
θ,

(
a1, . . . , a|θ|

))
of G(A) can be

seen as the planar rooted tree associated with θ where the i-th leaf represents
ai .

r1
⊗

T1

r2
⊗

T2

r4
⊗
∅ a1 a2

· · · · · · r3
⊗

T3

r5
⊗
∅

a|θ|

Notation 2.4.19. In what follows, given an element a of A, we will denote by
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map u : A→ B, the definition of the strict I -normed functor G(u) : G(A)→
G(B) is part of the following construction.

Construction 2.4.20. Let A and B be two finite G-sets and φ : A → G(B) a
G-functor with A seen as a discrete G-category. We define a strict I -normed
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1. if θ = id, then G(φ)(X) = φ(a);

2. if θ = r
⊗

T

(
θ1, . . . ,θ|T |

)
, then G(φ)(X) is

r
⊗

T

(
G(φ)

(
θ1,

(
a1, . . . , a|θ1 |

))
, . . . ,G(φ)

(
θ|T |,

(
a|θ|−|θ|T | |, . . . , a|θ|

)))

and on a morphism α :
(
θ,

(
a1, . . . , a|θ|

))
→

(
τ,
(
b1, . . . , b|τ|

))
, the map G(φ)(α) is

defined by the block map

α
(
k1, . . . , k|θ|

)(
l1, . . . , l|τ|

)
: ⟨k1 + · · ·+ k|θ|⟩ → ⟨l1 + · · ·+ l|τ|⟩

that sends the copy of ⟨ki⟩ included in ⟨k1⟩ ⊔ · · · ⊔ ⟨kθ⟩ ≃ ⟨k1 + · · ·+ k|θ|⟩ to the
copy of ⟨ki⟩ = ⟨lα(i)⟩ included in ⟨l1⟩ ⊔ · · · ⊔ ⟨l|τ|⟩ ≃ ⟨l1 + · · ·+ l|τ|⟩ where ki and
lj are respectively the length of the image of ai and bj by φ (we use here
that ai = bα(i)). This construction is functorial: if φ,ψ : A ⇒ G(B) are two
G-functors and ω : φ⇒ ψ a G-natural transformation between them, then we
obtain an I -normed natural transformation G(ω) : G(φ)⇒G(ψ) defined by

G(ω)(θ,(a1,...,a|θ|)) =
|θ|⊔

i=1

ωai .

We denote by G : FunG(A,G(B))→ISMSt(G(A),G(B)) the functor provided by
this construction.

Lemma 2.4.21. For finite G-sets A and B, the functor

G : FunG(A,G(B))→ISMSt(G(A),G(B))

is fully faithful.

Proof. By definition, if φ,ψ : A⇒G(B) are two G-functors, then, because G(φ)
and G(ψ) are strict I -normed functors, an I -normed natural transformation
Ω : G(φ)⇒G(ψ) is determined by its values on elements of A and Ω must be
equal to G(ω) where ω is the natural transformation ω : φ⇒ ψ obtained by
restricting Ω to A. The result follows.

Proposition 2.4.22. The following diagram of functors is strictly commutative.

FunG(A,G(B))×FunG(B,G(C)) FunG(A,G(B))×ISMSt(G(B),G(C))

FunG(A,G(C))

ISMSt(G(A),G(B))×ISMSt(G(B),G(C)) ISMSt(G(A),G(B))

idFunG (A,G(B))×G

G×G

◦

G

◦
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Proof. Let φ : A → G(B) and ψ : B → G(C) be two G-functors. It follows
from a direct induction on formal external norms that the strict I -normed
functors G(ψ) ◦ G(φ) and G(G(ψ) ◦φ) agree on objects. Consider now a mor-
phism α : X → Y in G(A) between two objects X =

(
θ,

(
a1, . . . , a|θ|

))
and

Y =
(
τ,
(
b1, . . . , b|τ|

))
of G(A). If we denote by Xi =

(
λi ,

(
ci1, . . . , c

i
|λi |

))
the im-

age of ai by φ, then by definition, the functor G(ψ) ◦ G(φ) sends α on the

block map α (|λ1|, . . . , |λθ |)
(
k11 , . . . , k

1
|λ1 |

, . . . , k |θ|λ|θ|

)
where kij is the length of ψ(cij ).

It follows that the image of α under G(ψ) ◦ G(φ) is equal to the block map

α
(
k11 + · · ·+ k1|λ1 |

, . . . , k |θ|1 + · · ·+ k |θ|λ|θ|

)
which is also the image of α under G(G(ψ)◦

φ). A similar argument shows that the diagram of the proposition commutes
on morphisms.

If u : A→ B is a G-equivariant map, then we denote by G(u) :G(A)→G(B)
the image under G of the composition A

u→ B → G(B) and it follows from
Proposition 2.4.22 that we get a strict 2-functor G : FinG → ISMSt. The 2-
category ISMStg is semi-additive by Proposition 2.3.8 and we can thus prove
the following proposition.

Proposition 2.4.23. The functorG, seen as a strict 2-functorG : FinG→ISMStg
through the inclusion ISMSt →ISMStg, preserves finite coproducts.

Proof. By Proposition 2.3.8, the 2-category ISMStg is semi-additive and, given
two finite G-sets A and B, the coproduct of G(A) and G(B) in ISMStg is given
by their product G(A)×G(B). We have to show now that the canonical strong
I -normed functor

Φ = (G(iA) ◦ pA)⊗ (G(iB) ◦ pB) :G(A)×G(B)→G(A⊔B)

is an equivalence, where iA : A→ A⊔B, iB : B→ A⊔B, pA :G(A)×G(B)→G(A)
and pB : G(A) ×G(B) → G(B) are respectively the canonical inclusions and
projections. The functor Φ sends an object

((
θ,

(
a1, . . . , a|θ|

))
,
(
τ,
(
b1, . . . , b|τ|

)))

of G(A)×G(B) to
(
θ ⊗ τ,

(
a1, . . . , aθ,b1, . . . , b|τ|

))
and a morphism (α,β) of G(A)×

G(B) to α ⊗ β. It admits an inverse in ISMStg that can be constructed as
follows: consider the G-functor ψA : A⊔B→ G(A) given respectively by the
canonical inclusion A→G(A) and by the G-functor B→G(A) constant on the
unit e. Denote by ΨA : G(A⊔ B)→ G(A) the strict I -normed functor G(ψA).
Symmetrically, we obtain a strict I -normed functor ΨB :G(A⊔B)→G(B) and
we get a strict I -normed functor Ψ = (ΨA,ΨB) : G(A⊔B)→ G(A)×G(B). Let
us show that Ψ is an inverse of Φ in ISMStg. We first construct by induction
an I -normed natural transformation η :Φ ◦Ψ ≃ idG(A⊔B). Consider any object
X = (θ, (c1, . . . , cθ)) of G(A⊔B). If θ = id, then (c1, . . . , cθ) = (c) and c belongs
either to A or B and we can define ηX respectively by the isomorphisms
ρc : c⊗e ≃ c or λc : e⊗c ≃ c. Assume now that θ = r

⊗
T

(
θ1, . . . ,θ|T |

)
, denote by

Xi the object
(
θi ,

(
c|θ1 |+···+|θi−1 |, . . . , c|θ1 |+···+|θi |

))
and assume that ηXi

is already
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by their product G(A)×G(B). We have to show now that the canonical strong
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a1, . . . , aθ,b1, . . . , b|τ|

))
and a morphism (α,β) of G(A)×

G(B) to α ⊗ β. It admits an inverse in ISMStg that can be constructed as
follows: consider the G-functor ψA : A⊔B→ G(A) given respectively by the
canonical inclusion A→G(A) and by the G-functor B→G(A) constant on the
unit e. Denote by ΨA : G(A⊔ B)→ G(A) the strict I -normed functor G(ψA).
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us show that Ψ is an inverse of Φ in ISMStg. We first construct by induction
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(
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constructed. By definition Φ ◦Ψ(X) is

ΨA(X)⊗ΨB(X)

=r
⊗

T

(
ΨA(X1), . . . ,ΨA

(
X|θ|

))
⊗ r

⊗
T

(
ΨB(X1), . . . ,ΨB

(
X|θ|

))

α≃r
⊗

T

(
ΨA(X1)⊗ΨB(X1), . . . ,ΨA

(
X|θ|

)
⊗ΨB

(
X|θ|

))

and ηX can be defined by ηX =
⊔|T |

i=1 ηXi
through the G-equivariant

isomorphism α. It follows from a direct inductive argument that η
is an I -normed natural transformation. We can also construct an I -
normed natural transformation ϵ : Ψ ◦ Φ ≃ idG(A)×G(B). Given an object

X =
((
θ,

(
a1, . . . , a|θ|

))
,
(
τ,
(
b1, . . . , b|τ|

)))
of G(A)×G(B), ϵX is the G-equivariant

isomorphism ϵX between
((
(θ ⊗ τ)A , (a1, . . . , a|θ|)

)
,
(
(θ ⊗ τ)B ,

(
b1, . . . , b|τ|

)))
and

≃
((
θ,

(
a1, . . . , a|θ|

))
,
(
τ, (b1, . . . , b|τ|

))
given by

(
id⟨|θ|⟩, id⟨|τ|⟩

)
where (θ⊗τ)A is the

formal external norm obtained by replacing each occurrence of the identity
that corresponds to an element of B by

⊗
∅.

Our goal is now to use Proposition 2.4.15 to show that G : FinG→ISMStg
satisfies the I -Beck Chevalley condition in the sense of Definition 2.4.13. For
every subgroup H ⊆ G and admissible map u : A→ G/H , we have to construct
a right adjoint in ISMStg to the strict I -normed functor G(u). Note that in
the category FinG/(G/H), the map u : A→ G/H is isomorphic to the projection
PT : IndGHT → G/H where T is the admissible H-set given by u−1 (1GH). We
must then construct a right adjoint to G(PT ) in ISMStg.

Construction 2.4.24. If T is an admissible H-set, then we denote by G (PT )
∗ :

G(G/H)→G
(
IndGHT

)
the image under G of the G-functor G/H→G

(
IndGHT

)

that corresponds through the equivalence

Fun
(
G/H,G

(
IndGHT

))
≃G

(
IndGHT

)H

to the H-fixed object
(⊗

T ,
(
t1, . . . , t|T |

))
of G

(
IndGHT

)
where T = {t1, . . . , t|T |} is

the chosen ordering on T .

Proposition 2.4.25. Let T be an admissible H-set. The strict I -normed functor
G(PT )∗ is a right adjoint of the strict I -normed functor G(PT ) in the 2-category
ISMStg.

Proof. It follows from Proposition 2.4.22 that the strict I -normed functor
G(PT )∗G(PT ) is the image under G of the G-functor IndGHT →G

(
IndGHT

)
that

corresponds by adjunction to the H-functor T → G
(
IndGHT

)
that sends t to(⊗

T ,
(
t1, . . . , t|T |

))
. The unit η : idG(IndGH T ) → G(PT )∗G(PT ) can be defined

as the image under G of the G-natural transformation that corresponds by
adjunction to the H-natural transformation defined on ti by the morphism
ti →

(⊗
T ,
(
t1, . . . , t|T |

))
given by the map ⟨1⟩ → ⟨|T |⟩ that sends 1 to i. Using
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again Proposition 2.4.22, the strict I -normed functor G(PT )G(PT )∗ is the
image under G of the G-functor G/H → G(G/H) that corresponds through

the equivalence FunG
(
G/H,G

(
IndGHT

))
≃ G

(
IndGHT

)H
to the H-fixed object(⊗

T , (1G, . . . ,1G)
)
ofG(G/H) and the counit can be defined as the image under

G of the G-natural transformation that corresponds to the H-fixed morphism(⊗
T , (1G, . . . ,1G)

)
→ 1G given by the unique map ⟨|T |⟩ → ⟨1⟩. The triangle

identities can be verified using Proposition 2.4.22.

We can now show, using Proposition 2.4.15, the following result.

Proposition 2.4.26. The functor G : FinG → ISMStg satisfies the I -Beck-
Chevalley condition in the sense of Definition 2.4.13

Proof. Let u : A → G/H be any admissible map. The map u : A → G/H is
isomorphic in the category FinG/(G/H) to the projection PT : IndGHT → G/H
where T is the finite H-set u−1(1GH), which is admissible by Proposition 2.4.9.
It follows from Proposition 2.4.25 that G(u) admits a right adjoint G(u)∗. Let
K ⊆ G be a subgroup of G and let w : G/K → G/H be a G-equivariant map.
Without loss of generality, we can assume that K is included in H and that w
corresponds to this inclusion. If we denote by v : IndGK ResHK T → IndGHT the
G-equivariant map that corresponds by adjunction to the K-equivariant map
ResHK T → IndGHT that sends t to (1GH,t), the square

IndGK ResHK T IndGHT

G/K G/H

v

PResHK T PT

w

is Cartesian. A direct inspection shows that the mate depicted in the following
diagram

G
(
IndGK ResHK T

)
G
(
IndGHT

)

G(G/K) G(G/H)

G(v)

G(w)

G
(
PResHK T

)∗
G(PT )

∗

is the I -normed natural transformationG(v)G
(
PResHK T

)∗
→G (PT )

∗G(w) given
by the image under G of the G-natural transformation that corresponds

through the equivalence FunG
(
G/H,G

(
IndGHT

))
≃G

(
IndGHT

)H
to the K-fixed

morphism
(⊗

ResHK T ,
(
t1, . . . , t|T |

))
→

(⊗
T ,
(
t1, . . . , t|T |

))
given by the identity

id⟨|T |⟩ : ⟨|T |⟩ → ⟨|T |⟩, which is clearly an isomorphism. The result now follows
from Proposition 2.4.23, Proposition 2.3.8, and Proposition 2.4.15.

It follows from Proposition 2.4.12 that G : FinG→ISMStg induces a semi-
additive functor G : AI → N∆

(
ISMStg(2,1)

)
. By the following proposition,
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again Proposition 2.4.22, the strict I -normed functor G(PT )G(PT )∗ is the
image under G of the G-functor G/H → G(G/H) that corresponds through

the equivalence FunG
(
G/H,G

(
IndGHT

))
≃ G

(
IndGHT

)H
to the H-fixed object(⊗

T , (1G, . . . ,1G)
)
ofG(G/H) and the counit can be defined as the image under

G of the G-natural transformation that corresponds to the H-fixed morphism(⊗
T , (1G, . . . ,1G)

)
→ 1G given by the unique map ⟨|T |⟩ → ⟨1⟩. The triangle

identities can be verified using Proposition 2.4.22.

We can now show, using Proposition 2.4.15, the following result.

Proposition 2.4.26. The functor G : FinG → ISMStg satisfies the I -Beck-
Chevalley condition in the sense of Definition 2.4.13

Proof. Let u : A → G/H be any admissible map. The map u : A → G/H is
isomorphic in the category FinG/(G/H) to the projection PT : IndGHT → G/H
where T is the finite H-set u−1(1GH), which is admissible by Proposition 2.4.9.
It follows from Proposition 2.4.25 that G(u) admits a right adjoint G(u)∗. Let
K ⊆ G be a subgroup of G and let w : G/K → G/H be a G-equivariant map.
Without loss of generality, we can assume that K is included in H and that w
corresponds to this inclusion. If we denote by v : IndGK ResHK T → IndGHT the
G-equivariant map that corresponds by adjunction to the K-equivariant map
ResHK T → IndGHT that sends t to (1GH,t), the square

IndGK ResHK T IndGHT

G/K G/H

v

PResHK T PT

w

is Cartesian. A direct inspection shows that the mate depicted in the following
diagram

G
(
IndGK ResHK T

)
G
(
IndGHT

)

G(G/K) G(G/H)

G(v)

G(w)

G
(
PResHK T

)∗
G(PT )

∗

is the I -normed natural transformationG(v)G
(
PResHK T

)∗
→G (PT )

∗G(w) given
by the image under G of the G-natural transformation that corresponds

through the equivalence FunG
(
G/H,G

(
IndGHT

))
≃G

(
IndGHT

)H
to the K-fixed

morphism
(⊗

ResHK T ,
(
t1, . . . , t|T |

))
→

(⊗
T ,
(
t1, . . . , t|T |

))
given by the identity

id⟨|T |⟩ : ⟨|T |⟩ → ⟨|T |⟩, which is clearly an isomorphism. The result now follows
from Proposition 2.4.23, Proposition 2.3.8, and Proposition 2.4.15.

It follows from Proposition 2.4.12 that G : FinG→ISMStg induces a semi-
additive functor G : AI → N∆

(
ISMStg(2,1)

)
. By the following proposition,
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G : FinG→ISMSt also satisfies the I -Beck-Chevalley condition and G factors
as a functor AI →N∆

(
ISMSt(2,1)

)
.

Proposition 2.4.27. For every admissible morphism u : A → B, the strict I -
normed functor G(u) : G(A) → G(B) admits a right adjoint in the 2-category
ISMSt.

Proof. Choose a decomposition B ≃
⊔n

i=1G/Hi and write u through this de-
composition as

⊔n
i=1PTi with PTi : Ind

G
Hi
Ti → G/Hi the canonical projection

associated with an admissible finite Hi-set Ti . In the 2-category ISMStg, the
strict I -normed functor G(u) admits a right adjoint G(u)∗ given by the strong
I -normed functor G(PT1 )

∗ ⊗ · · · ⊗G
(
PTn

)∗
. Let us now show that the strong

I -normed functor G(u)∗ is isomorphic to a strict I -normed functor. Every
G(PTi )

∗ is a strict I -normed functor provided as the image of some G-functor
under G and it is enough to show, given two G-functors φ,ψ : A⇒G(B), that
the strong I -normed functor G(φ)⊗G(ψ) is isomorphic to a strict I -normed
functor. More precisely, a direct induction shows that the strong I -normed
functor G(φ)⊗G(ψ) is isomorphic to the image under G of the G-functor given

by the composition A
(φ,ψ)
−→ G(B)×G(B)

⊗−→G(B). The result follows.

2.4.4 The proof of the main Theorem

In this section, we prove Theorem 2.A. We have morphisms of simplicial sets

AI
G−→N∆

(
ISMSt(2,1)

) N∆(ι)−→ N∆ (ISMSt) →N∆

(
AlgEI

(
SSetG

))

where ι : ISMSt(2,1) → ISMSt denotes the strict 2-functor that sends an
I -normed symmetric monoidal category to its core and where the third mor-
phism is given by Corollary 2.3.24. We show now that the composition of
these morphisms factors as a functor θ :AI →AlgEI . This composition sends
a finite G-set A to the nerve of the core of the I -normed symmetric monoidal
category G(A) and we have to show that this object is fibrant and cofibrant in
AlgEI

(
SSetG

)
. If we denote by F(A) the core of G(A), the fibrancy of N (F(A))

follows from the fact that its underlying G-simplicial set is the nerve of a
G-groupoid. To show that N (F(A)) is cofibrant, we show that it is the free
EI -algebra over A. We show first that F(A) is the free I -normed symmetric
monoidal category over A seen as a discrete G-category. We start with the
following elementary lemma.

Lemma 2.4.28. Let Γ be a discrete group and let X and Y be two G × Γ-sets such
that the Γ-action on X is free. The canonical G-equivariant map

f :
(
Xn+1 ×Y

)
Γ
→ (X ×X ×Y )Γ ×(X×Y )Γ · · · ×(X×Y )Γ (X ×X ×Y )Γ︸����������������������������������������������������︷︷����������������������������������������������������︸

n times

is a bijection.
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Proof. We prove first that f is injective. Consider two tuples A = (x1, . . . ,xn+1, y)
and B = (x′1, . . . ,x

′
n+1, y

′) in

Xn+1 ×Y


with the same image under f . This

means there are elements γ1, . . . ,γn in Γ such that for all i = 1, . . . ,n, we have

γi (xi ,xi+1, y) = (x′i , x
′
i+1, y

′).

In particular, it follows that γixi+1 = x′i+1 and γi+1xi+1 = x′i+1 and we deduce
that γi = γi+1 using that the Γ-action on X is free. This implies that A and B

represent the same element of

Xn+1 ×Y


Γ
. We prove now that f is surjective.

Consider an element A of

(X ×X ×Y )Γ ×(X×Y )Γ · · · ×(X×Y )Γ (X ×X ×Y )Γ��������������������������������������������������������������������������������������������������������
n times

represented by tuples (xi , zi ,yi ) for all i = 1, . . . ,n. By assumptions, there exists
γi in Γ such that zi = γixi+1 and γiyi+1 = yi for all i = 1, . . . ,n − 1. For all
i = 1, . . . ,n+1, consider the element

wi =



x1 if i = 1;
z1 if i = 2;
(γ1γ2 · · ·γi−2) · zi−1 if i = 3, . . . ,n+1.

Note that we have (wi,wi+1, y1) = (γ1γ2 · · ·γi−1) · (xi , zi ,yi ) and, in particular,
the image of the orbit of (w1, . . . ,wn+1, y1) under f is A.

One important direct consequence of Lemma 2.4.28 is the following result.

Proposition 2.4.29. Let Γ, X and Y be as in Lemma 2.4.28. The G-categoryX ×Y

Γ
is the G-category whose G-set of objects is (X × Y )Γ, whose G-set of

morphisms is (X ×X ×Y )Γ and whose composition is given by the G-equivariant
map

(X ×X ×Y )Γ ×(X×Y )Γ (X ×X ×Y )Γ ≃ (X ×X ×X ×Y )Γ
((p1,p3)×idY )Γ−→ (X ×X ×Y )Γ.

Using this proposition, one can prove that F(A) is the free I -normed
symmetric monoidal category on A.

Proposition 2.4.30. The I -normed symmetric monoidal category F(A) is free over
A for strict I -normed functors. Moreover, for every I -normed symmetric monoidal
category C, the G-functor A→ F(A) induces an equivalence of categories

ISMSt(F(A),C) ≃ FunG(A,C).

Proof. By Theorem 2.3.22, it is enough to show that F(A) is the SMI -algebra
given by the image of A under the monad SMI : CatG → CatG. Given a

54



Chapter 2. A higher Mackey functor description of algebras over an N∞-operad

Proof. We prove first that f is injective. Consider two tuples A = (x1, . . . ,xn+1, y)
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′
n+1, y

′) in
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with the same image under f . This

means there are elements γ1, . . . ,γn in Γ such that for all i = 1, . . . ,n, we have

γi (xi ,xi+1, y) = (x′i , x
′
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that γi = γi+1 using that the Γ-action on X is free. This implies that A and B

represent the same element of
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Γ
. We prove now that f is surjective.

Consider an element A of

(X ×X ×Y )Γ ×(X×Y )Γ · · · ×(X×Y )Γ (X ×X ×Y )Γ��������������������������������������������������������������������������������������������������������
n times

represented by tuples (xi , zi ,yi ) for all i = 1, . . . ,n. By assumptions, there exists
γi in Γ such that zi = γixi+1 and γiyi+1 = yi for all i = 1, . . . ,n − 1. For all
i = 1, . . . ,n+1, consider the element

wi =



x1 if i = 1;
z1 if i = 2;
(γ1γ2 · · ·γi−2) · zi−1 if i = 3, . . . ,n+1.

Note that we have (wi,wi+1, y1) = (γ1γ2 · · ·γi−1) · (xi , zi ,yi ) and, in particular,
the image of the orbit of (w1, . . . ,wn+1, y1) under f is A.

One important direct consequence of Lemma 2.4.28 is the following result.

Proposition 2.4.29. Let Γ, X and Y be as in Lemma 2.4.28. The G-categoryX ×Y

Γ
is the G-category whose G-set of objects is (X × Y )Γ, whose G-set of

morphisms is (X ×X ×Y )Γ and whose composition is given by the G-equivariant
map

(X ×X ×Y )Γ ×(X×Y )Γ (X ×X ×Y )Γ ≃ (X ×X ×X ×Y )Γ
((p1,p3)×idY )Γ−→ (X ×X ×Y )Γ.

Using this proposition, one can prove that F(A) is the free I -normed
symmetric monoidal category on A.

Proposition 2.4.30. The I -normed symmetric monoidal category F(A) is free over
A for strict I -normed functors. Moreover, for every I -normed symmetric monoidal
category C, the G-functor A→ F(A) induces an equivalence of categories

ISMSt(F(A),C) ≃ FunG(A,C).

Proof. By Theorem 2.3.22, it is enough to show that F(A) is the SMI -algebra
given by the image of A under the monad SMI : CatG → CatG. Given a
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G-category C, if we denote respectively by Ob(C) and Mor(C) the associated
G-sets of objects and morphisms, then, using Proposition 2.4.29, we have

Ob




n≥0
(SMI )n ×Σn

An

 ≃


n≥0
F(SI )n ×Σn

An ≃


n≥0
F(VI )n ×An ≃Ob(F(A))

and

Mor




n≥0
(SMI )n ×Σn

An

 ≃


n≥0
F(SI )n

2 ×Σn
An ≃



n≥0
F(VI )n

2 ×An ×Σn

≃Mor(F(A)),

with F(VI ) defined in Subsection 2.3.2. It is clear that these isomorphisms
induce an isomorphism F(A) ≃ SMI (A). The equivalence of categories

ISMSt(F(A),C) ≃ FunG(A,C)

is a consequence of the freeness of F(A) and of the description of
ISMSt(F(A),C) in terms of the arrow category of C given by Proposition
2.5.7.

Remark 2.4.31. Given a G-functor φ : A → G(B), the core of the strict I -
normed functor G(φ) is the strict I -normed functor F(A)→ F(B) induced by
φ : A→ F(B) through the equivalence ISMSt(F(A),F(B)) ≃ FunG(A,F(B)) of
Proposition 2.4.30.

The following lemma is the key point to transfer the freeness of F(A) as
an I -normed symmetric monoidal category to the freeness of N (F(A)) as an
EI -algebra.

Lemma 2.4.32. Let Γ, X and Y be as in Lemma 2.4.28. The natural G-equivariant
map

N
X ×Y


/Γ→N

X ×Y

/Γ


is an isomorphism of G-simplicial sets where X is the translation G-groupoid of X,
as defined in Construction 2.3.9.

Proof. This is a direct consequence of Lemma 2.4.28.

Corollary 2.4.33. Let A be a finite G-set. The nerve of F(A) is the free N∞-algebra
over A.

Proof. We have to show that the nerve of F(A) is the image of A by the monad
EI : SSetG → SSetG. We proved in Proposition 2.4.30 that F(A) is the free
I -normed symmetric monoidal category over A and by definition (EI )n =
N ((SMI )n). It is then enough to show that the canonical morphism



n≥0
An ×Σn

N ((SMI )n)→N




n≥0
An ×Σn

(SMI )n



is an isomorphism. This is a consequence of the fact that the nerve preserves
finite coproducts and of the previous lemma using that (SMI )n = F̃(SI )n.
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If A is a finite G-set, then the EI -algebra N (F(A)) is fibrant and cofibrant
and we get a functor θ : AI → AlgEI that sends A to N (F(A)). We will show
now that this functor is fully faithful. For every subgroup H ⊆ G and finite
G-set A, there are equivalences

ISMSt(F(G/H),F(A)) ≃ FunG(G/H,F(A)) ≃ F(A)H

and the latter groupoid can be described by the following proposition.

Proposition 2.4.34. For every finite G-set A, there is an equivalence of categories

I (H)/ResGH A ≃G(A)H.

Proof. Let u : T → ResGH A be an H-equivariant map with T an admissible
H-set. Consider the H-fixed object

(⊗
T ,
(
u(t1), . . . ,u

(
t|T |

)))
of G(A) where

T = {t1, . . . , t|T |} is given by the chosen ordering on T . If w : u → v is a
morphism in I (H)/ResGH A between two H-equivariant maps u : T → ResGH A

and v : S→ ResGH A, we get an H-fixed morphism
(⊗

T ,
(
u(t1), . . . ,u

(
t|T |

)))
→(⊗

S ,
(
v(s1), . . . , v

(
s|S |

)))
given by the map w : ⟨|T |⟩ → ⟨|S |⟩ that corresponds to

w : T → S through the chosen orderings T = {t1, . . . , t|T |} and S = {s1, . . . , s|S |}.
We thus get a functor I (H)/ResGH A→G(A)H which is fully faithful. Given now

an H-fixed object
(
θ,

(
a1, . . . , a|θ|

))
of G(A)H , the identity id⟨|θ|⟩ : ⟨|θ|⟩ → ⟨|θ|⟩

induces an H-fixed isomorphism
(⊗

Tθ
,
(
u(t1), . . . ,u

(
t|θ|

)))
→

(
θ,

(
a1, . . . , a|θ|

))

where u : Tθ → A is the H-equivariant map that sends ti to ai . We conclude
that the functor I (H)/ResGH A→ G(A)H is essentially surjective and the result
follows.

The I -normed symmetric monoidal category F(A) is by definition the core
of G(A) and we deduce the following corollary.

Corollary 2.4.35. For every finite G-set A, there is an equivalence of groupoids

ι
(
I (H)/ResGH A

)
≃ F(A)H.

We can now use these descriptions to show the following result.

Proposition 2.4.36. The functor θ :AI →AlgEI is fully faithful.

Proof. By definition, the functor θ : AI → AlgEI is the composition of mor-
phisms of simplicial sets

AI
G−→N∆

(
ISMSt(2,1)

) N∆(ι)−→ N∆(ISMSt) →N∆

(
AlgEI

(
SSetG

))

which factors through the inclusion AlgEI → N∆

(
AlgEI

(
SSetG

))
. By Propo-

sition 2.5.8, the simplicial functor ISMSt → AlgEI
(
SSetG

)
is fully faithful

and it is enough to show that the functor N∆(ι) ◦G :AI →N∆(ISMSt) is fully
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If A is a finite G-set, then the EI -algebra N (F(A)) is fibrant and cofibrant
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of G(A)H , the identity id⟨|θ|⟩ : ⟨|θ|⟩ → ⟨|θ|⟩

induces an H-fixed isomorphism
(⊗

Tθ
,
(
u(t1), . . . ,u

(
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)))
→

(
θ,
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a1, . . . , a|θ|

))

where u : Tθ → A is the H-equivariant map that sends ti to ai . We conclude
that the functor I (H)/ResGH A→ G(A)H is essentially surjective and the result
follows.

The I -normed symmetric monoidal category F(A) is by definition the core
of G(A) and we deduce the following corollary.

Corollary 2.4.35. For every finite G-set A, there is an equivalence of groupoids

ι
(
I (H)/ResGH A

)
≃ F(A)H.

We can now use these descriptions to show the following result.

Proposition 2.4.36. The functor θ :AI →AlgEI is fully faithful.

Proof. By definition, the functor θ : AI → AlgEI is the composition of mor-
phisms of simplicial sets

AI
G−→N∆

(
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) N∆(ι)−→ N∆(ISMSt) →N∆

(
AlgEI
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))

which factors through the inclusion AlgEI → N∆

(
AlgEI
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SSetG

))
. By Propo-

sition 2.5.8, the simplicial functor ISMSt → AlgEI
(
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is fully faithful

and it is enough to show that the functor N∆(ι) ◦G :AI →N∆(ISMSt) is fully
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faithful. The ∞-category AI is a (2,1)-category and, if A and B are finite
G-sets, the groupoid HomAI (A,B) can be described as follow: the objects in

HomAI (A,B) are spans A
f
←− C

g
−→ B and morphisms are isomorphisms of

spans
C

A B.

D

g

≃

f

ih

Seen as a functor AI → N∆(ISMStg), the functor N∆(ι) ◦ G is semi-
additive by Proposition 2.4.15 and it is enough to show, given a subgroup
H ⊆ G and a finite G-set A, that (N∆(ι) ◦ G)G/H,A : HomAI (G/H,A) →
HomN∆(ISMSt)(F(G/H),F(A)) is an equivalence. Every span in HomAI (G/H,A)

is isomorphic to a span of the form G/H
PT←− IndGHT −→ A with T an ad-

missible H-set and there is an equivalence of groupoids HomAI (G/H,A) ≃

ι
(
I (H)/ResGH A

)
that sends anH-equivariant map u : T → A to the spanG/H←−

IndGHT
v−→ Awith v : IndGHT → A theG-equivariant map that corresponds to u

by adjunction. By definition, the functor (N∆(ι) ◦G)G/H,A : HomAI (G/H,A)→
HomN∆(ISMSt)(F(G/H),F(A)) sends the span G/H←− IndGHT

v−→ A to the com-
position G(v)G(PT )∗ which is the image under G of the G-functor G/H→ F(A)
that corresponds to the H-fixed object

(⊗
T ,
(
u(t1), . . . ,u

(
t|T |

)))
. Moreover,

the functor (N∆(ι) ◦G)G/H,A : HomAI (G/H,A)→HomN∆(ISMSt)(F(G/H),F(A))
sends an isomorphism of spans

IndGHT

G/H A

IndGH S

u

IndGHw

PT

v
PS

to the I -normed natural transformation

G(u)G(PT )
∗ ≃G(v)G

(
IndGHw

)
G
(
IndGHw−1

)
G(PS )

∗ =G(v)G(PS )
∗

which corresponds through the equivalence ISMSt(F(G/H),F(A)) ≃ F(A)H to
the isomorphism

⊗
T

(
u(t1), . . . ,u

(
t|T |

))
→

⊗
S

(
v(s1), . . . , v

(
s|S |

))

given by w : T → S seen as a map w : ⟨|T |⟩ → ⟨|S |⟩. Finally, it follows that
the functor (N∆(ι) ◦G)G/H,A : HomAI (G/H,A)→HomN∆(ISMSt)(F(G/H),F(A))
corresponds to the equivalences

HomAI (G/H,A) ≃ ι
(
I (H)/ResGH A

)
≃ F(A)H ≃ ISMSt(F(G/H),F(A)).
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We can finally prove our main theorem.

Theorem 2.4.37. The left Kan extension Θ : MackI →AlgEI of θ :AI →AlgEI
along the Yoneda embedding AI →MackI is an equivalence of∞-categories.

Proof. Combining Corollary 3.3.22 with Elmendorf’s Theorem, we obtain that
the free-forgetful adjunction

F : SG⇄AlgEI :U

satisfies the conditions of [Lur17, Corollary 4.7.3.18]. It follows that AlgEI
is projectively generated and that the EI -algebras N (F(A)) for all finite G-
sets A form a set of compact projective generators. Finally, it follows from
Proposition 2.4.36 and [Lur09, Proposition 5.5.8.22] that the left Kan extension
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Remark 2.4.38. By definition, the inverse of the functor Θ : MackI →AlgEI
sends a (fibrant) N∞-algebra X to the I -Mackey functorMX :AI

op→ S that
sends G/H to the space

HomAlgEI
(N (F(G/H)),X) ≃ XH.

If K ⊆ H are subgroups of G, then the functor ResHK : XH → XK obtained

as the image of the span G/K
idG/K←− G/K

u−→ G/H byMX corresponds to the
canonical inclusion XH → XK . If H/K is admissible, then the functor TrHK :

XK → XH obtained as the image of the span G/H
u←− G/K

idG/K−→ G/K byMX

sends a n-simplex x of XK to the n-simplex
⊗X

H/K

(
h1x, . . . ,h[H :K]x

)
of XH

where h1, . . . ,h[H :K] are representatives of H/K and with
⊗X

H/K : X×[H :K]→ X

the image of
⊗

H/K by the morphism of operads | − |X : EI → EndX that
corresponds to the EI -algebra structure of X.

2.5 Appendix: Operads in G-categories

In this appendix, we recall the definitions of the 2-categories of O-algebras
over an operad O in CatG. The goal is to prove Proposition 2.5.8, which is used
to prove Proposition 2.4.36. We follow [Rub20, Section 4] for the definitions
and refer the reader to it for more details.

Notation 2.5.1. If O is an operad in CatG and C an O-algebra in CatG, then
we will denote by | − |C : O → EndC the morphism of operads in CatG that
corresponds to the structure of O-algebra of C.

Definition 2.5.2 ([Rub20, Definition 4.2]). Let O be an operad in CatG and C
and D two O-algebras in CatG. A lax O-algebra morphism φ : C →D consists of:

1. a G-functor φ : C →D;
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Theorem 2.4.37. The left Kan extension Θ : MackI →AlgEI of θ :AI →AlgEI
along the Yoneda embedding AI →MackI is an equivalence of∞-categories.

Proof. Combining Corollary 3.3.22 with Elmendorf’s Theorem, we obtain that
the free-forgetful adjunction

F : SG⇄AlgEI :U

satisfies the conditions of [Lur17, Corollary 4.7.3.18]. It follows that AlgEI
is projectively generated and that the EI -algebras N (F(A)) for all finite G-
sets A form a set of compact projective generators. Finally, it follows from
Proposition 2.4.36 and [Lur09, Proposition 5.5.8.22] that the left Kan extension
Θ : MackI →AlgEI of θ :AI →AlgEI is an equivalence of∞-categories.

Remark 2.4.38. By definition, the inverse of the functor Θ : MackI →AlgEI
sends a (fibrant) N∞-algebra X to the I -Mackey functorMX :AI

op→ S that
sends G/H to the space

HomAlgEI
(N (F(G/H)),X) ≃ XH.

If K ⊆ H are subgroups of G, then the functor ResHK : XH → XK obtained

as the image of the span G/K
idG/K←− G/K

u−→ G/H byMX corresponds to the
canonical inclusion XH → XK . If H/K is admissible, then the functor TrHK :

XK → XH obtained as the image of the span G/H
u←− G/K

idG/K−→ G/K byMX

sends a n-simplex x of XK to the n-simplex
⊗X

H/K

(
h1x, . . . ,h[H :K]x

)
of XH

where h1, . . . ,h[H :K] are representatives of H/K and with
⊗X

H/K : X×[H :K]→ X

the image of
⊗

H/K by the morphism of operads | − |X : EI → EndX that
corresponds to the EI -algebra structure of X.

2.5 Appendix: Operads in G-categories

In this appendix, we recall the definitions of the 2-categories of O-algebras
over an operad O in CatG. The goal is to prove Proposition 2.5.8, which is used
to prove Proposition 2.4.36. We follow [Rub20, Section 4] for the definitions
and refer the reader to it for more details.

Notation 2.5.1. If O is an operad in CatG and C an O-algebra in CatG, then
we will denote by | − |C : O → EndC the morphism of operads in CatG that
corresponds to the structure of O-algebra of C.

Definition 2.5.2 ([Rub20, Definition 4.2]). Let O be an operad in CatG and C
and D two O-algebras in CatG. A lax O-algebra morphism φ : C →D consists of:

1. a G-functor φ : C →D;

58

2.5. Appendix: Operads in G-categories

2. for every n ≥ 0 and x ∈ On, a natural transformation φx : |x|D ◦φ×n ⇒
φ ◦ |x|C of functors C×n→D;

such that the following conditions are satisfied:

1. for every n ≥ 0, the maps φx vary naturally in x ∈ On;

2. for every n ≥ 0, x ∈ On and (g,σ) ∈ G×Σn, the equation (g,σ)·φx = φ(g,σ)·x
holds, ie, φx is (G ×Σn)-equivariant;

3. φidO = idφ ;

4. for every y ∈ On and xi ∈ Oki , the transformation φγ(y,x1,...,xn) is equal to
the composite

|y|D ◦
((
|x1|D ◦φ×k1

)
× · · · ×

(
|xn|D ◦φ×kn

))

(
|y|D ◦φ×n

)
◦ (|x1|C × · · · × |xn|C)

φ ◦ |y|C ◦ (|x1|C × · · · × |xn|C) .

id|y|D ◦(φx1×···×φxn )

φy◦
(
id|x1 |C ×···×id|xn |C

)

A strong O-algebra morphism (resp. strict O-algebra morphism) is a lax O-algebra
morphism φ : C →D such that φx is an isomorphism (resp. the identity) for
every n ≥ 0 and x ∈ On.

If φ : C → D and ψ : D → E are two lax O-algebra morphisms, the com-
position ψ ◦φ has a natural structure of lax O-algebra morphism where for
every n ≥ 0 and x ∈ On, the natural transformation (ψ ◦φ)x is given by the
composition

|x|E ◦ (ψ ◦φ)×n = |x|E ◦ψ×n ◦φ×n
ψx◦(idφ×n )
−→ ψ ◦ |x|D ◦φ×n

idψ ◦φx
−→ ψ ◦φ ◦ |x|C .

If φ and ψ are strong O-algebra morphisms (resp. strict), their composition
ψ ◦φ is also a strong O-algebra morphism (resp. strict).

Definition 2.5.3 ([Rub20, Definition 4.3]). Let O be an operad in CatG and
φ,ψ : C⇒D a pair of lax O-algebra morphisms. An O-natural transformation
ω : φ⇒ ψ is a G-natural transformation ω : φ⇒ ψ such that for every n ≥ 0
and x ∈ On, the following diagram of natural transformations commutes

|x|D ◦φ×n |x|D ◦ψ×n

φ ◦ |x|C ψ ◦ |x|C .

id|x|D ◦ω
×n

φx ψx

ω◦id|x|C
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Notation 2.5.4. We denote by AlgLaxO (resp. AlgStgO and AlgStO) the 2-
category of O-algebras in CatG, lax O-algebra morphisms (resp. strong and
strict) and O-natural transformations.

Let O be an operad in CatG, C an O-algebra in CatG and D a G-category.
The functor Fun(D, (−)) : CatG → CatG preserves products and Fun(D,C) is
naturally a Fun(D,O)-algebra. It follows that the G-category of nonequivariant
functors Fun(D,C) is naturally endowed with the structure of an O-algebra
where the morphism of G-operads | − |Fun(D,C) : O → EndFun(D,C) is given by the
composition

O → Fun(D,O)
|−|Fun(C,D)
−→ EndFun(D,C) .

Here the first morphism O ≃ Fun(∗,O)→ Fun(D,O) is induced by the unique
functor D→ ∗. In particular, the arrow category Arr(C) = Fun(∆1,C) of C has a
natural structure of an O-algebra.

Remark 2.5.5. If O is an operad in CatG, C an O-algebra in CatG and D a
G-category, then, for every n ≥ 0 and x ∈ On, the operation |x|Fun(D,C) is given

by the composition Fun(D,C)×n ×−→ Fun(D×n,C×n)
(−)◦|x|C−→ Fun(D,C).

If C and D are two G-categories, the data of a G-natural transformation
ω : φ⇒ ψ between two G-functors φ,ψ : C⇒D is equivalent to the data of a
G-functor Ω : C → Arr(D). This characterisation of G-natural transformations
lifts to the case of O-natural transformations.

Proposition 2.5.6. Let C and D be two O-algebras in CatG. The data of an O-
natural transformation ω : φ ⇒ ψ between two lax O-algebra morphisms (resp.
strong or strict) φ,ψ : C⇒D is equivalent to the data of a lax O-algebra morphism
(resp. strong or strict) Ω : C → Arr(D).

Proof. Let ω : φ ⇒ ψ be an O-natural transformation between two lax O-
algebra morphisms (resp. strong or strict) φ,ψ : C ⇒ D. The G-functor
Ω : C → Arr(D) associated with the G-natural transformation ω admits a
structure of lax O-algebra morphism (resp. strong or strict) where for n ≥ 0
and x ∈ On, the natural transformation Ωx : |x|Arr(D) ◦Ω×n⇒Ω ◦ |x|C is given
by the diagram

|x|D ◦φ×n |x|D ◦ψ×n

φ ◦ |x|C ψ ◦ |x|C

id|x|D ◦ω
×n

φx ψx

ω◦id|x|C

seen as amorphism in the category Fun(C×n,Arr(D)) ≃ Arr(Fun(C×n,D)), which
is commutative by assumption using that ω is an O-natural transformation.
It follows directly from the fact that φ and ψ are lax O-algebra morphisms
that Ω is a lax O-algebra morphism (resp. strong or strict). Assume now
that Ω : C → Arr(D) is a lax O-algebra morphism (resp. strong or strict) and
consider the G-natural transformation ω : φ⇒ ψ associated with Ω seen as a
G-functor. The G-functors φ and ψ are by definition respectively defined by
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d0 ◦Ω and d1 ◦Ω where d0 : Arr(D)→D and d1 : Arr(D)→D are the strict O-
algebra morphisms induced by the inclusions ∂0 : ∆0→ ∆1 and ∂1 : ∆0→ ∆1.
It follows that φ and ψ are naturally lax O-algebra morphisms (resp. strong
and strict). Finally, the natural transformation Ωx : |x|Arr(D) ◦Ω×n⇒Ω ◦ |x|C
seen as a morphism in Arr(Fun(C×n,D)) ≃ Fun(C×n,Arr(D)) directly ensures
that the diagram

|x|D ◦φ×n |x|D ◦ψ×n

φ ◦ |x|C ψ ◦ |x|C

id|x|D ◦ω
×n

φx ψx

ω◦id|x|C

is commutative and it follows that ω is an O-natural transformation. The
result follows.

If O is an operad in CatG and C and D two O-algebras in CatG, then it fol-
lows directly from the previous proposition that the categories AlgLaxO(C,D),
AlgStgO(C,D) and AlgStO(C,D) admit the following description.

Proposition 2.5.7. Let O be an operad in CatG and C and D two O-algebras
in CatG. If AlgO(C,D) denotes either AlgLaxO(C,D), AlgStgO(C,D) or
AlgStO(C,D) and if AlgO(C,D) = Ob(AlgO(C,D)) denotes the corresponding
class of G-functors, then the category given by the following diagram

AlgO(C,Arr(D))×AlgO (C,D) AlgO(C,Arr(D)) AlgO(C,Arr(D)) AlgO(C,D)

induced by the canonical strict O-algebra morphisms Arr(D)×DArr(D)→ Arr(D),
Arr(D)⇒D and D→ Arr(D) is equivalent to AlgO(C,D).

Finally, we prove the important result of this appendix.

Proposition 2.5.8. There is a fully faithful simplicial functor N : AlgStO →
AlgN (O)

(
SSetG

)
that sends an O-algebra C in CatG to its nerve N (C) where the

strict 2-category AlgStO is seen as a simplicial category.

Proof. Let C and D be two O-algebras in CatG. It follows from Proposition
2.5.7 that we have bijections

N (AlgStO(C,D))n
=AlgO(C,Arr(D))×AlgO (C,D) · · · ×AlgO (C,D) AlgO(C,Arr(D))
≃AlgO(C,Arr(D)×D · · · ×D Arr(D))

≃AlgN (O)
(
SSetG

)(
N (C),N (D)∆

n)

=HomAlgN (O)(SSetG)(N (C),N (D))n

which give an isomorphism of simplicial sets

N (AlgStO(C,D)) ≃HomAlgN (O)(SSetG)(N (C),N (D)).

It is clear that these isomorphisms induce a fully faithful simplicial functor
AlgStO → AlgN (O)

(
SSetG

)
.
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Chapter 3

On sifted homotopy colimits
of algebras over an N∞-operad

3.1 Introduction

In this chapter, we generalise different results of [BM03] and [PS18a] to N∞-
operads. These results use the fact that the considered operad is Σ-cofibrant,
in the sense of the following definition (we recall the definition specified to
the case of G-simplicial sets).

Definition 3.1.1. An operad O in sSetG is Σ-cofibrant if the morphism of col-
lections I →O corresponding to the identity of O is a cofibration of collections
for the projective model structure.

Note however that N∞-operads are not Σ-cofibrant in sSetG.

Proposition 3.1.2. Let O be an N∞-operad in sSetG. If the G-indexing system
associated with O is not trivial, then O is not Σ-cofibrant.

Proof. The projective model structure on
(
sSetG

)Σn corresponds to the model

structure on sSetG×Σn given by the family F of G ×Σn spanned by the sub-
groups H × {e}, with H a subgroup of G. If O is not a trivial N∞-operads, there
exists a graph subgroup Γ ⊆ G ×Σn for some n such that Γ � F and such that
OΓ
n � ∅. Using [Ste16, Proposition 2.16], we deduce that On is not cofibrant

in sSetG×Σn for the model structure corresponding to F . In particular, this
implies that O is not Σ-cofibrant.

It follows from Proposition 3.1.2 that the results of [BM03] and [PS18a] do
not apply toN∞-operads. In fact, we prove in Section 3.2 that [BM03, Corollary
5.5] is false for algebras over an N∞-operad in a category of equivariant
simplicial presheaves. This turns out to be problematic for the study of
sifted homotopy colimits in N∞-algebras. In Section 3.3, we resolve this issue
by replacing the property of Σ-cofibrancy by a weaker property of graph Σ-
cofibrancy which is satisfied by N∞-operads. For graph Σ-cofibrant operads,
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the results that we obtain are a bit weaker than the classical result, but are
sufficient to prove that sifted homotopy colimits are computed at the level of
the underlying equivariant spaces.

3.2 Counter example

Let I be a small category and consider the equivariant model structure on
Fun(I ,sSetG) obtained from the projective model structure on Fun(I ,sSet).
Note that this model structure exists using [Ste16, Lemma 2.12]. In this
section, we prove that [BM03, Corollary 5.5] is false for N∞-operads.

Proposition 3.2.1. For every cellular map f in Fun(I ,sSetG), the map f (n) ∈
Fun(I ,SetG) is of the form

X→ X ⊔




j∈J
G/Hj ×hom(Aj , (−))

 . (3.1)

In particular, cellular objects are of the form


j∈J
G/Hj ×hom(Aj , (−)).

Proof. Sequential colimits of maps of the form (3.1) also have this form and it
is enough to show that for every pushout square

G/H ×hom(i, (−))×∂∆n X

G/H ×hom(i, (−))×∆n Y ,

f (3.2)

the map f (n) is of the form (3.1). If we specify the square (3.2) at some
simplicial degree k, we obtain a pushout square


∂∆n(k)G/H ×hom(i, (−)) X(k)


∆n(k)G/H ×hom(i, (−)) Y (k)

f

and because the map of sets ∂∆n(k) → ∆n(k) is an inclusion, we deduce that
Y (k) is the coproduct

X(k)⊔




∆n(k)\∂∆n(k)

G/H ×hom(i, (−))



and that f (k) corresponds to the associated summand inclusion.
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3.3. Cellular extensions of strong fixed cofibrant operads

Proposition 3.2.2. For every cofibrant X in Fun(I ,sSetG), for every f : i→ j in I
and every n, X(f )(n) : X(i)(n)→ Y (i)(n) preserves the stabilisers of elements.

Proof. Note first that every retract of an object X in Fun(I ,sSetG) that satisfies
the condition from the statement also satisfies this condition. The result now
follows from the fact that cellular objects clearly satisfy the condition from
the statement using Proposition 3.2.1.

Proposition 3.2.3. Let O be an N∞-operad for C2 with a complete indexing
system. The forgetful functor U : AlgO

(
Fun(Fin,sSet)C2

)
→ Fun(Fin,sSet)C2

does not preserve cofibrant objects.

Proof. Consider the graph subgroup Γ ⊆ C2 ×Σ2 given by the diagonal. The
simplicial setOΓ

2 is contractible and, in particular, there is a Γ-fixed point in the
setO2(0). Because theΣ2-action onO2 is free, we obtain that the corresponding
C2 ×Σ2-equivariant map (C2 ×Σ2)/Γ→O2(0) is injective. Define X as the free
O-algebra on hom(∗, (−)) seen as a discrete simplicial presheaf. We obtain a
C2-monomorphism

hom({1,2}, (−)) ≃ (C2 ×Σ2)/Γ ×Σ2
hom(∗, (−))2 →O2(0)×Σ2

hom(∗, (−))2

where the last term is a C2-subset of U(X)0 and where the C2-action on
hom({1,2}, (−)) is induced by the free C2-action on {1,2}. The identity map
id{1,2} seen as an element of hom({1,2}, {1,2}) has the trivial group as stabiliser
and the unique map {1,2} → ∗ seen as an element of hom({1,2},∗) has C2 as
stabiliser. This contradicts Proposition 3.2.2 and it follows, as hom({1,2}, (−))
is a C2-subobject of U(X)0 that U(X) is not cofibrant.

3.3 Cellular extensions of strong fixed cofibrant
operads

Until the end of this chapter, I is a small sifted category with finite coproducts.
The category Fun(I ,sSet) will always be endowed with the projective model
structure.

Definition 3.3.1. For every n ≥ 0, the graph model structure on Fun(I ,sSet)G×Σn

is the model structure induced by the projective model structure on
Fun(I ,sSet) and associated with the family of graph subgroups of G × Σn,
which exists using [Ste16, Lemma 2.12]. We also call the corresponding model
structure on collections in Fun(I ,sSet)G the graph model structure. An operad
O in Fun(I ,sSetG) is graph Σ-cofibrant if its identity map ηO : 1→O is a graph
cofibration of collections.

Remark 3.3.2. Note that because I admits coproducts, Fun(I ,sSet) is a
monoidal model category.

Definition 3.3.3. A morphism f : A→ B in Fun(I ,sSet)G is a fixed cofibration
if, for every subgroup H of G, the following conditions are satisfied:
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1. the morphism f H : AH → BH is a cofibration in Fun(I ,sSet);

2. the colimit of f , seen as a functor I → Arr(sSet)G, commutes with H-
fixed points.

Proposition 3.3.4. The class of fixed cofibrations is closed under pushouts and
transfinite compositions.

Proof. We prove first the result for transfinite compositions. The point (1) is
a direct consequence of the fact that fixed points commute with sequential
colimits and of the fact that transfinite compositions of cofibrations are cofibra-
tions. For the point (2), this follows from the fact that colimits commute with
colimits and from the fact that fixed points commute with sequential colimits.
For pushouts, the proof is similar and uses the fact that the underlying map
(if we forget the G-action) of a fixed cofibration is a monomorphism and the
fact that fixed points commute with pushouts along monomorphisms in any
presheaf category.

Proposition 3.3.5. Every cellular map in Fun(I ,sSet)G (for the model structure of
Definition 3.3.1) is a fixed cofibration.

Proof. Using Proposition 3.3.4, it is enough to prove the result for generating
cofibrations. Consider f ×G/H with f a cofibration in Fun(I ,sSet). We have
(G/H × f )K ≃ f × (G/H)K which is a cofibration as f is a cofibration. Moreover,
colim(G/H × f )K ≃ (G/H)K × colim f ≃ colim((G/H)K × f ).

Notation 3.3.6. For every partition P = (U1, . . . ,Uk) of {1, . . . ,n}, we denote by
ΣP the subgroup of Σn spanned by the permutations that preserve P.

Definition 3.3.7. A marked partitioned tree is a marked tree T (in the sense of
[PS18a, Section 5]) with a partition P of the set of its leaves.

For a given marked partitioned tree T with partition P, we denote by
AutP(T ) the subgroup of Aut(T ) spanned by the automorphisms of T that
preserve P.

Remark 3.3.8. The subgroup AutP(T ) of Aut(T ) is the inverse image of ΣP by
the homomorphism α : Aut(T )→ Σn that sends an automorphism of T to the
associated permutation of its leaves.

Construction 3.3.9. Consider a partitioned marked tree T with partition P

and suppose we have the grafting operation tm(T1, . . . ,Tm) representing T . We
can endow every Ti with a partition Pi induced P. As in [BM03, Lemma
5.9], we can partition the set {T1, . . . ,Tm} into subsets of pairwise isomorphic
partitioned marked trees {T 1

1 , . . . ,T
1
m1
}∪ · · ·∪{T k

1 , . . . ,T
1
mk
} withm1 + · · ·+mk =m.

We finally obtain that

AutP(T ) ≃
(
AutP1

(T1)
m1 × · · · ×AutPk

(Tk)
mk

)
⋊
(
Σm1
× · · · ×Σmk

)
.
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Notation 3.3.10. Given a partition P = (U1, . . . ,Uk) of {1, . . . ,n} with |Ui | = ni
and a tuple g = (g1, . . . , gk) with gi : Ai → Bi a map in Fun(I ,sSet)G, we denote
by□P f the ΣP-object

□
P

g :=
k

□
i=1

g□
ni

i ,

where □ denotes the pushout-product.

Definition 3.3.11. A morphism f : A→ B in Fun(I ,sSet)G×Σn is a strong fixed
cofibration if for every partition P = (U1, . . . ,Uk) of {1, . . . ,n} with |Ui | = ni and
for every tuple g = (g1, . . . , gk) of fixed cofibrations, the morphism

f □□
P

g


ΣP

is a fixed cofibration, where ΣP acts on f by restriction of the Σn-action. A
morphism f : A→ B of collections in Fun(I ,sSet)G is a strong fixed cofibration if
f (n) : A(n)→ B(n) is a strong fixed cofibration for every n in N. An operad O
in Fun(I ,sSet)G is a strong fixed cofibrant operad if the morphism of collections
ηO : 1→O provided by the identity of O is a strong fixed cofibration.

Proposition 3.3.12. The class of strong fixed cofibrations is closed under pushouts
and transfinite compositions.

Proof. We prove first the result for pushouts. Consider a strong fixed cofibra-
tion f : A→ B and a pushout g : C→D of f . Using [PS18b, Proposition 3.1.5],
we obtain that g□□P h is a pushout of f □□P h and, in particular, (g□□P h)ΣP

is a pushout of (f □□P h)ΣP
. The result then follows from Proposition 3.3.4.

We prove now the result for transfinite compositions. Note first that, using
[PS18b, Proposition 3.1.6], strong fixed cofibrations are closed under finite
compositions. Suppose that f : A0→ A is the transfinite composition of

A0
f0−→ A1

f1−→ A2
f2−→ ·· ·

where each fi is a strong fixed cofibration. We denote by Fi : A0 → Ai+1 the
composition of

A0
f0−→ A1

f1−→ ·· ·
fi−→ Ai+1.

As every fi is a strong fixed cofibration, every Fi is also a strong fixed cofibra-
tion. Finally, the pushout-product f □□P h is the sequential colimit

colimi∈N

Fi□□
P

h



and in particular (f □□P h)ΣP
is the colimit

colimi∈N



Fi□□
P

h


ΣP

 .
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As the colimit of every (Fi□□P h)ΣP
commutes with fixed points, we deduce

that the colimit of (f □□P h)ΣP
also commutes with fixed points using that

sequential colimits commute with fixed points. We now prove that the sequen-
tial diagram i → (Fi□□P h)HΣP

is a cofibration in Fun(N,Fun(I ,sSet)), where
N is seen as a category via its poset structure. In particular, this will imply
that (f □□P h)HΣP

is a cofibration. We denote respectively by B and C the
source and target of□P h. Using the classical description of cofibrations in
Fun(N,Fun(I ,sSet)) in terms of the Reedy model structure, we have to prove
that the morphism

(An ×C)∪(An×B∪A0×BA0×C)


An+1 ×B∪A0×B A0 ×C

H
ΣP

→ (An+1 ×C)HΣP
(3.3)

induced by the square


An ×B∪A0×B A0 ×C

H
ΣP


An+1 ×B∪A0×B A0 ×C

H
ΣP

(An ×C)HΣP
(An+1 ×C)HΣP

(Fn□□P h)HΣP (Fn+1□□P h)HΣP

is a cofibration. Using that pushouts commute we pushouts, the morphism
(3.3) can be identified with (fn□□P h)HΣP

and the result follows from the fact
that fn is a strong fixed cofibration.

Proposition 3.3.13. For every partition P = (U1, . . . ,Uk), for every tuple g =
(f1, . . . , fk) of fixed cofibrations and for every group homomorphism α : H → ΣP,
the map

α∗
□

P

f


is a fixed cofibration.

Proof. The homomorphism α : H→ ΣP gives anH-set T , which we can decom-
pose T into orbits as T ≃H/K1 ⊔ · · · ⊔H/Kl . In particular, the homomorphism
α factors as a homomorphism α : H → Σ[H :K1] × · · · × Σ[H :Kl ] and we denote
by αi : H → Σ[H :Ki ] the associated homomorphism. Using the fact that fixed
points commute with products and that pushouts along a monomorphism
commute with fixed points, we deduce that

α∗
□

P

f


H

≃
l

□
i=1

α∗i


f □

[H :Ki ]

i

H

with fi the component of f for which H/Ki ⊂Ui . If we assume that for every
i = 1, . . . , l, α∗i


□Pi

f

is a fixed cofibration, we obtain that α∗ (□P f ) is also a

fixed cofibration using that pushout-products of cofibrations are cofibrations
and the fact that the functor

□ : Arr

Fun(I ,sSet)G

2
→ Arr


Fun(I ,sSet)G


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preserves sifted colimits. We can now asumme that T =H/K and that α is a
homomorphism α : H→ Σn with n = [H : K]. We now prove that

α∗

f □

nH
≃ f K .

If we write f : A→ B as an inclusion, the iterated pushout-product f □
n
can be

described as the inclusion map

f □
n
:

n

i=1

Bi−1 ×A×Bn−i → Bn.

We prove first that α∗(Bn)H ≃ BK . Consider the map p : BK → Bn that sends
a K-fixed point x to the element p(x) = (h1x, . . . ,hnx) with eH = h1, . . . ,hn rep-
resentatives in H of the cosets in H/K with the ordering given by the chosen
isomorphism G/H ≃ {1, . . . ,n}. The element p(x) is an H-fixed point, moreover,
p induces an isomorphism α∗(Bn)H ≃ BK where the inverse of p is given by
the projection α∗(Bn)H → BK to the first component. Finally, using a similar
argument, we have that

α∗


n

i=1

Bi−1 ×A×Bn−i


H

≃ AK

and that the map α∗

f □

nH
corresponds to the inclusion f K : AK → BK . In

particular, we obtain that α∗(f □
n
)H is a cofibration as f is a fixed cofibration.

Moreover, we have that

colim

α∗


f □

nH

≃colim

f K


≃ (colim f )K ≃


α∗


(colim f )□

nH
≃

colimα∗


f □

nH

and it follows that α∗

f □

n
is a fixed cofibration.

Construction 3.3.14. Let Θ be a finite group, let X be a (G×Θ)-set with a free
Θ-action and let Y be in Fun(I ,sSet)G×Θ . We will now describe the quotient
(X ×Y )Θ as a G-object in Fun(I ,sSet). Choose first a set R of representatives in
X of the classes in XΘ . For every representative x and every g in G, there is a
unique representative y and a unique θ ∈Θ such that gx = θy. The uniqueness
of θ is given by the fact that the Θ-action on X is free. We now construct a G-
action on XΘ ×Y . For every g in G, the associated map g · (−) : XΘ ×Y → XΘ ×Y
sends the a-copy of Y to the (g · a)-copy of Y and is given on Y by the map
(θ,g) · (−) where θ is the unique element of Θ such that g · x = θ · y with x and
y the representatives of a and g · a respectively. There is a G-equivariant map
X ×Y → XΘ ×Y that sends (a,y) to (x,θ−1y) with x the representative of a and
θ the unique element of Θ such that θx = a. This map exhibits XΘ ×Y with
the G-action that we described above as the quotient (X × Y )Θ . Let H be a
subgroup of G. We now describe the H-fixed points of (X ×Y )Θ . For every
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H-fixed point a in XΘ represented by x, the map αx : H → Θ that sends an
element h to the unique θ in Θ such that hx = θx is a homomorphism. We
now obtain that the H-fixed points of (X ×Y )Θ is given by



x∈XΘ

α∗x (Y )
H .

Note that this construction also applies to maps in Fun(I ,sSet)G×Θ .

Proposition 3.3.15. Every cellular cofibration in Fun(I ,sSet)G×Σn for the graph
model structure is a strong fixed cofibration.

Proof. Using Proposition 3.3.12, it is enough to prove the result for generating
cofibrations. Consider the cofibration f = T×f ′ with T a finiteG×Σn-set with a
free Σn-action and f ′ : A→ B a cofibration in Fun(I ,sSet). Using Construction

3.3.14, we have that

(f □□P g)ΣP

H
is the map



x∈TH
ΣP

f ′□α∗x

□
P

g


H

which is a cofibration as a coproduct of pushout-products of cofibrations using
Proposition 3.3.13. We now have to prove that the colimit of (f □□P g)ΣP

commutes with H-fixed points. We have that

colim




x∈TH
ΣP

f ′□α∗x

□
P

g


H


≃


x∈TH
ΣP

colim(f ′)□

α∗x
□

P

colimg



H

≃

colim
f □□

P

g


ΣP



H

using Proposition 3.3.13, the fact that□ preserves colimits in both variables,
and the fact that I is sifted.

Proposition 3.3.16. Let C be a bicomplete category, let α : G → H be a group
homomorphism, and let K be a subgroup of H . The functor (α!(−))K is the functor
that sends a object X in CG to the following object in C



α(G)hK∈α(G)\H/K

Xα−1(hKh−1).

Proof. We compute the right adjoint of this functor. It sends an object Y of
C to the image under α∗ of hom(H/K,Y ). The latter object if the same as
hom(α∗(H/K),Y ). Moreover, we have that

α∗(H/K) ≃


α(G)hK∈α(G)\H/K

G/α−1

hKh−1


.
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H-fixed point a in XΘ represented by x, the map αx : H → Θ that sends an
element h to the unique θ in Θ such that hx = θx is a homomorphism. We
now obtain that the H-fixed points of (X ×Y )Θ is given by



x∈XΘ

α∗x (Y )
H .

Note that this construction also applies to maps in Fun(I ,sSet)G×Θ .

Proposition 3.3.15. Every cellular cofibration in Fun(I ,sSet)G×Σn for the graph
model structure is a strong fixed cofibration.

Proof. Using Proposition 3.3.12, it is enough to prove the result for generating
cofibrations. Consider the cofibration f = T×f ′ with T a finiteG×Σn-set with a
free Σn-action and f ′ : A→ B a cofibration in Fun(I ,sSet). Using Construction

3.3.14, we have that

(f □□P g)ΣP

H
is the map



x∈TH
ΣP

f ′□α∗x

□
P

g


H

which is a cofibration as a coproduct of pushout-products of cofibrations using
Proposition 3.3.13. We now have to prove that the colimit of (f □□P g)ΣP

commutes with H-fixed points. We have that

colim




x∈TH
ΣP

f ′□α∗x

□
P

g


H


≃


x∈TH
ΣP

colim(f ′)□

α∗x
□

P

colimg



H

≃

colim
f □□

P

g


ΣP



H

using Proposition 3.3.13, the fact that□ preserves colimits in both variables,
and the fact that I is sifted.

Proposition 3.3.16. Let C be a bicomplete category, let α : G → H be a group
homomorphism, and let K be a subgroup of H . The functor (α!(−))K is the functor
that sends a object X in CG to the following object in C



α(G)hK∈α(G)\H/K

Xα−1(hKh−1).

Proof. We compute the right adjoint of this functor. It sends an object Y of
C to the image under α∗ of hom(H/K,Y ). The latter object if the same as
hom(α∗(H/K),Y ). Moreover, we have that

α∗(H/K) ≃


α(G)hK∈α(G)\H/K

G/α−1

hKh−1


.
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We deduce the right adjoint of the functor we care about sends an object Y of
C to ∏

α(G)hK∈α(G)\H/K

hom
(
G/α−1

(
hKh−1

)
,Y

)

which implies that the image of a G-object X in C under (α!(X))K is
⊔

α(G)hK∈α(G)\H/K

Xα−1(hKh−1).

Proposition 3.3.17. Let C be a cocomplete and closed monoidal category. For every
group morphism α : G→H , for every X in CG, and for every Y in CH , there is an
isomorphism

α!(X ⊗α∗Y ) ≃ α!X ⊗Y. (3.4)

Proof. For every Y in CH , both sides of (3.4) give functors CG → CH and we
compute their right adjoints. For the right-hand side, the right adjoint is given
by the functor that sends an object Z in CH to α∗hom(Y,Z). For the left-hand
side, the right adjoint is the functor that sends Z to hom(α∗Y,α∗Z). The result
follows from the fact that there is a natural isomorphism

hom(α∗Y,α∗Z) ≃ α∗hom(Y,Z).

Proposition 3.3.18. For every strong fixed cofibrant operad O in Fun(I ,sSet)G,
for every strong fixed cofibration u : A→ B in Coll(Fun(I ,sSet)G) and for every
pushout square

F(A) O

F(B) P ,

F(u) f

the morphism U(f ) is a strong fixed cofibration. In particular, P is also strong
fixed cofibrant.

Proof. We recall first from [PS18a, Proposition 5.2] the construction of the
Σn-morphism f (n) : O(n) → P (n). The morphism f (n) is obtained as the
transfinite composition

O = P0(n)
f0(n)−→ P1(n)

f1(n)−→ P2(n)
f2(n)−→ ·· ·

where every fk(n) is defined by induction as a pushout

⊔
T Σn ×Aut(T ) u∗(T ) Pk(n)

⊔
T Σn ×Aut(T ) u(T ) Pk+1(n)

⊔
T Σn×Aut(T )ϵ(T ) fk (n)
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where the coproducts run over all isomorphism classes of admissible marked
trees with n leaves and k marked vertices, and where the Aut(T )-morphism
ϵ(T ) : u∗(T )→ u(T ) is inductively defined as

ϵ(T ) := ϵ(l)□
l

□
i=1

ϵ(Ti )

with l the arity of the root of T and with ϵ(l) ∈ Fun(I ,sSet)G×Σl defined as

ϵ(l) =


u(l) if l is marked;
ηO(l) if l is not marked,

with ηO : 1C → O the morphism given by the identity of O.
Using Proposition 3.2.2, it is enough to prove that Σn×Aut(T )ϵ(T ) is a strong

fixed cofibration for every marked tree T . Let P = (U1, . . . ,Uj ) be a partition of
{1, . . . ,n} with |Pi | = ni . For every tuple (f1, . . . , fj ) of fixed cofibrations, we have
to prove that α! (ϵ(T ))□□

P

f


ΣP

is a fixed cofibration. Using Proposition 3.3.16, Proposition 3.3.17 and the fact
that the conjugation of a subgroup of the form ΣP in Σn is also of this form, it
is enough to prove that ϵ(T )□□

P

f


AutP(T )

is a fixed cofibration, where the AutP(T )-action on□P f is given by precom-
posing with the homomorphism AutP(T )→ ΣP. We will prove the result by
grafting induction on T as a partitioned tree. Suppose T = tm(T1, . . . ,Tm) such
that we are in the situation of Construction 3.3.9. We have

ϵ(T ) = ϵ(m)□
k

□
i=1

ϵ(Ti )
□mi

and we can write ϵ(T )□□P f as

ϵ(m)□
k

□
i=1

ϵ(Ti )□□
Pi

f


□mi

.

We deduce that

ϵ(T )□□
P

f


AutP(T )

≃


ϵ(m)□

k

□
i=1



ϵ(Ti )□□
Pi

f


AutP(Ti )



□mi k
i=1Σmi

,
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using the description of AutP(T ) of Construction 3.3.9. Finally, we deduce
that (ϵ(T )□□P f )AutP(T ) is a fixed cofibration because ϵ(m) is a strong fixed

cofibration and because
(
ϵ(Ti )□□Pi

f
)
Aut(Ti )

is a fixed cofibration by induction.

Proposition 3.3.19. For every strong fixed cofibrant operad O in Fun(I ,sSet)G

and for every subgroup H of G, the H-fixed points functor (−)H given by the
composition

AlgO(Fun(I ,sSet)
G)

U−→ Fun(I ,sSet)G
(−)H
−→ Fun(I ,sSet)

preserves cofibrant objects. Furthermore, for every cellular algebra F in
AlgO(Fun(I ,sSet)

G), the colimit of U(F) : I → sSetG commutes with H-fixed
points.

Proof. LetA be a cellular algebra over O. Using [BM03, Proposition 5.4], there
is a morphism of operads O → O[A] such that O[A](0) = A. Moreover, O →
O[A] is a sequential colimit of cellular extension by strong fixed cofibrations
and it follows that O → O[A] is a strong fixed cofibration. In particular,
because O is strong fixed cofibrant, O[A] is also strong fixed cofibrant. Finally,
because A = O[A](0), we have that AH is cofibrant for every subgroup H of G
and the colimit of A commutes with H-fixed point. Finally, if B is a retract
of a cellular algebra A, then BH is a retract of AH and it follows that BH is
cofibrant.

Proposition 3.3.20. For every graph Σ-cofibrant operad O in sSetG, the fixed
point functor

AlgO(sSet
G)

U−→ sSetG
(−)H
−→ sSet

preserves sifted homotopy colimits.

Proof. Suppose that I is a homotopy sifted category (in particular, I is sifted).
As pointed out in [PS18a, Proposition 7.9], we can compute all sifted homotopy
colimits by only considering homotopy sifted categories with finite coproducts.
We can thus assume that I admits coproducts. For every n, using [Ste16], On is
a cellular object in sSetG×Σn for the graph model structure. In particular, On is
also cellular when seen as a constant functor in Fun(I ,sSet)G×Σn and this im-
plies that O is strong fixed cofibrant as an operad in Fun(I ,sSet)G. Finally, we
have an equivalence AlgO(Fun(I ,sSet)

G) ≃ Fun(I ,AlgO(sSet
G)) and the model

structure on AlgO(Fun(I ,sSet)
G) corresponds to the projective model structure

on Fun(I ,AlgO(sSet
G)). Consider now F : I → AlgO(sSet

G) a cellular func-
tor. As F is strong fixed cofibrant, the functor U(F)H is cofibrant and U(−)H
preserves the colimit of F because U preserves sifted colimits and because
(−)H preserves the colimit of U(F). The result now follows from the fact
that homotopy colimits can always be computed as strict colimits of cellular
functors.
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The previous proposition applies in particular to algebras over an N∞-
operad.

Corollary 3.3.21. For every N∞-operad O, the fixed point functor

AlgO(sSet
G)

U−→ sSetG
(−)H
−→ sSet

preserves sifted homotopy colimits.

In particular, we obtain the following result on the associated∞-categories.

Corollary 3.3.22. For every N∞-operad O, the forgetful functor

U : AlgO → SG

preserves sifted colimits.

Proof. Using that colimits in a presheaf category can be computed component-
wise, it is enough to show that the composition

U : AlgO
U−→ SG

evG/H−→ S

preserves sifted colimits for every subgroup H ⊆ G. This functor is the right
derived functor of the composition

AlgO(sSet
G)

U−→ sSetG
(−)H
−→ sSet

and, combining [Lur09, Proposition 5.3.1.16], [Lur09, Corollary 5.5.8.17] and
[Lur17, Theorem 1.3.4.24] with Corollary 3.3.21, the functor U :AlgO → SG

preserves sifted colimits.
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Chapter 4

Homotopy theory of
simplicial parametrized
operads

This chapter is based on the preprint [Mar25].

4.1 Introduction

Operads were introduced by May [May72] to study infinite loop spaces, and
they play an important role in encoding algebraic structures in different areas
of homotopy theory. In this chapter, we are interested in coloured operads,
which can be used to describe structures such as enriched categories or a ring
together with a left module. Roughly speaking, a simplicial coloured operad
O is the data of a set of colours along with a simplicial set O((x1, . . . ,xn),x0)
of “multimorphisms from (x1, . . . ,xn) to x0” for every list of colours (x0, . . . ,xn).
These simplicial sets are equipped with actions of the corresponding symmet-
ric groups that “permute the entries” along with identities and an associative
composition. The homotopy theory of simplicial operads has been studied
in the non-coloured case in the work of Berger and Moerdijk [BM03], and a
model structure on simplicial coloured operads has been constructed later on
independently by Cisinski and Moerdijk [CM13b] and by Robertson [Rob11].
Simplicial coloured operads provide one model for the theory of∞-operads
[Lur17] that is known to be equivalent to the other models, combining the
work of Cisinski and Moerdijk [CM11, CM13a, CM13b], Barwick [Bar18], and
Chu, Haugseng, and Heuts [CHH18].

In recent years, equivariant homotopy theory has become an increasingly
active area of research, spurred in part by Hill, Hopkins, and Ravenel’s resolu-
tion of the Kervaire invariant one problem [HHR16]. In particular, the theory
of equivariant operads has gained particular attention through the develop-
ment of N∞-operads by Blumberg and Hill, which generalise E∞-operads to
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the equivariant setting. In contrast with the non-equivariant setting, where
all E∞-operads are equivalent, N∞-operads are not all equivalent. Instead,
they form a poset that can be described in terms of G-indexing systems, fol-
lowing work of Blumberg and Hill [BH15], Bonventre and Pereira [BP21], and
Rubin [Rub21]. The study of the combinatorics of these G-indexing systems
has recently become an active research area, for instance, with the work of
Balchin, Barnes, and Roitzheim [BBR21] or Balchin, MacBrough, and Ormsby
[BMO25]. The study of equivariant operads is not limited to N∞-operads, see
for example, Hill’s work on equivariant little discs operads [Hil22].

In [BH15], Blumberg and Hill defined the notion of graph equivalences of
G-operads, which is part of a model structure on the category of simplicial
G-operads, as proven by Bonventre and Pereira [BP21]. This graph model
structure has then been extended to G-simplicial coloured operads by Bonventre
and Pereira in [BP22c]. Moreover, other models for equivariant operads, such
as equivariant dendroidal sets and equivariant dendroidal spaces, have been
developed and compared by Bonventre and Pereira in [Per18, BP20, BP22a].

In the language of ∞-categories, based on the theorem of Elmendorf
[Elm83], equivariant homotopy theory can be formalised using the theory of
parametrized∞-categories, as developed by Barwick, Dotto, Glasman, Nardin,
and Shah in [BDG+16, Nar16, Sha17]. This theory provides proper categorical
foundations for higher equivariant algebra, and it has known recent further
developments, for instance with the work of Cnossen, Lenz, and Linskens
[CLL25b, CLL25a, CLL25c] or with the work of Hilman [Hil24]. In particular,
Lurie’s theory of∞-operads [Lur17] admits a generalisation in the equivari-
ant world through the theory of parametrized∞-operads of Nardin and Shah
[NS22], see also work of Barkan, Haugseng, and Steinebrunner [BHS25]. In
analogy with classical higher algebra, the theory of parametrized∞-operads
is expected to play a central role in higher equivariant algebra. Progress in
this direction has been made recently, for instance, with the work of Stewart
[Ste25a, Ste25b, Ste25c].

The theory of equivariant operads has thus two facets: the classical
theory of equivariant simplicial (or topological) operads and the theory of
parametrized ∞-operads. Both these approaches have been studied with
different perspectives, and it is natural to expect them to be the two sides of
the same coin. One way to approach a comparison between these two theories
is to introduce an intermediary player that shares one feature with each of
these theories and that can be compared with both of them. A good candidate
is the theory of simplicial parametrized operads as introduced by Nardin and
Shah in [NS22]. The theory of simplicial parametrized operads and the theory
of equivariant simplicial operads have one feature in common: they are both
defined as model categories and can hopefully be compared via a Quillen
adjunction. On the other hand, the theory of parametrized simplicial operads
shares with parametrized ∞-operads that both these theories live in the
parametrized world.
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4.1. Introduction

4.1.1 Main results

In this chapter, motivated by our overarching goal to provide a comparison
of all models for equivariant operads, we construct a model structure on the
category of simplicial (coloured) parametrized operads. In order to achieve
this, we consider a generalisation of the theory of (coloured) symmetric oper-
ads that subsumes enriched categories, non-symmetric operads, and Nardin
and Shah’s parametrized operads. Our theory is based on the notion of F-
multicategories (see Subsection 4.2.1 for a definition), that is, a specialisation of
Leinster’s generalised multicategories [Lei04]. If V is a cartesian category, then
every F-multicategoryM gives rise to a notion of (coloured)M-operads in V for
which M plays the role played by the symmetric groupoid Σ∗ for symmetric
operads. Every M-operad in V has an underlying M-collection in V , and we
prove, under some assumptions on M and V , the existence of a composition
product ◦M on the category CollM(V ) ofM-collections in V for which algebras
are preciselyM-operads in V . More precisely, we prove the following theorem.

Theorem 4.A. (Corollary 4.3.20) For every F-multicategoryM that is target right
fibrant in the sense of Definition 4.3.16 and for every cartesian closed category V ,
the category CollM(V ) of M-collections in V is endowed with the structure of a
monoidal category for which the category of algebras is precisely the category of
M-operads in V .

Using this generalisation of the composition product, and the fact that
CollM(sSet) can be endowed with a projective model structure, we prove the
following theorem.

Theorem 4.B. (Theorem 4.4.1) For every target right fibrant F-multicategory M,
the category sOpM admits a model structure that is right lifted from CollM(sSet)
with respect to the free-forgetful adjunction

FM : CollM(sSet)⇄ sOpM : UM.

One main feature of our notion of generalised operads is that it provides
a convenient way to encode coloured operads. For every M-set of colours
A (in the sense of Definition 4.2.18), A-coloured operads are by definition
MA-operads for some F-multicategoryMA. Using this description of coloured
M-operads, we prove the following theorem.

Theorem 4.C. (Theorem 4.4.28) For every F-multicategory M that is target right
fibrant, the category of simplicial coloured M-operads admits a model structure for
which the weak equivalences are the fully faithful essentially surjective morphisms
and for which the fibrations are the isofibrations (See Definition 4.4.11 for all the
terminology used here).

We can specialise this theorem to obtain a model structure on Nardin and
Shah’s simplicial parametrized operads.

Theorem 4.D. (Example 4.4.29) For every category O and every orbital sub-
category T of O, the category sOpcol(O,T) of simplicial coloured (O,T)-parametrized
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operads admits a model structure for which the weak equivalences are the fully faith-
ful essentially surjective morphisms and for which the fibrations are the isofibrations
(respectively defined in Definition 4.4.11).

4.1.2 Structure of the chapter

In Section 4.2, we define the notion of F-multicategories as well as our notion
of generalised operads. In Section 4.3, we construct, for a target right fibrant
F-multicategory M, a convolution product on the category of M-collections
for which the algebras are precisely the M-operads. In Section 4.4, for a
target right fibrant F-multicategory M, we construct a model structure on the
category of simplicial (coloured) M-operads.

4.1.3 Related work

For a G-transfer system T , the category sOp(OG,OT ) defined in Example 4.2.36
should be equivalent to the category of simplicial T -partial genuine equivariant
operads of Bonventre and Pereira [BP21], however, such a comparison has not
been made yet. In particular, we expect that the model structure on sOp(OG,OT )
that we obtain in Example 4.4.3 corresponds to their model structure.

This chapter is based on the idea that the theory of double categories
can be used to implement operadic theories. This idea is not new, and such
considerations have already been made by Pisani in [Pis22] and by Haugseng
in [Hau22].

4.2 M-operads

4.2.1 F-multicategories

The goal of this section is to define the notion of F-multicategories as a spe-
cialisation of Leinster’s generalised multicategories [Lei04].

Definition 4.2.1 ([Ben85, Section 3]). Let C be a category. The completion
by finite coproducts of C is the category FC whose objects are sequences X =
(X1, . . . ,Xn) of objects of C and, given two such sequences X = (X1, . . . ,Xn) and
Y = (Y1, . . . ,Ym), whose set of morphisms FC(X,Y ) is

∐

α : ⟨n⟩→⟨m⟩

n∏

i=1

C(Xi,Yα(i)),

where ⟨n⟩ denotes the finite set {1, . . . ,n}. The composition of morphisms in
FC is naturally induced by the composition of maps of finite sets and by the
composition of morphisms in C.

Proposition 4.2.2. For every category C, the category FC admits finite coproducts
and satisfies the following universal property: for every category D with finite
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operads admits a model structure for which the weak equivalences are the fully faith-
ful essentially surjective morphisms and for which the fibrations are the isofibrations
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considerations have already been made by Pisani in [Pis22] and by Haugseng
in [Hau22].

4.2 M-operads
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coproducts, the canonical inclusion functor C → FC induces an equivalence of
categories

Fun⊔(FC,D)→ Fun(C,D)

where Fun⊔(FC,D) denotes the full subcategory of Fun(FC,D) spanned by these
functors that preserve finite coproducts.

Proof. This proposition is classical. The coproducts in the category FC are
given by the concatenation of sequences of objects in C.

Remark 4.2.3. For every category C, the category (FC)op is the completion by
finite products of Cop. In particular, for every functor F : Cop→V where V is a
category with finite products, F can be extended into a functor F̃ : (FC)op→V
that preserves finite products defined explicitly on objects by the formula

F̃(X1, . . . ,Xn) =
n∏

i=1

F(Xi ).

Proposition 4.2.4. The functor F : Cat → Cat is naturally endowed with the
structure of a cartesian monad.

Proof. For every category C, we obtain a functor µF : F2C → FC induced by the
identity idC : FC → FC using Proposition 4.2.2. A direct verification shows
that the natural transformation µ : F2C → FC thus obtained, along with the
inclusion functor C → FC, induce the structure of a cartesian monad on F.

Remark 4.2.5. Note that the structure of a monad on FC exists only because
we chose a strict model for FC. For a different model, we would only obtain
the structure of a pseudo-monad on F. In particular, the definition that we
gave for F in Definition 2.4.1 is not strict enough to provide such a structure.

Specialising [Lei04, Definition 4.2.2] at the monad F, we obtain a no-
tion of F-multicategories as well as a notion of multifunctors between F-
multicategories. We denote by F-Multicat the category of F-multicategories
and multifunctors. Recall that an F-multicategory M is given by the following
data:

1. a small category M1 of multimorphisms and a small category M0 of
objects;

2. a source functor s : M1→ FM0 and a target functor t : M1→M0;

3. an identity functor 1M : M0→M1 and a composition functor⊙ : M1×FM0
FM1→M1.

These data are required to satisfy the following compatibilities:

1. the composition of 1M and s is the canonical inclusion M0 → FM0 and
1M is a section of t;
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2. the composition of the composition functor ⊙ : M1 ×FM0
FM1 → M1

with the target functor t : M1→M0 is the composition

M1 ×FM0
FM1

p1−→M1
t−→M0

and the composition of the functor ⊙ : M1 ×FM0
FM1 →M1 with the

source functor s : M1→M0 is the composition

M1 ×FM0
FM1

p2−→ FM1
Fs−→ F2M0

µF−→ FM0;

3. (associativity) the following diagram commutes

M1 ×FM0
FM1 ×F2M0

F2M1 M1 ×FM0
F
(
M1 ×FM0

FM1

)

M1 ×F2M0
F2M1 M1 ×FM0

FM1

M1 ×FM0
FM1 M1;

⊙×idF2M1
idF2M1

≃

idM1 ×idFM0
F⊙

≃ ⊙

⊙

4. (unitality) the following diagrams commute

M1 ×FM0
FM0 M1 ×FM0

FM1

M1

M0 ×M0
M1 M1 ×FM0

FM1

M1

idM1 ×idM0
F1M

≃
⊙

1M×ιM0
ιM1

≃
⊙

with ιM0
and ιM1

the inclusions M0 → FM0 and M1 → FM1.

Recall from [Ehr63] the notion of a double category.

Definition 4.2.6. A double category is a category internal to Ĉat. Equivalently,
a double category is an id-multicategory in the sense of [Lei04, Definition
4.2.2] where id : Ĉat→ Ĉat is the identity monad. A double category is small if
it is a category internal to Cat. We denote by DoubleCat the category of small
double categories.

Remark 4.2.7. Note that Definition 4.2.6 is the definition of strict double cate-
gories. For the rest of this thesis, we mostly consider strict double categories,
and we will always call them double categories. If a double category is not
strict, then we call it a weak double category.
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Proposition 4.2.8. The functor F : Cat → Cat is naturally endowed with the
structure of a cartesian oplax morphism of monad F : (Cat,F)→ (Cat, id) in the
sense of [Lei04, Section 6.7].

Proof. The functor F is Cartesian and the structure of a colax functor on F is
provided by the multiplication of F.

Using [Lei04, Section 6.7] on the colax functor F : (Cat,F)→ (Cat, id), we
obtain a functor

F∗ : F-Multicat→DoubleCat

that sends a F-multicategory M to the small double category FM defined by
(FM)1 = FM1 and (FM)0 = FM0 and where the source and target functors

are, respectively, given by the composition FM1
FsM−→ F2M0

µF−→ FM0 and by
FtM : FM1 → FM0, where the horizontal composition functor is given by
F⊙ : FM1 ×FM0

FM1 → FM1 using that F
(
FM1 ×FM0

M1

)
≃ FM1 ×FM0

FM1,
and where the identity functor is F1M : FM0→ FM1.

4.2.2 M-operads

In this section, we define our generalisation of operads based on the notion of
F-multicategories.

Remark 4.2.9. Recall that every monoidal category (C,⊗) can be seen as a
weak double category with a trivial category of vertical morphisms and whose
category of horizontal morphisms and squares is C itself. The horizontal
composition is given by the monoidal structure of (C,⊗).

We now recall from [GP99] the definition of lax functors between weak
double categories. We only recall the definition when the target is a monoidal
category and when the source is a double category.

Definition 4.2.10. Let D be a double category and let (C,⊗C) be a monoidal
category. A lax functor F : D→C is a functor F : D1→C along with a natural
transformation α : ⊗C ◦(F×F)⇒ F◦⊙ of functorsD1×D0

D1→C and a natural
transformation η : 1C ⇒ F ◦ 1D of functors D0 → C satisfying the following
compatibilities:

1. for every (f1, f2, f3) in D1 ×D0
D1 ×D0

D1, the following diagram com-
mutes

F(f1)⊗C F(f2)⊗C F(f3) F(f1 ⊙ f2)⊗C F(f3)

F(f1)⊗C F(f2 ⊙ f3) F(f1 ⊙ f2 ⊙ f3);

α⊗C idF(f3)

idF(f1)⊗Cα α

α
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2. for every X in D0 and every f in D1, the following triangles commute

F(f ) F(f )⊗C F(1X ) F(f ) F(1X )⊗C F(f )

F(f ⊙ 1X ) F(1X ⊙ f ).

idF(f )⊗Cη

= α

η⊗C idF(f )

= α

A vertical natural transformation θ : F⇒ G between two lax functors F,G : D→
C is a natural transformation θ : F ⇒ G between the underlying functors
F,G : D1→C satisfying the following conditions:

1. for every (f ,g) in D1 ×D0
D1, the following square commutes

F(f )⊗C F(g) G(f )⊗C G(g)

F(f ⊙ g) G(f ⊙ g);

θf ⊗θg

α α

θf ⊙g

2. for every X in D0, the following triangle commutes

F(1X )

1C

G(1X ).

θ1X

η

η

We denote by Lax(D,C) the category of lax functors F : D→ C and vertical
natural transformations thus obtained.

Definition 4.2.11. Let M be an F-multicategory and let V be a category with
finite products. An M-collection in V is a functor S : M1

op→V . An M-operad
in V is a lax functor O : FMop→V in the sense of Definition 4.2.10 such that
the underlying functor O : FM1

op→ V preserves finite products. Explicitly,
an M-operad O in V is the data of an M-collection O : M1

op→V in V along
with:

1. identities given by a natural transformation 1X : 1V → O(1X ) of functors
M0

op→V where the right-hand side is the composition

M0
op 1M−→M1

op O−→ V ,

and where the left-hand side is the functor constant on 1V ;

2. a composition law given by a natural transformation ◦ : O(f )×O(f1)×
· · · ×O(fn)→O (f ⊙ (f1, . . . , fn)) of functors

(
M1 ×FM0

FM1

)op
→V where

the left-hand side is the composition

(
M1 ×FM0

FM1

)op
−→ (M1 ×FM1)

op O×Õ−→ V ×V −→ V ,
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op O×Õ−→ V ×V −→ V ,

82

4.2.M-operads

with Õ given by Remark 4.2.3, and where the right-hand side is the
composition (

M1 ×FM0
FM1

)op ⊙op−→M1
op O−→ V .

These data are required to satisfy the following compatibilities:

1. (associativity) for every (f , (f1, . . . , fn), ((f
1
1 , . . . , f

m1
1 ), . . . , (f 1

n , . . . , f
mn
n ))) in

M1 ×FM0
FM1 ×F2M0

F2M1, the following diagram commutes

O(f )×
∏n

i=1

(
O(fi )×

∏mj
j=1O(f

j
i )
)

O(f )×
(∏n

i=1O(fi )
)
×
(∏n

i=1
∏mi

j=1O(f
j
i )
)

O(f )×
∏n

i=1O(fi ⊙ (f
1
i , . . . , f

mi
i )) O(f ⊙ (f1, . . . , fn))×

(∏n
i=1

∏mi
j=1O(f

j
i )
)

O(f ⊙ (f1 ⊙ (f1, . . . , f
m1
1 ), . . . , fn ⊙ (f 1n , . . . , f

mn
n ))) O((f ⊙ (f1, . . . , fn))⊙ (f 11 , . . . , f

mn
n ));

≃

id×
∏n

i=1⊙ ⊙×id

⊙ ⊙

=

2. (unitality) for every f in M1, if we denote by (x1, . . . ,xn) the source of f ,
then the following diagram commutes

O(f ) O(f )×O(1x1 )× · · ·O(1xn )

O(f ⊙ (1x1 , . . . ,1xn )),

(id ,1x1 ,...,1xn )

= ⊙

and if we denote by x the target of f , then the following diagram com-
mutes

O(f ) O(f )×O(1x)

O(1x ⊙ f ).

(id ,1x)

= ⊙

Amorphism ofM-operadsφ : O → P in V is a vertical natural transformation
φ : O ⇒ P . Explicitly, a morphism φ : O → P of M-operads in V is a natural
transformation φ : O ⇒ P of functors M1

op → V such that the following
diagrams commute:

1.

O(f )×O(f1)× · · · ×O(fn) P (f )×P (f1)× · · · × P (fn)

O(f ⊙ (f1, . . . , fn)) P (f ⊙ (f1, . . . , fn));

φ(f )×
∏n

i=1φ(fi )

◦O ◦P

φ(f ⊙(f1,...,fn))
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2.
O(1X )

1V

P (1X ).

φ(1X )

1X

1X

In what follows, we denote by OpM(V ) the category ofM-operads in V thus ob-
tained. Note that, by definition, OpM(V ) is a full subcategory of Lax(FMop,V ).

Example 4.2.12. Consider the F-multicategory Σ∗ whose category of multimor-
phisms is the symmetric groupoid Σ∗ =


n≥0 BΣn, whose category of objects

is the final category ∗, whose source and target functors are the inclusion
Σ∗ → F∗ and the unique functor Σ∗ → ∗ respectively, and whose composition
functor ⊙ : Σ∗ ×F∗ FΣ∗ → Σ∗ sends an object (n, (k1, . . . , kn)) to k1 + · · ·+ kn and
sends a morphism (δ, (η1, · · · ,ηn)) with δ in Σn and ηi in Σki to the permutation

δk1,...,kn ◦


k

i=1

ηi

 ,

with δk1,...,kn the block permutation. The category of Σ∗-operads in V is the
category of symmetric operads in V .

Example 4.2.13. Consider the F-multicategoryN whose category of multimor-
phisms is the setN of non negative integers (seen as a discrete category), whose
category of objects is ∗, whose source and target functors are the inclusion
N → F∗ and the unique functor N→ ∗ respectively, and whose composition
functor N×F∗ FN sends an objects (n, (k1, . . . , kn)) to k1 + · · ·+ kn. The category
of N-operads in V is the category of non-symmetric operads in V .

Remark 4.2.14. Note that N is actually a classical multicategory seen here as
a discrete F-multicategory.

Proposition 4.2.15. For every multifunctorφ : M→N between F-multicategories
and for every functor ψ : V → U between categories with finite products that pre-
serves finite products, we obtain by precomposition and post-composition functors
φ∗ : OpN(V )→ OpM(V ) and OpN(ψ) : OpN(V )→ OpN(U ). In particular, for
every category with finite products V , we obtain a functor

Op(−)(V ) : F-Multicatop→Cat.

Proof. This follows directly from the description of M-operads in terms of lax
functors.

4.2.3 ColouredM-operads

The goal of this section is to define the notion of coloured M-operads. Recall
first the definition of the Grothendieck construction from [GR03].
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Definition 4.2.16. Consider a functor F : Cop → Ĉat. The Grothendieck con-
struction of F is the category

∫
C F whose objects are pairs (X,x) with X in C and

x in F(X) and whose morphims (X,x)→ (Y,x) are pairs (f ,φ) with f : X→ Y
a morphism in C and φ : x→ F(f )(y) a morphism in F(X). We obtain, more-
over, a functor πF :

∫
C F→C that sends (X,x) to X. If F is a presheaf of small

sets on C, the category of elements of F denoted by el(F) is the Grothendieck
construction of the composition

Cop F−→ Set → Ĉat

where the right-hand side functor sends a set to the corresponding discrete
category.

Remark 4.2.17. Explicitly, the category of elements of a presheaf F : Cop→ Set
is the small category whose objects are pairs (X,x) with X in C and x in F(X)
and where a morphism (X,x)→ (X,y) is a morphism f : X→ Y in C such that
F(f )(y) = x.

Definition 4.2.18. For every F-multicategory M, the category of M-sets of
colours is the category Psh(M0) of presheaves of small sets on M0.

Construction 4.2.19. For every F-multicategory M and every functor F :A→
M0 with A a small category, we define a new F-multicategory F∗M whose
category of objects (F∗M)0 isA and whose category of multimorphisms (F∗M)1
is M1 ×(M0×FM0) (A×FA), whose composition functor

⊙F∗M : F∗M1 ×F(F∗M0) F (F
∗M1)→ F∗M1

is the functor

(
M1 ×FM0

FM1

)
×(M0×FM1×F2M0)(A×FA×F

2A)
◦×µF×idA−→ M1×(M0×FM0)(A×FA)

using the isomorphism

F∗M1 ×F(F∗M0) F (F
∗M1) ≃

(
M1 ×FM0

FM1

)
×(M0×FM1×F2M0) (A×FA×F

2A),

and whose identity functor 1: F∗M0→ F∗M1 is the functorA→M1×(M0×FM0)

(A×FA) given component-wise by the composition A F−→M0
1−→M1, by the

inclusion A → FA and by the identity idA respectively. In particular, we
obtain a functor (−)∗M : Cat/M0

→ F-Multicat that sends a functor F : A →
M0 to the F-multicategory F∗M and that sends a commutative triangle of
functors

A B

M0

H

F G
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to the multifunctor F∗M→ G∗M given on objects by H and on morphisms by
the functor (H∗M)1 : (F∗M)1→ (G∗M)1 obtained by the following diagram

(F∗M)1 A×FA

(G∗M)1 B ×FB

M1 M0 ×FM0.

(H∗M)1 H×FH

G×FG

s×t

In what follows, we denote by CM the composition Psh(M0)
el−→ Cat/M0

(−)∗M
−→

F-Multicat and we denote by MA the image of a M-set of colours A under the
functor CM.

Definition 4.2.20. Let A be anM-set of colours. An A-colouredM-collection in
V is an MA-collection in V . Similarly, an A-coloured M-operad in V is an MA-
operad in V . We denote respectively by CollAM(V ) and OpAM(V ) the categories
of A-coloured collections and A-coloured operads in V . Consider the functor
ΦM : Psh(M0)

op→ Ĉat that sends A to OpAM(V ), obtained as the composition

Psh(M0)
op CM−→ (F-Multicat)op

Op(−)(V )
−→ Ĉat.

We denote by OpcolM (V ) the Grothendieck construction of ΦM. The category
OpcolM (V ) is the category of coloured M-operads in V .

Example 4.2.21. If we consider the F-multicategory Σ∗ of Example 4.2.12,

then the category OpcolΣ∗
(V ) is the category of coloured symmetric operads in V .

Example 4.2.22. If we consider the F-multicategory N of Example 4.2.13,
then the category OpcolN (V ) is the category of multicategories enriched in V .

Construction 4.2.23. For every multifunctor φ : M→N, we define a natural
transformation (−)∗φ : (−)∗M ◦ (φ0)∗ ⇒ (−)∗N with (φ0)∗ : Psh(N0)→ Psh(M0)
the functor obtained by pulling back along φ0. For every functor F : A→N0,
if we denote by G the functor (φ0)∗F, we have to construct a multifunc-
tor F∗φ : G∗M → F∗N. At the level of categories of objects, the functor
(F∗φ)0 : M0 ×N0

A→A is the canonical projection and at the level of multi-
morphisms, the functor

(F∗φ)1 : M1×(M0×FM0)

((
A×N0

M0

)
×F

(
A×N0

M0

))
→N1×(N0×FN0) (A×FA)

in given by φ1 ×id(FN0×N0)
idFC×C using the equivalence

M1 ×(M0×FM0)

((
A×N0

M0

)
×F

(
A×N0

M0

))
≃M1 ×(N0×FN0) (FA×A).

In particular, for every multifunctor φ : M→N, we obtain a natural transfor-
mation Φφ : ΦN⇒ΦM ◦ (φ0)∗ of functors Psh(N0)

op→ Ĉat by precomposing
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and post-composing (−)∗φ by el and Op(−)(V ) respectively. We thus obtain a

fuctor φ∗ : OpcolN (V )→OpcolM (V ) on the associated Grothendieck constructions
using [HP15, Section 2.3].

Proposition 4.2.24. The functor (−)0 : F-Multicat → Cat that sends an F-
multicategory M to its category of objects M0 admits a left adjoint that sends a
category C to the F-multicategory C̃ constant on C. For every presheafA : Cop→ Set,
the category of A-coloured C̃-operads in V is the category Fun(Cop,CatV )A of
functors F : Cop→ CatV (with CatV the category of small V -categories) such that

the composition Cop F−→ CatV
Ob−→ Set is A. Moreover, the category of coloured

C̃-operads is the category Fun(Cop,CatV ).

Proof. Let A : Cop→ Set be a presheaf and let O be a A-coloured C̃-operad in V .
The category

(
C̃A

)
1
is the pullback el(X)×C el(A). For every object X of C, we

can define a V -category O(X) with set of objects A(X) and, given two objects
x,y in A(X), whose object in V of morphisms is O(X,x,y) where (X,x,y) is seen
as an object of el(A) ×C el(A). The composition and identities of the operad
O respectively provide a composition and identities for the V -category O(X).
This construction provides the promised equivalence between A-coloured
C̃-operads in V and Fun(Cop,CatV )A. The last part of the proposition follows
from the fact that the category Fun(Cop,CatV ) is the Grothendieck construction
of the functor Cop→ Ĉat that sends A to Fun(Cop,CatV )A.

Definition 4.2.25. For every F-multicategory M, if we denote by i : M̃0→M
the counit of the adjunction (̃−) : Cat ⇄ F-Multicat : (−)0 of Proposition
4.2.24, using Construction 4.2.23, we obtain a functor i∗ : OpcolM (V ) →
Fun(M0

op,CatV ). For every coloured M-operad O in V , the functor
i∗(O) : M0

op→ CatV is the underlying parametrized V -category of O.

4.2.4 Parametrized operads

In this section, we use the formalism of M-operads to define parametrized
operads. We recall first the notion of orbital subcategories that we already
introduced in Definition 2.4.3.

Definition 4.2.26 ([CLL25b, Definition 4.2.2]). Let O be a small category. An
orbital subcategory T of O is a wide subcategory T of O such that the pullback
in FO of any morphism in FT ⊆ FO exists and belongs to FT. An orbital pair
is a pair (O,T) such that O is a small category and such that T is an orbital
subcategory of O. A functor F : (O1,T1)→ (O2,T2) of orbital pairs is a functor
F : O1→ O2 such that F(T1) ⊆ T2 and such that FF preserves pullbacks of the
form

A B

C D

g

where g belongs to T1. A category O is orbital if O is an orbital subcategory of
itself.
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Recall from Chapter 2 that orbital subcategories of OG form a poset that is
isomorphic to G-transfer systems.

Proposition 4.2.27 (Proposition 2.4.7). The poset of orbital subcategories
SubOrbOG

of the orbit category OG is equivalent to the poset IG of G-indexing
system. In particular, it follows from [BH15], [Rub21], [BP21] and [BBR21]
that the poset SubOrbOG

is also isomorphic to the poset of N∞-operads and of
G-transfer systems.

Example 4.2.28. For every category C, the core of C is an orbital subcategory
of C. We thus obtain an orbital pair (C,C≃).

Example 4.2.29. The category of finite sets of cardinality less than n and
surjective functions is an orbital category.

Definition 4.2.30. For every orbital pair (O,T), consider the subcategoryΣ(O,T)
of Arr(FO) whose objects are morphisms f : A→ B in FT such that B belongs
to O and where a morphism from f : A→ B to g : C→D is a pullback square

A C

B D.

i

f g

h

in FO. We now define an F-multicategory Σ(O,T) whose category of multi-
morphisms is Σ(O,T), whose category of objects is O, whose identity functor
1Σ(O,T)

: O→ Σ(O,T) sends an object X to the identity idX , and whose compo-

sition functor ⊙ : Σ(O,T) ×FS FΣ(O,T) sends (f , (f1, . . . , fn)) to the composition
f ◦(f1⊔· · ·⊔fn) in the category FT. A (coloured) (O,T)-operad in V is a (coloured)
Σ(O,T)-operad in V and we denote by Op(O,T)(V ) (respectively by Opcol(O,T)(V ) )
the category of (O,T)-operads (respectively coloured (O,T)-operads) in V . If
O is an orbital category, then we denote by OpO(V ) (respectively by OpcolO (V ))
the category of (O,O)-operads in V (respectively coloured (O,O)-operads in V ).

Remark 4.2.31. If O is an orbital category, a coloured (O,O)-operad in sSet is
a simplicial coloured O-operad in the sense of [NS22, Definition 2.5.4].

Remark 4.2.32. Note that it should be possible to extend Definition 4.2.30 to
the setting of weak indexing systems in the sense of [Ste25d].

Proposition 4.2.33. Every functor of orbital pairs F : (O1,T1)→ (O2,T2) induces
a multifunctor F : Σ(O1,T1) → Σ(O2,T2). In particular, every functor of orbital
pairs F : (O1,T1)→ (O2,T2) induces by restriction a functor F∗ : Op(O1,T1)(V )→
Op(O2,T2)(V ) as well as a functor F

∗ : Opcol(O1,T1)
(V )→Opcol(O2,T2)

(V ).

Proof. The functor F induces a functor Arr(FF) : Arr(FO1)→ Arr(FO2) and
because FT1 ⊆ T2 and because FF preserves pullbacks of morphisms in T , we
deduce that Arr(FF) restricts to a functor ΣF : Σ(O1,T2)→ Σ(O2,T2). Thus, we
obtain a multifunctor ΣF : Σ(O1,T2)→ Σ(O2,T2). The proposition now follows
from Construction 4.2.23.
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Example 4.2.34. The final category ∗ is an orbital category and the F-
multicategory Σ∗ is the F-multicategory that we already defined in Example

4.2.12. In particular, the category Opcol∗ (V ), is the category Opcol(V ) of
coloured symmetric operads in V .

Example 4.2.35. For every category C, the category Opcol(C,C≃)(V ) is the category
Fun(Cop,Opcol(V )). In particular, BG is an orbital category and the category of
BG-operads in V is the category Opcol(V )G of G-objects in Opcol(V ).

Example 4.2.36. For every G-transfer system T , if follows from Proposition
4.2.27 that we obtain a notion of T -incomplete coloured operads in V given by
the category Opcol(OG,OT )

(V ). This category is expected to be equivalent to the
category of partial genuine equivariant operads of Bonventre and Pereira [BP21].
However, such a comparison has not yet been made.

Proposition 4.2.37. For every G-transfer system T , the inclusion BG → OG
produces a functor (BG,BG) → (OG,OT ) of orbital pairs. In particular, using
Proposition 4.2.33, we obtain a restriction functor Opcol(OG,OT )

→Opcol(V )G.

Proof. Note first that the groupoid BG is contained in every OT for every G-
transfer system T . Moreover, it is clear that the functor FBG → FOG preserves
pullbacks. It follows that for every G-transfer system T , the inclusion BG →
OG provides a functor of orbital pairs (BG,BG)→ (OG,OT ).

4.3 Convolution product for double categories

The goal of this section is to construct a convolution product for double
categories that generalises Day’s convolution product. Note that similar con-
siderations have already been made recently in [BMZ23]. Until the end of this
section, D is a small double category, (C,⊗C) is a cocomplete closed monoidal
category, and V is a cocomplete cartesian closed category.

4.3.1 Monoidal structure on spans

Definition 4.3.1 ([BP21, Definition 4.3]). If B and C are categories, then we
denote by SpanL(B,C) the category with objects the spans of functors

B k←−A X−→ C

where A is a small category, with morphisms the following diagrams

A

B C

D

Xk

i

Y

ϕ

l

which we write as (i,ϕ) : (k1,X1) → (k2,X2), and composition given in the
obvious way.
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Proposition 4.3.2. The category SpanL(D1,C) is endowed with the structure
of a monoidal category defined as follows: the tensor product ⊗ of two spans

D1
k1←−A1

X1−→ C and D1
k2←−A2

X2−→ C is the span

D1
k←−A1 ×D0

A2
X−→ C

where the left-hand morphism is the compositionA1×D0
A2

k1×D0k2−→ D1×D0
D1

⊙−→

D1 and where the right-hand side morphism is the composition A1 ×D0
A2

X1×X2−→

C ×C
⊗C−→ C. The tensor product ⊗ of a pair of morphisms of spans

A1 A2

D1 C D1 C

B1 B2

X1k1

i1

X2k2

i2

Y1

ϕ1

l1 Y2

ϕ2

l2

is the morphisms of spans (i1 × i2,ϕ1 ×ϕ2) obtained by considering the diagram

A1 ×D0 A2 A1 ×A2

D1 D1 ×D0 D1 C ×C C.

B1 ×D0 B2 B1 ×B2

i1×i2

k1×D0k2

i1×i2

X1×X2

⊙ ⊗C

l1×D0 l2
Y1×Y2

ϕ1×ϕ2

The unit of SpanL(D1,C) is the span

D1
1D←−D0

1C−→ C

where the right-hand side functor is constant on the unit 1C of C.

Proof. We have to construct the associators and unitors of the tensor product

⊗. If we consider three spans S1 =D1
k1←−A1

X1−→ C, S2 =D1
k2←−A2

X2−→ C and

S3 =D1
k3←−A3

X3−→ C, their tensor product S1 ⊗ (S2 ⊗ S3) is the span obtained
as the composition of

D1
⊙←−D1 × (D1 ×D0

D1)←−A1 ×D0
(A2 ×D0

A3) −→ C × (C ×C)
⊗−→ C

and the iterated tensor product (S1 ⊗ S2)⊗ S3 is also obtained in a similar way.
It follows that the associator αS1,S2,S3 : S1 ⊗ (S2 ⊗ S3) ≃ (S1 ⊗ S2) ⊗ S3 can be
provided by the following diagram

D1 ×D0 (D1×D0 )D1 A1 ×D0 (A2 ×D0 A3) C × (C ×C)

D1 C

(D1 ×D0 D1)×D0 D1 (A1 ×D0 A2)×D0 A3 (C ×C)×C

≃

⊙

≃

X1×(X2×X3)k1×D0 (k2×D0k3)

≃

⊗C

⊙

(k1×D0k2)×D0k3 (X1×X2)×X3

⊗C

β
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where β is the associator of C. The pentagon axiom can be verified using the
observation that it is verified both in C and for pullbacks over a given category.

For every span S =D1
k←−A X−→ C, the right unitor ηS : S ⊗ 1 ≃ S is given by

the diagram

A×D0
D0 C × ∗ C × C

D1 C

A C C

≃ ≃

⊗C

ρ
⊗C

X

k

idC

idC

where ρ is the right unitor of C. The left unitor is given by a similar diagram,
and the triangle identities are easily verified since they are already verified in
C and for pullbacks over a given category.

Remark 4.3.3. Note that the tensor product ⊗ on SpanL(D1,C) exists only if
D is a strict double category.

4.3.2 Left Kan extension along morphisms of cocartesian fi-
brations

The results of this subsection are mostly technical and will be used in Subsec-
tion 4.3.3.

Notation 4.3.4. Consider a functor G : A→B over C

A B

C.
F

G

H

Recall that, for X in B, the category G/X is obtained as the following pullback

G/X B/X

A B.

For every object X of B, we can consider the fibre category H−1(HX) →B and
we thus obtain a subcategory of

(
H−1(HX)

)
/X

→B/X . We denote by G/HX the
subcategory of G/X obtained as the pullback

G/HX

(
H−1(HX)

)
/X

G/X B/X

A B.
G
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Proposition 4.3.5 ([Hau22, Lemma 3.1.11]). If G : A → B is a morphism of
cocartesian fibrations

A B

C,
F

G

H

then the subcategory G/HX is a reflexive subcategory of G/X . In particular, the
inclusion G/HX → G/X is final.

Corollary 4.3.6. Consider a morphism of left fibrations

A B

C
F

G

H

such that G is an isofibration. For every object X of B, the inclusion G−1(X) → G/X
is a final functor.

Proof. The functor H is a left fibration, and it follows that H−1(HX) is a
groupoid. In particular, the category

(
H−1(HX)

)
/X

is contractible. We now
obtain the diagram

G−1(X) ∗

G/HX

(
H−1(HX)

)
/X

G/X B/X .

≃

Finally, because G is an isofibration, the functor G/HX →
(
H−1(HX)

)
/X

is also

an isofibration and G−1(X)→ G/HX is an equivalence as it is the pullback of
an equivalence along an isofibration.

4.3.3 Convolution product for double categories

Definition 4.3.7. A double category D is target left fibrant if the target func-
tor t : D1→D0 is a left fibration and if the horizontal composition functor
⊙ : D1 ×D0

D1→D1 is an isofibration. If D is a target left fibrant double cate-
gory, then a functor F : A→D1 is a target left fibration if it is an isofibration

and if the composition A F−→D1
t−→D0 is a left fibration.

For the rest of this section, D is a small target left fibrant double category.
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Proposition 4.3.5 ([Hau22, Lemma 3.1.11]). If G : A → B is a morphism of
cocartesian fibrations

A B

C,
F

G

H
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A B

C
F

G

H
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)
/X
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Definition 4.3.8. The category SpantL(D1,C) is the full subcategory of

SpanL(D1,C) spanned by the spans D1
k←−A X−→ C such that k is a target left

fibration.

Proposition 4.3.9. The tensor product ⊗ on SpanL(D1,C) restricts to a monoidal
structure on the subcategory SpantL(D1,C).

Proof. Consider two spans D1
k←−A X−→ C and D1

l←− B Y−→ C such that k and
l are target left fibrations. The left leg of their tensor product is the following
composition

A×D0
B

k×D0 l−→ D1 ×D0
D1

⊙−→D1

and its composition with t : D1→D0 is the composition

A×D0
B

p2−→ B l−→D1
t−→D0

that is a left fibration as a composition of left fibrations (using thatA×D0
B →B

is a pullback of t ◦ k).

Proposition 4.3.10. The functor

Lan: SpanL(D1,C)→ Fun(D1,C)

that sends a span D1
k←− A X−→ C to the left Kan extension of X along k is a

left adjoint of the functor v : Fun(D1,C) → SpanL(D1,C) that sends a functor

X : D1→ C to the span D1
idD1←− D1

X−→ C. Moreover, this adjunction restricts to
the adjunction

Lan: SpantL(D1,C)⇄ Fun(D1,C) : v.

Proof. The first part of the proposition is [BP21, Remark 4.5]. The second part
of the statement follows from the fact that the identity of D1 is a target left
fibration.

Proposition 4.3.11 ([Kel74, Theorem 3.1]). For every reflexive adjunction
L : D⇄ E : R such that the category D is endowed with the structure of a monoidal
category (D,⊗D), if for all A and B in D, the morphism

L(ηA ⊗D ηB) : L(A⊗B)→ L (RLA⊗D RLB)

is an isomorphism, then E is naturally endowed with the structure of a monoidal
category where the tensor product of two objects X and Y of E is defined by
X ⊗E Y := L(R(X)⊗D R(Y )) and where the unit of E is the image of the unit of D
under L. Moreover, the category of algebras in E over ⊗E is the full subcategory of
the category of algebras in D over ⊗D spanned by the algebras whose underlying
object belongs to E . Furthermore, if X1, . . . ,Xn are objects of E , then we have
X1 ⊗E · · · ⊗E Xn ≃ L(R(X)⊗D · · · ⊗D R(Xn)).
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Proposition 4.3.12. For all functors F : A1→ C, G : B1→ C, H : A1→B1 and
L : A2 → B2 such that A1, A2, B1 and B2 are small categories, if we denote by
LH F and LLG the left Kan extension of F along H and G along L respectively, then
the left Kan extension of ⊗C ◦ (F ×G) along H ×L is ⊗C ◦ (LH F ×LLG).

Proof. This follows directly from the pointwise formula for left Kan extensions
using that ⊗C preserves colimits in both variables.

Proposition 4.3.13. The adjunction

Lan: SpantL(D1,C)⇄ Fun(D1,C) : v

satisfies the conditions of Proposition 4.3.11.

Proof. Consider two spansD1
F←−A X−→ C andD1

G←− B Y−→ C such that F and
G are target left fibrations, and consider their associated left Kan extensions

A C B C

D1 D1.

X

F

Y

G
LF X

ϕ

LG Y

ψ

We have to show that the composite of the following diagram

A×D0
B A×B

C ×C C

D1 ×D0
D1 D1 ×D1

F×D0G F×G

X×Y
⊗C

(LF X)×(LG Y )

ϕ×ψ (E)

is a left Kan extension diagram. Using Proposition 4.3.12 and the point-
wise formula for left Kan extension, it is enough to show that the functor

Φ :
(
F ×D0

G
)
/(X,Y )

→ (F ×G)/(X,Y )

is final. The left-hand side square of the diagram (E) is a pullback, and we
thus obtain the following square

(
F ×D0

G
)−1

(X,Y ) (F ×G)−1(X,Y )

(
F ×D0

G
)
/(X,Y )

(F ×G)/(X,Y ) .

≃

Φ

(F)

The functor F ×G is an isofibration as a product of isofibrations, and it
follows that F ×D0

G is also an isofibration as the pullback of an isofibration.

94



Chapter 4. Homotopy theory of simplicial parametrized operads

Proposition 4.3.12. For all functors F : A1→ C, G : B1→ C, H : A1→B1 and
L : A2 → B2 such that A1, A2, B1 and B2 are small categories, if we denote by
LH F and LLG the left Kan extension of F along H and G along L respectively, then
the left Kan extension of ⊗C ◦ (F ×G) along H ×L is ⊗C ◦ (LH F ×LLG).

Proof. This follows directly from the pointwise formula for left Kan extensions
using that ⊗C preserves colimits in both variables.

Proposition 4.3.13. The adjunction

Lan: SpantL(D1,C)⇄ Fun(D1,C) : v

satisfies the conditions of Proposition 4.3.11.

Proof. Consider two spansD1
F←−A X−→ C andD1

G←− B Y−→ C such that F and
G are target left fibrations, and consider their associated left Kan extensions

A C B C

D1 D1.

X

F

Y

G
LF X

ϕ

LG Y

ψ

We have to show that the composite of the following diagram

A×D0
B A×B

C ×C C

D1 ×D0
D1 D1 ×D1

F×D0G F×G

X×Y
⊗C

(LF X)×(LG Y )

ϕ×ψ (E)

is a left Kan extension diagram. Using Proposition 4.3.12 and the point-
wise formula for left Kan extension, it is enough to show that the functor

Φ :
(
F ×D0

G
)
/(X,Y )

→ (F ×G)/(X,Y )

is final. The left-hand side square of the diagram (E) is a pullback, and we
thus obtain the following square

(
F ×D0

G
)−1

(X,Y ) (F ×G)−1(X,Y )

(
F ×D0

G
)
/(X,Y )

(F ×G)/(X,Y ) .

≃

Φ

(F)

The functor F ×G is an isofibration as a product of isofibrations, and it
follows that F ×D0

G is also an isofibration as the pullback of an isofibration.

94

4.3. Convolution product for double categories

Moreover, F ×G can be seen as a morphism of left fibrations as follows

A×B D1 ×D1

D0 ×D0

(t◦F)×(t◦G)

F×G

t×t

and the functor F ×D0
G can be seen as a morphism of left fibrations as follows

A×D0
B D1 ×D0

D1

D0.

F×D0G

t◦G◦p2 t◦p2

Finally, by Corollary 4.3.6, the vertical inclusions of the square (F) are final
functors, and it follows that Φ is also final.

Corollary 4.3.14. The category Fun(D1,C) is naturally endowed with the struc-
ture of a closed monoidal category for which the tensor product ⊗D of two functors
F,G : D1→C is given by the following left Kan extension

D1 ×D0
D1 C ×C C,

D1

F×G

⊙

⊗C

F⊗DG

and whose unit is the left Kan extension

D0 ∗ C.

D1

1D

1C

Moreover, the category of algebras over ⊗D is the category Lax(D,C). Furthermore,
for all functors F1, . . . ,Fn : D1→ C, the tensor product F1 ⊗D · · · ⊗D Fn is the left
Kan extension

Dn C×n C

D1

⊙n

⊗nC

F1⊗D···⊗DFn

where Dn is the pullback D1 ×D0
· · · ×D0

D1 with n occurences of D1.

Proof. The existence of themonoidal structure follows from the combination of
Proposition 4.3.13 and Proposition 4.3.11. We show now that (Fun(D1,C),⊗D)
is a closed monoidal category. We will show that (Fun(D1,C),⊗D) is left closed;
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the right closedness can be shown with a symmetric proof. Let F be a functor
F : D1→C. We have to show that the functor

(−)⊗D F : Fun(D1,C)→ Fun(D1,C)

admits a right adjoint. This functor can be viewed as the following composition

Fun(D1,C)
⊗C◦((−)×F)−→ Fun(D1 ×D1,C) −→ Fun

(
D1 ×D0

D1,C
) ⊙!−→ Fun(D1,C).

The last functor is a left adjoint of ⊙∗ and the second functor admits a right
adjoint given by taking right Kan extensions along the functor D1 ×D0

D1→
D1 ×D1. It remains to show that the first functor admits a right adjoint. As
the monoidal category C is closed, this functor is a left adjoint of the functor
Fun(D1 ×D1,C)→ Fun(D1,C) that sends a functor H : D1 ×D1 → C to the
functor D1→C that sends an object X of D1 to the end∫

Y∈D1

homC(F(Y ),H(X,Y )).

We still have to show that the category of algebras over (Fun(D1,C),⊗D) is
the category Lax(D,C). Using again Proposition 4.3.11, it is enough to show
that the full subcategory of algebras in SpanL(D1,C) spanned by the algebras

whose underlying spans have the form D1
idD1←− D1

X−→ C is equivalent to

Lax(D,C). Consider now a span S = D1
idD1←− D1

X−→ C with a structure of
algebra (S,µS ,1S ). The multiplication µS : S ⊗ S→ S is given by a diagram

D1 ×D0
D1

D1 C

D1

⊗C◦(S×S)⊙

⊙

S

α

idD1

and the unit 1S : 1→ S is given by a diagram

D0

D1 C

D1

1C1D

1D

S

β

idD1

and it is clear that the natural transformations α and β endow S : D1 → C
with the structure of a lax functor from D to C. If we consider now two such
algebras (S,µS ,1S ) and (T ,µT ,1T )) in SpanL(D1,C), a morphism of algebras
(S,µS ,1S )→ (T ,µT ,1T )) is given by a diagram

D1

D1 C

D1

S
idD1

idD1

T

φ

idD1
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T

φ
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and the natural transformation φ : S → T thus obtained produces a vertical
natural transformation between the corresponding lax functors. This provides
the equivalence between Alg(Fun(D1,C),⊗D) and Lax(D,C).

Remark 4.3.15. Similarly, a convolution product on Fun(D1
op,C) can be con-

structed for other classes of double categories, such as framed double cate-
gories. In this chapter, we chose to concentrate only on target left fibrant
double categories, as this class of double categories provides all the examples
we are interested in.

4.3.4 Composition product for F-multicategories

In this section, we use the convolution product for double categories that
we constructed in the previous section to define a composition product for
F-multicategories.

Definition 4.3.16. An F-multicategory M is target right fibrant if t : M1→M0
is a right fibration and if ⊙ : M1 ×FM0

FM1 is an isofibration.

Proposition 4.3.17. For every orbital pair (O,T), the F-multicategory Σ(O,T) is a
target right fibrant F-multicategory.

Proof. We prove first that the target functor t : Σ(O,T)→ O is a right fibration.
If we consider any morphism f : A→ B in T such that B belongs to O and any
morphism g : C→ B in O, every pullback square

D A

C B

f

g

provides a cartesian lift of g : C → t(f ) in Σ(O,T). Since, by definition, mor-
phisms in Σ(O,T) are pullback squares, this shows that t is a right fibration.
We now prove that ⊙ : Σ(O,T) ×FO FΣ(O,T) → Σ(O,T) is an isofibration. If we
consider any isomorphism

A B

C

D E,

g

≃

i

j

≃

(L)

in Σ(O,T), then the choice of any pullback square

F C

D E

≃

k j

≃
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provides a lift of (L) given by the diagram

A B

F C

D E,

g

≃

i

≃

k j

≃

seen as an isomorphism in Σ(O,T) ×FO FΣ(O,T).

Proposition 4.3.18. The functor F preserves cartesian fibrations, left fibrations,
and isofibrations. In particular, if M is a target right fibrant F-multicategory, then
FMop is a target left fibrant double category.

Proof. The first part of the statement is analogous to the proof of [BP21,
Lemma 2.20]. Suppose now that M is a target right fibrant F-multicategory.
The horizontal composition FM1 ×FM0

FM1 → FM1 of FM1 is given by F⊙
with ⊙ : M1 ×FM0

FM1→M1 the composition functor of M, using the isomor-
phism

FM1 ×FM0
FM1 ≃ F

(
M1 ×FM0

FM1

)
.

Moreover, the taget functor FM1→ FM0 is the image under F of the target
functor t : M1→M0. Finally, the result follows from the fact that the opposite
functor of an isofibration is an isofibration and from the fact that the opposite
functor of a right fibration is a left fibration.

Proposition 4.3.19. If the following diagram

Aop V

Bop

F

Gop
LG F

η

exibits LG F as the left Kan extension of F along Gop, then the following diagram

FAop (FV op)op V

FBop

(FFop)op

FGop

ĩdV

�LG F

LG F

Fη

is a left Kan extension diagram, with (̃−) as defined in Remark 4.2.3.

Proof. As suggested by [BP21, Remark 2.25], the proof of this proposition is
the same as the proof of [BP21, Lemma 2.21].
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Corollary 4.3.20. For every target right fibrant F-multicategory, we obtain a
monoidal structure (CollM(V ),◦M) on the category CollM(V ) where ◦M is defined
on two M-collections S,T : M1

op→V as the functor S ◦M T given by the left Kan
extension (

M1 ×FM0
FM1

)op
V ×V V .

M1
op

S×T̃

⊙Mop

×

S◦MT

(A)

Moreover, the category of algebras in (CollM(V ),◦M) is OpM(V ).

Proof. The category CollM(V ) can be identified with the full subcategory of
Fun(FM1

op,V ) spanned by the functors F : FM1
op → V that preserve finite

products. It is now enough to show that for all functors S,T : M1
op→ V , if

we denote by S̃ , T̃ : FM1
op → V the associated functors that preserve finite

products, then the functor S̃ ⊗FMop T̃ is isomorphic to S ◦M T . The category
FM1 ×FM0

FM1 is equivalent to F
(
M1 ×FM0

FM1

)
and, through this equiva-

lence, the functor
(
FM1 ×FM0

FM1

)op
→ FM1

op × FM1
op S̃×T̃−→ V × V ×−→ V is

isomorphic to the composition of the image of
(
M1 ×FM0

FM1

)op
−→M1

op ×

FM1
op→V ×V ×−→ V under F((−)op)op with ĩdV : F(V op)op→V . The first part

of the corollary now follows from Proposition 4.3.19 applied to the diagram
(A). The second part of the corollary follows from the fact that the inclusion
CollM(V ) → Fun(FM1

op,V ) is monoidal and from Corollary 4.3.14 using the
description of M-operads in terms of lax functors.

Proposition 4.3.21. For every target right fibrant F-multicategory M and for
every right fibration F : A →M0, the F-multicategory F∗M is also target right
fibrant. In particular, for every M-set of colours A, the F-multicategory MA is
target right fibrant if M is target right fibrant.

Proof. We show first that t : F∗M1→A is a right fibration. The functor t is by
definition the projection p2 : M1 ×(M0×FM0) (A×FA) −→A that is a pullback
of the functor M1 ×FM0

FA →M0. The functor M1 ×FM0
FA →M0 is the

composition

M1 ×FM0
FA→M1

tM−→M0,

where the first functor is a right fibration as a pullback of FA FF−→ FM0 and
where tM is, by assumptions a right fibration. It follows that M1 ×FM0

FA→
M0 and t are also right fibrations. We now have to show that the functor
(
M1 ×FM0

FM1

)
×(M0×FM0×F2M0)

(
A×FA×F2A

)
→M1 ×(M0×FM0) (A×FA)

is an isofibration. Note that we have an isomorphism

M1 ×(M0×FM0) (A×FA) ≃M1 ×(M0×F2M0)
(
A×F2A

)
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and that we have a pullback square

(
M1 ×FM0

FM1

)
×(M0×FM0×F2M0)

(
A×FA×F2A

)
FA

(
M1 ×FM0

FM1

)
×(M0×F2M0)

(
A×F2A

)
FM0.

G FF

The functor ⊙F∗M is the composition of G with ⊙M ×id(M0×F2M0)
(A×F2A) and

the result follows from the fact that G is an isofibration as the pullback of an
isofibration (using that F preserves isofibrations) and from the fact that ⊙M is
an isofibration.

Corollary 4.3.22. For every target right fibrant F-multicategory M and every
M-set of colours A, the category of A-coloured M-collections in V is endowed with
the structure of a monoidal category for which the associated category of algebras is
the category of A-coloured M-operads in V .

Proof. This follows directly from Corollary 4.3.20 and Proposition 4.3.21.

4.3.5 Base change adjunctions

In this section, we investigate when a multifunctor φ : M→N between tar-
get right fibrant F-multicategories induces base change adjunctions between
(coloured)M-operads andN-operads in V . In particular, we study base change
adjunctions associated with changes of colours.

Proposition 4.3.23. Let φ : D → E be a double functor between target left fi-
brant double categories. The functor (φ1)∗ : Fun(E1,C)→ Fun(D1,C) is naturally
endowed with the structure of a lax functor.

Proof. The following diagram

D1 ×D0
D1 E1 ×E0

E1 C ×C C

D1 E1

◦

φ1×φ0φ1 S×T

◦

⊗C

φ1

S⊗DT

induces a morphism (S ◦φ1) ⊗D (T ◦φ1) → (S ⊗D T ) ◦ φ1 by the universal
property of left Kan extension and the following diagram

D0 E0 C

D1 E1

φ0

1D 1E

1C

φ1

1Fun(D1 ,C)

induces a morphism 1Fun(D1,C)→ (φ∗)(1Fun(E1,C)). We thus obtain the structure
of a lax functors on (φ1)∗.
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and that we have a pullback square

(
M1 ×FM0

FM1

)
×(M0×FM0×F2M0)

(
A×FA×F2A

)
FA

(
M1 ×FM0

FM1

)
×(M0×F2M0)

(
A×F2A

)
FM0.

G FF

The functor ⊙F∗M is the composition of G with ⊙M ×id(M0×F2M0)
(A×F2A) and
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D1 ×D0
D1 E1 ×E0

E1 C ×C C

D1 E1

◦

φ1×φ0φ1 S×T

◦

⊗C

φ1

S⊗DT
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φ1

1Fun(D1 ,C)

induces a morphism 1Fun(D1,C)→ (φ∗)(1Fun(E1,C)). We thus obtain the structure
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Corollary 4.3.24. Let φ : M→ N be a functor between target right fibrant F-
multicategories. The functor (φ1)∗ : CollN(V )→ CollM(V ) is naturally endowed
with the structure of a lax functor. In particular, the functor (φ1)! : CollM(V )→
CollN(V ) is naturally endowed with the structure of an oplax functor.

Proof. This follows directly from Proposition 4.3.23 using that (φ1)∗ is the
restriction of

(
Fφop

1

)∗
: Fun(FN1

op,V )→ Fun(FM1
op,C)

to CollN(V ) ⊆ Fun(FN1
op,V ) and CollM(V ) ⊆ Fun(FM1

op,V ).

Proposition 4.3.25. For every multifunctor φ : M → N, if for every N-set of

colours X, the functor
(
φX

)∗
: OpXN(V ) → Op(φ0)∗X

M (V ) admits a right adjoint

(respectively a left adjoint), then the functor φ∗ : OpcolN (V )→ OpcolM (V ) admits a
right adjoint (respectively a left adjoint).

Proof. Suppose first that for every N-set of colours X,
(
φX

)∗
: OpXN(V ) →

Op(φ0)∗X
M (V ) admits a right adjoint. If we consider the adjunction

(φ0)
∗ : Psh(N0)⇄ Psh(M0) : (φ0)∗,

we have that Φφ : ΦN⇒ΦM ◦ (φ0)∗ is a left morphism from ΦN to ΦM in the
sense of [HP15, Section 2.3] and we thus obtain the promised adjunction as
described in [HP15, Section 2.3]. Suppose now that for every N-set of colours

X,
(
φX

)∗
: OpXN(V ) → Op(φ0)∗X

M (V ) admits a left adjoint. If we consider the
adjunction

(φ0)! : Psh(M0)⇄ Psh(N0) : (φ0)
∗,

then the natural transformation Φφ : ΦN⇒ΦM ◦ (φ0)∗ produces a right mor-
phism from ΦM ◦ (φ0)∗ to Φφ and we obtain the promised adjunction using
[HP15, Remark 2.3.5].

Proposition 4.3.26. For every multifunctor φ : M → N between target right
fibrant F-multicategories such that φ0 is an isomorphism and such that φ1 is an
isofibration, the functor

(φ1)! : (CollM(V ),◦M)→ (CollN(V ),◦N)

is strong monoidal.

Proof. Note first that because φ0 is an isomorphism, the morphism

(φ1)!(1CollM(V ))→ 1CollM(V )

is an isomorphism. Consider now S,T : M1
op → V two M-collections in V .

We have to show that the canonical natural transformation (φ1)!(S ◦M T )⇒
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((φ1)!S) ◦N ((φ1)!T ) is an isomorphism. It is enough to show that the pasting
of the following diagram

(
M1 ×FM0

FM1

)op
(M1 ×FM1)

op

V ×V V

(
N1 ×FN0

FN1

)op
(N1 ×FN1)

op

N1
op

S×T̃
×

⊙

is a left Kan extension. By definition, the diagram

(
N1 ×FN0

FN1

)op
(N1 ×FN1)

op V ×V V

N1
op

⊙

S×T̃ ×

S◦NT

is a left Kan extension, and we have to check that the diagram

(
M1 ×FM0

FM1

)op
M1 ×FM1

V ×V V

(
N1 ×FN0

FN1

)op
N1 ×FN1

S×T̃

×

is also a left Kan extension diagram. Finally, using the pointwise formula for
left Kan extension, it is enough to show that the functor

Φ :
(
φ1 ×φ0

Fφ1

)op
/(f ,(f1,...,fn))

→ (φ1 ×Fφ1)
op
/(f ,(f1,...,fn))

is final. Because φ1 is an isofibration, both the functors
(
φ1 ×φ0

Fφ1

)op
and

(φ1 ×Fφ1)
op are isofibrations and, moreover,

(
φ1 ×φ0

Fφ1

)op
is a morphism of

left fibrations as depicted by the diagram

(
M1 ×FM0

FM1

)op (
N1 ×FN0

FN1

)op

M0
op

(φ1×φ0Fφ1)
op

t◦p1 t◦p1

and themorphism (φ1 ×Fφ1)
op is also amorphism of left fibrations as depicted
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by the following diagram

(M1 ×FM1)
op (N1 ×FN1)

op

(M0 ×FM0)
op.

(φ1×Fφ1)
op

(t×Ft)op (t×Ft)op

It now follows from Corollary 4.3.6 that the vertical functors of the square

((
φ1 ×φ0

Fφ1

)op)−1
(f , (f1, . . . , fn))

(
(φ1 ×Fφ1)

op
)−1

(f , (f1, . . . , fn))

(
φ1 ×φ0

Fφ1

)op
/(f ,(f1,...,fn))

(φ1 ×Fφ1)
op
/(f ,(f1,...,fn))

≃

are final and, because the upper horizontal functor is an equivalence, it follows
that the bottom horizontal functor is also final.

Proposition 4.3.27. The category F-Multicat admits finite coproducts. Moreover,
for all target right fibrant F-multicategoriesM andN,M⊔N is target right fibrant
and the category OpM⊔N(V ) is equivalent to the category OpM(V )×OpN(V ).

Proof. Let M and N be two F-multicategories. We define (M⊔N)0 and (M⊔
N)1 respectively byM0⊔N0 andM1⊔N1, the target functor is tM⊔tN : M1⊔
N1 →M0 ⊔N0, the identity functor is 1M ⊔ 1N : M0 ⊔N0 →M1 ⊔N1, the
source functor is the composition

M1 ⊔N1
sM⊔sN−→ F(M0)⊔F(N0)

(A,B)
−→ F(M0 ⊔N0)

where the right-hand side functor is the canonical functor given by the univer-
sal property of the coproduct, and finally, the composition is given by

(
M1 ×FM0

FM1

)
⊔
(
N1 ×FN0

FN1

) ⊙M⊔⊙N−→ M1 ⊔N1

using the isomorphism

(M1 ⊔N1)×F(M0⊔N0) F(M1 ⊔N1) ≃
(
M1 ×FM0

FM1

)
⊔
(
N1 ×FN0

FN1

)
.

where the first isomorphism follows from the universality of coproducts in
Cat and from the fact that F preserves pullbacks. It is clear that M ⊔N is
target right fibrant using that both M and N are target right fibrant and that
coproducts of right fibrations and isofibrations are respectively right fibrations
and isofibrations. The last part of the statement follows from the fact that the
equivalence CollM⊔N(V ) ≃ CollM(V )×CollN(V ) is monoidal.

Notation 4.3.28. If M is a target right fibrant F-multicategory and if i : A→
B is a morphism of M-sets of colours, then we denote by i∗ the functor
(Mi )∗ : OpBM(V )→OpAM(V ).
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Construction 4.3.29. Suppose that M is a target right fibrant F-multicategory
and let i : A → B be a monomorphism of M-sets of colours. If we write i as an
inclusion of summand i : A → A⊔C, then the multifunctor Mi : MA→MB is
the composition

MA →MA ⊔MC (MiA ,MiC )
−→ MA⊔C

where iA : A → A⊔C and iC : C → A⊔C are the canonical inclusions. The
multifunctor (

MiA ,MiC
)
: MA ⊔MC →MA⊔C

satisfies the conditions of Proposition 4.3.26 and it follows that the functor
i∗ : OpBM(V )→OpAM(V ) admits a left adjoint i! : OpAM(V )→OpBM(V ) given by
the composition

OpAM(V ) −→OpAM(V )×OpCM(V )

(
M

iA
1 ,M

iC
1

)
!−→ OpBM(V )

where the first functor is given component-wise by the identity of OpAM(V )
and by the functor constant on the initial object of OpCM(V ).

Corollary 4.3.30. For every monomorphism i : A → B of M-sets of colours, the
adjunction

i! : OpAM(V )⇄OpBM(V ) : i∗

is coreflexive.

Proof. Using the previous construction, we can write

i! : OpAM(V )⇄OpBM(V ) : i∗

as a composition of two adjunctions

OpAM(V ) OpAM(V )×OpCM(V ) OpBM(V )
(M

iA
1 ,M

iC
1 )!

(M
iA
1 ,M

iC
1 )∗

and it is enough to show that both these adjunctions are coreflexive. It is
clear that the left-hand side adjunction is coreflexive. For the right-hand side
adjunction, this follows from the fact that the underlying monoidal adjunction

(
MiA

1 ,MiC
1

)
!
: CollAM(V )×CollCM(V )⇄ CollBM(V ) :

(
MiA

1 ,MiC
1

)∗

is coreflexive as the functor
(
MiA

1 ,MiB
1

)
is fully faithful.

Proposition 4.3.31. For every multifunctor φ : M → N between target right
fibrant F-multicategories such that φ0 is an isomorphism and for every monomor-
phism i : A → B of N-sets of colours, the mate
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OpBN(V ) OpBM(V )

OpAN(V ) OpAM(V )

(φB)∗

i!

(φA)∗

i! (A)

associated with the commutative square

OpBN(V ) OpBM(V )

OpAN(V ) OpAM(V )

i∗

(φB)∗

i∗

(φA)∗

(B)

is an isomorphism.

Proof. If we write i : A → B as an inclusion of the form i : A → A ⊔ C, the
square (B) can be decomposed into a composition of two squares as follows

OpA⊔CN (V ) OpA⊔CM (V )

OpAN(V )×OpCN(V ) OpAM(V )×OpCM(V )

OpAN(V ) OpAM(V )

(φA⊔C )∗

(φA)∗

(C)

and the mate (A) is the pasting of the diagram

OpA⊔CN (V ) OpA⊔CM (V )

OpAN(V )×OpCN(V ) OpAM(V )×OpCM(V )

OpAN(V ) OpAM(V ).

(φA⊔C )∗

(φA)∗

(D)

It is now enough to show that the two mates of the diagram (D) are isomor-
phisms. For the upper square, using that the vertical adjunctions are provided
by monoidal adjunctions, it is enough to show that the following mate

Fun
((
NA⊔C

1

)op
,V

)
Fun

((
MA⊔C

1

)op
,V

)

Fun
((
NA

1 ⊔N
C
1

)op
,V

)
Fun

((
MA

1 ⊔M
C
1

)op
,V

)

(φA⊔C
1 )∗
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is an isomorphism. We have now to show that for every (µ, (b1, . . . , bn), b0) in
MA⊔C

1 , the functor

(MiA
1 ,MiC

1 )/(µ,(b1,...,bn),b0)→ (NiA
1 ,NiC

1 )/(φ1(µ),(b1,...,bn),b0)

is final. Using that both (MiA
1 ,MiC

1 ) and (NiA
1 ,NiC

1 ) are cocartesian fibrations,
it is enough to show that the upper horizontal functor of the square

(MiA ,MiC )−1(µ, (b1, . . . , bn), b0) (NiA ,NiC )−1(φ1(µ), (b1, . . . , bn), b0)

(MiA ,MiC )/(µ,(b1,...,bn),b0) (NiA ,NiC )/(φ1(µ),(b1,...,bn),b0)

is an equivalence. This follows from the fact that the categories

(MiA
1 ,MiC

1 )−1(µ, (b1, . . . , bn), b0) and (NiA
1 ,NiC

1 )−1(φ1(µ), (b1, . . . , bn), b0)

are both empty if there exist i and j such that bi ∈ C and bj ∈ A and both a
singleton if all bi belong to A or if all bi belong to C.

4.3.6 A Monad forM-operads

In what follows, M is a target right fibrant F-multicategory.

Proposition 4.3.32. The monoidal category (CollM(V ),◦M) is left closed.

Proof. The proof of this proposition is analogous to the proof that the con-
volution product is closed that we gave for Corollary 4.3.14. Let T be an
M-collection in V . We have to show that the functor

(−) ◦M T : CollM(V )→ CollM(V )

admits a right adjoint. This functor can be obtained as the composition of the
three following functors:

1. ×V ◦ ((−)× T̃ ) : Fun(M1
op,V ) −→ Fun

(
(M1 ×FM1)

op,V
)
;

2. L∗ : Fun
(
(M1 ×FM1)

op,V
)
−→ Fun

((
M1 ×FM0

FM1

)op
,V

)
with L the

canonical functor M1 ×FM0
FM1→M1 ×FM1;

3. ⊙! : Fun
((
M1 ×FM0

FM1

)op
,V

)
−→ Fun(M1

op,V ).

The last functor is a left adjoint of ⊙∗ and the second functor admits a right
adjoint given by taking right Kan extensions. It remains to show that the
first functor admits a right adjoint. As the category V is cartesian closed, this
functor is a left adjoint of the functor Fun((M1 ×FM1)

op,V )→ Fun(M1
op,V )

that sends a functor H : (M1 ×FM1)
op → V to the functor M1

op → V that
sends an object X of M1 to the end

∫

Y∈FM1
op
homV

(
T̃ (Y ),H(X,Y )

)
.
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Proposition 4.3.33. The subcategory CollM(V ) of Fun(FMop,V ) is closed under
sifted colimits. In particular, for every M-collection T in V , the functor ◦M
preserves sifted colimits in both variables.

Proof. For every sifted category I and every functor F : I → CollM(V ), the
colimit of F in the category Fun(FMop,V ) is given by the composition

FMop→ Fun(I ,V ) colim−→ V .

The first functor preserves products as F factors by definition through the
inclusion CollM(V ) → Fun(FMop,V ) and the second functor preserves fi-
nite products because I is sifted and because V is closed. The composition
product ◦M is the restriction to CollM(V ) of the convolution product ⊗M on
Fun(FM1

op,V ) and, as the convolution product ⊗M is closed, it follows that
◦M preserves sifted colimits in both variables.

Proposition 4.3.34 ([Kel80, Theorem 23.3]). For every left closed cocomplete
monoidal category (C,⊗) such that for all X in C, the functor X ⊗ (−) : C → C
preserves filtered colimits, the category of algebras in C is the category of algebras
over a monad T on C.

We recall the construction of the functor T : C → C. We first define a functor
Tn : C → C by induction on n as follows:

1. the functor T0 is constant on the unit I of C;

2. for all X in C, we define Tn+1X as I ⊔ (X ⊗TnX);

We construct now by induction a natural transformation in : Tn → Tn+1 as
follows:

1. for all X in C, the morphism i0 is the canonical morphism I → I ⊔X;

2. for all X in C, the morphism in+1 : Tn+1→ Tn+2 is the morphism

idI ⊔(idX ⊗in) : I ⊔ (X ⊗TnX)→ I ⊔ (X ⊗Tn+1(X)).

Finally, for all X in C, we define the image of X under T as the colimit of the
diagram

T0X
i0−→ T1X

i1−→ T2X
i2−→ ·· · .

Corollary 4.3.35. For every target right fibrant F-multicategory M, the category
of M-operads in V is the category of algebras over a monad T in CollM(V ), that we
denote by TM.

Proof. This follows directly from Corollary 4.3.20, Proposition 4.3.32, Propo-
sition 4.3.33, and Proposition 4.3.34.

Proposition 4.3.36. The monad TM preserves sifted colimits.
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Proof. It is enough to show that for every non-negative integer n, the functor
(TM)n preserves sifted colimits. The functor (TM)0 is constant and preserves
sifted colimits as sifted categories are connected. Suppose now by induction
that (TM)n preserves sifted colimits. The functor (TM)n+1 is defined as the
composition

CollM(V ) ∆−→ CollM(V )×CollM(V )
idC ×(TM)n−→ CollM(V )×CollM(V )

◦M−→ CollM(V )

and preserves sifted colimits as ◦M preserves sifted colimits in each variable
and both idC and (TM)n preserve sifted colimits.

Corollary 4.3.37. If V is bicomplete, then the category OpM(V ) is also bicomplete.

Proof. The category Fun(M1
op,V ) is bicomplete as the category V is bicomplete

and the result now follows from the fact that OpM(V ) is the category of
algebras over a monad on Fun(M1

op,V ) that preserves sifted colimits.

4.4 Homotopy theory of simplicial coloured M-
operads

In what follows, M is a target right fibrant F-multicategory. A simplicial
M-operad (respectively a simplicial coloured M-operad) is an M-operad (re-
spectively a coloured M-operad) in sSet. We will denote by sOpM, sOpAM,
and sOpcolM the categories of simplicial M-operads, simplicial A-coloured M-
operads, and simplicial coloured M-operads respectively. We will also denote
by OpM (respectively OpcolM ) the category of M-operads in Set (respectively
coloured M-operads in Set). In this section, our aim is to establish model
structures on sOpM and sOpcolM , extending the classical model structures on
simplicial (coloured) operads.

4.4.1 Model structure on simplicialM-operads

In this subsection, we construct the model structure on sOpM.

Theorem 4.4.1. There exists a model structure on the category of simplicial M-
operads, right-induced by the free-forgetful adjunction

FM : CollM(sSet)⇄ sOpM : UM

from the projective model structure on CollM(sSet).

Proof. The proof is analogous to [BM03, Theorem 3.2], and uses the transfer
principle of [BM03, Section 2.5]. Note first that UM preserves filtered colim-
its because TM does, and that sOpM is bicomplete by Corollary 4.3.37. By
Proposition 4.2.15, the functor Ex∞ induces a fibrant replacement functor on
sOpM by post-composition. Finally, the interval ∆0 ⊔∆0↣ ∆1 ∼−→ ∆0 induces
a functorial path object O ∼−→O∆1

↠ O ×O for fibrant operads in sOpM using
Proposition 4.2.15.
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Corollary 4.4.2. For every M-set of colours A, using Corollary 4.3.22, we obtain
a cofibrantly generated model structure on the category of simplicial A-coloured
M-operads sOpAM.

Example 4.4.3. For every orbital pair (O,T), we thus obtain a model structure
on the category sOp(O,T) of simplicial (O,T)-operads. Note that in the case of
the orbital pair (OG,OT ) provided by a G-transfer system T associated with a
finite group G, this model structure is expected to correspond to the model
structure constructed on partial genuine equivariant operads in [BP21, Theorem
II]. However, as we already pointed out in Example 4.2.36, it is not known
whether these two categories are equivalent.

Example 4.4.4. The F-multicategory N is target right fibrant, and we thus
obtain a model structure on the category of simplicial non-symmetric operads.

Proposition 4.4.5. For every multifunctor φ : M→N between target fibrant F-
multicategories, the functor φ∗ : sOpN→ sOpM admits a left ajoint φ! : sOpM→
sOpN. In particular, the functor φ∗ : sOpcolN → sOpcolM also admits a left adjoint
φ! : sOpcolM → sOpcolN .

Proof. The category CollM(sSet) is locally presentable as it is a category of
presheaves. Moreover, the monad TM preserves sifted colimits, and it follows
that the category sOpM is also locally presentable. Finally, the functor φ∗ pre-
serves limits and filtered colimits and the result now follows from the adjoint
functor theorem [AR94, Theorem 1.66]. The second part of the statement
follows directly from Proposition 4.3.25.

Proposition 4.4.6. For every multifunctor φ : M → N between target fibrant
F-multicategories, the adjunction

φ! : sOpM⇄ sOpN : φ∗

is a Quillen adjunction.

Proof. It is clear that φ∗ is a right Quillen functor as weak equivalences and
fibrations in simplicial M-operads are the morphisms which respectively
forget to weak equivalences and fibrations of M-collections in sSet.

4.4.2 Model structure on simplicial colouredM-operads

In this subsection, we construct the model structure on sOpcolM . The first step
is to show that sOpcolM is bicomplete.

Definition 4.4.7. The strict 2-category Adj is the wide subcategory of Ĉat
spanned by the functors F : C →D that admit a left adjoint. If F : Cop→ Adj
is a functor, we can in particular consider its Grothendieck construction
ΓF :

∫
C F→C.

Proposition 4.4.8 ([HP15, Proposition 2.4.4]). For every functor F : Cop→ Adj
such that C is bicomplete and such that F(X) is bicomplete for every X in C, the
category

∫
C F is also bicomplete.
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Proposition 4.4.9. The category sOpcolM is bicomplete.

Proof. The result follows from Proposition 4.4.8, Corollary 4.3.37 and Propo-
sition 4.4.5 using that Psh(M0) is bicomplete.

Proposition 4.4.10. The category sOpcolM is equivalent to the subcategory of
Fun(∆op,OpcolM ) spanned by the simplical objects which are constant on colours.

Proof. Note first that we have an equivalence

sOpM ≃ Fun(∆op,OpM)

for every F-multicategoryM. This equivalence is functorial inM and it follows
that the category sOpcolM is equivalent to the Grothendieck construction of the
functor Psh(M0)

op → Ĉat that sends A to Fun(∆op,OpAM). Finally, it is clear
that the Grothendieck construction of the latter functor can be identified with
the subcategory of Fun(∆op,OpcolM ) spanned by these functors O : ∆op→OpcolM
which are constant on colours.

If we denote by sCat the category of simplicial categories, then we have an
adjunction

i! : Fun(M0
op,sCat)⇄ sOpcolM : i∗

provided by Definition 4.2.25 and Proposition 4.4.5 and we denote by

(iX )! : sCat⇄ sOpcolM : (iX )
∗

the composition of adjunctions

sCat Fun(M0
op,sCat) sOpcolM .

hom(−,X)×(−) i!

evX i∗

Recall that a functor F : C →D between simplicial categories is essentially
surjective (respectively an isofibration) if π0F is essentially surjective (respec-
tively if π0F is an isofibration). We can now define the following classes of
morphisms in sOpcolM .

Definition 4.4.11. We say that a morphism of simplicial coloured M-operads
(f ,φ) : (A,O)→ (B,P ) is:

1. fully-faithful if φ : O → f ∗P is a weak equivalence in sOpAM;

2. essentially surjective if for all X in M0, (iX )∗(f ,φ) is essentially surjective
in sCat;

3. a weak equivalence if it is fully-faithful and essentially surjective;

4. a local fibration if the morphism φ : O → f ∗P is a fibration in sOpAM;

5. an isofibration if it is a local fibration and if for every X in M0, (iX )∗(f ,φ)
is an isofibration in sCat.
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We say that a simplicial coloured M-operad (A,O) is fibrant if the unique
morphism (A,O)→ ∗ is an isofibration, where ∗ is the final simplicial coloured
M-operad. Equivalently, a simplicial coloured M-operad (A,O) is fibrant if O
is fibrant in sOpAM.

We now want to show that the classes of weak equivalences and isofi-
brations are part of a model structure on sOpM. This model structure is
cofibrantly generated and we introduce its sets of generators.

Notation 4.4.12. Recall that FM0 can be identified with the full subcategory
of Psh(M0) spanned by finite coproducts of representables. For every M-set
of colours A that belongs to FM0, we denote respectively by IA and JA the
sets of generating cofibrations and generating trivial cofibrations of the model
structure on sOpAM given by Corollary 4.4.2. Consider the following two
classes of functors in sCat:

(C2) the unique functor ∅ → ∗ where ∅ and ∗ are respectively the initial
category and the final category;

(A2) the functors ∗ → H which are fully faithful and essentially surjective,
where H is a simplicial category with set of objects {0,1}, with the prop-
erty thatHn is countable for each n ≥ 0 and thatH is cofibrant in sCat{0,1}.

We now consider the following classes of morphisms in sOpcolM :

(J1) the union of all the classes JA in sOpcolM for all A in FM0;

(J2) the union of the images of A2 in sOpcolM under all the functors (iX )! for
all X in M0;

(J) the union of J1 and J2;

(I1) the union of all the classes IA in sOpcolM for all A in FM0;

(I2) the union of all the images of C2 in sOpcolM under all the functors (iX )!
for all X in M0;

(I ) the union of I1 and I2.

Proposition 4.4.13. A morphism (f ,φ) : (A,O)→ (B,P ) of simplicial coloured
M-operads is a local weak equivalence (respectively a local fibration) if and only if
for every morphism of M-sets of colours g : C→ A with C in FM0, the morphism
g∗φ : g∗O → g∗f ∗P is a weak equivalence (respectively a fibration) in sOpCM.

Proof. We only show the result for local weak equivalences; the proof for
local fibrations is analogous. Consider a morphism (f ,φ) : (A,O)→ (B,P ) of
simplicial coloured M-operads. Suppose first that for every g : C→ A with C
in FM0, the morphism g∗φ is a weak equivalence. Let us show that (f ,φ) is a
local weak equivalence. We have to show that, for every (µ, (a1, . . . , an), a0) in
MA, the map

φ(µ, (a1, . . . , an), a0) : O(µ, (a1, . . . , an), a0)→P (µ, (f (a1), . . . , f (an)), f (a0))
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is a weak equivalence in sSet. Consider the object C := (a0, . . . , an) of FM0
seen as an M-set of colours. We have a canonical morphism g : C→ A using
the Yoneda Lemma and the fact that every ai belongs to A. By assumptions
g∗(φ) is a weak equivalence and it follows directly that φ(µ, (a1, . . . , an), a0) is
also a weak equivalence. Suppose now that (f ,φ) is a local weak equivalence.
The morphism φ is a weak equivalence in sOpAM and it follows that for every
morphism of M-sets of colours g : C → A, the morphism g∗(φ) is a weak
equivalence in sOpCM, because g∗ preserves weak equivalences.

Proposition 4.4.14. A morphism of simplicial coloured M-operads is a local
fibration if and only if it has the right lifting property with respect to J1.

Proof. Let (f ,φ) : (A,O) → (B,P ) be a morphism of simplicial coloured M-
operads. By definition of J1, we have to show that (f ,φ) is a local fibration if
and only if it has the right lifting property with respect to JC for every C in
FM0. Suppose first that (f ,φ) has the right lifting property with respect to JC
for every C in FM0. Using Proposition 4.4.13, we have to show that for every
C in FM0 and every morphism ι : C→ A, the morphism ι∗(φ) is a fibration in
sOpCM. For every g : Q→R in JC consider any commutative square

Q ι∗O

R ι∗f ∗P

ψ

g ι∗φ (C)

in sOpCM. If we now consider the associated square

(C,Q) (A,O)

(C,R) (B,P )

(ι,ψ)

(idC ,g) (f ,φ)

in sOpcolM , we obtain the existence of a lifting map (ι,η) : (C,R)→ (A,O) and it
follows that η : R→ ι∗O produces a lift for the square (C). In particular, ι∗(φ)
has the right lifting property with respect to JC in sOpCM and is thus a fibration
in sOpCM. Suppose now that (f ,φ) is a local fibration and consider a square

(C,Q) (A,O)

(C,R) (B,P )

(ι,ψ)

(idC ,g) (f ,φ)

with g in JC . Obtaining a lift for this square is equivalent as obtaining a lift
for the square

Q ι∗O

R ι∗f ∗P

ψ

ι∗φ (4.1)
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in sOpCM. The result now follows from the fact that ι∗φ is a fibration, as
ι∗ : sOpAM→ sOpCM is a right Quillen functor.

Proposition 4.4.15. Amorphism of simplicial colouredM-operads is a local trivial
fibration if and only if it has the right lifting property with respect to I1.

Proof. The proof is analogous to the proof of Proposition 4.4.14.

Proposition 4.4.16. A morphism of simplicial coloured M-operads is an isofibra-
tion if and only if it has the right lifting property with respect to the set J .

Proof. A morphism of simplicial coloured M-operads (f ,φ) : (A,O)→ (B,P )
is an isofibration if and only if it is a local fibration and for every X in M0,
(iX )∗(f ,φ) is an isofibration in sCat. The result now follows from Proposition
4.4.14 and from the fact that isofibrations in sCat are precisely the functors
with the right lifting property with respect to A2 in sCat, as proven in [Ber07a].

Proposition 4.4.17. A morphism of simplicial M-operads has the right lifting
property with respect to I if and only if it is an isofibration and a weak equivalence.

Proof. The proof of this proposition is analogous to the proof of Proposition
4.4.16 and uses Proposition 4.4.15 as well as the fact that essentially surjective
isofibrations in sCat are precisely the functors with the right lifting property
with respect to A2 in sCat, as proven in [Ber07a].

Our goal is now to prove that the domains of morphisms in J and I are
small relative to J-cells and I-cells, respectively.

Proposition 4.4.18. For every multifunctor φ : M→N such that φ0 : M0→N0
is an isomorphism, the functor φ∗ : sOpcolN → sOpcolM preserves filtered colimits
of diagrams F : I → sOpcolN such that, for every f : i → j in I , the morphism
F(f ) : F(i)→ F(j) is a monomorphism on colours.

Proof. If we denote by (Ai,Oi ) the image of i under F, the colimit of F is the sim-
plicial coloured N-operad (A,O) with A = colimi∈I Ai and O = colimi(αi )!Oi
where αi : Ai → A is the coprojection. We now have that

φ∗(A,O) =
(
A,

(
φA

)∗
(colimi (αi )!Oi )

)

and
(
φA

)∗
(colimi(αi )!Oi ) ≃ colimi

((
φA

)∗
(αi )!Oi

)
because

(
φA

)∗
preserves fil-

tered colimits. Finally, using Proposition 4.3.31, we have that the canon-
ical morphism

(
φX

)∗
(αi )! → (αi )!

(
φX

)∗
is an isomorphism and the result

follows.

Remark 4.4.19. Note that the morphisms in I and J are monomorphisms on
colours. Because pushout of morphisms of simplicial coloured M-operads
that are monomorphisms on colours are also monomorphisms on colours,
it follows that I-cells and J-cells are sequential colimits of morphisms that
are monomorphisms on colours. It follows that Proposition 4.4.18 applies to
I-cells and J-cells.
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Proposition 4.4.20. Let F : Cop → AdjCat be a functor such that C and F(X)
admit sequential colimits for every X in C, and such that, for every morphism
f : X → Y in C, the functor f ∗ : F(Y ) → F(X) preserves sequential colimits. If
(Y,y) is an object of

∫
C F such that Y is small in C and such that y is small in F(Y ),

then (Y,y) is small relative to the sequential colimits

(X0,x0)
(f0,φ0)−→ (X1,x1)

(f1,φ1)−→ ·· · (A)

such that the adjunction

(αi )! : F(Xi )⇄ F(colimi Xi ) : (αi )
∗

associated with the coprojection αi : Xi → colimi Xi is coreflexive.

Proof. We have to show that every morphism (g,ψ) : (Y,y) → colimi(Xi,xi )
factors through a morphism (g ′ ,ψ′) : (Y,y)→ (Xk,xk) for some k. If we denote
by (X,x) the colimit of (A), then, using [HP15, Proposition 2.4.4], we have that

(X,x) = (colimi Xi ,colimi (αi )!xi )

with αi : Xi → colimi Xi the coprojection. By assumptions, Y is small in C and
it follows that g : Y → colimi Xi factors through a morphism g ′′ : Y → Xm for
some m. The object y is small in F(Y ), and using that g∗ preserves sequential
colimits, the morphism ψ : y → colimg∗(αi )!xi factors through a morphism
ψ′′ : y → g∗(αl )!xl for some l. If we denote by k the maximum of m and l,
then we obtain that g factors through a morphism g ′ : Y → Xk and that ψ
factors through a morphism ψ′ : y → g∗(αk)!xk . Moreover, as we have that
g = αk ◦ g ′, we obtain that ψ actually factors through a morphism ψ′ : y →
(g ′)∗(αk)∗(αk)!xk ≃ (g ′)∗xk using that ((αk)!, (αk)∗) is coreflexive by assumptions.
It now follows that (g,ψ) factors through a morphism (g ′ ,ψ′) : (y,Y )→ (Xk,xk).

Proposition 4.4.21. The domains of morphisms in I and J are small relative to
I-cells and J-cells respectively.

Proof. The domains of the morphisms in C2 and A2 are small in sCat and,
because the functor (iX )∗ : sOpcolM → Fun(M0

op,sCat) preserves sequential col-
imits of morphisms that are monomorphisms on colours, the functor (iX )!
preserves small objects relative to this class of sequential colimits. Using
Remark 4.4.19, the domain of the morphisms in I2 and J2 in sOpcolM are small
relative to I-cells and J-cells respectively. We now show that, for every A in
FM0, the domains of morphisms in IA and JA are small relative to I-cells and
J-cells. By assumption, A is small in Psh(M0) and we already know that the
domains of maps in IA and JA are small in sOpAM. The result now follows from
Remark 4.4.19, Proposition 4.4.18, and Corollary 4.3.30.

Proposition 4.4.22. Let (A,O) be a fibrant simplicial coloured M-operad and con-
sider (µ, (a1, . . . , an), a0) and (µ, (b1, . . . , bn), b0) two objects of MA associated with
the same multimorphism µ in M with source (X1, . . . ,Xn) and target X0. Suppose
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(αi )! : F(Xi )⇄ F(colimi Xi ) : (αi )
∗

associated with the coprojection αi : Xi → colimi Xi is coreflexive.
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op,sCat) preserves sequential col-
imits of morphisms that are monomorphisms on colours, the functor (iX )!
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Proposition 4.4.22. Let (A,O) be a fibrant simplicial coloured M-operad and con-
sider (µ, (a1, . . . , an), a0) and (µ, (b1, . . . , bn), b0) two objects of MA associated with
the same multimorphism µ in M with source (X1, . . . ,Xn) and target X0. Suppose
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ai ∼ bi in (iXi
)∗(A,O) for all i = 0, . . . ,n. The Kan complexes O(µ, (a1, . . . , an), a0)

and O(µ, (b1, . . . , bn), b0) are homotopy equivalent. Moreover, any morphism of
colouredM-operads (f ,φ) : (A,O)→ (B,P ) induces functorially a homotopy equiv-
alence P (µ, (f (a1), . . . , f (an)), f (a0))→P (µ, (f (b1), . . . , f (bn)), f (b0)).

Proof. By assumptions, we have maps of simplicial sets αi : ∆0→O(1Xi
,bi ,ai )

and βi : ∆0 → O(1Xi
,ai ,bi ) for all i = 1, . . . ,n that exhibit the equiva-

lences ai ∼ bi in (iXi
)∗(A,O). We thus obtain a map of simplicial sets

θ : O(µ, (a1, . . . , an), a0)→ O(µ, (b1, . . . , bn), b0) given by the composition of the
map

α′ : O(µ, (a1, . . . , an), a0)→
n∏

i=1

O(1Xi
,bi ,ai )×O(µ, (a1, . . . , an), a0)×O(1X0

, a0, b0)

with the map

◦ :
n∏

i=1

O(1Xi
,bi ,ai )×O(µ, (a1, . . . , an), a0)×O(1X0

, a0, b0)→O(µ, (b1, . . . , bn), b0)

where α′ = ((αi ), idO(µ,(a1,...,an),a0),β0). Similarly, we also obtain a map

η : O(µ, (b1, . . . , bn), b0)→O(µ, (a1, . . . , an), a0)

given by the composition of

β′ : O(µ, (b1, . . . , bn), b)→
n∏

i=1

O(1Xi
,ai ,bi )×O(µ, (b1, . . . , bn), b0)×O(1X0

, b0, a0)

with the map

◦ :
n∏

i=1

O(1Xi
,ai ,bi )×O(µ, (b1, . . . , bn), b0)×O(1X0

, b0, a0)→O(µ, (a1, . . . , an), a0)

where β′ = ((βi ), id,α0). Using that α0 and β0 and αi and βi form equivalences,
we deduce that θ and η form the desired homotopy equivalence. The second
part of the statement follows from the fact that the images of αi and βi under
(f ,φ) provide by the same construction the promised homotopy equivalence.

Proposition 4.4.23. The class of weak equivalences in sOpcolM satisfies the two-
out-of-three property.

Proof. Using that the functor Ex∞ induces a fibrant replacement functor on
sOpcolM , it is enough to show the result for fibrant simplicial coloured M-
operads. Consider now two morphisms of coloured simplicial M-operads

(A,O)
(f ,φ)
−→ (B,P )

(g,ψ)
−→ (C,Q).
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The two-out-of-three property is true for essentially surjective functors as it is
already proven in the category sCat and we must now show that if two out of
three of the morphisms (f ,φ), (g,ψ) and (g,ψ) ◦ (f ,φ) are weak equivalences,
then the third is a local weak equivalence. If (f ,φ) and (g,ψ) are both weak
equivalences, then f ∗(ψ) ◦φ is a local weak equivalence in sOpAM because f ∗

preserves weak equivalences. Similarly, if the composition (g,ψ) ◦ (f ,ψ) is a
weak equivalence and if (g,ψ) is a weak equivalence, then using the two-out-
of-three for weak equivalences in sOpAM, we deduce that (f ,ψ) is a local weak
equivalence. Finally, we have to show that if both the composition (g,ψ)◦(f ,φ)
and (f ,φ) are weak equivalences, then (g,ψ) is a local weak equivalence.
Using again the two-out-three of weak equivalences in sOpAM, we deduce that
f ∗(ψ) is a weak equivalence in sOpAM and we want to show that ψ is a weak
equivalence in sOpBM. For every (µ, (b1, . . . , bn), b0) in MB, we want to show
that ψ(µ, (b1, . . . , bn), b0) : P (µ, (b1, . . . , bn), b0)→Q(µ, (g(b1), . . . , g(bn)), g(b0)) is a
weak equivalence in sOpBM. Because i∗(f ,φ) is essentially surjective, we can
find colours a0, . . . , an in A such that bi ∼ f (ai ) for every i = 0, . . . ,n. Finally,
using Proposition 4.4.22, we obtain a commutative square

P (µ, (b1, . . . , bn), b0) P (µ, (f (a1), . . . , f (an)), f (a0))

Q(µ, (g(b1), . . . , g(bn)), g(b0)) Q(µ, (gf (a1), . . . , gf (an)), gf (a0))

≃

ψ(µ,(b1,...,bn),b0) ≃

≃

where the horizontal arrows are homotopy equivalences and where the right
vertical arrow is a weak equivalence because f ∗ψ is a weak equivalence. Finally,
we deduce that ψ is a weak equivalence, and, in particular, that (g,ψ) is a local
weak equivalence.

Proposition 4.4.24. The class of weak equivalences in sOpcolM is closed under
retracts.

Proof. We show that both local weak equivalences and essentially surjective
morphisms are closed under retracts. For essentially surjective morphisms,
this follows from the fact that this property is verified in the category sCat.
Suppose now that a morphism (f ,φ) : (A,O)→ (B,P ) is a retract of a local weak
equivalence (g,ψ) : (C,Q)→ (D,R). If we consider the associated diagram

(A,O) (C,Q) (A,O)

(B,P ) (D,R) (B,P ),

(f ,φ) (g ,ψ) (f ,φ)

(h,θ)

we deduce that φ is a retract of h∗ψ and the result follows from the fact that
h∗ψ is a weak equivalence in sOpBM and from the fact that weak equivalences
in sOpBM are closed under retracts.
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Proposition 4.4.25. For every sequence

(A0,O0)
(f0,φ0)−→ (A1,O1)

(f1,φ1)−→ ·· · (B)

of morphisms in sOpcolM that are monomorphisms on colours and weak equivalences,
the canonical morphism α0 : (A0,O0)→ colimi (Ai,Oi ) is a weak equivalence and
a monomorphism on colours.

Proof. A sequential colimit of monomorphisms in Psh(M0) is a monomor-
phism, and the second part of the statement follows. We now show that
the canonical morphism α0 : (A0,O0)→ colimi(Ai,Oi ) is a weak equivalence.
Using Proposition 4.4.18 on the functor

i∗ : sOpcolM → Fun(M0
op,sCat)

and using the fact that weak equivalences in sCat are closed under sequential
colimits, we already know that α0 : (A0,O0) → colimi(Ai,Oi ) is essentially
surjective, and we must prove that it is also fully faithful. The colimit of the
sequence (B) is the simplicial M-operad

(colimi Ai ,colimi (αi )!Oi )

and we have to prove that the canonical morphism

φ0 : O0→ (α0)
∗(colimi (αi )!Oi )

is a weak equivalence in sOpA0
M . If we denote by αi,j : Ai → Aj the morphism

provided by the sequence (B) whenever j > i, we have that αj ◦αi,j = αi and
using that ((αi )!, (αi )∗) is coreflexive, we obtain that

(α0)
∗(colimi (αi )!Oi ) ≃ colimi (α0)

∗(αi )!Oi ≃ colimi α
∗
0,iOi .

Finally, the morphism φ is the canonical morphism O0→ colimi α
∗
0,iOi associ-

ated with the sequential colimit

O0 = colimi α
∗
0,0O0 −→ colimi α

∗
0,1O1 −→ ·· ·

in sOpA0
M . This morphism is a weak equivalence, as it is a sequential colimit of

weak equivalences in sOpA0
M .

Proposition 4.4.26. Let u : K → H be a fully faithful functor between small
categories such that the set of objects of H is {0,1}, while the only object of K is 0
(such that u(0) = 0). For every presheaf F : M0

op→ Set and every pushout square

i! (F ×K) (A,O)

i! (F ×H) (B,P )

v

i!(idF ×u) (f ,φ)

in the category OpcolM , the morphism (f ,φ) is fully faithful. If moreover u is an
equivalence, then (f ,φ) is also an equivalence.
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Proof. The proof of this proposition is similar to the proof of [CM13b,
Lemma 1.29]. Note first that we see here both H and K as the objects of
Fun(M0

op,sCat) given by the associated constant functors. The proof of this
proposition relies on an explicit description of theM-operad (B,P ). We denote
by w the parameterized functor F ×K → i∗(A,O) associated with u by adjunc-
tion and, for every X in M0 and x in F(X), we denote by wx : K → i∗(A,O)(X)
the associated functor. For every X in M0 and every x in F(X), we denote by
x0 the image in A(X) of x under wx. The M-set of colours B is the M-set A⊔F
and for all X in M0 and x in F(X), we denote by x1 the corresponding element
of B(X) through the inclusion F(X) → A(X)⊔ F(X) = B(X). Consider now a
multimorphism µ of M whose source and target are respectively (X1, . . . ,Xn)
and X0. For every (µ, (b1, . . . , bn), b0) in MB, we define

ci =


bi if bi ∈ A(Xi );
x0 if bi = x ∈ F(Xi ).

We now define P (µ, (b1, . . . , bn), b0) as follows:

1. Suppose that c0 belongs to A(X0). We denote by Q(µ, (b1, . . . , bn), b0) the
set

O(µ, (c1, . . . , cn), c0)×


i,bi∈F(Xi ),i�0

H(1,0).

We can consider onQ(µ, (b1, . . . , bn), b0) the equivalence relation generated
by

(f , (h1 ◦ g1, . . . ,hm ◦ gm)) ∼ (f ◦ (l1, . . . , ln), (g1, . . . , gm))
where (f , (g1, . . . , gm)) belongs to Q(µ, (b1, . . . , bn), b0), where hi ∈ K(0,0)
for i = 1, . . . ,m with m = |{bi | bi ∈ A(Xi )}| and where li is defined by

li =


1bi if bi ∈ A(Xi );
wbi (hi ) if bi ∈ F(Xi ).

We define the set P (µ, (b1, . . . , bn), b0) as the quotient ofQ(µ, (b1, . . . , bn), b0)
by this equivalence relation;

2. Suppose that c0 belongs to F(X0). We denote by Q(µ, (b1, . . . , bn), b0) the
set

H(0,1)×O(µ, (c1, . . . , cn), c0)×


i,bi∈F(Xi ),i�0

H(1,0).

We can consider onQ(µ, (b1, . . . , bn), b0) the equivalence relation generated
by

(g0 ◦ h0, f , (h1 ◦ g1, . . . ,hm ◦ gm)) ∼ (g0, l0 ◦ f ◦ (l1, . . . , ln), (g1, . . . , gm))

where (g0, f , (g1, . . . , gm)) belongs to Q(µ, (b1, . . . , bn), b0), where hi ∈ K(0,0)
for i = 1, . . . ,m and where h0 ∈ H(0,1) with m = |{bi | bi ∈ A(Xi )}| and
where li is defined by

li =


1bi if bi ∈ A(Xi );
wbi (hi ) if bi ∈ F(Xi );

118



Chapter 4. Homotopy theory of simplicial parametrized operads

Proof. The proof of this proposition is similar to the proof of [CM13b,
Lemma 1.29]. Note first that we see here both H and K as the objects of
Fun(M0

op,sCat) given by the associated constant functors. The proof of this
proposition relies on an explicit description of theM-operad (B,P ). We denote
by w the parameterized functor F ×K → i∗(A,O) associated with u by adjunc-
tion and, for every X in M0 and x in F(X), we denote by wx : K → i∗(A,O)(X)
the associated functor. For every X in M0 and every x in F(X), we denote by
x0 the image in A(X) of x under wx. The M-set of colours B is the M-set A⊔F
and for all X in M0 and x in F(X), we denote by x1 the corresponding element
of B(X) through the inclusion F(X) → A(X)⊔ F(X) = B(X). Consider now a
multimorphism µ of M whose source and target are respectively (X1, . . . ,Xn)
and X0. For every (µ, (b1, . . . , bn), b0) in MB, we define

ci =


bi if bi ∈ A(Xi );
x0 if bi = x ∈ F(Xi ).

We now define P (µ, (b1, . . . , bn), b0) as follows:

1. Suppose that c0 belongs to A(X0). We denote by Q(µ, (b1, . . . , bn), b0) the
set

O(µ, (c1, . . . , cn), c0)×


i,bi∈F(Xi ),i�0

H(1,0).

We can consider onQ(µ, (b1, . . . , bn), b0) the equivalence relation generated
by

(f , (h1 ◦ g1, . . . ,hm ◦ gm)) ∼ (f ◦ (l1, . . . , ln), (g1, . . . , gm))
where (f , (g1, . . . , gm)) belongs to Q(µ, (b1, . . . , bn), b0), where hi ∈ K(0,0)
for i = 1, . . . ,m with m = |{bi | bi ∈ A(Xi )}| and where li is defined by

li =


1bi if bi ∈ A(Xi );
wbi (hi ) if bi ∈ F(Xi ).

We define the set P (µ, (b1, . . . , bn), b0) as the quotient ofQ(µ, (b1, . . . , bn), b0)
by this equivalence relation;

2. Suppose that c0 belongs to F(X0). We denote by Q(µ, (b1, . . . , bn), b0) the
set

H(0,1)×O(µ, (c1, . . . , cn), c0)×


i,bi∈F(Xi ),i�0

H(1,0).

We can consider onQ(µ, (b1, . . . , bn), b0) the equivalence relation generated
by

(g0 ◦ h0, f , (h1 ◦ g1, . . . ,hm ◦ gm)) ∼ (g0, l0 ◦ f ◦ (l1, . . . , ln), (g1, . . . , gm))

where (g0, f , (g1, . . . , gm)) belongs to Q(µ, (b1, . . . , bn), b0), where hi ∈ K(0,0)
for i = 1, . . . ,m and where h0 ∈ H(0,1) with m = |{bi | bi ∈ A(Xi )}| and
where li is defined by

li =


1bi if bi ∈ A(Xi );
wbi (hi ) if bi ∈ F(Xi );

118

4.4. Homotopy theory of simplicial colouredM-operads

We define the set P (µ, (b1, . . . , bn), b0) as the quotient ofQ(µ, (b1, . . . , bn), b0)
by this equivalence relation.

We describe the structure of B-coloured M-operad of P . We only explain
how to compose operations corresponding to case (2); the other possible
compositions can be defined in a similar way. Consider composable operations
(λ0, (λ1, . . . ,λn)) in MB

1 ×FMB
0
FMB

1 such that the source of λ0 is the sequence
(b1, . . . , bn) of elements of B. For all i = 0, . . . ,n, let pi be an element of P (λi )
represented by (g0i , fi , g

1
i , . . . , g

mi
i ). We define p0 ◦ (p1, . . . ,pn) as the operation of

P that is represented by

(g00 , f0 ◦ (k1 ◦ l1, . . . , kn ◦ ln) ◦ (f1, . . . , fn), (g
1
1 , . . . , g

m1
1 , g12 , . . . , g

mn
n ))

where li and ki are respectively defined for i = 1, . . . ,n by

li =


gi0 if bi ∈ F(Xi )
1bi if bi ∈ A(Xi )

and ki =


g0i if bi ∈ F(Xi )
1bi if bi ∈ A(Xi ).

The morphism of simplicial coloured M-operads (f ,φ) : O → P can now be
defined on colours by the inclusion f : A → A ⊔ F = B and by the identity
φ : O → i∗(P ) = O. In particular, the morphism (f ,φ) is fully faithful. Note
also that if u : K → H is an equivalence of categories, (f ,φ) is moreover an
equivalence. To conclude the proof, we must show that (f ,φ) is the desired
pushout of the morphism i!(idF ×u). This can be done in an analogous way as
in the proof of [CM13b, Lemma 1.29].

Proposition 4.4.27. The morphisms in J are weak equivalences, where J denotes
the saturation of J .

Proof. Using the small object argument, we know that morphisms in J are
retracts of sequential colimits of pushouts of morphisms in J . The class of weak
equivalences in sOpcolM is closed under retracts, and, using that pushouts of
morphisms in J are monomorphisms on colours along with Proposition 4.4.25,
we just have to prove that pushouts of morphisms in J are weak equivalences.
Consider first pushouts along morphisms (idA,φ) : (A,O)→ (A,P ) in JA. In
this case, the pushout of (idA,φ) along a morphism (g,ψ) : (A,O)→ (B,Q) is
the morphism (idB,η) where η is obtained via the following pushout

g!O Q

g!P R

ψ′

g1φ η

in the category sOpBM where ψ′ : g!O → Q is obtained from ψ by adjunction.
Since g! is a left Quillen functor and because φ is by definition a trivial
cofibration in sOpAM, it follows that η is a trivial cofibration in sOpBM and,
in particular, (idB,η) is a local weak equivalence in sOpcolM . The morphism
(idB,η) is also trivially essentially surjective, and it follows that it is a weak
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equivalence in sOpcolM . Consider now a morphism (f ,φ) : (A,O)→ (B,P ) that
belongs to J0. There exists X in M0 and a simplicial category H satisfying
the conditions of (A2) such that (f ,φ) is the image under i! of the associated
morphism hom(−,X)→ H × hom(−,X) in Fun(M0

op,sCat). Consider now a
pushout square

i!(hom(−,X)) (C,Q)

i!(H ×hom(−,X)) (D,R)

(g ,η) (C)

in sOpcolM and let us show that (g,η) is a weak equivalence in sOpcolM . As
in the proof of [CM13b, Proposition A.25], the pushout square (C) can be
decomposed as follows

i!(hom(−,X)) (C,Q)

i!(K ×hom(−,X)) (C,S )

i!(H ×hom(−,X)) (D,R)

(g ,η)

(h,ν)

(k,µ)

where K is u∗(H) with u : {0} → {0,1} and we have to show that both the mor-
phisms (h,ν) : (C,Q)→ (C,S ) and (k,µ) : (C,S )→ (D,R) are weak equivalences.
The morphism i!(hom(−,X))→ i!(K × hom(−,X)) is constant on objects and
it follows that (h,ν) : (C,Q)→ (C,S ) is a weak equivalence if i!(hom(−,X))→
i!(K×hom(−,X)) is a trivial cofibration in sOp{0}M . Using [CM13b, Lemma 1.28],
K is cofibrant in sCat{0} and it follows that i!(hom(−,X))→ i!(K ×hom(−,X)) is
a trivial cofibration. We now have to prove that the morphism (k,µ) : (C,S )→
(D,R) is a weak equivalence. Using Proposition 4.4.10, we can compute
the pushout levelwise in the category Fun(∆op,OpcolM ). Levelwise, the sim-
plicial functor K → H satisfies the conditions of Proposition 4.4.26 and we
deduce that (k,µ) : (C,S ) → (D,R) is fully faithful (we even have isomor-
phisms of simplicial sets between the simplicial sets of operations). We now
have to show that (k,µ) : (C,S )→ (D,R) is essentially surjective. The functor
π0 : sOpcolM →OpcolM preserves colimits and it follows that the square
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π0(k,µ)

is a pushout in OpcolM , and, because π0(u) : π0(K)→ π0(H) is an equivalence, it
follows from Proposition 4.4.26 that π0(k,µ) is essentially surjective.

Finally, we prove the main Theorem of this section regarding the existence
of the model structure on simplicial coloured M-operads.
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Theorem 4.4.28. The category of simplicial colouredM-operads sOpcolM is endowed
with a cofibrantly generated model structure in which a morphism (f ,φ) : (A,O)→
(B,P ) is a weak equivalence if it is a fully faithful and essentially surjective mor-
phism and in which a morphism is a fibration if is is an isofibration in the sense of
Definition 4.4.11.

Proof. We check the conditions of [Hov99, Theorem 2.1.19] where the sets of
generating cofibrations and trivial cofibrations are respectively I and J . Note
first that we have already proven that sOpcolM is bicomplete in Proposition 4.4.9.
The first condition is proven using both Proposition 4.4.23 and Proposition
4.4.24. The conditions (2) and (3) were proven in Proposition 4.4.21. The
conditions (5), (4), and (6) follow from Proposition 4.4.16, Proposition 4.4.17,
and Proposition 4.4.27.

Example 4.4.29. For every orbital pair (O,T), we obtain a model structure on
the category sOpcol(O,T). In particular, if we consider the final category ∗, we find

back the existence of the model structure on sOpcol as constructed in [CM13b,
Theorem 1.14] and [Rob11, Theorem 6].

Example 4.4.30. If we consider the F-multicategory N of Example 4.2.13, we
obtain a model structure on the category of simplicial multicategories.
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Chapter 5

A program to compare all
models for equivariant
operads

In this last chapter, we outline a program based on our notion of M-operads
that aims at comparing all models for equivariant operads for a finite group G.
In particular, the goal of this program would be to compare the graph model
structure of Bonventre and Pereira on simplicial coloured G-operads [BP22c]
with the∞-category of G-∞-operads of Nardin and Shah [NS22].

5.1 The coloured operadic Elmendorf conjecture

The goal of this section is to state a conjecture regarding the comparison
between the model structure of Bonventre and Pereira [BP22c] on G-simplicial
coloured operads and the model structure of Example 4.4.29 on simplicial
coloured parametrized operads.

5.1.1 The Bonventre-Pereira model structure

We recall briefly the model structure on
(
sOpcol

)G
defined in [BP22c]. The

category
(
sOpcol

)G
can be identified with the category of simplicial coloured

BG-operads and is obtained as the Grothendieck construction of the func-
tor

(
SetG

)op
→ Cat that sends a G-set A to sOpABG, in the sense of Section

4.4. We now give an explicit description of the category ΣA
BG, as defined in

Construction 4.2.19.

Construction 5.1.1. Let A be aG-set of colours. Consider the set A×(A×n) with
the (G ×Σn)-action on A× (A×n) where Σn acts by permuting the components
of A×n and where G acts component-wise with the action of A. Choose a set

123



Chapter 5. A program to compare all models for equivariant operads

Rn of representatives of the orbits of A×A×n. The category ΣA
BG is the action

groupoid of
⊔

n≥0 (A×A×n) and, in particular, we have an equivalence

ΣA
BG ≃

⊔

n≥0

⊔

X∈Rn

BStab(X). (5.1)

For every X in Rn, we have an inclusion BStab(X) ⊆ G ×Σn, and we denote
by FX the family of subgroups Γ of BStab(X) such that Γ is an admissible
subgroup of G ×Σn. In particular, using the equivalence (5.1), we obtain a
model structure on CollABG(sSet) = Fun

((
ΣA
BG

)op
,sSet

)
given by all the families

FX for all n ≥ 0 and all X in Rn.

The following proposition recovers the results from [BP22b] in the simpli-
cial case.

Proposition 5.1.2. The model structure on CollABG(sSet) from Construction 5.1.1
lifts to a model structure on sOpABG via the free-forgetful adjunction:

F : CollABG(sSet)⇄ sOpABG : U.

Proof. The proof is similar to Theorem 4.4.1. The monad is unchanged and it
remains to check that Ex∞ is still a fibrant replacement functor for this new
model structure and that O →O∆1 →O×O is still a functorial path object for
fibrant operads. This follows from the fact that Ex∞ preserves finite limits
(hence fixed points for finite groups), from the fact that (−)∆1

preserves limits,
and from the fact that products commute with limits.

Notation 5.1.3. For every subgroup H of G, we denote by iH :
(
sOpcol

)G
→

sCat the functor given by the composition

(
sOpcol

)G iG−→ (sCat)G
(−)H
−→ sCat

with i the functor that sends a simplicial coloured operad to its underlying
simplicial category.

Definition 5.1.4. We say that a morphism of G-simplicial coloured operads
(f ,φ) : (A,O)→ (B,P ) is:

1. fully-faithful if φ : O → f ∗P is a weak equivalence in sOpABG;

2. essentially surjective if for every subgroupH of G, (iH )∗(f ,φ) is essentially
surjective in sCat;

3. a local fibration if the morphism φ : O → f ∗P is a fibration in sOpABG;

4. an isofibration if it is a local fibration and if for every subgroup H of G,
(iH )∗(f ,φ) is an isofibration in sCat.

We can now state the existence of the desired model structure.

Theorem 5.1.5 ([BP22c, Theorem A]). There is a model structure on
(
sOpcol

)G
for which the weak equivalences are the fully faithful and essentially surjective mor-
phisms and for which the fibrations are the isofibrations in the sense of Definition
5.1.4.
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5.1.2 The operadic fixed points adjunction

Let V be a cartesian closed bicomplete category. The goal of this subsection is
to construct a right adjoint to the functor φ∗ : Opcol(OG,OT )

(V )→Opcol(V )G from
Proposition 4.2.37.

Definition 5.1.6. We say that a lax functor F : C →D between monoidal cate-
gories is half strong monoidal if F⊗ : F(X)⊗DF(Y )→ F(X⊗CY ) is an isomorphism
for all X and Y in C.

Proposition 5.1.7. For every multifunctor φ : M→N between target right fibrant
F-multicategories such that the square

M1 ×FM0
FM1 N1 ×FN0

FN1

M1 N1

⊙M

φ1×Fφ0Fφ1

⊙N

φ1

(A)

is cartesian, the functor φ∗ : CollN(V )→ CollM(V ) is half strong monoidal.

Proof. We have to show that for every f in M1, the functor

⊙M
op
/f →⊙N

op
/φ(f )

is final. Consider the square

(⊙Mop)−1 (f ) (⊙Nop)−1 (φ(f ))

⊙M
op
/f ⊙N

op
/φ(f ).

The vertical inclusions are final and, because the square (A) is a pullback
square, the upper horizontal functor is an equivalence. It follows that the
lower horizontal functor is also final.

Proposition 5.1.8. For every multifunctor φ : M → N satisfying the condi-
tions of Proposition 5.1.7 and for every right fibration F : C → N0, the functor
F∗φ : G∗M→ F∗N, where G is (φ0)∗F, also satisfies the conditions of Proposition
5.1.7.

Proof. The result follows directly from the fact that the square below is a
pullback when the conditions of Proposition 5.1.7 are satisfied.

(
M1 ×FM0

FM1

)
×(N0×FN0×F2N0)

(
A×FA×F2A

)
M1 ×(N0×FN0) (A×FA)

(
N1 ×FN0

FN1

)
×(N0×FN0×F2N0)

(
A×FA×F2A

)
N1 ×(N0×FN0) (A×FA) .
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Proposition 5.1.9. For every OG-set of colours A, the functor (φA)∗ is strong
monoidal.

Proof. We prove first that (φA)∗ is half strong monoidal for every A. Using
Proposition 5.1.8 along with Proposition 5.1.7, it is enough to show that the
square

ΣBG ×FBG FΣBG Σ(OG,OT ) ×FOG
FΣ(OG,OT )

ΣBG Σ(OG,OT )

(B)

is a pullback. The functors BG→ OG and ΣBG → Σ(OG,OT ) are fully faithful
and it follows, using that F preserves fully faithful functors, that the upper
functor of the square (B) is fully faithful. In particular, it is enough to show
that the square (B) is a pullback on objects. Consider an object n ofΣBG, seen as
the object (G/e, . . . ,G/e)→ G/e (with n occurrences of G/e) of Σ(OG,OT ). Given
an object (f , (f1, . . . , fn)) of Σ(OG,OT ) ×FOG

FΣ(OG,OT ) such that f ◦ (f1, . . . , fn) = n,
we have to show that (f , (f1, . . . , fn)) belongs to ΣBG ×FBG FΣBG. This is a
consequence of the fact that f is a retract of every fi and that retracts in OG
are isomorphisms. We now have to show that, for every OG-set of colours A,
the functor (φA)∗ preserves the unit. The unit of the category CollAΣBG

(V ) is the
functor 1CollAΣBG (V ) :


ΣA
BG

op
→V defined by

1CollAΣBG (V )(n, (a0, a1, . . . , an)) =


1V if n = 1 and a0 = a1
∅ else.

A similar description can be given for the unit 1Coll(OG,OT )
(V ) in the category

Coll(OG,OT )(V ) where 1Coll(OG,OT )
(V )(f , (a0, a1, . . . , an)) is given by


1V if f belongs in OG and is an isomorphism and f ∗(a0) = a1;
∅ else.

It is now clear that the restriction of 1Coll(OG,OT )
(V ) along the inclusion ΣA

BG →
ΣA
(OG,OT )

op
is 1CollAΣBG (V ).

Proposition 5.1.10. The functor φ∗ : Opcol(OG,OT )
(V )→Opcol(V )G admits a right

adjoint that we denote by φ∗.

Proof. The existence of the right adjoint follows from Proposition 5.1.9 and
Proposition 4.3.25.

We will now provide a more explicit description of the right adjoint φ∗.
We first give an explicit description of ΣA

(OG,OT )
.
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Proposition 5.1.11. Let A be a G-set of colours. If one also denotes by A the
presheaf OG

op→ Set of fixed points of A, there is an equivalence

ΣA
(OG,OT )

≃
⊔

n≥0

⊔

X∈Rn

O
FX
Stab(X) (5.2)

and the functor ΣA
BG → ΣA

(OG,OT )
corresponds to the canonical inclusions of groups

into their orbit categories through the equivalences (5.1) and (5.2).

Proof. We only sketch the construction of the equivalence at the level of objects.
Consider an object (f , (a1, . . . , an), a) of Σ

A
(OG,OT )

. The map f is of the form
(f1, · · · , fn) : G/H1 ⊔ · · · ⊔G/Hn→ G/H where every fi can be represented by an
element gi ofG such that g−1i Higi ⊆H and such thatH/

(
g−1i Higi

)
is admissible.

Moreover, every ai belongs to AHi . The object (f , (a1, . . . , an), a) is isomorphic
in ΣA

(OG,OT )
to (f ′ , (g−11 a1, . . . , g

−1
n an), a) with

f ′ : G/
(
g−11 H1g1

)
⊔ · · · ⊔G/

(
g−1n Hngn

)
→ G/H

the map given component-wise by the inclusions g−1i Higi ⊆H . In particular,
we can, without loss of generality, assume that every gi is the neutral element
of G. Consider the H-set T := H/H1 ⊔ · · · ⊔H/Hn, which is admissible. For
every i = 1 . . . ,n, choose a set {hi1, . . . ,h

i
H/Hi
} of coset representatives of H/Hi .

Every element of T is of the form (i, gij ) and this provides an isomorphism
T ≃ {1, . . . , |T |}. We thus obtain an admissible graph subgroup ΓT ⊆ G ×Σ|T |.
Consider now the element X = (b, (b1, . . . , b|T |)) of A × A|T | where b = a and
where bk = gij ai if k corresponds to (i, gij ) in T . Using that ai is a Hi-fixed point,
ΓT is a subgroup of the stabilizer of X and we obtain that Stab(X)/ΓT belongs
to O

FX
Stab(X).

Lemma 5.1.12. For every inclusion of groups K ⊆H , the following square

sSetH sSetK

Fun(OH
op,sSet) Fun(OK

op,sSet)

ResHK

commutes, where the vertical functors are the fixed points functors and where the
lower horizontal functor is given by restricting along the inclusion OK ⊆ OH .

Proof. This boils down to the fact that, for every subgroup L of K and every X

in sSet, we have XL =
(
ResHK X

)L
.
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Proposition 5.1.13. For every map f : A→ B of G-sets, the following square

sOpBBG sOpABG

sOpB(OG,OT )
sOpA(OG,OT )

f ∗

(φB)∗ (φA)∗

f ∗

commutes.

Proof. It is enough to show the result at the level of collections, as all the
functors of the square are obtained from lax monoidal functors. Using the
equivalence of Proposition 5.1.11, the result follows from Lemma 5.1.12
applied, for all n ≥ 0 and all X in A×A×n, to the inclusion

Stab(X) ⊆ Stab((f × f ×n)(X)).

Remark 5.1.14. Using Proposition 5.1.13, we can give an explicit description

of the functor φ∗ :
(
sOpcol

)G
→ sOpcol(OG,OT )

. For every G-simplicial coloured

operad (A,O), its image under φ∗ is the parametrized operad (A, (φA)∗O) where
(φA)∗ is the right adjoint of the following adjunction

(φA)∗ : sOpA(OG,OT )
⇄ sOpABG : (φA)∗

where we identify A with its presheaf of fixed points. For every morphism
(f ,ψ) : (A,O)→ (B,P ) of G-simplicial coloured operads, its image under φ∗ is
the morphism (f , (φA)∗ψ).

5.1.3 Cellular extension ofM-operads

One important ingredient in operadic theory is the notion of cellular extension.
This was first considered in [BM03] for classical operads and it has since been
extended to other situations, such as in [BP21] for genuine equivariant operads.
In this subsection, we explain how such considerations could be generalised
to M-operads.

In Subsection 4.3.6, we proved, under some assumptions on M, that M-
operads are algebras over a monad TM. We will now give a more explicit
description of the monad TM using the category of M-trees.

Definition 5.1.15. The category of M-trees of height at most n, denoted by
TM(n), and the root functor r(n) : TM(n)→M0 are defined by induction on n
as follows:

1. the category TM(0) is M0 and the root functor r(0) : M0 →M0 is the
identity;
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extended to other situations, such as in [BP21] for genuine equivariant operads.
In this subsection, we explain how such considerations could be generalised
to M-operads.

In Subsection 4.3.6, we proved, under some assumptions on M, that M-
operads are algebras over a monad TM. We will now give a more explicit
description of the monad TM using the category of M-trees.

Definition 5.1.15. The category of M-trees of height at most n, denoted by
TM(n), and the root functor r(n) : TM(n)→M0 are defined by induction on n
as follows:

1. the category TM(0) is M0 and the root functor r(0) : M0 →M0 is the
identity;
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2. the category TM(n+1) is the pullback
(
M1 ×FM0

FTM(n)
)
⊔M0 and the

root functor r(n+1) : TM(n+1)→M0 is the composition

(
M1 ×FM0

FTM(n)
)
⊔M0

p1⊔idM0−→ M1 ⊔M0
(t,idM0 )−→ M0.

We now define a monomorphism in : TM(n) → TM(n + 1) by induction as
follows:

1. the functor i0 : M0 →M1 ⊔M0 is the canonical inclusion;

2. the functor in+1 : TM(n+1)→ TM(n+2) is the functor
(
M1 ×FM0

FTM(n)
)
⊔M0 −→

(
M1 ×FM0

FTM(n+1)
)
⊔M0

given by
(
idM1

×idFM0
in
)
⊔ idM0

.

The category of M-trees TM is the category colimnTM(n). We define M-vertex
functors

vM(n) : TM(n)→ FM1

by induction as follows:

1. the functor vM(0) : M0 → FM1 is the functor constant on the initial
object of FM1;

2. the functor vM(n+1) : TM(n)→ FM1 is the composition
(
M1 ×FM0

FTM(n)
)
⊔M0 −→M1 ×F2M1 −→M1 ×FM1 −→ FM1.

The functors vM(n) induce an M-vertex functor vM : TM→ FM1. Finally, we
define M-leaf functors

⊙TM
(n) : TM(n)→M1

by induction as follows:

1. the functor ⊙TM
(0) is the identity functor 1M : M0→M1;

2. the functor ⊙TM
(n+1) is the composition

(
M1 ×FM0

FTM(n)
)
⊔M0 −→

(
M1 ×FM0

FM1

)
⊔M0 −→M1

where the first functor is idM1
×idFM0

F ⊙TM
(n) and where the second

functor is (⊙M,1M). The functors ⊙TM
(n) induce an M-leaf functor

⊙TM
: TM→M1.

Remark 5.1.16. A M-tree can be seen as a planar rooted tree where every
vertex is decorated with an object ofM and where every edge is decorated with
an object of M0 in such a way that the inputs of every vertex are decorated
with the source of the multimorphism decorating this vertex.
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We now conjecture that the monad TM admits the following description in-
volving the category of M-trees, which would generalise the classical formula
for free operads.

Conjecture 5.1.17. Let S be anM-collection in V . TheM-collection TM(S) is the
left Kan extension

TM
op FM1

op V .

M1
op

vM
op

⊙TM

S̃

TM(S)

We now consider the following generalisation of the notion of cellular
extension of operads. We also generalise the notion of Σ-cofibrant operads.

Definition 5.1.18. If O is a simplicial M-operad and if u : U(O) → S is a
cofibration of M-collections in sSet, the cellular extension O → O[u] is the
pushout of F(u) : FU(O) → F(S) along the counit FU(O) → O. We say that
an M-operad O is M-cofibrant if the underlying morphism of M-collections
I →O given by the identities of O is a cofibration of M-collections.

One could try to modify the description of free M-operads that we conjec-
tured in Conjecture 5.1.19 in order to obtain a possible description of cellular
extensions. Such a description would be based on a notion of marked M-tree
and would involve iterated pushout-products indexed on the vertices of M-
trees. Based on this potential description of cellular extensions, we make the
following conjecture.

Conjecture 5.1.19. For every cofibration u : U(O) → S of M-collections with
O an M-cofibrant simplicial M-operad, the cellular extension O → O[u] is an
M-cofibration.

One important motivation for the resolution of Conjecture 5.1.19 is the
following proposition, which is a direct consequence of it.

Proposition 5.1.20. Assuming that Conjecture 5.1.19 is verfied, for every target
right fibrant F-multicategory M and for every simplicial M-operad O, if O is
cofibrant in sOpM, then O is M-cofibrant.

Remark 5.1.21. The Conjecture 5.1.17 should be relatively easy to solve, and
the author does not expect other assumptions on M to be needed. However,
it is not clear whether the assumption of target right fibrancy on M would
actually suffice to prove Conjecture 5.1.19. We expect however that this result
should be true on a sufficient class of F-multicategories, which would contain
the examples of interest to the study of parametrized and equivariant operads.

5.1.4 The coloured operadic Elmendorf conjecture

In this subsection, we show, assuming that the Conjecture 5.1.19 is true, that
the adjunction of Proposition 5.1.10 is a Quillen equivalence.
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Proposition 5.1.22. Let M be a target right fibrant F-multicategory. For every
cofibrant simplicial coloured M-operad (A,O), O is cofibrant in sOpAM.

Proof. Denote by ∅ the initial object of sOpcolM and denote by ∅A the initial ob-
ject of sOpAM. Let (A,O) be a cofibrant simplicial colouredM-operad. Consider
a commutative square

∅A P

O Q

f

in sOpAM such that f is a trivial fibration. Consider the following diagram in
sOpcolM

∅ (A,P )

(A,∅A) (A,P )

(A,O) (A,Q).

id(A,P )

f

The outer square admits a lift because (A,O) is cofibrant in sOpcolM and because
f is also a trivial fibration in sOpcolM . Note that because the lower triangle
provided by this lift commutes, we obtain that the lift belongs to sOpAM and
thus provides a lift for the first square.

Proposition 5.1.23. For every cofibrant simplicial coloured M-operad O, the
M-set of colours of O is a retract of a coproduct of representables.

Proof. Consider the class C in Psh(M0) of maps A → A⊔B with B a coproduct
of representables. We show first that cellular maps of simplicial coloured
M-operad belong to C, at the level of colours. Using that the functor sOpcolM →
Psh(M0) that sends an M-operad (A,O) to its M-set of colours A preserves
colimits and that the class C is closed under pushouts and sequential colimits,
it is enough to show that generating cofibrations in sOpcolM belong to C, at
the level of colours. This follows directly from the explicit description that
we gave of these generating cofibrations. It follows that the M-set of colours
of cellular objects in sOpcolM are coproduct of representables and the result
follows from the fact that cofibrant objects are retract of celullar objects.

Theorem 5.1.24. If Conjecture 5.1.19 is true, then the adjunction

φ∗ : sOpcol(OG,OT )
⇄ (sOpcol)G : φ∗

of Proposition 5.1.10 is a Quillen equivalence where (sOpcol)G is endowed with
the graph model structure of [BP22c] for the G-transfer system T and where
sOpcol(OG,OT )

is endowed with the model structure of Example 4.4.29.
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Proof. We prove first that (φ∗,φ∗) is a Quillen adjunction by showing that
φ∗ is a right Quillen functor. To do this, we prove that φ∗ preserves fully-
faithful and essentially surjective morphisms, the same arguments prove that
φ∗ preserves isofibrations. For fully faithfull morphisms, the result follows
directly from the fact that ((φA)∗, (φA)∗) is a Quillen adjunction, using the
description that we gave of φ∗ in Remark 5.1.14. For essentially surjective
morphisms, the result follows from the fact that the triangle below commutes
for every subgroup H of G.

(
sOpcol

)G
sOpcol(OG,OT )

sCat

φ∗

iH iG/H

We now prove that (φ∗,φ∗) is a Quillen equivalence. The adjunction (φ∗,φ∗)
is reflexive and it is thus enough to prove that, for every cofibrant simplicial
coloured (OG,OT )-operad (A,O), the unit (A,O)→ φ∗φ

∗(A,O) is a weak equiv-
alence. Using Proposition 5.1.23, the OG-set A is a obtained as the fixed points
of a G-set B and it follows that the unit (A,O)→ φ∗φ

∗(A,O) is the unit of the
adjunction

(φB)∗ : sOpB(OG,OT )
⇄ sOpBBG : (φB)∗.

Using Conjecture 5.1.19, the previous adjunction is a Quillen equivalence if
and only if the adjunction

(φB)∗ : CollA(OG,OT )
(sSet)⇄ CollBBG(sSet) : (φ

B)∗

is a Quillen equivalence. This result now follows from Proposition 5.1.11 and
Elmendorf’s Theorem.

5.2 CompleteM-Segal spaces

In this final section, we define a notion of complete M-Segal spaces that should
produce the same homotopy theory as simplicial coloured M-operads. We
define first, for every F-multicategoryM, an algebraic pattern ∆

op
M in the sense

of [CH21, Definition 2.1], which will encode our M-Segal spaces.

Definition 5.2.1. Let D be a double category. The category ∆D is the (cocarte-
sian) Grothendieck construction of the nerve N (D) : ∆op → Cat of D. If M
is an F-multicategory, then we define ∆M as the category ∆FM. We have a
cocartesian fibration πD : ∆D

op→ ∆op and it follows that the algebraic pattern
structure of ∆op, denoted by ∆op,♮ in [CH21, Example 3.3], induces the struc-
ture of an algebraic pattern on ∆D

op. Explicitly, the structure of an algebraic
pattern on ∆D

op is defined as follows:

1. a morphism in ∆
op
D is inert if the underlying morphism in ∆op is inert;

2. a morphism in ∆
op
D is active if it is πD-cocartesian and if the underlying

morphism in ∆op is active;
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3. an object ([n], f ) in ∆
op
D is elementary if n = 1 or n = 0.

For every F-multicategory M, the category ∆
op
M admits the structure of an

algebraic pattern whose inert and active morphisms are the ones of ∆op
FM and

where the elementary objects are the objects ([1], f ) where f belongs to M1
and ([0],x) where x belongs to M0.

Remark 5.2.2. Note that, in Definition 4.2.16, we were considering the carte-
sian Grothendieck construction, whereas in the previous definition, we con-
sider the cocartesian one.

Definition 5.2.3. An M-Segal space is a ∆
op
M-Segal object in S, in the sense

of [CH21, Definition 2.7]. We denote by SegM(S) the∞-category of M-Segal
spaces.

We define a notion of completeness for M-Segal spaces. Every object X
of M provides a section iX : ∆ → ∆M of πM. Moreover, the functor iX is a
Segal morphism in the sense of [CH21, Definition 4.2] and it induces a functor
i∗X : SegM(S)→ Seg(S).

Definition 5.2.4. An M-Segal space O is complete if for every X in M0, the
Segal space i∗X (O) is complete. We denote by CSegM(S) the full subcategory of
SegM(S) spanned by complete M-Segal spaces.

Example 5.2.5. For the F-multicategory Σ∗ of Example 4.2.12, we obtain a
slight modification of the algebraic pattern ∆Fin defined by Barwick in [Bar18].
More precisely, the category ∆Fin is a wide subcategory of our ∆Σ∗ and this
inclusion satisfies the conditions of [Bar23, Corollary 2.64]. This implies that
our Σ∗-Segal spaces correspond to the Fin-Segal spaces of Barwick.

Example 5.2.6. For every orbital pair (O,T), we obtain a notion of complete
(O,T)-Segal spaces using the F-multicategory Σ(O,T) of Definition 4.2.30. We
denote by CSeg(O,T ) the associated∞-category.

In the same way simplicial categories can be compared with complete Segal
spaces, we make the following conjecture.

Conjecture 5.2.7. The∞-category obtained from sOpcolM by inverting fully faithful
essentially surjective morphisms (defined in Definition 4.4.11) is equivalent to the
∞-category CSegM(S) of complete M-Segal spaces.

Definition 5.2.8. For every orbital pair (O,T), we denote by ∞-Op(O,T) the
∞-category of fibrous patterns over SpanT (FO) in the sense of [Ste25b]. The
objects of ∞-Op(O,T) will be refered to as (O,T)-∞-operads. Note that if O is
an atomic orbital category, then it follows from [Ste25b, Theorem A.1] that
the∞-category∞-Op(O,O) is equivalent to the∞-category of O-∞-operads of
Nardin and Shah [NS22].

A direct consequence of Conjecture 5.2.7 would be that the∞-category as-
sociated with sOpcol(O,T) can be compared with complete (O,T)-Segal spaces. We
also conjecture that Barwick’s work [Bar18] should generalise to the algebraic
pattern ∆

op
Σ(O,T)

.
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Conjecture 5.2.9. For every orbital pair (O,T), the ∞-category CSeg(O,T)(S) is
equivalent to the∞-category of (O,T)-∞-operads.

Finally, if Conjecture 5.1.19, Conjecture 5.2.7 and Conjecture 5.2.9 are
true, one would obtain, for every G-transfer system T , the following chain of
equivalences

(
sOpcol

)G
sOpcol(OG,OT )

CSeg(OG,OT )
∞-Op(OG,OT ) .

≃ ≃ ≃

In particular, this would provide an equivalence between the∞-category of
G-simplicial coloured operads with the Bonventre Pereira model structure
associated with the complete G-transfer system and the∞-category of G-∞-
operads of Nardin and Shah.
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Summary

In this dissertation, we compare two approaches for equivariant algebra in
homotopy theory. A central principle of homotopy theory is the Grothendieck
hypothesis, which states that topological spaces should be interpreted, up to
homotopy, as∞-groupoids. This links two viewpoints on classical homotopy
theory namely, topology and higher category theory. In equivariant homotopy
theory, a similar story can be told with Elmendorf’s theorem which provides a
description of equivariant spaces in terms of G-∞-groupoids. In particular,
equivariant homotopy theory can be studied through the lens of equivariant
higher category theory.

A natural question now arises:

“Given a mathematical notion with some topological and equivariant flavor, can it
be described, up to homotopy, within the framework of equivariant higher

categories ?”

In this thesis, we study this question in the case of algebraic objects. We
provide a full answer for commutative algebras and we develop ideas and
constructions toward a complete answer to more general algebraic objects.
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Samenvatting

In dit proefschrift vergelijken we twee manieren om equivariante algebra in
homotopietheorie te doen. Een centraal principe van de homotopietheorie
is de hypothese van Grothendieck, die stelt dat topologische ruimten, tot op
homotopie, geïnterpreteerd moeten worden als∞-groepoïden. Dit verbindt
twee perspectieven van de klassieke homotopietheorie, namelijk topologie en
hogere categorietheorie. Een soortgelijk verhaal geldt in de homotopietheorie
met de stelling van Elmendorf, die een beschrijving geeft van equivariante
ruimten in termen van G-∞-groepoïden. In het bijzonder kan equivariante
homotopietheorie worden bestudeerd vanuit het perspectief van equivariante
hogere categorietheorie.

Een natuurlijke vraag is dan:

“Gegeven een wiskundig begrip met een zekere topologische en equivariante
structuur, kan dit, tot op homotopie, worden beschreven binnen het raamwerk van

equivariante hogere categorieën?”

In dit proefschrift bestuderen wij deze vraag in het geval van algebraïsche
objecten. Wij geven een volledig antwoord in het geval van commutatieve
algebra’s en ontwikkelen ideeën en constructies die leiden tot een volledig
antwoord voor meer algemene algebraïsche objecten.
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